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Abstract

A constitutive theory for large elastic—plastic deformations is presented by employing
F =F?F¢ decomposition of the total deformation gradient. A duality in constitutive formula-
tion based on this and the well-known Lee’s decomposition F=F.F, is established for iso-
tropic polycrystalline and single crystal plasticity. © 1999 Published by Elsevier Science Ltd.
All rights reserved.
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1. Introduction

The multiplicative decomposition of the deformation gradient into its elastic and
plastic parts F=F,F,, originally introduced by Lee (1969), has been frequently
employed during the past three decades to study the constitutive behavior of elas-
toplastic polycrystalline materials and single crystals. The decomposition is intro-
duced by defining at each stage of deformation process a stress-free intermediate
configuration B, obtained from elastoplastically deformed configuration B by con-
ceptual elastic unloading to zero stress. Since elastic deformation is reversed during
this unloading process, the intermediate configuration is deformed only plastically,
i.e. it differs from the original (undeformed) configuration B, by plastic part of the
deformation gradient F,. Thus, the multiplicative decomposition F=FF,, where F,
represents elastic part of the deformation gradient from B, to B (Fig. la ). The
elastoplastic deformation process is, therefore, imagined to take place in two stages.
First, there is a plastic flow of material, at zero stress, from the initial configuration
By to intermediate configuration B, followed by elastic deformation from B, to B
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Fig. 1. (a) Intermediate configuration B, is obtained from elastoplastically deformed configuration by
elastic unloading to zero stress. Lee’s decomposition F=F_F, results. (b) Intermediate configuration 53¢ is
obtained from initial undeformed configuration by elastic stressing, keeping frozen mechanisms of plastic
deformation. Reversed decomposition F = F/F¢ results.

due to total applied stress. The resulting decomposition of deformation gradient,
F=F F,, provided a sound kinematic and kinetic basis for elastoplastic constitutive
analysis of polycrystalline materials (e.g., Lubarda and Lee, 1981, Lubarda and
Shih, 1994), and single crystals (e.g., Asaro, 1983, Havner, 1985,1992).

In the wake of F=F_F, decomposition, there have been several suggestions for an
alternative, reversed decomposition F=F’F¢ (e.g. Clifton, 1972, Nemat-Nasser,
1979), but this decomposition remained virtually unemployed in subsequent con-
stitutive analysis of elastoplastic behavior. The present paper is a result of my recent
study of F=FPF° decomposition, which I never attempted to investigate before,
being interested in F=F_F, decomposition only. Interestingly, but perhaps not sur-
prisingly, it turned out that the constitutive analysis of elastoplastic behavior can be
developed by using the reversed decomposition, quite analogously to using Lee’s
decomposition. The two formulations can, thus, be viewed as dual to each other,
both leading to the same final structure of constitutive equations, although some of
the derivation and interpretations are simpler in the case of Lee’s decomposition.

The decomposition F=F?F¢ is introduced as follows. An arbitrary state of elas-
toplastic deformation, corresponding to deformation gradient F, is again imagined
to be reached in two stages. First, it is assumed that all internal mechanisms
responsible for plastic deformation are frozen, so that, for example, the critical for-
ces needed to drive dislocations, or critical resolved shear stresses on crystalline slip
systems, are assigned infinitely large values. The application of total stress to such
material, incapable of plastic deformation, results in pure elastic deformation F¢ that
carries the material from initial configuration B, to intermediate configuration B.
Subsequently, the material is plastically unlocked, by unfreezing the mechanisms of
plastic deformation, which enables material to flow at constant stress. The corre-
sponding part of the deformation gradient, from intermediate configuration B¢ to
final configuration B, is the plastic part of the deformation gradient F”. Thus, the
reversed multiplicative decomposition F =F?F¢ (Fig. 1b).
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2. Uniqueness and objectivity issues

The unstressed intermediate configuration B, of Lee’s decomposition is not
unique, because a superimposed rotation Q leaves this configuration unstressed, i.e.

F=FF,=FF, ¥, =FQ' F,=QF, (1)

Superimposed T denotes the transpose. If material is elastically isotropic and
remains such in the course of plastic deformation, rotation of the intermediate con-
figuration B, has no effect on the stress response. The intermediate configuration
can then be specified uniquely by choosing conveniently F,=V, (the elastic left
stretch tensor). Thus, F=V_F,, which was a basis of Lee’s (1969) and Lubarda and
Lee’s (1981) constitutive analysis.

In the case of reversed decomposition F=FFF¢, the intermediate elastically
deformed configuration /3¢ is necessarily unique, because a rotation superimposed to
it would rotate the stress state, as well, and the plastic flow from B¢ to B would not
be at constant stress any more. Furthermore, if material is elastically isotropic, an
initial rotation at BB, does not affect the stress response, and the relevant part of the
total deformation gradient is F = F?V,. Therefore, for constitutive analysis we can write

F=V.F,=FYV,. 2

If material is elastically anisotropic, then, relative to a given orientation of prin-
cipal directions of elastic anisotropy, there is a unique F, that gives rise to total
stress in 3¢ or 3, which is

oy
JE,

t=F,_—F! 3)

Here, v is the specific strain energy, E,= (1/2)(FIF,—1I) is the Lagrangean elastic
strain relative to its ground state (B, in the case of Lee’s decomposition and Bj in
the case of reversed decomposition, both having the same orientation of the princi-
pal axes of anisotropy relative to fixed frame of reference). The Kirchhoff stress is
7=|F|o, where o designates the Cauchy stress, and || the determinant. It is also
assumed that plastic flow is incompressible and that it does not affect the elastic
properties. Therefore, we now have

F =F.F, = F'F,. “4)

Note that the same eclastic deformation gradient matrix F, appears in both
decompositions. The relationship between the two plastic parts of the deformation
gradient is consequently

F, = F,'F'F,, )

where —1 designates the inverse.
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It is helpful for the subsequent development to briefly discuss objectivity require-
ments for the constituents of the two decompositions. If a rigid-body rotation Q is
superimposed to elastoplastlcally deformed configuration B, the deformation gra-
dient F changes to F=QF, while the Kirchhoff stress becomes ©=QtQ?. Since
plastic flow from B¢ to BB occurs at constant stress, 3¢ has to be rotated by Q, as well.
Consequently, F» =QFrQ7 and F,= QF,. On the other hand, F, remains unchanged,
F = F,. Moreover, smce F. = V.R,, the elastic stretch and rotation tensors change
toV, QVeQT and R, = QR,. For brevity, the objectivity requirements corresponding
to an independent rotation of intermediate configuration B, of Lee’s decomposition
are not discussed here, since they have been examined in detail by Lubarda (1991a)
and Lubarda and Shih (1994).

3. Elastic unloading

During elastic loading from B, to B, or elastic unloading from B to B, the plastic
deformation gradient F, of Lee’s decomposition F=F.F, remains constant. This
greatly simplifies derivation of the corresponding constitutive equations. Indeed, the
velocity gradient in B is

L =FF' = £,F' +F, (FFF;I)F;I, 6)

so that during elastic unloading F,, =0and L=F,F,'. However, in the framework of
reversed decomposition, F=F?F,, the plastic part of the deformation gradient F”
does not remain constant during elastic unloading. In fact, upon complete unloading
from an elastoplastic state of deformation to zero stress, thg configuration B, is
reached, and F’=F, at that instant (Fig. 2). Therefore, F # 0 during elastic
unloading. This can also be recognized from the general relationship between F” and
F,. By differentiating Eq. (5), we obtain

. *
F, =F,'F'F,, (7)

B, OFQB

Fig. 2. Plastic part of deformation gradient F” does not remain constant during elastic unloading. Upon
complete unloading to zero stress, the configuration B, is reached, and F”=F,, at that instant.
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where
o (FC,Fj)FP Y (FF*I) @®)

is a convected-type dgrivative (Hill, 1978) of F? relative to elastic deformation.
Clearly, from Eq. (7), F? =0 if F‘I,ZO, so that in that case

= (FJ;‘)F” P (FJ;‘). )

The last expression defines the change of F” during elastic unloading. From Eq.
(7), furthermore,

F,F =F,' (fT’)F”l>F€, (10)

and substitution into Eq. (6) gives

1

L=FF'+Fp )

This is a dual equation to Eq. (6) of Lee’s theory, which will be frequently used in
the subsequent analysis.

4. Polycrystalline plasticity

We now elaborate on the constitutive formulation of finite-strain elastoplasticity
within the structure of reversed decomposition F=F?F,. Phenomenological poly-
crystalline plasticity is first considered. For simplicity, elastic isotropy is assumed
throughout the course of deformation. The elastic stress response from By to B¢ is
given by Eq. (3) with F,=V,. Thus, upon differentiation

;_K.<VV*1> ¢ =V Ve &y
=K (Ve ) M =VaViis o

mn

VoV (12)

Here, T stands for the convected-type derivative of the Kirchhoff stress with
respect to elastic deformation

T=i— (VEV;‘)T—T(VN;‘)T. (13)

The trace product in Eq. (12) is denoted by : and the subscript s stands for the
symmetric part.
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In terms of the Jaumann derivative
=1+ (V. V! (AN 14
t= o (V) we(Ve), (14

Eq. (12) can be rewritten as

. _— . I
T= Ee : (VCVg 1).9’ L[/k[ = Agkl + E (Si/cfjl + ail"-']'k + tiksjl + Til‘;fk)- (15)

The components of the unit tensor are the Kronecker §;.
By taking symmetric and antisymmetric parts of Eq. (11), we have:

(VQV;l)S: D-— (E”F”") . (16)

(VQV;‘)a: w— (i:“”F”l> . (17)

The strain rate and spin tensors in the configuration B are denoted by D and W.
Hence,

T= T4 <1*?PFP"> T T<FPFP“) , (18)
a a

where T =1 — Wt 4+ TW is the Jaumann derivative of the Kirchhoff stress with
respect to W. Consequently, substitution of Eq. (18) into Eq. (15) gives

t=LC,: {(ngel) M, [(ﬁPFP‘) T— T<1?PFP‘> ” (19)

The fourth-order tensor M,=L;! is the instantaneous elastic compliance, the
inverse of the elastic stiffness tensor L,. The elastic strain rate D,, corresponding to
stress rate T, is evidently

D, = (VEV;I) M, : [(ﬁ/’Fﬂ‘) T T<1?PFP‘> ] (20)

In view of Eq. (16) and additive decomposition of the strain rate into its elastic
and plastic parts, the plastic part of the strain rate becomes

D, = (li“prl) +M, [(fwﬂ') - r(l*”’Fpl> } @1
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Clearly, during elastic unloading D,=0 and D,=(V,V.;!),, since F” =0 in the
unloading process.

Further constitutive analysis proceeds as in the case of Lee’s decomposition. From
Eq. (19), the elastic strain rate, expressed in terms of the stress rate, is

D, =M, : 1. 22)

This defines a reversible part of the strain increment, recovered upon unloading of
the stress increment associated with the Jaumann stress rate T. The remaining, plastic
part of the strain rate gives a residual part of the strain increment. Under usual
assumptions of classical plasticity, this is codirectional with the outward normal to a
locally smooth yield surface f'in the stress space. In the case of isotropic hardening

YA
D,,_h<aT.T)3T. (23)
where the scalar function / accounts for the plastic deformation history. Thus,
. Liof  of\]. .
D= [M‘) o (3"( ® 3T)i| - 24)
or, by inversion,
. 1 af _of
=|L,——L,:[——):L.|:D, 25
% [.c Y <8T®31> .c} (25)

where hy=h+ (9f/07): L.:(3f]9T).

5. Strain rate expressions in terms of V., F? and their rates

The elastic and plastic strain rates were expressed in terms of the constituents V,
and F, of Lee’s decomposition F=V_F, by Lubarda and Lee (1981), and in more
general context by Lubarda (1991a,b) and Lubarda and Shih (1994). In this section
the corresponding relations are derived in the framework of reversed decomposition
F=FrV,. Again, for simplicity, only isotropic response is considered. First, intro-
duce the spin Q as the solution of the following matrix equation

W= (VEVE_l)a—i—(VeQV;l) (26)

a

The corresponding Jaumann derivatives of the Kirchhoff stress T and the elastic
stretch V, are:

\4 .
T=t—QT4+1Q, V,=V,—QV,+V,Q. 27)
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Applying these derivatives to Eq. (3), with F,=V,, there follows
v v v T v
T= (vgvel)r+ T<vael> +A,: (vgvel> : (28)
s
In view of Egs. (26) and (27),, the relationship holds

v \
VA <V6V61> +W - Q, (29)
s

and substitution into Eq. (28) gives
v
T=L,: (VBVL}) . (30)
N
This identifies the elastic strain rate as
v .
D, = (VeVel) - (VCV;I) +(V.QV ). 31)
s s
On the other hand, comparing Eqs. (17) and (26) yields
(Vevy!) = (l*TPFP]> . (32)
a
Therefore, from Eqgs. (16) and (31) the plastic strain rate is given by
D,=D-D, = (F"F”'> —(Veavy'), (33)
S
This is identically equal to

D, =FF —-V.QV,!, (34)

since antisymmetric part of the difference on the right-hand side of Eq. (34) vanishes
by Eq. (32).

If hardening is isotropic, the principal directions of the stress T and the elastic
stretch V, are parallel to those of the plastic strain rate D,. Thus by multiplying Eq.
(34) by V. ! from the left, and by V, from the right, it follows

D, = V' (lf“”F”l)Ve —Q (35)

Taking symmetric and antisymmetric parts of Eq. (35) finally gives:
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Dp = I:Vg_l <§prl>Vej| , (36)

Q= [V;‘ <1T“”F”I>Ve} . 37)

These expressions are in complete agreement with the original results obtained by
Lubarda and Lee (1981) in the framework of Lee’s decomposition F =V, F,. Indeed,
since F,=V_'F’V,, one has

v (I*W’FPI)VC, = F,F (38)

and Eqgs. (36) and (37) reduce to Lubarda and Lee’s results

D, =(i,F,"). o= (F’,,F;l)a. (39)

)
N

This demonstrates a duality in constitutive formulations for isotropic elastoplasticity
based on the two alternative decompositions F=V F, and F=FV,.

6. Single crystal plasticity

We next consider the constitutive formulation for large elastoplastic deformations
of single crystals, in which crystallographic slip is assumed to be the only mechanism
of plastic deformation. The reverse multiplicative decomposition F=FF, is
employed to compare the formulation with the well-known formulation based on the
decomposition F=F,F, (e.g. Asaro, 1983, where the notation F =F*F” is used). The
total stress is applied to initial configuration By, considering that crystallographic
slip is prevented by assigning infinite value to critical resolved shear stress on each
slip system. The resulting deformation F, is purely elastic, and caused by lattice
stretching and rotation that carries B, into intermediate configuration 5¢. Subse-
quently, the critical resolved shear stresses are relaxed to their actual finite values,
which enables material to flow through the crystalline lattice at constant stress. This
part of deformation gradient is the plastic part F”, and the decomposition F =F”’F,
holds. Denote the unit slip direction and the normal to the corresponding slip plane
in the undeformed configuration B, by s§ and m§, where « designates the slip system.
The vector s§ is embedded in the lattice, so that it becomes s*=F,-s§ in the inter-
mediate configuration B°. Since the material flows through the lattice during the
deformation F?, the slip direction s* remains the same in the final configuration B
(Fig. 3). The normal to the slip plane in the configurations /3¢ and B is defined by the
reciprocal vector m*=mg-F,!. In general, s* and m® are not unit vectors, but are
orthogonal to each other.
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Fig. 3. Unit slip direction and unit normal to slip plane in undeformed configuration B, are s§ and mg.
The vector s§ is embedded in the lattice, becoming s*=F,-s§ in the intermediate configuration B°¢. As
material flows through the lattice during deformation F?, the slip direction s* remains the same.

The velocity gradient in the deformed configuration B is a consequence of the slip
rates y* over n active slip systems, such that

* _ n
PR = RACK TV (40)

where ® designates a dyadic product, and El’ is a convected-type derivative defined
by Eq. (8). This convected rate of F? appears in Eq. (40) because, during elastoplastic
increment of deformation, both the current and intermediate configurations, with
respect to which plastic deformation gradient F? is defined, deform. Furthermore, as
discussed in Section 3, during elastic unloading from the current configuration,
F’ =0, so that Eq. (40) is in accord with the requirement that during elastic
unloading the slip rates y* must also be equal to zero. In view of Eq. (10), Eq. (40) is
equivalent to the corresponding equation from the formulation based on F=F.,F,
decomposition,where the point of departure is an expression for F,,F;1 in terms of
the sum of slip contributions (s&®m§)y® in the intermediate configuration B, (Asaro,
1983).

The elastic response of the lattice and the material embedded on it is described by
Eq. (3). It is assumed that crystallographic slip is an isochoric deformation process,
and that elastic properties of the crystal are unaffected by the slip. Thus,
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%:ce:(F’ngl), = (FeFe“) T—i—T(FeFe_l) . (1)
N a a
The components of the instantaneous elastic stiffness tensor of the crystal are

82
‘Ciﬂ\'l = F?mF(')niw
T 9E® BE;q

mn

|
chpF'Zq +3

5 (8iTi + Sutix + Tiedjt + Tndjk).- 42)

The strain rate and spin tensors can be expressed from Egs. (11) and (40) as:

D= (F‘ij) + '211P" o, (43)

s a=

W= (F'ij) - éW“ 7, (44)

where the second-order tensors are introduced:

1 1
P =" @m +m @), W= (" @m’—m"®s"), (43)

as commonly done in crystal plasticity.

Further analysis proceeds identically as in the case of decomposition F=FF,.
Since

t=t+ él(w% —TWY)pe, (46)

Eq. (41) becomes
t=LC, {D — B[P M, (WoT— TW“)])'/O’}, 47)

which defines the plastic strain rate corresponding to T as

D, = X [P+ M, : (We — TW)Jj. (48)

Physically, D, yields the residual strain increment left in the crystal upon an infi-
nitesimal loading/unloading cycle associated with the stress rate T. The reversible
part is the elastic part of the strain rates, D,= M.,:T. The structure of the strain rate
expressions corresponding to other choices of the stress rates has been discussed by
Lubarda (1994a,1999).

Eq. (47) can be rewritten as
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° n
T=L,:D— EIK)'/“, K=L,:P*+ W — tW“, (49)
a=

To complete the constitutive formulation, the slip rates y* have to be expressed in
terms of the rate of deformation or the rate of stress. This is done in a standard
manner. For rate-independent materials it is assumed that plastic flow occurs on a
slip system when the resolved shear stress on that system reaches the critical value
(" = 12). The generalized Schmid stress  can be defined as the work conjugate to
the slip rate y*, such that (Hill and Rice, 1972; Hill and Havner, 1982; Asaro, 1983)

n n
2t =T TP (50)

Therefore, * = P* : 7, its rate being

=K (F;F;I) (51)

K
If the rate of change of the critical resolved shear stress on a given slip system is

defined as a linear combination of the slip rates %, the coefficients being the slip-
plane hardening rates /g, the consistency condition for the slip on the system « is

= % g (52)

In view of Egs. (51) and (43), this becomes

K:D= ﬁélgaﬂ)}ﬂ’ 8ap = haﬂ +K: P (53)

Thus, the slip rates can be determined from

n
= ﬁglg;ﬁllé : D, (54)

provided that the matrix with components g,g is positive-definite (Hill and Rice,
1972). Substitution of Eq. (54) into Eq. (49) finally gives

o _ n on 1 )
T= (L',e aglﬂgllegaﬂ@ : D, (55)

which is the same constitutive structure of single crystal plasticity as presented by
Asaro (1983) in the framework of the decomposition F=F,F,. For prescribed
components of velocity gradient, the slip rates are determined from Eq. (54), and F,
by integration from Eq. (11) with the incorporated Eq. (40). The plastic deformation
gradient is then F? =FF, !,
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7. Conclusion

We have demonstrated in this paper a duality in constitutive formulation of large-
deformation elastoplasticity based on Lee’s decomposition F=F_F, and reversed
decomposition F=F’F,, at least for the constitutive models considered in this paper.
It is shown that for materials that preserve elastic properties during plastic deforma-
tion, the same elastic deformation gradient F, appears in both decompositions, while
plastic deformation gradients F, and F” naturally differ. Expressions for elastic and
plastic strain rates, derived in the framework of reversed decomposition, are given by
Egs. (20) and (21), and Eqgs. (31) and (36). A kinematic representation of the velocity
gradient in Eq. (11) was used in this derivation. The structure of the obtained
expressions is found to be more involved than of those based on Lee’s decomposi-
tion, cf. Egs. (36) and (39). This is partly because during elastic unloading the plastic
gradient F, of Lee’s decomposition remains constant, while F” of reversed decom-
position changes, albeit in a definite manner specified by Eq. (9). Nonetheless, within
the same physical ingredients, both formulations lead to the same final structure of
elastoplastic constitutive equations for isotropic polycrystalline materials and single
crystals. These are given by Egs. (25) and (55).

In addition to conceptual importance of demonstrating a duality, the analysis
presented in this paper may be of interest because it is possible that in some appli-
cations the reversed decomposition has certain advantages. For example, Clifton
(1972) found it to be slightly more convenient for the analysis of one-dimensional
wave propagation in elastic-viscoplastic solids. It should, however, be pointed out
that Lee’s decomposition has definite advantages in modeling plasticity with evol-
ving elastic properties. In this case, a set of structural tensors can be attached to the
intermediate configuration B, to represent its current state of elastic anisotropy. The
structural tensors evolve during plastic deformation, depending on the nature of
microscopic inelastic processes, their change being represented by appropriate evo-
lution equations. The stress response at each instant of deformation is given in terms
of the gradient of elastic strain energy with respect to elastic strain, at the current
values of the structural tensors. This type of analysis was used by Lubarda (1994b)
and Lubarda and Krajcinovic (1995) in their study of damage-elastoplasticity. In
the case of reversed decomposition, however, the elastic response is defined relative
to the initial configuration By, which does not contain any information about
evolving elastic properties or subsequently developed elastic anisotropy. Additional
remedy has to be introduced to deal with these features of material response, which
is likely to make the reversed decomposition less attractive than the original
decomposition.
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