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Different definitions of the Burgers vector and the corresponding construction of the Burgers

circuit for dislocation loops and straight dislocations, created by the displacement discon-

tinuity imposed across different surface cuts are reviewed. This is used as a geometric

background for the derivation and discussion of the Peach–Koehler expression for the ener-

getic force exerted on a dislocation by different sources of stress. Three approaches were

used and compared: (i) the classical virtual work approach of Peach and Koehler, extended

to  include the changes in size and shape of the dislocation loop; (ii) the potential energy

approach which allows the incorporation of the effects of image stresses; and (iii) the

approach based on the evaluation of the J-integral. The glide and climb components of

the  dislocation force are determined and discussed for continuum and lattice dislocations.
©  2018 Brazilian Metallurgical, Materials and Mining Association. Published by Elsevier

Editora Ltda. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
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Fig. 1 – A plane dislocation loop C with a Burgers vector b
in a medium under the stress field �. The unit vector
tangential to the loop at a considered point is �. The
component of the dislocation force f orthogonal to the
plane of the loop is fn and within the plane of the loop is fm.
j m a t e r r e s t e c h n o l

ciences and Arts, the Montenegrin Academy of Engineering,
nd the European Academy of Sciences and Arts.

.  Introduction

islocation mechanics is a formidable discipline that has
nabled engineers to understand, predict, and control the
echanical response of metals and ceramics in the plastic

ange of their deformation. It has import in ductility, harden-
ng and strengthening mechanisms, fracture, fatigue, creep,
nd a broad range of other phenomena. A rigorous field of
ndeavor, it traces its roots to three seminal papers published
n 1934 by Orowan [1], Polanyi [2], and Taylor [3]. The foun-
ations of dislocation mechanics, with early contributions by
olterra in 1907 [4], and the entire construct are based on
lasticity theory, which provides the background stresses and
trains upon which the dislocations (and twins, phase bound-
ries) move. The quantitative treatment of dislocations and
he development of the physical theory of plasticity would
ot have been possible if it were not for two equations, which

ink continuum and dislocation theory: (a) the Orowan equa-
ion which relates the rate of macroscopic shear strain to the
ensity of dislocations and the average dislocation velocity;
nd (b) the Peach–Koehler equation, which relates the stress
eld in the material to an effective (energetic) force acting on

 dislocation. This review is devoted to the latter equation.
The energetic, also referred to as a configurational force

cting on a dislocation loop plays a fundamental role in
ontinuum mechanics and materials science studies of dis-
ocations, their motion and interactions among themselves
r with other defects, such as inclusions, free surfaces, and

nterfaces. The expression for this force (per unit length of
 dislocation loop) was first derived in the form f = (� · b) × �

y Peach and Koehler [5]. The stress state � at the consid-
red point of the dislocation loop is caused by applied loading
r interaction of the dislocation with other dislocations or
efects, but excludes the self-stress from the dislocation itself.
he Burgers vector of the dislocation b represents the dis-
lacement discontinuity imposed to create the dislocation,
hile � is the unit vector tangential to the dislocation loop

t the considered point (Fig. 1). We  use boldface symbols for
ectors and tensors throughout; for most of the text, we  adopt
he direct tensor notation, rather than the indicial notation.

For example, for an infinitely long edge dislocation along
he z-direction, with the Burgers vector b = bxex and with the
ositive direction of the dislocation line vector out of the plane
f figure (� = ez), the dislocation force is f = �xybxex − �xxbxey,
here �xy and �xx are the shear and normal stresses at the

ocation of the dislocation, excluding the singular stresses
rom the dislocation itself. In this expression, the glide
omponent of the dislocation force is fglide = �xybxex, while

climb =− �xxbxey is the climb component. If the positive direc-
ion of the dislocation line vector is taken to be into the
lane of figure (� =− ez), the same edge dislocation is charac-
erized by the Burgers vector b̄ = −b, which is opposite to the

urgers vector of the previously considered dislocation with
he line vector � = ez. In this case, the Peach–Koehler expres-
ion gives for the dislocation force f = −�xyb̄xex + �xxb̄xey, so
hat the glide and climb components are fglide = −�xyb̄xex and
Both components are orthogonal to C.

fclimb = �xxb̄xey. Since b̄x = −bx, the same dislocation forces, in
magnitude and direction, are obtained as in the previous case.
In some studies and textbooks on dislocations (e.g., [6–10]), one
direction of the dislocation line vector is taken as positive,
while in others (e.g., [11,12]), the opposite direction is taken
as positive. Although both directions are permissible choices,
a care is needed to properly identify the corresponding direc-
tion of the Burgers vector of the dislocation, and avoid the sign
errors in the derivation of the expression for the dislocation
force, first pointed out by de Wit [13] and further discussed by
Hirth and Lothe [8].

The purpose of this review is to shed additional light to
this topic which is of significance for the derivation of the
Peach–Koehler expression for the energetic force acting on
a dislocation loop. In Section 2, we review different defini-
tions of the Burgers vector used in the literature and the
corresponding construction of the Burgers circuit for disloca-
tion loops created by the displacement discontinuity imposed
across different surface cuts. With this as a geometric back-
ground, we derive in Section 3 the Peach–Koehler expression
for the force on a dislocation loop in an infinite medium,
caused by mechanical stress excluding the self-stress from
the dislocation itself. This is accomplished by the virtual work
consideration, as in Peach and Koehler [5], except that a vir-
tual change of the dislocation configuration is not restricted
to be of a translational type, but may also include a size and
shape change of the loop. The glide and climb components
of the dislocation force are derived for an arbitrary loop, and
in particular for circular glide and circular sessile dislocation
loops. We also discuss the osmotic or chemical force on a
lattice dislocation. In Section 4 we  generalize the derivation
from Section 3 by including in the analysis the contribution
from the image  stresses of the dislocation, associated with
the boundary of a finite body in which the dislocation resides.
This is done by the consideration of the potential energy.
The elastic field represented as the sum of the elastic field
of the dislocation embedded in an infinite medium, and the
image field. The final expression for the dislocation force is

f = [(� + �̂ + �int) · b) × �, where �̂ is the image  stress from all
dislocations, including the dislocation under consideration,
and �int is the stress due to interaction of the dislocation with
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other dislocations or other defects, if present in the body. Sec-
tion 5 is devoted to the derivation of the Peach–Koehler force
on an infinitely long straight dislocation in a finite body under
plane strain conditions by the evaluation of the J-integral.

2.  Direction  of  the  Burgers  vector

It is well-known (e.g., [8,14,9,15]) that, for a given displacement
discontinuity across the ‘cut surface’ used to create a disloca-
tion, the Burgers vector of the dislocation can be defined to
have either of the two  senses of the direction of the relative
displacement between the two surfaces of the cut. This can be
illustrated in various ways; we  conveniently choose the case of
an edge dislocation created by relative displacement between
the cut surfaces along the positive x-axis (Fig. 2). In Fig. 2a, the
lower surface of the cut is displaced relative to the upper sur-
face by the amount b to the right, while in Fig. 2b the upper
surface of the cut is displaced relative to the lower surface by
the amount b to the left. Shown are the corresponding Burg-
ers circuits emanating from the starting point S to the finishing
point F. If the Burgers vector is defined as the vector connect-
ing the points S and F, from S to F, i.e., b = SF,  then, for the case
shown in Fig. 1a,
(2.1)

a

b

Fig. 2 – An edge dislocation created by the displacement discont
surface �1 of the cut is displaced by b to the right, while the upp
by b to the left, while the lower surface �2 is fixed; parts (c) and (
displacement discontinuity is imposed along the negative x-axis
the dislocation line vector � (orthogonal to the plane of figure), an
with respect to �. The Burgers circle begins at the point S and en
2 0 1 9;8(1):1550–1565

while, for the case shown in Fig. 2b,

(2.2)

The two so-defined Burgers vectors are clearly opposite,
though the stress and strain fields are the same in both cases.
The corresponding displacement fields differ by a rigid-body
translation, such that u

(a)
x = u

(b)
x + b. Note that in (2.1) the Burg-

ers circuit is counterclockwise, while in (2.2) it is clockwise
(relative to an observer at positive z).

Since the Burgers circuit in Fig. 2a is counter-clockwise, the
unit vector of the dislocation line � is taken to be in the posi-
tive z-direction (� = ez), while for the clockwise Burgers circuit
in Fig. 2b the unit vector of the dislocation line is taken to
be in the negative z-direction (� =− ez). With this choice of the
direction for �, the integrals in (2.1) and (2.2) are both taken in
a right-handed sense relative to �. Furthermore, in each case,
the first crossed surface of the cut, in the immediate passing
from one surface of the cut to the other, is the surface which
moves by b relative to the other surface of the cut. Denot-
ing these two surfaces by �1 and �2, we can write b = u1 − u2

for any two points originally coincident on the surface along
which the cut is made. The Burgers vector in either case can be
referred as being based on the RH/SF (right-handed, start-to-

finish) convention. In the first case (Fig. 2a), the sliding surface
�1 is below the cut (y = 0, x > 0), and in the second case (Fig. 2b) it
is above that cut. In the context of crystalline dislocations, the
extra half-plane of atoms for an edge dislocation is found by

inuity b along the positive x-axis. In part (a) the lower
er surface �2 is fixed; (b) the upper surface �1 is displaced
d) are the same as parts (a) and (b), except that the
. In each case, indicated are the corresponding directions of
d the direction of the Burgers circuit, which is right-handed
ds at the point F, so that the Burgers vector is b = SF.
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prismatic or sessile dislocation. Imagine that the dislocation
j m a t e r r e s t e c h n o l

aking a 90◦ rotation of the Burgers vector in a right-handed
ense with respect to �. If the screw dislocation component
s added, the right-handed screw dislocation is created by the
isplacement of �1 in the positive � direction.

If the displacement discontinuity is imposed across the cut
ade along the negative x-axis, the Burgers circuits are as

hown in Fig. 2c and d. The corresponding Burgers vectors are
pecified by the RH/SF convention, with the indicated sliding
urface �1 in each case. The Burgers vector definition used in
ig. 2b and d has been adopted by Hirth and Lothe [8, p. 23],
nd [16, p. 122], among others. It is also equivalent to the RH/SF
onvention used by de Wit [13], according to which b points to
he right when an observer looks along � for an edge disloca-
ion with the extra half plane below the glide plane (and thus
o the left for an edge dislocation with the extra half plane
bove the glide plane, as in Fig. 2b and d). See also a discussion
y Teodosiu [17, p. 101].

The described information about the created disloca-
ion needs to be specified in order to correctly derive the
each–Koehler force on the dislocation, considered in Sec-
ion 3 of this paper. For example, if � is the unit vector
rthogonal to �1, directed towards �2, the specific work (per
nit area of the cut surface) done by the externally induced
raction t� on the displacement discontinuity b is t� · b. For the
dge dislocation in Fig. 2a, this is ty · b, while for the edge dislo-
ation in Fig. 2b, it is t−y · b. Since the Burgers vectors in Fig. 2a
nd b are opposite to each other, and since t−y =− ty, the same
ork is done in both cases.

In some work the Burgers vector is defined by adopting
he RH/FS convention, when it is obtained by connecting the
oints S and F, from the finishing point F to the starting point S
f the Burgers circuit, i.e., b = FS (e.g., [12, p. 15]). The direction
f the Burgers vector is then reversed in each part of Fig. 2.
urthermore, in this case,

(2.3)

nd

(2.4)

he specific work done by the traction t� on the displacement
iscontinuity b across the cut surface is −t� · b, because the
liding surface �1 translates by −b relative to the fixed sur-
ace �2. This definition of the Burgers vector seems to be less
onvenient, at least in the context of the continuum elasticity
heory, and will not be used further in this paper, although it
as been frequently adopted in the literature on crystalline
islocations in materials science, e.g., Hertzberg [18, p. 60];
mith and Hashemi [19, p. 157]; Askeland and Phulé [20, p.
3]. For crystalline dislocations, if the length of a Burgers vec-
or is equal to one lattice spacing, the dislocation is referred to
s a perfect dislocation (or dislocation of unit strength); if not,
t is a partial dislocation. If energetically preferred, a perfect

islocation may dissociate into two partial dislocations, sepa-
ated by a stacking fault, which is referred to as an extended
islocation (e.g., [21,10]).
 9;8(1):1550–1565 1553

2.1.  Burgers  circuits  for  vertical  cuts

To facilitate the consideration of the dislocation loops in the
next section, it is instructive to sketch the Burgers circuits
around an edge dislocation, assumed to be created by the dis-
placement discontinuity across the vertical cut, either above
or below the dislocation. The extra half-sheet of material of
thickness b (or the extra half-plane of atoms in the context of
a crystalline dislocation) is either added or removed along the
cut. In the first case the Burgers circuits are as shown in Fig. 3a
and c, and in the second case as in Fig. 3b and d.

2.2.  Burgers  vector  of  a  dislocation  loop

Fig. 4 shows an idealized dislocation loop, formed by a pair of
infinitely long, parallel positive and negative dislocations, at
some distance from each other (the edge dislocation with the
extra half-sheet of material above the dislocation is referred
as the positive edge dislocation). In Fig. 4a, the displacement
discontinuity b is imposed by sliding the surface �1 above the
horizontal cut, and in Fig. 4b by sliding the surface �1 below
the horizontal cut. Shown are the Burgers circuits around each
dislocation, with the indicated direction of the dislocation
line vector � along the loop (the loop is formally completed
by two screw segments, connecting the edge segments and
running out of the material at z =±∞). Thus, the dislocation
line direction � is into the plane of figure for one disloca-
tion, and out of the plane of figure for the other dislocation.
Figures 3c and 3d show the Burgers circuits for the disloca-
tion loop created by the displacement discontinuity imposed
along the vertical cut above the plane of the dislocation
loop. Similar construction can be made for the disloca-
tion loop created by the displacement discontinuity imposed
along the vertical cut below the plane of the dislocation
loop.

Fig. 5 shows a planar dislocation loop C created by imposing
the displacement discontinuity along an arbitrary cut surface
above the plane of the dislocation (Fig. 5a and b), or below that
plane (Fig. 5c and d), with C as the boundary of the cut surface.
Indicated are the Burgers circuits along the loop, dependent
on the chosen line direction � along the loop. In particular, the
cut surface may be taken to be a cylindrical surface emanating
from C and exiting at the free surface of the body, either above
or below the plane of the dislocation.

3.  Peach–Koehler  force  –  virtual  work
approach

Let us consider the dislocation loop shown in Fig. 6a, which
resides in an infinite medium under remote loading. We  will
treat the most general case, in which the Burgers vector b is
not in the plane of the loop. It is in the plane of the loop, the
dislocation is referred to as a glide dislocation; if it is orthogo-
nal to the plane of the loop, the dislocation is referred to as a
loop is created by imposing the displacement discontinu-
ity b across the cut surface � below the loop, as shown in
Fig. 6a. The work done on this displacement discontinuity (the
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a b

c d

Fig. 3 – Same as Fig. 2 for the edge dislocation created by the displacement discontinuity b along the positive y-axis, parts
(a) and (b), and negative y-axis, parts (c) and (d).

a b

c d

Fig. 4 – An idealized dislocation loop, formed by a pair of infinitely long, parallel positive and negative dislocations. In part
(a), the displacement discontinuity b is imposed by sliding the surface �1 above the horizontal cut, and in part (b) by sliding
the surface �1 below the horizontal cut. Shown are the Burgers circuits around each dislocation, with the indicated
direction of the dislocation line vector �. Parts (c) and (d) are the same as parts (a) and (b), for the dislocation loop created by

the displacement discontinuity along the vertical cuts.

interaction energy of the dislocation with the pre-existing
stress field) is

W =
∫

�

t� · b d� , t� = � · � = � · � , (3.1)

where t� is the traction vector over the surface �1, whose
unit normal � is directed toward �2. The surface �2 is con-
sidered fixed, while �1 is displaced by the Burgers vector b, as
indicated in Fig. 5a. The stress tensor � includes the stresses

caused by remote loading or internal sources of stress, such
as other dislocations (if present), but excludes the self-stress
from the dislocation itself. Suppose that the dislocation loop
evolves from its configuration C to a nearby configuration
C + ıC, by small displacements ır originating from the points
of C (Fig. 6b). For simplicity, assume that both configurations
are planar; the derivation for non-planar loops proceeds simi-
larly. The dislocation loop in the configuration C + ıC can have
a different size and shape from that in configuration C. The
work done on creating the dislocation C + ıC is

W + ıW =
∫

�+ı�

t� · b d� =
∫

�

t� · b d� +
∫

ı�

t� · b d(ı�) . (3.2)
We have conveniently used the surface � + ı� as the cut sur-
face, with a cylindrical portion ı� as the surface between C
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a

b

c

d

Fig. 5 – A planar dislocation loop C created by imposing the
displacement discontinuity along an arbitrary cut surface
above the plane of the dislocation, parts (a) and (b), or
below that plane, parts (c) and (d). Indicated are the Burgers
circuits along the loop, associated with the chosen
direction of the line vector � along the loop. The surface �2

is considered fixed, while �1 is displaced by b.

a
l

ı

t
t

Fig. 6 – (a) The dislocation loop C created by a cut surface
below its plane. The surface �1 is displaced by the Burgers
vector b, while the surface �2 is considered fixed. The
traction vector over �1 is t�, where � is the unit vector
orthogonal to �1 and directed towards �2. (b) A nearby
configuration of the dislocation loop C + ıC, obtained from C
by the displacement variation ır originating from points of
C. The surface connecting C and C + ıC is ı�. The arc length
of C is denoted by dl.
nd C + ıC. Thus, the work done on the transformation of the
oop from C to C + ıC is

W =
∫

ı�

t� · b d(ı�) . (3.3)
The configurational force (per unit length of the disloca-
ion) f is defined so that its work on the displacement ır along
he loop is equal to −ıW, i.e.,
∮
C

(f · ır) dl = −ıW . (3.4)

The negative sign in front of ıW is used, because if the dislo-
cation loop spontaneously moves from its configuration C to
C + ıC, the corresponding energy must decrease (ıW < 0).

The objective is now to derive an explicit expression for f
along the dislocation loop, in terms of the stress field � and
the dislocation Burgers vector b. This can be accomplished
by comparing (3.3) and (3.4). The substitution of the Cauchy
relation t� = � · � into (3.3) gives

ıW =
∫

ı�

(� · b) · d(ı˙) , d(ı˙) = � d(ı�) . (3.5)

From the sketch in Fig. 6b, the vectorial surface element along
ı� is d(ı˙) = ır × (� dl), where � is the unit vector along the
dislocation line, and dl is the length element of this line. The
unit normal � is directed from ı�1 to ı�2. The substitution of
this expression into (3.5) gives
ıW =
∮

C

ır · [� × (� · b)] dl . (3.6)
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Fig. 7 – A Frank–Read dislocation source: bowing out loop
from a pinned dislocation segment (shown dashed) under
applied shear stress �. The two nearby screw segments
attract each other because their local dislocation line
vectors are �1 ∼ b and �2 ∼ − b, such that �2 =− �1.

Fig. 8 – A planar dislocation loop C within the plane whose
unit normal is n = � × m,  where m is the unit vector in the
plane of the loop, orthogonal to it and directed outward
from it. The dislocation Burgers vector is b, which is not
necessarily within the plane of the loop. The projections of
1556  j m a t e r r e s t e c h n

The cyclic property of the triple-vector product is used
giving (� · b) · (ır × �) = ır · [� × (� · b)]. The comparison of (3.6)
with (3.4) establishes the well-known Peach–Koehler [5]
expression for the dislocation force

f = (� · b) × � . (3.7)

Being defined by the cross product of the vectors (� · b) and
�, the force f is orthogonal to the dislocation line vector � at
each point of the loop. In the index notation, with respect to
an orthogonal Cartesian coordinate system, the components
of the dislocation force are

fk = �kij�ilbl�j , (k = 1, 2, 3) , (3.8)

where �kij are the components of the permutation tensor.
An alternative derivation, also in the spirit of virtual work
consideration, with an arbitrary infinitesimal variation of the
dislocation configuration, was used by Gavazza and Barnett
[22], Hirth and Lothe [8, p. 109], and Eshelby [14]. See also Asaro
and Lubarda [23, p. 365], and Balluffi [15, pp. 415 and 453].

In the expression (3.7), the adopted convention for the
direction of the Burgers vector b and the corresponding direc-
tion of the dislocation line vector � need to be carefully used.
The same dislocation force is obtained from (3.7) by adopting
either of the conventions shown in Fig. 5c and d, because b
and � in Fig. 5d are opposite in direction to those in Fig. 5c.
Sign errors in the expression for the dislocation force were
pointed out and discussed by de Wit  [13], and Hirth and Lothe
[8, p. 91]. Nabarro [24] derived the dislocation force expression
in the form equivalent to f = � × (� · b) (see his Eq. (2.66) on p.
83), which thus predicts the opposite direction of the force to
that predicted by (3.7). This resulted from his omission of the
negative sign on the right-hand side of (3.4). The same com-
ment applies to the derivation used in Lubarda [25]. On the
other hand, Weertman and Weertman [12] derive the expres-
sion f = � × (� · b) (Eq. (3.20) on p. 61), but their definition of the
direction of the Burgers vector is opposite to that used in (3.7),
while the direction of the dislocation line vector � is the same
in both cases, so that the two seemingly different expressions
predict the same magnitude and direction of the dislocation
force.

The direction of the dislocation line vector is also impor-
tant in understanding how the loops in the Frank–Read
source punch-off by attraction of their parallel screw segments
[18,70]. One would at first think that they repel each other
because the segments have the same Burgers vector, that of
the entire loop, and are in the same plane. However, closer
inspection reveal that dislocation line vectors of two screw
segments have opposite senses (�2 =− �1), and thus two seg-
ments attract each other as two opposite screw dislocations
(Fig. 7).

3.1.  Glide  and  climb  components  of  the  dislocation
force
Fig. 8 shows a planar dislocation loop C within the plane whose
unit normal is n = � × m,  where m is the unit vector in the plane
of the loop, orthogonal to the loop and directed outward from
the dislocation force f onto m and n are fm and fn.

it. The projections of f onto m and n are then

fm = f · m = [(� · b) × �] · m = (b · �) · (� × m) = b · � · n = tn · b ,

(3.9)

and

fn = f · n = [(� · b) × �] · n = (b · �) · (� × n) = −b · � · m = −tm · b .

(3.10)

The projection f� is equal to zero, because the dislocation force
f is orthogonal to �.

If the Burgers vector b is decomposed into its components
within the plane of the dislocation loop and orthogonal to it
(b = b�� + bmm + bnn), it readily follows from (3.9) and (3.10) that
fm = �n�b� + �nmbm + �nnbn , fn = −(�m�b� + �mmbm + �mnbn) .

(3.11)
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a

b

Fig. 9 – (a) A glide dislocation loop, with the Burgers vector b
in the plane of the loop. The glide and climb components of
the dislocation force are fm and fn, respectively. (b) A sessile
dislocation loop, with the Burgers vector b orthogonal to
the plane of the loop. The glide and climb components of
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Fig. 10 – A circular dislocation loop with the Burgers vector
b = {cosϕ, sinϕ, 0}, relative to the (x, y, z) coordinate system.
The angle between the Burgers vector and the x-axis is ϕ.
The in-plane polar coordinates are (r, �), with the

to or away from the dislocation, assuming that the temper-
he dislocation force are fn and fm, respectively.

he Burgers vector component b� is the screw component of
he dislocation at a given point of the dislocation loop, while

m and bn are its edge components, within the plane of the
oop and orthogonal to it. The stress tensor components used
n (3.11) are defined with respect to the local coordinate system
�, m,  n).

For example, if the dislocation is a glide dislocation (bn = 0,
ig. 9a), the glide and climb forces are

glide = fm = �n�b� + �nmbm , fclimb = fn = −(�m�b� + �mmbm) .(3.

e  can also write f = fglide + fclimb, with fglide = (f · m)m and

climb = (f · n)n. The vectors n and m can be expressed solely
n terms of the coplanar vectors � and b as

 = �  × (b × �)
|b × �| ,  n = � × m . (3.13)

t is noted that the screw and edge components of the glide dis-
ocation at the considered point of the loop are bscrew = (b · �)�
nd bedge = (b · m)m ≡ (� × b) × �. See also Cai and Nix [9, p. 270],
nd Anderson et al. [10, p. 80].

For a sessile (prismatic) dislocation loop (b� = bm = 0, bn = b,
ig. 9b), the glide and climb forces are

glide = fn = −�mnbn , fclimb = fm = �nnbn . (3.14)

.2.  Circular  dislocation  loop

or a circular dislocation loop in the (x, y) plane whose Burgers
ector is b = {cosϕ, sinϕ, 0}, with respect to (x, y, z) coordinate
ystem, the glide and climb forces at the point of the loop
pecified by the polar angle � are
fglide = fr = �zrbr + �z�b� = [�zr cos(ϕ − �) + �z� sin(ϕ − �)]b ,

fclimb = fz = −(�rrbr + �r�b�) = −[�rr cos(ϕ − �) + �r� sin(ϕ − �)]b .

(3.15)
corresponding unit vectors (er, e� ).

In these expressions, the components of the Burgers vector
with respect to polar coordinates (r, �) are br = b cos(ϕ − �) and
b� = b sin(ϕ − �) (Fig. 10). For example, if the only non-vanishing
stress components in the (x, y, z) coordinate system are �zx and
�xx, and if ϕ = 0 (i.e., b = bx), the glide and climb forces are

fglide = fr = �zxb , fclimb = fz = −�xxb cos � . (3.16)

For a sessile circular dislocation loop in the (x, y) plane, with
the Burgers vector b = {0, 0, b}, the glide and climb forces are

fglide = fz = −�zrb = −(�zx cos � + �zy sin �)b , fclimb = fr = �zzb .

(3.17)

3.3.  Corner  forces

If a dislocation loop has a sharp corner, the contributions to
the dislocation force from smooth sides of the loop vectorially
add at the corner. For example, for a sessile rectangular dis-
location loop with the Burgers vector bz along the z-direction,
orthogonal to the plane of the loop (Fig. 11), the total glide
force at each corner is Fglide = (�xz + �yz)bz, directed vertically
downwards, while the total climb force is Fclimb = √

2�zzbz, at
45◦ inbetween (x, y) directions.

3.4.  Osmotic  (chemical)  force  on  a  dislocation

The motion of a crystalline dislocation within its glide
plane under applied stress is opposed by the lattice fric-
tion. This is often represented by the Peirles-Nabarro stress
	PN = G exp(2
w/b), where G is the shear modulus and w is
the so-called width of the dislocation, which, in certain sense,
accounts for the dislocation core spreading [26,27,24]. The dis-
location motion orthogonal to its glide plane is opposed by the
barriers to atomic diffusion, because a dislocation can move
out of its plane only if the point defects (e.g., vacancies) diffuse
ature of the material is sufficiently high for rapid diffusion
[12]. In the absence of applied stress, and at a given tempera-
ture T, there is an equilibrium concentration of vacancies (c0)
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Fig. 11 – A sessile rectangular dislocation loop with the Burgers vector bz, orthogonal to the (x, y) plane of the loop. Shown
p, which vectorially add at the corner.

Fig. 12 – An infinitely long straight dislocation along the �

direction. The Burgers vector of dislocation b is within a
glide plane whose unit normal is n. The edge and screw
components of the Burgers vector are be and bs. The climb
are the glide and climb forces along smooth parts of the loo

at which a dislocation is in equilibrium and does not move
out of its glide plane. Under applied stress, the climb compo-
nent of the Peach-Koehler force pushes a dislocation to move
orthogonal to its glide plane. If a positive edge dislocation of a
Burgers vector bx is under tensile stress �xx, it can move down-
wards by absorbing the surrounding atoms from a lattice to
extend its extra half plane, which increases the concentra-
tion of vacancies (c) around the dislocation. The dislocation
motion becomes more  difficult as the vacancy concentration
increases, approaching its equilibrium concentration, corre-
sponding to given level of applied stress �xx, when dislocation
motion stops. Based on the analysis of the Gibbs free energy,
it can be shown that the opposing, osmotic or chemical force
to stress-driven dislocation climb is due to the excess concen-
tration of vacancies [12,28,10]. This force is fos = fosn, where n
is a unit vector orthogonal to the glide plane, and

fos = kTbe

va
ln

c

c0
. (3.18)

The Boltzmann constant is k, and va is the atomic volume. The
osmotic force is zero at c = c0, but it logarithmically increases
as c → ceq, as it becomes harder to absorb new atoms from a
vacancy more  saturated lattice surrounding the dislocation.

If the climb component of the Peach-Koehler force due to
mechanical stress is fcl = fcln, the dislocation will be in equi-
librium with respect to the motion out of its glide plane if
fcl + fos = 0, i.e.,

fcl + kTbe

va
ln

ceq

c0
= 0 . (3.19)

This specifies the equilibrium vacancy concentration corre-
sponding to a given stress state
ceq = c0 exp
(

− fclva

kTbe

)
. (3.20)
component of the dislocation force is fcl.

For example, for a straight dislocation with a Burgers vector
b within a glide plane whose unit normal is n (Fig. 12), the
climb force is

fcl = f · n , f = (� · b) × � . (3.21)

The unit vector along the dislocation line is �, and

n = �  × b
|� × b| ,  m = n × � . (3.22)

The edge component of the Burgers vector is (cf. expression
(15.80) of [10])

be = b · m = b · (n × �) = b · (� × b) × �

|� × b| .  (3.23)

In particular, if � = ez, n = ey, and b = bxex + bzez, while
� = �xxex ⊗ ex, where ⊗ denotes the dyadic product, it fol-
lows from (3.21) that fcl =− �xxbx, and (3.20) reduces to ceq =
c0 exp[(�xxva)/(kT)].

4.  Derivation  of  the  Peach–Koehler  force  by
the  potential  energy  consideration
A more  general analysis, which allows for the incorporation
of the contribution of the image  stresses to the dislocation
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Fig. 13 – The stress field �d of the dislocation in a finite
body of volume V, whose boundary S is traction-free is
represented as the sum of the infinite-medium stress field
(�̃) and the image stress field (�̂). The image field is due to
the traction t̂n = −t̃n applied over S in the configuration (c)
to cancel the traction t̃n induced over S by the
j m a t e r r e s t e c h n o l

orce, is based on the consideration of the potential energy.
his analysis is in the spirit of the Eshelby’s [29,30] approach,
hich gave birth to the field of mechanics known today as the

onfigurational mechanics. The potential energy of the loaded
ody with a dislocation loop inside of it is defined as the dif-
erence of the strain energy U stored in the body and the load
otential P, i.e.,

 = U − P . (4.1)

f t0
n is the applied traction over the bounding surface S of the

ody, with n being the outward unit vector orthogonal to S, the
oad potential is

 =
∫

S

t0
n · (u0 + ud) dS . (4.2)

he displacement vector due to external load is denoted by
0, and that due to the dislocation loop alone is ud.

The total strain energy within the body of volume V is
 = U0 + Ud. The part of the strain energy due to applied load is

0 = 1
2

∫
V

�0 : �0 dV, (4.3)

here �0 and �0 are the stress and strain fields induced by
0
n, and : stands for the trace product. The strain energy due to
islocation alone is Ud. The additive representation U = U0 + Ud

olds, because the well-known theorem of linear elasticity [8,
. 53] states that there is no interaction strain energy between
he self-equilibrating stress field due to internal source of
tress (such as dislocation) and the strain field due to exter-
ally applied load.

The dislocation strain energy Ud is represented as the sum
f the core energy Ud

c within the volume Vc of a narrow tube
urrounding the dislocation line (along which the linear elas-
icity predicts singular stresses), and the strain energy within
he volume V − Vc, outside of this tube, i.e.,

d = Ud
c + 1

2

∫
V−Vc

�d : �d dV . (4.4)

he stress and strain fields due to the dislocation alone in the
xternally unloaded body are denoted by �d and �d. Since lin-
ar elasticity predicts infinitely large core energy, nonlinear or
ther theory is needed to specify Ud

c , which is beyond the scope
f this paper ([31,32]). An alternative construction of the poten-
ial energy functional, based on the Kröner [6] decomposition
f strain into its (incompatible) elastic and plastic (localized,
lip induced) parts, was used by Mura  [33, p. 353], and Le [34,
. 115]. See also Balluffi [15, p. 337].

As commonly done in the dislocation studies
29,30,14,8,35,22,36,25,37,9], the stress and strain fields of

he dislocation in a finite body is represented as the sum of
he infinite-medium stress and strain fields (�̃ and �̃) and the
mage  fields (�̂ and �̂), needed to make the boundary of the
nite body traction-free, i.e., �d = �̃ + �̂ and �d = �̃ + �̂. This
infinite-medium field in part (b).

superposition is sketched in Fig. 13. It readily follows from
(4.4) that

Ud = Ũc + 1
2

∫
V−Vc

�̃ : �̃ dV + 1
2

∫
V

�̂ : �̃ dV . (4.5)

The reciprocity property �̃ : �̂ = �̂ : �̃ was used, together with
the vanishing of the integral

∫
V

�d : �̂ dV = 0, which follows
from the Gauss divergence theorem and the zero traction td

n

over S. The core energy of the dislocation in an infinite medium
is denoted in (4.5) by Ũc.

The third term on the right-hand side of (4.5) can be
expressed by the Gauss divergence theorem as

1
2

∫
V

�̂ : �̃ dV = 1
2

∫
S

t̂n · ũ dS + 1
2

∫
�

t̂� · b d� , (4.6)

where ũ is  the displacement of the  ̃ field. The product t̂� · b
represents the specific work of the traction t̂� = �̂ · � on the dis-
placement discontinuity b over the cut surface � used to create
the dislocation loop. The unit normal � is orthogonal to the
surface �1 and directed towards the surface �2, as elaborated
upon in Section 2.2. Furthermore, we  can write

1
2

∫
V−Vc

�̃ : �̃ dV = 1
2

∫
V∞−Vc

�̃ : �̃ dV − 1
2

∫
V∞−V

�̃ : �̃ dV , (4.7)

where V∞ denotes the volume of the entire infinite medium.
By the Gauss divergence theorem, the second integral on the
right-hand side of (4.7) is

1
2

∫
V∞−V

�̃ : �̃ dV = 1
2

∫
S

t̂n · ũ dS , (4.8)

because the self-equilibrating traction t̂n = t̃−n acts on the
bounding surface S of the volume V − V (Fig. 14). The corre-
∞
sponding stress and displacement at infinity rapidly diminish
and do not contribute any work over the infinitely remote
boundary on the right-hand side of (4.8).
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Fig. 14 – The surface S of the hole in the dislocation-free

9)

)

16)

ı�
infinite medium under the traction t̂n = −t̃n.

By combining (4.6)–(4.8), the substitution into (4.5) gives the
following expression for the dislocation strain energy

Ud = Ũc + Ũ∞−c + 1
2

∫
�

t̂� · b d� , Ũ∞−c = 1
2

∫
V∞−Vc

�̃ : �̃ dV .(4.

The dislocation strain energy in the infinite medium outside
the dislocation core is denoted by Ũ∞−c, so that the first two
terms on the right-hand side of (4.9) represent the entire strain
energy of the dislocation loop in the infinite medium (self-
energy of the dislocation loop). The third term is the correction
from the image  traction needed to achieve the traction-free
boundary condition for the dislocation embedded in the finite
body of volume V.

In view of (4.2) and (4.3), the total potential energy (4.1) can
now be expressed as

� = �0 + Ud −
∫

S

t0
n · ud dS , (4.10)

where

�0 = U0 −
∫

S

t0
n · u0 dS (4.11)

is the potential energy of the loaded body without a disloca-
tion. Furthermore, we  have

∫
S

t0
n · ud dS = −

∫
�

t0
� · b d� , (4.12)
which follows from the reciprocity �0 : �d = �d : �0, the traction-
free dislocation boundary condition td = 0, and the Gauss
divergence theorem applied to

∫
V�0 : �d dV = 0. Thus, by
2 0 1 9;8(1):1550–1565

incorporating (4.9) and (4.12) into (4.10), the potential energy
becomes

� = �0 + Ũc + Ũ∞−c + 1
2

∫
�

t̂� · b d� +
∫

�

t0
� · b d� . (4.13)

Although this aspect of the analysis will not be pursued fur-
ther in this paper, the strain energy Ũ∞−c can also be expressed
by the Gauss divergence theorem as

Ũ∞−c = 1
2

∫
V∞−Vc

�̃ : �̃ dV = 1
2

∫
Sc

t̃c
n · ũc dSc + 1

2

∫
�

t̃� · b d� .(4.14

Such representation is of great importance in the evaluation
of the self-force on the dislocation (from the dislocation itself),
as demonstrated by Gavazza and Barnett [22]; see also Eshelby
[14]. The traction and displacement components over the core
surface Sc are denoted in (4.14) by t̃c

n and ũc. As pointed out
by Gavazza and Barnett [22], while Ũ∞−c is independent of
the choice of the cut surface, the two individual contributions
(from the surface integrals over Sc and �) on the right-hand
side of (4.14) do depend on the cut surface over which the dis-
placement discontinuity is imposed. In the two-dimensional
context of straight dislocations, this was further elaborated
upon by Lubarda [38].

4.1.  Variation  of  the  potential  energy

The variation of the potential energy (4.13) is

ı� = ı�0 + ıŨc + ıŨ∞−c +
∫

ı�

(t0
� + t̂�) · b d(ı�) , (4.15)

where we  have used the result [39]

ı

∫
�

t̂� · b d� =
∫

�

ıt̂� · b d� +
∫

ı�

t̂� · b d(ı�) = 2

∫
ı�

t̂� · b d(ı�) .(4.

For the variations resulting from the change of the size and
shape of the dislocation only, the variation ı�0 = 0, and (4.15)
reduces to

ı� = ıŨc + ıŨ∞−c +
∫

ı�

(t0
� + t̂�) · b d(ı�) . (4.17)

The evaluation of the variation ıŨ∞−c has been the subject
of a comprehensive study by Gavazza and Barnett [22]. This,
as well as the evaluation of the core energy variation ıŨc, is
beyond the scope of the present paper, which is concerned
with the evaluation of the dislocation force only due to stress
�0 caused by externally applied loading and the image  stress
�̂ of the dislocation.

In the expression (3.3) of Section 3, we  used for ıW the vari-
ation of the potential energy ı� which includes the last term
on the right-hand side of (4.17) only, i.e.,

ı� =
∫

(t0
� + t̂�) · b d(ı�) , (4.18)
with the image  traction t̂� omitted, because the dislocation
force from the stress caused by external loading was only
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Fig. 15 – (a) A circular dislocation loop of radius R under
uniformly distributed glide force f. (b) A free-body diagram
of one-half of the loop. The dislocation line tension T
balances the distributed dislocation force f.
j m a t e r r e s t e c h n o l

onsidered there. It is also noted that (4.18) is an exact
xpression for ı� if the virtual change of the dislocation
onfiguration is restricted to be a rigid-body translation (or
otation, in the case of isotropic elastic medium), since then
Ũ∞−c = 0 and ıŨc = 0 identically.

By substituting t0
� = �0 · � and t̂� = �̂ · � into (4.18), we obtain

� =
∫

ı�

[(�0 + �̂) · b] d(ı˙) , d(ı˙) = �d(ı�) , (4.19)

hich is the representation of ı� used for the derivation of
he Peach–Koehler force in the next section.

.2.  Peach–Koehler  force

s in Section 3, suppose that the dislocation loop evolves from
ts configuration C to a nearby configuration C + ıC by small dis-
lacements ır specified along C (Fig. 5b). The vectorial surface
lement of ı� is d(ı˙) = ır × (� dl), where � is the unit vector
long the dislocation line, and dl is the length element of this
ine. The substitution of this expression in (4.19) gives

� =
∮

C

ır · {� × [(�0 + �̂) · b]} dl . (4.20)

The configurational force (per unit length of the disloca-
ion) f is defined by the requirement that the line integral of
ts work on the displacement ır along the dislocation loop is
qual to −ı�,  i.e.,

C

(f · ır) dl = −ı� . (4.21)

he negative sign in front of ı� in (4.21) is used, because if
he dislocation loop spontaneously moves from its configu-
ation C to C + ıC, the potential energy must decrease (ı� < 0);
he released energy provides a driving force for the dislocation

ovement. The comparison of (4.20) and (4.21) establishes the
each–Koehler type expression for the dislocation force

 = [(�0 + �̂) · b] × � . (4.22)

By a different route, this expression, involving the image
tress of the dislocation, was first derived by Gavazza and Bar-
ett [35]. Its particular case, applicable to glide dislocations
ith the slip discontinuity, was derived and used to study the

quilibrium configurations of large number of dislocations by
ubarda [39], Van der Giessen and Needleman [40], Deshpande
t al. [41], and others. If there are more  than one dislocation in
he body, and if interactions among them are included in the
nalysis, the expression (4.22) becomes

 = [(�0 + �̂ + �int) · b] × � , (4.23)

here �int is the interaction stress caused by all other dis-

ocations at the considered point of the dislocation loop,

hile �̂ represents the sum of the image  stress fields from
ll dislocations. See also the energy based derivation of the
each-Koehler force presented by Le [34].
4.3.  Self-force  due  to  dislocation  itself

The self-stress field is singular at the points along the disloca-
tion loop. Gavazza and Barnett [22] showed that the self-force
on a loop element (the dislocation force due to the dis-
location loop itself) depends on the local curvature of the
loop, on certain elastic data for an infinite straight disloca-
tion tangent to the loop, and on the cut-off radius �, used
to define a tabular region along the loop within which the
elastic fields are not well-described by the linear elasticity.
This cut-off radius was assumed to be constant along the
loop, but unspecified by the analysis. Nonlinear elasticity or
atomistic simulations within the tube are needed to better
address the problem of the determination of the dislocation
loop self-force [42–45]. For a dislocation in an anisotropic crys-
tal, the segment may also experience a force which acts to
rotate it toward the orientation of a lower energy in the lat-
tice [46]. In silicon, which has a diamond cubic structure,
there are three low-energy orientations of the dislocation line
relative to the Burgers vector and the loop tends to take a
hexagonal shape [47,48]. In dynamic problems of a nonuni-
formly moving dislocation, there may be a contribution to
self-force, even for a straight dislocation, from the stress waves
emitted by dislocation during its entire history of motion
[14,24,49–54].

4.4.  Dislocation  line  tension

The presence of a dislocation loop in an elastic body gives
rise to strain energy stored in the body. One may expect that
the stored energy is smaller for smaller (shorter) loops. To
decrease its strain energy, a spontaneous tendency of the
material is to shrink a dislocation loop (decrease its length)
and possibly get rid of it altogether [12]. Consequently, one
may consider that dislocation loop is under a line tension
which opposes its expansion, similarly to a taut string. This
line tension is approximately equal to the self-strain energy
of a dislocation loop per unit its length. To show that this
is so, consider a circular dislocation loop of radius R under
uniform Peach-Koehler glide force f, orthogonal to the loop at
each of its points (Fig. 15a). Denote the strain energy per unit
length of dislocation by Eo, and assume that Eo is indepen-

dent of R. Suppose that the dislocation experiences a virtual
expansion, so that its radius increases by ıR. The correspond-
ing work done by f must be equal to the increase of the strain
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Fig. 16 – An infinitesimal bow-out of a pinned segment of a
dislocation line whose initial length is l. Under an applied
stress giving rise to a dislocation force f, the radius of
curvature is R and the angle spanned by a circular cord is ϕ,

that
such that l = 2R sin(ϕ/2). The dislocation line tension is T.

energy caused by the increase of the length of the dislocation,
i.e., 2
RfıR = Eo2
ıR. This gives

Eo = fR . (4.24)

On the other hand, the equilibrium consideration of a half
of the loop (Fig. 15b) requires that the dislocation line ten-
sion (2T) carries the sum of the vertical components of f
over the length of a semi-circular loop (2T  = f · 2R), which
gives

T = fR . (4.25)

By comparing (4.24) and (4.25), it follows that the line tension
is indeed equal to the dislocation strain energy per unit of its
length,

T = Eo . (4.26)

If the interactions of different segments of dislocation loop
are ignored, the energy Eo may be taken as the specific strain
energy of an infinitely long straight dislocation tangent to the
dislocation loop at the considered point of the loop (e.g., [9, p.
263]).

An instructive alternative derivation of the line tension
expression is based on the consideration of an infinitesi-
mal  bow-out of a pinned segment of dislocation under an
applied stress, which gives rise to dislocation force f along that
segment (Fig. 16). The equilibrium condition for the bowed-
out dislocation segment gives T = fR.  The work done by f in
bowing-out the dislocation segment from its straight config-
uration of length l to a circular arc of length Rϕ is (1/2)fA,
where A = (1/2)R2(ϕ − sinϕ) is the area of a swept circular seg-
ment. This must be equal to the change of the strain energy
(Rϕ − l)Eo, where l = 2R sin(ϕ/2). In the limit of small ϕ, this
analysis reproduces the expression (4.24) and thus (4.26). The
greater the line tension T, the greater the radius R = T/f, i.e.,
the harder (more energy-demanding) to bow-out the disloca-
tion. Further analysis of the dislocation line tension, including
its dependence on the radius of curvature of dislocation and
its orientation, can be found in Cai and Nix [9], and Anderson

et al. [10].
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5.  Determination  of  the  dislocation  force
from  the  J-integral

The Peach–Koehler expression for the configurational force on
a dislocation can also be derived by using the formalism of the
configurational mechanics [29,30,55–57], specifically by eval-
uating the so-called J-integral around the dislocation. There
have been numerous contributions to the study of configura-
tional forces on material defects, such as cracks, dislocations,
voids, inclusions, and grain or phase boundaries; a compre-
hensive survey of the field can be found in the review papers or
books by Maugin [58], Gurtin [59], and Kienzler and Herrmann
[60].

We restrict the consideration in this section to an edge dis-
location embedded in an elastic isotropic body of arbitrary
shape under the conditions of plane strain (Fig. 15). Similar
analysis can be performed in the case of a screw disloca-
tion or a mixed edge-screw dislocation. For simplicity, we
assume that the boundary of the body is traction-free; thus,
we evaluate the dislocation force arising from the image  stress
only (i.e., from the attraction exerted on the dislocation by
the free boundary of the body). An analogous derivation pro-
ceeds with the included external loading, or the interaction
stresses caused by the presence of other dislocations. The J
integrals of the plane strain infinitesimal elastic deformations
are

Jˇ =
∮

P˛ˇn˛ dl , (˛, ˇ) = 1, 2 , (5.1)

evaluated over a closed contour whose infinitesimal element
dl has the outward normal n˛. We use in this section the index
notation with respect to the coordinate system (x1, x2), with
the summation convention implied over the repeated index.
The components of the energy momentum tensor P˛ˇ [30] are

P˛ˇ = wı˛ˇ − �˛
 u
,ˇ , w = 1
2

�˛ˇ�˛ˇ . (5.2)

The strain energy density is denoted by w, ı˛ˇ are the compo-
nents of the Kronecker delta tensor, and the comma  specifies
the indicated partial derivative. The in-plane strain com-
ponents are related to the stress components by Hooke’s
law

�˛ˇ = 1
2G

(�˛ˇ − ��

 ı˛ˇ) , (5.3)

where G is the elastic shear modulus, � is the Poisson ratio,
and �

 = �11 + �22.

Consider an edge dislocation parallel to the x3 direction,
having the Burgers vector b = {b1, b2} and residing in a finite
body at some distance from its free boundary S (Fig. 17).
The total elastic stress, strain, and displacement fields in the
body are the sums of the elastic fields for a dislocation in
an infinite medium and the image  fields (Section 5), such
�˛ˇ = �̃˛ˇ + �̂˛ˇ , �˛ˇ = �̃˛ˇ + �̂˛ˇ , u˛,ˇ = ũ˛,ˇ + û˛,ˇ . (5.4)
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Fig. 17 – An edge dislocation with the Burgers vector b
inside a finite body with the traction-free boundary S.
Indicated is a small circle around the dislocation used to
evaluate the J-integral. The line element of a circle is dl and
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pon the substitution of (5.4) into (5.2), the strain energy den-
ity can be expressed as

 = w̃ + ŵ + wint , wint = �̃˛ˇ�̂˛ˇ , (5.5)

here

˜  = 1
2

�̃˛ˇ�̃˛ˇ , ŵ = 1
2

�̂˛ˇ�̂˛ˇ (5.6)

re the strain energy densities associated with the disloca-
ion infinite medium and the image  fields, respectively. The
emaining term on the right-hand side of (5.5) is the inter-
ction strain energy density wint. Accordingly, from (5.2), the
nergy momentum tensor can be decomposed as

˛ˇ = P̃˛ˇ + P̂˛ˇ + Pint
˛ˇ , (5.7)

n which

˜ ˛ˇ = w̃ı˛ˇ − �̃˛
 ũ
,ˇ , P̂˛ˇ = ŵı˛ˇ − �̂˛
 û
,ˇ (5.8)

re the energy momentum tensors associated with the dislo-
ation infinite medium fields and the image  fields, separately.
he remaining part of the energy momentum tensor in (5.7) is

he interaction part (see, also, [61])

int
˛ˇ = wint − ( �̃˛
 û
,ˇ + �̂˛
 ũ
,ˇ) . (5.9)

In view of the Hooke’s law (5.3), wint = �̃˛ˇ�̂˛ˇ can be
xpressed solely in terms of stresses, so that (5.9) becomes

int
˛ˇ = 1

2G
(�̃mn�̂mn − � �̃mm�̂nn) ı˛ˇ − ( �̃˛
 û
,ˇ + �̂˛
 ũ
,ˇ) . (5.10)

Upon the substitution of (5.7) into (5.1), the Jˇ integrals can

e additively decomposed as

ˇ = J̃ˇ + Ĵˇ + Jint
ˇ , (5.11)
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where

Jˇ =
∮

P̃˛ˇn˛ dl , Ĵˇ =
∮

P̂˛ˇn˛ dl , Jint
ˇ =

∮
Pint

˛ˇ n˛ dl . (5.12)

To determine the configurational forces on the dislocation,
the Jˇ integrals are evaluated around a small circle of radius
r about the center of the dislocation (Fig. 15). The J̃ˇ integrals
in (5.12) vanish because the dislocation alone in an infinite
medium does not exert any force on itself. The Ĵˇ integrals also
vanish, because the image  elastic field is non-singular within
a circle around the dislocation. Thus, (5.11) reduces to

Jˇ = Jint
ˇ =

∮
Pint

˛ˇ n˛ dl . (5.13)

Its two components are

J1 =
∫ 2


0

(Pint
11 cos � + Pint

21 sin �)r d� ,

J2 =
∫ 2


0

(Pint
12 cos � + Pint

22 sin �)r d� , (5.14)

which represent the x1 and x2 component of the dislocation
force exerted on the dislocation by the image  field. This is
so because the Jˇ integrals represent the energy release rates
associated with the translation of the defect in the xˇ direction
[56,57].

5.1.  Peach–Koehler  force

We  use (5.14) to derive the expression for the Peach–Koehler
force on the dislocation. The well-known stress and displace-
ment fields for the edge dislocation in an infinite medium are
listed in Appendix A of the paper. Although the determination
of the image  fields would require numerical procedure, e.g.,
the use of the finite-element method, we can proceed with
the analysis without this evaluation by observing that along
a sufficiently small circle around the dislocation, the image
stresses and the displacement gradients are nearly uniform,
so that they can be taken out of the integrals in (5.14). Upon
performing the integration, we  obtain for an edge dislocation
with the Burgers vector b1,

∫ 2


0

Pint
11 cos � r d� = b1

8(1 − �)
[�̂12(5 − 4�) − 2Gû2,1] ,

∫ 2


0

Pint
21 sin �r d� = b1

8(1 − �)
[�̂12(3 − 4�) + 2Gû2,1] .

(5.15)

The substitution of (5.15) into (5.14) then yields J1 = �̂12b1,
which is the Peach–Koehler expression for the horizontal com-
ponent of the force exerted on the dislocation by the image
stress from the free boundary of the body. The vertical com-
ponent is J = −�̂ b . If the b component of the Burgers vector

is included, the expressions for the J1 and J2 integrals are

J1 = �̂21b1 + �̂22b2 , J2 = −( �̂11b1 + �̂12b2) . (5.16)
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For an alternative derivation, see Anderson et al. [10, pp.
86–88].

Evidently, the derivation of the Peach–Koehler expression
for the dislocation force by the evaluation of J-integrals is more
laborious than the derivation based on the direct considera-
tion of the potential energy, used in Section 4. However, in
specific problems the evaluation of J-integrals proceeds with-
out direct evaluation of the stress components appearing in
the Peach–Koehler force expression, which can significantly
simplify the analysis [62–66]. For dynamic problems of moving
dislocations, a four-dimensional (space/time) dynamic energy
momentum tensor can be introduced and the dislocation force
can be calculated from the dynamic J integral [67,68,52,69].

6.  Conclusions

We  reviewed in this paper different definitions of the Burgers
vector used in the literature and the corresponding con-
struction of the Burgers circuit for the dislocation loops and
straight dislocations, created by the displacement disconti-
nuity imposed across different surface cuts. This is used as
a geometric background to derive the Peach–Koehler expres-
sion for the energetic force on a dislocation loop. Three
approaches were adopted and compared: (i) the classical vir-
tual work approach of Peach and Koehler, extended to include
the changes in size and shape of the dislocation loop; (ii)
the potential energy approach, which allows the incorpora-
tion of the effects of image  stresses from the loaded, free,
or constrained boundary; and (iii) the approach based on the
evaluation of the J-integral. The magnitudes and directions of
the glide and climb components of the dislocation force are
determined and discussed for continuum and lattice differ-
ent dislocations. The dislocation line tension and the osmotic
force on a lattice dislocation are also briefly reviewed. Apart
from being of research interest, the presented analysis may
be appealing from the methodological point of view in a more
comprehensive coverage of the topics of dislocations and con-
figurational forces in graduate courses of solid mechanics and
materials science.
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