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Abstract
The positions of aluminum cations and oxygen anions within and nearby the
𝑅(101̄2), 𝑅′(303̄6), Σ(202̄4), and Π(101̄4) planes of 𝛼-Al2O3 corundum structure
are determined and compared with the corresponding ion positions within and
nearby their conjugate-adjacent planes 𝑟(11̄02), 𝑟′(33̄06), 𝜎(22̄04), and 𝜋(11̄04)
planes. The plane 𝑅(101̄2) contains neither aluminum nor oxygen ions, while
the planes 𝜋(11̄04), Σ(202̄4), and 𝜎(202̄4) contain only oxygen anions, whose
planar densities are 𝜌𝜋 = 6∕nm2 and 𝜌Σ = 𝜌𝜎 = 8.2∕nm2. The planes 𝑅′(303̄6),
𝑟′(33̄06), and 𝑟(11̄02) contain only aluminum cations with planar densities 𝜌𝑅′ =
8.2∕nm2 and 𝜌r = 𝜌r′ = 5.47∕nm2. The Π(101̄4) plane contains both aluminum
and oxygen ions, whose planar densities are 𝜌AlΠ = 4∕nm2 and 𝜌OΠ = 6∕nm2. The
nearest ions to the 𝑅(101̄2), 𝑟(11̄02), 𝑅′(303̄6), and 𝑟′(33̄06) planes are at a nor-
mal distance of 0.58Å from these planes,which is one-half of the normal distance
between the adjacent 𝑅 and 𝑅′, or 𝑟 and 𝑟′ planes. The ions nearest to the Σ(202̄4)
and 𝜎(22̄04) planes are also at a normal distance of 0.58Å from these planes. The
nearest ions to the Π(101̄4) and 𝜋(11̄04) planes are 0.85 Å from these planes,
which is one-half the interplanar spacing between the adjacent Π or 𝜋 planes.
The obtained results are of interest for the evaluation of ionic bonding and sur-
face energies, epitaxial film growth over differently oriented sapphire substrates,
and for the analysis of plastic deformation and cleavage fracture of sapphire
crystals under different loading and temperature conditions.
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1 INTRODUCTION

A thermodynamically stable form of aluminum oxide
Al2O3 at standard temperature and pressure, known as 𝛼-
Al2O3 or sapphire, has the corundum structure in which
the oxygen anions are closely packed in planes stacked in
the hexagonal closed-packed (HCP) sequence A–B–A–B–
… , while the aluminum cations occupy two-thirds of the

octahedral interstitial sites in between the oxygen planes,
forming the sequence a–b–c–a–b–c–… of cation layers
horizontally shifted relative to each other.1,2 The overall
structure is a repetition of the stacking sequence A–a–B–
b–A–c–B–a–A–b–B–c–A, as shown in Figure 1; metastable
polymorphs of Al2O3 are reviewed in reference.3 The
basal planes of closely packed oxide anions are flat. Since
aluminum cations occupy only two-thirds of available
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2 LUBARDA and LUBARDA

(A) (B)

F IGURE 1 (A) A stacking sequence
A–a–B–b–A–c–B–a–A–b–B–c–A of the 𝛼-Al2O3 corundum structure.
The oxygen anions O2− are closely packed in planes which are
stacked in an HCP sequence A–B–A–B–A–B–A of height 𝑐 = 3𝑐0.
The aluminum cations Al3+ occupy two-thirds of octahedral
interstitial sites in between the oxygen planes A and B, forming a
sequence a–b–c–a–b–c. (b) The oxygen anions from the 𝐵-layer are
by 𝑐0∕2 above (and below) the oxygen anions from the basal A-layer.
The aluminum cations are in between 𝐴 and 𝐵 layers, at the
distance 𝑐0∕4 from them. The hexagonal axes within the oxygen
basal layer A are (𝑎01, 𝑎

0
2, 𝑎

0
3).

octahedral interstitial sites, they are slightly non-coplanar
in their basal planes, because of the corresponding adjust-
ments of cation positions caused by interionic interactions.
This slight distortion of the corundum structure is usu-
ally ignored in analytical studies. Thus, by denoting the
height of the structural sequence A–a–B–b–A–c–B–a–A–
b–B–c–A by 𝑐, the normal distance between two adjacent
oxygen and aluminum layers (e.g., A and a) is 𝑐∕12, while
the distance between two adjacent oxygen layers (A and
B), or two adjacent aluminum layers (a and b, b and c,
or c and a) is 𝑐∕6. The actual vertical distances between
aluminum cations, inferred from x-ray diffraction mea-
surements, alternate between about 0.204𝑐 and 0.296𝑐,
depending on whether there is a vacant interstitial site in
between the cations or not. For example, the aluminum
cations above the vacant interstitial site at 𝑧 = 0 are located
at 𝑧∕𝑐 = (0.148, 0.352, 0.5, 0.648, 0.852).4–6 Eighteen (18)
oxygen anions and 12 aluminum cations belong to the
shown hexagonal prism of height 𝑐 = 3𝑐0 and edge 𝑎0,
where 𝑎0 is the distance between two neighboring oxygen
anions, or two neighboring aluminum cations within their
basal planes.
The aluminum sublattice, showing only the aluminum

cations and the vacant interstitial sites from the sequence

a–b–c–a, is shown in Figure 2A. The height of the shown
prism is 𝑐∕2. The embedded oxygen layers B–A–B from the
morphological sequence a–B–b–A–c–B–a are not shown in
Figure 2A. The smallest hexagonal prism (unit cell) which
fully describes the repetitive pattern of cation positions has
the hexagonal base (dotted line in Figure 2A) of side 𝑎,
representing the distance between two neighboring vacant
interstitial sites (e.g., 𝑎1 and 𝑎2) within the layer a. The use
of such hexagonal mesh was proposed by Kronberg2 and
was subsequently adopted in most other related work.4,7,8
The early study of the corundum structure of sapphire was
reported by Pauling and Hendricks.1 The smallest struc-
tural hexagonal prism (unit cell) which fully describes the
positions of aluminum cations and embeds the entire oxy-
gen layer sequence B–A–B–A–B–A, is twice the height of
the morphological hexagonal unit cell shown in Figure 2.
The positions of aluminum cations and vacant interstitial
sites within three hexagons from the consecutive layers a,
b, and c are shown in Figure 3. The cation patterns a, b,
and c can also be recognized within a single basal plane of
cations (Figure 4), since they are horizontally shifted rela-
tive to each other by the distance (𝑎0) between two nearest
cations in that plane.
The space group symmetry of 𝛼-Al2O3 is 𝑅3̄𝑐 (three-fold

rotation with inversion), and its crystal class is trigonal9–12
(space group number 167). The experimentally determined
lattice parameters of sapphire (𝑎 and 𝑐) at room tempera-
ture are approximately 𝑎 = 4.758 Å and 𝑐 = 12.992 Å, as
reported in references4,5,7,13,14; the measured values of 𝑎
and 𝑐 in the temperature range of 10-1166 K, with a fit
by the Debye model, are reported in reference.15 Thus, the
distance between the oxygen layers A or B is 𝑐∕3 = 4.33
Å, which is about 1.57 times the ionic diameter of O2−

(2𝑅O2− = 2 × 1.38Å= 2.76Å). As discussed by Kronberg,2
the factor 1.57 is smaller than the factor

√
8∕3 = 1.63

corresponding to perfect HCP packing of spheres, as a
result of the attractive forces between alternating layers of
aluminum cations and oxygen anions. The radius of alu-
minum cations (𝑅Al3+ = 0.535 Å) is slightly smaller than
the radius of the interstitial site in the oxygen sublattice,
which is (

√
2 − 1)𝑅O2− ≈ 0.57 Å. The distance between

oxygen anions in the direction of the closest packing is
𝑎0 = 𝑎∕

√
3, which follows from geometry because ℎ =

𝑎
√
3∕2 = 3𝑎0∕2. The orientation of the hexagonal mesh

formed by oxygen anions differs by a 30◦ rotation about
the mesh normal, and its center is shifted by 𝑎∕3 in the
basal plane (Figure 5). The basal A-layer of oxygen anions
is by 𝑐∕12 below the basal a-layer of aluminum cations. It
is also noted that 𝑐∕𝑎 = 2.731 and 𝑐0∕𝑎0 = 1.576, while in
an ideal HCP structure these ratios would be

√
8 = 2.828

and
√
8∕3 = 1.633.

The angle between the rhomboidal axes 𝑎r1 and 𝑎r2,
𝑎r2 and 𝑎r3, and 𝑎r3 and 𝑎r1 is 𝛼 = 55.28◦. The length

 15512916, 0, D
ow

nloaded from
 https://ceram

ics.onlinelibrary.w
iley.com

/doi/10.1111/jace.18871 by U
niversity O

f C
alifornia, W

iley O
nline L

ibrary on [09/11/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LUBARDA and LUBARDA 3

(A) (B)

F IGURE 2 (A) The hexagonal prism of height 𝑐∕2 = 6.496 Å showing the positions of aluminum cations and vacant interstitial sites in
four sequential cation layers a–b–c–a. The distance between two nearby vacant interstitial sites within the basal a-layer, such as 𝑎1 and 𝑎2, is
𝑎 = 4.758 Å. The hexagonal axes with the origin at the center of the vacant interstitial site in the bottom a-layer are (𝑎1, 𝑎2, 𝑎3). The
rhomboidal axes of the structural cell of height 𝑐 are (𝑎r1, 𝑎

r
2, 𝑎

r
3), which pass through vacant interstitial sites c4, c5, and c9. (B) The segments of

prismatic A(112̄0) andM(1̄010) planes, rhombohedral 𝑅′′(303̄6) and 𝑟′′(33̄06) planes, and basal C(0001) plane.

a6c4 = a6c5 = a6c9 = [(2ℎ∕3)2 + (𝑐∕3)2]1∕2 = 5.128 Å is
the length of the edge of the smallest structural rhom-
bohedral cell (of height 𝑐) which properly describes the
positions of four consecutive aluminum cations along the
vertical 𝑧-direction (in a non-distorted structure at 𝑧∕𝑐 =
1∕6, 1∕3, 2∕3, 5∕6).
Our objective in this paper is to determine the posi-

tions of aluminum and oxygen ions which are located
within and in the closest proximity to distinct crystallo-
graphic planes of sapphire, which include the 𝑅(101̄2),
𝑅′(303̄6), Σ(202̄4), and Π(101̄4) planes, and their adja-
cent 𝑟(11̄02), 𝑟′(33̄06), 𝜎(22̄04), and 𝜋(11̄04) planes. In
order to determine the repetitive patterns of aluminum
and oxygen ions, and their corresponding planar and line
densities, the ionic positions within the original unit cell
and within the neighboring unit cells, have been consid-
ered. This may be of interest for the evaluation of ionic
bonding strengths,16,17 surface energies,18,19 epitaxial film
growth over differently oriented sapphire substrates,20–22
self-healing of surface cracks at elevated temperature,23,24

and for the analysis of inelastic deformation and cleav-
age fracture of sapphire crystals.25–31 Mechanical, thermal,
electrical, and optical properties of sapphire substrates and
wafers, which guide their use, are directly related to the
orientation of the free surface relative to the bulk crys-
talline structure. The surface ions adjust their positions
relative to the interior of the crystal to minimize the free
energy and create a thermodynamically stable surface. The
ionic configurations in the vicinity of this surface define
the surface energy, and affect diffusion paths and sur-
face transport of dispersed particles used in doping (e.g.,
strengthening and toughening by carbon or titanium32),
or as catalysts to enhance thin film or other nanostruc-
tural growth. For example, single-walled carbonnanotubes
with best horizontal alignment are grown on the A- and
R-plane oriented sapphire substrates.33 The surface ener-
gies of different crystallographic planes are directly related
to the fracture toughness (critical stress intensity factor)
with respect to these planes. Fracture can occur over a
weak cleavage plane, with a low surface energy, even if
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4 LUBARDA and LUBARDA

F IGURE 3 The positions of aluminum cations and vacant
interstitial sites in three sequential cation layers a, b, and c. The
distance between two nearby vacant interstitial sites within each
basal plane is 𝑎. The distance between two neighboring aluminum
cations is 𝑎0 = 2ℎ∕3 = 𝑎∕

√
3, where ℎ =

√
3𝑎∕2. The (𝑥, 𝑦)

coordinates of 13 shown points used in the subsequent analysis of
ionic configurations within and around considered crystallographic
planes are: 0(𝑎∕2, −ℎ), 1(𝑎, 0), 2(𝑎∕2, ℎ), 3(𝑎∕2, ℎ∕3), 4(𝑎∕2, −ℎ∕3),
5(0, 2ℎ∕3), 6(0,0), 7(0, −2ℎ∕3), 8(−𝑎∕2, ℎ∕3), 9(−𝑎∕2, −ℎ∕3),
10(−𝑎∕2, −ℎ), 11(−𝑎, 0), and 12(−𝑎∕2, ℎ). The 𝑧-coordinates of the
layers a, b, and c are 𝑧 = 0, 𝑐∕6, and 𝑐∕3.

F IGURE 4 Three hexagons with cation patterns a, b, and c
which are in Figure 3 located above each other, can also be
identified within a single cation plane; they are horizontally shifted
relative to each by 𝑎0 = 𝑎∕

√
3, the distance between two nearest

cations in their basal plane. The normal distance between two
parallel planes with unit normal vector 𝐧 = {𝑛𝑥, 𝑛𝑦, 𝑛𝑧}, one passing
through cations 1′ and 2′, and the other through cations 1′′ and 2′′,
is 𝑑 = 𝐧 ⋅ 𝑎0𝐞𝑦 = 𝑛𝑦𝑎0, where 𝐞𝑦 is the unit vector along the
𝑦-direction.

it is not under the highest tensile stress. The fracture
surface energy on the prismatic {101̄0} and the rhombo-
hedral {1̄012} planes was measured to be about 7.3 and
6.0 J∕m2, respectively. Various factors related to the ionic
structure affect the fracture toughness of sapphire crys-
tals. In experiments using the double-cantilever-cleavage
technique with a differently oriented crack plane relative
to the crystallographic axes of the crystal, the lack of frac-
ture along the basal (0001) plane was attributed to the lack
of the electrostatic charge neutrality of this plane.34 The
energy calculations using the self-consistent local-density
variational method showed that the surface with the low-
est cleavage energy is terminated with an aluminum layer
for the (0001) surface, while it is terminated with an oxy-
gen layer for the (11̄02) surface.16 Furthermore, the ionic
configuration determines the lattice friction stress, which
depends on the dislocation Burgers vector and the crystal-
lographic planar spacing. Because during slip the shearing
oxygen layer moves over the underlying oxygen layer, as
well as the intervening interstitial cations, the length of
the dislocation Burgers vector for the basal slip (0001) <
112̄0> is equal to 𝑎, which is the smallest structural trans-
lation which restores the structure. At the temperature
above 900 ◦C, single crystals of sapphire undergo plastic
deformation by slip over basal (0001) planes in <112̄0>
directions; at even higher temperatures plasticity may take
place by slip on prismatic A-planes {12̄10} in the <101̄0>
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LUBARDA and LUBARDA 5

F IGURE 5 Projections of the centers of aluminum cations, oxygen anions, and vacant interstitial sites onto the basal planes of cations or
anions. The coordinate origin 𝛼4 for the axes (𝑥0, 𝑦0) and (𝑎01, 𝑎

0
2, 𝑎

0
3) within the basal A-layer of oxygen anions is by 𝑐∕12 below the basal

a-layer of aluminum cations (𝑧 = 0); thus 𝑧0 = 𝑧 + 𝑐∕12. The hexagonal axes (𝑎01, 𝑎
0
2, 𝑎

0
3) are by 30

◦ counterclockwise from the hexagonal axes
(𝑎1, 𝑎2, 𝑎3) within the basal a-layer of aluminum cations. The (𝑥, 𝑦) coordinates of aluminum cations and vacant interstitial sites are listed in
the caption of Figure 3. The (𝑥0, 𝑦0) coordinates of the 𝛼-oxygen anions are 𝛼1(ℎ0, −𝑎0∕2), 𝛼2(ℎ0, 𝑎0∕2), 𝛼3(0, −𝑎0), 𝛼4(0, 0), 𝛼5(0, 𝑎0),
𝛼6(−ℎ0, −3𝑎0∕2), 𝛼7(−ℎ0, −𝑎0∕2), 𝛼8(−ℎ0, 𝑎0∕2), 𝛼9(−ℎ0, 3𝑎0∕2), 𝛼10(−2ℎ0, −𝑎0), 𝛼11(−2ℎ0, 0), and 𝛼12(−2ℎ0, 𝑎0). The (𝑥0, 𝑦0) coordinates of
the oxygen anions 𝛽1 and 𝛽4 are 𝛽1(2ℎ0∕3, −𝑎0) and 𝛽4(−ℎ0∕3, −3𝑎0∕2), while the coordinates of 𝛽2, 𝛽3, 𝛽5, 𝛽6, 𝛽7, 𝛽8, 𝛽9, 𝛽10, 𝛽11, 𝛽12 are
obtained from the coordinates 𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6, 𝛼7, 𝛼8, 𝛼10, 𝛼11 by using the transformation 𝑥0𝛽 = 𝑥0𝛼 − ℎ0∕3 and 𝑦0𝛽 = 𝑦0𝛼 + 𝑎0∕2. The (𝑥, 𝑦)

and (𝑥0, 𝑦0) coordinates are related by 𝑥 = 𝑥0 + 2ℎ0∕3 and 𝑦 = 𝑦0. The length of the solid-line hexagon sides is 𝑎 =
√
3𝑎0 = 2ℎ0, where 𝑎0 is

the length of the dashed- and dotted-line hexagon sides. The periodicity of the overall structure in 𝑎1, 𝑎2, and 𝑎3 directions is equal to 𝑎.

or <101̄1> directions, and on the pyramidal slip systems
{11̄02} <011̄1> and {101̄1} <011̄1> within the sapphire
𝑅- and 𝑆-planes.26,35,36 Dissociation of total dislocations
into their partials during crystallographic slip over the
basal plane is accompanied by co-operative movements of
anions and cations to reduce the total dislocation energy.
This gives rise to plastic deformation by gliding of four par-
tial dislocations separated by stacking faults.2,36–41 A recent
survey of dislocation mechanics in ceramics is given in
reference.42 Molecular dynamics simulations of edge dis-
locations within basal and pyramidal planes of sapphire
have been conducted by many investigators, as reported,
for example, in references.43,44

2 RHOMBOHEDRAL 𝐑(𝟏𝟎𝟏̄𝟐) AND
𝐑′(𝟑𝟎𝟑̄𝟔) PLANES

Sapphire is a ceramic material which is frequently used
in the microelectronic industry as a substrate material
for film growth. Although the (0001) plane sapphire

substrates are most commonly used, for some applications
the rhombohedral sapphire substrates are chosen because
of their potential for improved luminous efficiency of
light-emitting diode (LED) devices, improved fabrication
processes, and resistance to subsurface damage.21,45–47
Figure 6A shows three parallel crystallographic planes
of the structural hexagonal prism of height 𝑐 = 12.992
Å. The 𝑅(101̄2) plane passes through the interstitial
sites with (𝑥, 𝑦, 𝑧) coordinates 𝑎1(𝑎, 0, 0), 𝑎2(𝑎∕2, ℎ, 0),
𝑏3(𝑎∕2, ℎ∕3, 𝑐∕6), 𝑐4(𝑎∕2, −ℎ∕3, 𝑐∕3), 𝑐5(0, 2ℎ∕3, 𝑐∕3), and
𝑎̂6(0, 0, 𝑐∕2), having the equation 𝑥∕𝑎 + 𝑦∕(2ℎ) + 2𝑧∕𝑐 =
1. The normal distance between two adjacent 𝑅(101̄2)
planes is 𝑑R = 3.48 Å. The plane 𝑅(101̄2) is parallel to the
rhomboidal axis 𝑎r3, and intersects the axes 𝑎

r
1 and 𝑎r2 at

points c4 and c5, which are at the distance 𝑏 = 5.128Å from
the coordinate origin at point a6; thus its Miller indices
with respect to the rhombohedral axes are 𝑅(110)r.
The plane 𝑅′(303̄6), parallel to the 𝑅(101̄2) plane and

at a normal distance of 2.32 Å from that plane, passes
through the centers of aluminum cations 𝑎4, 𝑎5, and 𝑎̂9,
thus having the equation 3𝑥∕𝑎 + 3𝑦∕(2ℎ) + 6𝑧∕𝑐 = 1. The
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6 LUBARDA and LUBARDA

(A) (B)

F IGURE 6 (A) The R(101̄2) plane passes through vacant interstitial sites 𝑎1, 𝑎2, 𝑏3, 𝑐4, 𝑐5, and 𝑎̂6. The plane 𝑅′(303̄6) is parallel to
𝑅(101̄2) plane, and passes through aluminum cations at 𝑎4, 𝑎5, and 𝑎̂9. Another crystallographically equivalent plane 𝑅′′(303̄6) passes
through cations at 𝑎3, 𝑎̂7, and 𝑎̂8 (shown truncated and in the dashed line). (b) TheΠ(101̄4) plane passes through vacant interstitial sites at 𝑎1,
𝑎2, 𝑎̂10, 𝑎̂11, and aluminum cations at 𝑏4, 𝑏5, 𝑐7, 𝑐8. The attached hat for points such as 𝑎̂6 and 𝑎̂10 indicates that a point is from the upper
a-layer, at 𝑧 = 𝑐∕2. Also shown is the adjacent 𝜋(11̄04) plane.

third plane, shown truncated in Figure 6A and having the
equation 3𝑥∕2𝑎 + 3𝑦∕(4ℎ) + 3𝑧∕𝑐 = 1, is in the middle in
between the 𝑅(101̄2) and 𝑅′(303̄6) planes (being at the
normal distance 𝑑R′ = 𝑑R∕3 = 1.16 Å from both), and is
crystallographically equivalent to the 𝑅′(303̄6) plane (𝑅′′
intersects the 𝑧-axis at 𝑧 = 𝑐∕3, while 𝑅′ intersects the 𝑧-
axis at 𝑧 = 𝑐∕6). The unit vector orthogonal to all three
planes is 𝐧R = {0.7313, 0.4222, 0.5356}, which makes an
angle of 57.61◦ with the 𝑧-axis.
Note: If the coordinate origin of the (𝑎1, 𝑎2, 𝑎3) hexago-

nal axes was at the center of the hexagon in the c-layer (at
𝑐∕6 below the a-layer), the indices of the 𝑅′(303̄6)a plane
would be 𝑅′(101̄2)c. Similarly, if the coordinate origin was
at the center of the hexagon in the b-layer (at 𝑐∕3 below
the a-layer), the indices of the 𝑅′′(303̄6)a plane would be
𝑅′′(101̄2)b. The subscripts a,b, and c are added to indicate
the cation layer in which the coordinate origin is placed.
Also, the more common indices for the R-plane (11̄02)
used in the literature correspond the choice of hexagonal
axes obtained by 120◦ clockwise rotation from the axes
(𝑎1, 𝑎2, 𝑎3) shown in Figure 2.
Figure 7A shows the locations of vacant interstitial sites

within the segment of the 𝑅(101̄2) plane. The distances

a1a2 = 𝑎 = 4.758 Å, a1c4 = 𝑏 = 5.128 Å, and a1b3 = 3.498
Å. There are no aluminum cations within the 𝑅(101̄2)
plane, so their planar density within this plane is equal
to zero. Figures 7B,C show the locations of the centers
of aluminum cations within the segment of the parallel
planes 𝑅′ and 𝑅′′, having the same Miller–Bravais indices
(303̄6). The corresponding planar density of aluminum
cations is 2∕(𝑎𝑏) = 8.2∕nm2. The close-packed direction
of aluminum cations within the 𝑅′(303̄6) plane is the
direction [2̄201] (from a3 to b5), with the cation separa-
tion distance equal to (1∕2)

√
𝑎2 + 𝑏2 = 3.498Å. Two other

crystallographically equivalent planes, (3̄306) and (03̄36),
also have the cation density 2∕(𝑎𝑏) = 8.2∕nm2. The dis-
location Burgers vectors for the observed slip over the
𝑅′-plane are of magnitude 𝑎 along [1̄21̄0], and 𝑏 along
[1̄101] direction (Figure 7).26
For the sake of comparison, the planar density of cations

in the basal 𝐶(0001) plane is 2∕(𝑎ℎ) = 10.2∕nm2, while
the planar density in the prismatic 𝐴(112̄0) and 𝑀(101̄0)
planes are 6∕(ℎ𝑐) = 11.21∕nm2 and 4∕(𝑎𝑐) = 6.47∕nm2,
respectively (C, A, andM being the mineralogical symbols
for these planes48). Segments of C, A, and M planes
are sketched in Figure 2B. Sapphire wafers of other
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LUBARDA and LUBARDA 7

(A) (B) (C)

F IGURE 7 (A) The locations of vacant interstitial sites (open circles) within the segment of the 𝑅(101̄2) plane of the structural
hexagonal prism of height 𝑐 = 12.992 Å. There are no aluminum cations within 𝑅(101̄2) plane. (B,C) The locations of the centers of
aluminum cations (black circles) within the segment of the crystallographically equivalent planes 𝑅′ and R′′, having the same Miller–Bravais
indices (303̄6). The attached hat for points such as â6 indicates that a point is from the a-layer is at 𝑧 = 𝑐∕2, while ̂̂a10 indicates that a point is
at 𝑧 = 𝑐. Similarly, 𝑐

1
indicates that a point is at 𝑧 = −𝑐∕6, rather than 𝑧 = 𝑐∕3.

orientations have also been studied and used, including
𝑁-plane (112̄3) and 𝑉-plane (224̄3) sapphire wafers.49–51
Differently oriented sapphire wafers have different phys-
ical properties which enable their different technological
applications.21,32,45,46,52 In silicon on sapphire (SOS) wafer
applications,53,54 the lattice mismatch is 𝑎Si∕𝑎 = 1.14 and
𝑎Si∕𝑏 = 1.06, because 𝑎Si = 5.431 Å. Selected physical
properties of sapphire crystals and their uses have been
discussed, inter alia, in references.8,55–58

2.1 Rhombohedral 𝐫(𝟏𝟏̄𝟎𝟐) plane

Because the corundum structure has the three-fold sym-
metry with respect to 120◦ rotation around the 𝑐-axis, the
plane r(11̄02), having the equation 𝑥∕𝑎 − 𝑦∕(2ℎ) + 2𝑧∕𝑐 =
1 and cation density 1∕(𝑎𝑏) = 4.1∕nm2, is crystallograph-
ically different from the plane 𝑅(101̄2). The cation density
for the two parallel planes (33̄06), with equations 3𝑥∕𝑎 −

3𝑦∕(2ℎ) + 6𝑧∕𝑐 = 1 and 3𝑥∕2𝑎 − 3𝑦∕(4ℎ) + 3𝑧∕𝑐 = 1, is
4∕(3𝑎𝑏) = 5.47∕nm2 (Figure 8). The centers of the oxygen
anions nearest to the 𝑟(11̄02) plane are at a normal distance
of 0.58 Å from the r-plane and are shown in Figure 9C.

2.2 Calculation of interplanar distances

The interplanar distances for sapphire crystallographic
planes can be calculated in various ways. Using the rhom-
bohedral lattice parameters 𝑏 and 𝛼, the normal distance
between two adjacent 𝑅(110)r planes is [11, 59]

𝑑R =
𝑏
𝑁
,

𝑁 =

[(
𝐻2 + 𝐾2 + 𝐿2

)
sin

2
𝛼 + 2(𝐻𝐾 + 𝐾𝐿 + 𝐿𝐻)

(
cos2 𝛼 − cos 𝛼

)
1 − 3 cos2 𝛼 + 2 cos3 𝛼

]1∕2

,

(2.1)
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8 LUBARDA and LUBARDA

(A) (B) (C)

F IGURE 8 The locations of aluminum cations (black circles) and vacant interstitial sites (open circles) within the segment of the plane
𝑟(11̄02), and two crystallographically equivalent planes 𝑟′ and 𝑟′′, having the same Miller–Bravais indices 𝑟(33̄06). The normal distance
between 𝑟 and 𝑟′, or 𝑟′ and 𝑟′′ planes is 𝑑r∕3 = 1.16 Å, where the distance between two adjacent r(11̄02) planes is 𝑑r = 3.48 Å.

where 𝐻 = 𝐾 = 1 and 𝐿 = 0 are the Miller indices of the 𝑅

plane with respect to the rhombohedral axes (𝑎r1, 𝑎
r
2, 𝑎

r
3).

Thus,

𝑑R =
𝑏
𝑁

= 3.48 ∀ , 𝑁 =

(
2

cos 𝛼 − cos 2𝛼

)1∕2

= 1.4738 ,

(2.2)
because 𝛼 = 55.28◦ and 𝑏 = 5.128 Å.
If the hexagonal axes (𝑎1, 𝑎2, 𝑎3) and the correspond-

ing hexagonal lattice parameters 𝑎 and 𝑐 are used instead,
the interplanar distance between two adjacent 𝑅(101̄2)h
planes can be determined from 11,60]

𝑑R =
𝑎
𝑁0

= 3.48 ∀,

𝑁0 =

[
4
3

(
ℎ2 + 𝑘2 + ℎ𝑘

)
+ 𝑙2

(𝑎
𝑐

)2]1∕2
=

2√
3

√
1 + 3(𝑎∕𝑐)2 = 1.3674, (2.3)

because ℎ = 1, 𝑘 = 0, 𝑙 = 2, 𝑎 = 4.758 Å, and 𝑐 = 12.992
Å (𝑎∕𝑐 = 0.3662).

The interplanar distance can also be calculated from the
geometrical expression for the normal distance of the point
(𝑥0, 𝑦0, 𝑧0) = (0, 0, 0) from the plane 𝑚𝑥 + 𝑛𝑦 + 𝑝𝑧 + 𝑞 =
0, which is

𝑑R =
|𝑚𝑥0 + 𝑛𝑦0 + 𝑝𝑧0 + 𝑞|
(𝑚2 + 𝑛2 + 𝑝2)1∕2

=
|𝑞|

(𝑚2 + 𝑛2 + 𝑝2)1∕2
.

(2.4)

Since for the 𝑅(101̄2) plane, 𝑚 = 1∕𝑎, 𝑛 = 1∕(2ℎ), 𝑝 =
2∕𝑐, and 𝑞 = −1, Equation (2.4) gives

𝑑R =
𝑐ℎ√

𝑐2 + 4ℎ2
= 3.48 ∀ . (2.5)

Finally, referring to Figure 4, the interplanar dis-
tance between two parallel R-planes passing through
vacancy interstitial sites is 𝑑R = 3𝑎0𝑛𝑦 = 3.48 Å, where
𝑎0 = 𝑎∕

√
3 = 2.747 Å is the distance between the nearest

cations in the basal a-layer, and 𝑛𝑦 = 0.4222 is the 𝑦-
component of the unit vector𝐧R = {0.7313, 0.4222, 0.5356}
orthogonal to the R-plane.
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LUBARDA and LUBARDA 9

(A) (B) (C)

F IGURE 9 (A) The oxygen anions from A-layers (dotted 𝛼 circles) and B-layers (shaded 𝛽 circles) nearest to the 𝑅(101̄2) plane are at a
normal distance of 0.58 Å from that plane. The open circles are the vacant interstitial sites within the 𝑅-plane. The attached hat over a, b, and
c indicates a cation layer at different heights 𝑧. Shown are the (𝜉, 𝜂) coordinates of the projected centers of oxygen anions. The oxygen anions
𝛼5, 𝛼8, 𝛼11, 𝛽3, 𝛽6, and 𝛽9 are above, while 𝛼4, 𝛼7, 𝛼10, 𝛽2, 𝛽5, and 𝛽8 are below the 𝑅-plane. (B) Same as in part (A), but for the 𝑅′(303̄6) plane.
The oxygen anions 𝛼2, 𝛼4, 𝛼7, 𝛽2, 𝛽5, and 𝛽8 are below, while 𝛼5, 𝛼8, 𝛼11, 𝛽3, 𝛽6, 𝛽9, and 𝛽11 are above the 𝑅′(303̄6) plane. Black circles are the
aluminum cations within the 𝑅′-plane. (C) The oxygen anions nearest to the 𝑟(11̄02) plane are at a normal distance of 0.58 Å from that plane.
The oxygen anions 𝛼3, 𝛼7, and 𝛼11, 𝛽1, 𝛽5, and 𝛽9 are above, while 𝛼4, 𝛼8, 𝛼12, 𝛽2, 𝛽6, and 𝛽10 are below the 𝑟-plane.

2.3 Oxygen anions nearby the R-plane

Figure 9A shows the oxygen anions from the A-layers
(dotted 𝛼 circles) and B-layers (shaded 𝛽 circles) nearest
to the 𝑅(101̄2) plane. They are at the normal distance
𝑑 = 𝑑R′∕2 = 0.58 Å from that plane, where 𝑑R′ = 1.16
Å is the interplanar distance between adjacent 𝑅′ and
𝑅′′ planes, or the normal distance between the 𝑅 plane
and a nearby 𝑅′ or 𝑅′′ plane. The open circles are
the vacant interstitial sites within the 𝑅-plane. The
nearest oxygen anions from the 𝐴-layers are within
the plane 2𝑥∕𝑎 + 3𝑧∕𝑐 = 17∕12, and their centers
are at points 𝛼2(5𝑎∕6, ℎ∕3, −𝑐∕12), 𝛼4(𝑎∕3, 0, 𝑐∕4),
𝛼5(𝑎∕3, 2ℎ∕3, 𝑐∕4), 𝛼7(−𝑎∕6, −ℎ∕3, 7𝑐∕12), 𝛼8(−𝑎∕6, ℎ∕3,
7𝑐∕12), 𝛼10(−2𝑎∕3, −2ℎ∕3, 11𝑐∕12), and 𝛼11(−2𝑎∕3, 0,
11𝑐∕12). The nearest oxygen anions from the 𝐵-
layers are within the plane 2𝑥∕𝑎 + 3𝑧∕𝑐 = 19∕12 and
their centers are at points 𝛽2(2𝑎∕3, 0, 𝑐∕12), 𝛽3(2𝑎∕3,
2ℎ∕3, 𝑐∕12), 𝛽5(𝑎∕6, −ℎ∕3, 5𝑐∕12), 𝛽6(𝑎∕6, ℎ∕3, 5𝑐∕12),
𝛽8(−𝑎∕3, −2ℎ∕3, 3𝑐∕4), and 𝛽11(−5𝑎∕6, −ℎ∕3, 13𝑐∕12).
The (𝜉, 𝜂) coordinates of the projected centers of oxygen
anions 𝛼4 and 𝛼5 onto the 𝑅-plane are 𝛼4(𝑎∕3, 0.8217𝑏)

and 𝛼5(5𝑎∕6, 0.6783𝑏), and likewise for 𝛼7, 𝛼8, and 𝛼10,
𝛼11, the latter being shifted in the 𝜂 direction by 𝑏 and 2𝑏,
where 𝑏 = 5.128 Å. The oxygen anion 𝛼5, 𝛼8, and 𝛼11 are
above, while 𝛼4, 𝛼7, and 𝛼10 are below the 𝑅-plane. The
(𝜉, 𝜂) coordinates of the projected centers of oxygen anions
𝛽2 and 𝛽3 are 𝛽2(𝑎∕6, 0.3217𝑏) and 𝛽3(2𝑎∕3, 0.1783𝑏),
and likewise for 𝛽5, 𝛽6, and 𝛽8, 𝛽9, which are shifted
by 𝑏 or 2𝑏 in the 𝜂 direction. The oxygen anions 𝛽3, 𝛽6,
and 𝛽9 are above, while 𝛽2, 𝛽5, and 𝛽8 are below the
𝑅-plane. Figure 9A also applies to the 𝑅′′ plane, except
that vacant interstitial sites from Figure 9A are occupied
by aluminum cations.
Figure 9B shows the corresponding ionic distribution

around the 𝑅′(303̄6) plane. The oxygen anions 𝛼2, 𝛼4,
𝛼7, 𝛽2, 𝛽5, and 𝛽8 are above, while 𝛼5, 𝛼8, 𝛼11, 𝛽3, 𝛽6,
𝛽9, and 𝛽11 are below the 𝑅′(303̄6) plane. Black circles
are the aluminum cations within the 𝑅′ plane. The
oxygen anions nearest to the 𝑟(11̄02) plane are shown
in Figure 9C. The oxygen anions 𝛼3(𝑎∕3, −2ℎ∕3, 𝑐∕4),
𝛼7(−𝑎∕6, −ℎ∕3, 7𝑐∕12), 𝛼11(−2𝑎∕3, 0, 11𝑐∕12), 𝛽1(2𝑎∕3,
−2ℎ∕3, 𝑐∕12), 𝛽5(𝑎∕6, −ℎ∕3, 5𝑐∕12), and 𝛽9(−𝑎∕3, 0, 9𝑐∕
12) are above, while 𝛼4(𝑎∕3, 0, 𝑐∕4), 𝛼8(−𝑎∕6, ℎ∕3, 7𝑐∕12),
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10 LUBARDA and LUBARDA

𝛼12(−2𝑎∕3, 2ℎ∕3, 11𝑐∕12), 𝛽2(2𝑎∕3, 0, 𝑐∕12), 𝛽6(𝑎∕6, ℎ∕
3, 5𝑐∕12), and 𝛽10(−𝑎∕3, 2ℎ∕3, 9𝑐∕12) are below the
𝑟-plane, all being at a normal distance of 0.58 Å from
that plane. Because the ionic radius of the oxygen anion
is 𝑅O2− = 1.38 Å, the oxygen anions with their centers at
the distance 0.58 Å from the 𝑟-plane partly overlap with
that plane.
For the sake of comparison, the oxygen anions closest

to the 𝐴(112̄0) plane are at ℎ0∕3 = 𝑎∕6 = 0.793 Å from
that plane. The oxygen anions and aluminum cations clos-
est to the 𝑀(1̄010) plane are both at ℎ∕3 = 𝑎0∕2 = 1.374
Å from that plane. Finally, as discussed in Section 1, the
oxygen anions closest to the 𝐶(0001) plane are at 𝑐0∕2 =
𝑐∕6 = 2.164 Å from that plane, while the closest alu-
minum cations are at 𝑐0∕4 = 𝑐∕12 = 1.083 Å from that
plane (Figures 1 and 2). In addition to elastic properties and
the length of the dislocation Burgers vector, the interpla-
nar spacing between the slip planes and the proximity of
the nearest ions to the slip plane affect most dominantly
the magnitude of the lattice friction (Peierls) stress, which
must be exceeded by the local Peach–Koehler force from
the applied stress to drive dislocation and produce plastic
deformation by crystallographic slip.61–65 For example, the
Peierls stress for the basal slip is lower than for the rhombo-
hedral slip, because the interplanar spacing is greater and
the nearby ions are more distant from the slip plane in the
former case.

3 𝚺(𝟐𝟎𝟐̄𝟒) PLANE

The Σ(202̄4) plane is parallel to the R-plane and is located
exactly in between the 𝑅′ and 𝑅′′ planes. It is a distinct
crystallographic plane of sapphire, because it does not
contain any aluminum cations or vacant interstitial
sites, passing through the centers of oxygen anions only
(Figure 10A). The equation of this plane in the (𝑥, 𝑦, 𝑧)
coordinate system is 2𝑥∕𝑎 + 𝑦∕ℎ + 4𝑧∕𝑐 = 1, having
the unit normal vector 𝐧Σ = {0.7313, 0.4222, 0.5356},
same as the R-plane. The Σ-plane is parallel to the 𝑎2
axis, intersecting the 𝑎1 axis at 𝑎∕2, and the 𝑧-axis at
𝑐∕4. Within the oxygen basal layer A (𝑧 = −𝑐∕12), the
Σ-plane intersects the axes 𝑎01 and 𝑎02 at 𝑎0∕2, thus
the Miller–Bravais indices of this plane with respect
to the rotated hexagonal axes (𝑎01, 𝑎

0
2, 𝑎

0
3) are Σ0(21̄1̄2).

The corresponding equation in the coordinates system
(𝑥0, 𝑦0, 𝑧0), with the origin in the center of the oxygen
hexagon in the layerA, is obtained by using the coordinate
transformation 𝑥0 = 𝑥 − 𝑎∕3, 𝑦0 = 𝑦, and 𝑧0 = 𝑧 + 𝑐∕12,
which gives 3𝑥0∕(2ℎ0) + 𝑦0∕𝑎0 + 2𝑧0∕𝑐0 = 1, where
ℎ0 =

√
3𝑎0∕2, 𝑎0 = 𝑎∕

√
3, and 𝑐0 = 𝑐∕3 (Figures 1 and

5). The Σ-plane passes through oxygen anions from the
A-layers shown in Figure 10B, whose (𝑥0, 𝑦0, 𝑧0) coor-

dinates are 𝛼1(ℎ0, −𝑎0∕2, 0), 𝛼3(0, −𝑎0, 𝑐0), 𝛼5(0, 𝑎0, 0),
𝛼6(−ℎ0, −3𝑎0∕2, 2𝑐0), 𝛼8(−ℎ0, 𝑎0∕2, 𝑐0), 𝛼11(−2ℎ0, 0, 2𝑐0),
𝛼′1(−2ℎ0, −2𝑎0, 3𝑐0), and 𝛼′5(−3ℎ0, −𝑎0∕2, 3𝑐0). It
also passes through oxygen anions from the B-
layers whose coordinates are 𝛽6(−ℎ0∕3, 𝑎0∕2, 𝑐0∕2),
𝛽9(−4ℎ0∕3, 0, 3𝑐0∕2), and 𝛽11(−7ℎ0∕3, −𝑎0∕2, 5𝑐0∕2).
The planar density of oxygen anions in the Σ-plane is
2∕(𝑎𝑏) = 8.2∕nm2. The close-packed direction of oxygen
anions within the Σ(202̄4) plane is the direction [1̄21̄0]
(from 𝛼1 to 𝛼5), with the anion separation distance
𝑎 = 2ℎ0 = 4.758 Å, which is

√
3 times greater than the

shortest oxygen anion distance in a closed-packed oxygen
layer A or B (𝑧 = ∓𝑐∕12).
The normal distance from the vacant interstitial site at

𝑎6 (the origin of the (𝑥, 𝑦, 𝑧) coordinate system) to the
Σ(202̄4) plane is 1.74Å,while the normal distance from the
oxygen anion at 𝛼4 (the origin of the (𝑥0, 𝑦0, 𝑧0) coordinate
system) to the Σ0(21̄1̄2) plane is 1.16Å, which is 2∕3 times
the distance 1.74Å. The former is obtained from (2.3) with
ℎ = 2, 𝑘 = 0, 𝑙 = 4, 𝑎 = 4.758 Å, and 𝑐 = 12.992 Å, while
the latter follows from (2.3) with ℎ = 2, 𝑘 = −1, 𝑙 = 2, and
the lattice parameters 𝑎0 = 𝑎∕

√
3 and 𝑐0 = 𝑐∕3. It is also

noted that the dot product ⃖⃖⃖⃗𝑎6𝛼4 ⋅ 𝑛Σ = 0.58Å, which is the
difference (1.74 − 1.16) Å.
It is of interest to identify the aluminum cations nearest

to the Σ-plane. By geometric considerations, details of
which are omitted, it follows that the centers of the
nearest aluminum cations have the following (𝑥, 𝑦, 𝑧)
coordinates: a3(𝑎∕2, ℎ∕, 0), a4(𝑎∕2, −ℎ∕3, 0), b4(𝑎∕2, −ℎ∕
3, 𝑐∕6), b6(0, 0, 𝑐∕6), c6(0, 0, 𝑐∕3), c7(0, −2ℎ∕3, 𝑐∕3),
â7(0, −2ℎ∕3, 𝑐∕2), â9(−𝑎∕2, −ℎ∕3, 𝑐∕2), b̂9(−𝑎∕2, −ℎ∕
3, 2𝑐∕3), b̂10(−𝑎∕2, −ℎ, 2𝑐∕3), ĉ10(−𝑎∕2, −ℎ, 5𝑐∕6), and
ĉ′3(−𝑎,−2ℎ∕3, 5𝑐∕6). The corresponding (𝜉, 𝜂) coordinates
of the projected centers of these cations onto the Σ-plane
are a3(2𝑎∕3, 0.1782𝑏), a4(𝑎∕6, 0.3218𝑏), b4(𝑎∕6, 0.6782𝑏),
b6(2𝑎∕3, 0.8218𝑏), and likewise for other cations shown
in Figure 11A. The aluminum cations a3, b4, c6, â7, b̂9, and
ĉ10 are above, while a4, b6, c7, â9, b̂10, and ĉ′3 are below the
Σ(202̄4) plane, all being at the normal distance from it
equal to 0.58 Å. The cations above the Σ plane are within
the plane 3𝑥∕(2𝑎) + 3𝑦∕(4ℎ) + 3𝑧∕𝑐 = 1 (𝑅′′-plane),
while the cations below the Σ-plane are within the plane
3𝑥∕𝑎 + 3𝑦∕(2ℎ) + 6𝑧∕𝑐 = 1 (𝑅′-plane). Because the ionic
radius of the aluminum cation is 𝑅Al3+ = 0.57 Å, the
aluminum cations with their centers at the distance 0.58
Å from the Σ-plane are essentially tangent to that plane.

3.1 𝝈(𝟐𝟐̄𝟎𝟒) plane

The 𝜎(22̄04) plane is conjugate to the Σ(202̄4) plane in
the sense that it also passes through oxygen anions
only, without passing through the centers of any
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LUBARDA and LUBARDA 11

(A) (B) (C)

F IGURE 10 (A) The Σ(202̄4) plane, intersecting the 𝑧-axis at 𝑐∕4, the 𝑎1 axis at 𝑎∕2, and being parallel to the 𝑎2 axis, does not contain
any aluminum cations. Shown also is the adjacent 𝜎(22̄04) plane. (B) The segment of the Σ(202̄4) plane passing through the centers of oxygen
anions at 𝛼1, 𝛼5, 𝛼3, 𝛼8, 𝛼6, 𝛼11, 𝛼′1, and 𝛼

′
5 from the oxygen A-layers, and 𝛽6, 𝛽9, and 𝛽11 from the oxygen B-layers. (C) The segment of the

𝜎(22̄04) plane passing through the centers of oxygen anions at 𝛼′3, 𝛼2, 𝛼7, 𝛼
′
5, 𝛼11, 𝛼9, 𝛼

′′
3 , and 𝛼

′′
2 from the oxygen A-layers, and 𝛽5, 𝛽9, and 𝛽12

from the oxygen B-layers.

aluminum cations or vacant interstitial sites. It is precisely
in between the 𝑟′ and 𝑟′′ planes, introduced in Section 2.
The centers of oxygen anions from the A-layers belong-
ing to the 𝜎 plane (Figure 10C) have their (𝑥0, 𝑦0, 𝑧0)
coordinates: 𝛼2(ℎ0, 𝑎0∕2, 0), 𝛼̃3(0, −𝑎0, 0), 𝛼̃5(0, 𝑎0, 𝑐0),
𝛼7(−ℎ0, −𝑎0∕2, 𝑐0), 𝛼9(−ℎ0, 3𝑎0∕2, 2𝑐0), 𝛼11(−2ℎ0, 0, 2𝑐0),
𝛼′′2 (−2ℎ0, 2𝑎0, 3𝑐0), and 𝛼′′3 (−3ℎ0, 𝑎0∕2, 3𝑐0). The
coordinates of oxygen anions from the B-layers are
𝛽5(−ℎ0∕3, −𝑎0∕2, 𝑐0∕2), 𝛽9(−4ℎ0∕3, 0, 3𝑐0∕2), and
𝛽12(−7ℎ0∕3, 𝑎0∕2, 5𝑐0∕2). The planar density of oxy-
gen anions within 𝜎 plane is the same as within Σ
plane (8.2∕nm2). The equation of 𝜎 plane in the (𝑥, 𝑦, 𝑧)
coordinate system is 2𝑥∕𝑎 − 𝑦∕ℎ + 4𝑧∕𝑐 = 1, with the
corresponding representation in the (𝑥0, 𝑦0, 𝑧0) system
given by 3𝑥0∕(2ℎ0) − 𝑦0∕𝑎0 + 2𝑧0∕𝑐0 = 1. The superim-
posed ˜ is used to indicate a different 𝑧0 coordinate in
𝛼3(0, −𝑎0, 𝑐0) and 𝛼̃3(0, −𝑎0, 0), and likewise in 𝛼5(0, 𝑎0, 0)
and 𝛼̃5(0, 𝑎0, 𝑐0).
The centers of nearest aluminum cations (black

circles), or vacant interstitial sites (open circles)
have the (𝑥, 𝑦, 𝑧) coordinates: a3(𝑎∕2, ℎ∕3, 0), b3(𝑎∕2,
ℎ∕3, 𝑐∕6), a4(𝑎∕2, −ℎ∕3, 0), c5(0, 2ℎ∕3, 𝑐∕3), â5(0, 2ℎ∕3,

𝑐∕2), b6(0, 0, 𝑐∕6), c6(0, 0, 𝑐∕3), â8(−𝑎∕2, ℎ∕3, 𝑐∕2),
b̂8(−𝑎∕2, ℎ∕3, 2𝑐∕3), b̂12(−𝑎∕2, ℎ, 2𝑐∕3), ĉ′′12(−𝑎∕2, ℎ, 5𝑐∕
6), and ĉ′′4 (−𝑎, 2ℎ∕3, 5𝑐∕6). The corresponding (𝜉, 𝜂)
coordinates of the projected centers of these cations
onto the 𝜎 plane are 𝑎4(𝑎∕3, 0.1782𝑏), 𝑎3(5𝑎∕6, 0.3218𝑏),
𝑏3(5𝑎∕6, 0.6782𝑏), 𝑏6(𝑎∕3, 0.8218𝑏), and likewise for other
cations shown in Figure 11B. The aluminum cations or
vacant interstitial sites 𝑏3, 𝑎4, 𝑎̂5, 𝑐6, 𝑏̂8, and 𝑐′′12 are above,
while 𝑎3, 𝑐5, 𝑏6, 𝑎̂8, 𝑏̂12, and ĉ′′4 are below the 𝜎(22̄04)
plane, all being at the normal distance from it equal to
0.58 Å. The cations above the 𝜎-plane are within the
plane 3𝑥∕(2𝑎) − 3𝑦∕(4ℎ) + 3𝑧∕𝑐 = 1 (𝑟′′-plane), while
the cations below the 𝜎-plane are within the plane
3𝑥∕𝑎 − 3𝑦∕(2ℎ) + 6𝑧∕𝑐 = 1 (𝑟′-plane), both being parallel
to the 𝜎-plane.
Because of the absence of 60◦ rotational symmetry of the

𝛼-Al2O3 corundum structure, ionic distributions within
and around Σ(202̄4) and 𝜎(22̄04) planes are different.
While in Figure 11B both aluminum cations and vacant
interstitial sites are present nearby the 𝜎(22̄04) plane, there
are no vacant interstitial sites nearby the Σ(202̄4) plane
shown in Figure 11A.
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12 LUBARDA and LUBARDA

(A) (B)

F IGURE 11 (A) The aluminum cations (black circles)
𝑎3, 𝑏4, 𝑐6, 𝑎̂7, 𝑏̂9, and 𝑐10 are below, while 𝑎4, 𝑏6, 𝑐7, 𝑎̂9, 𝑏̂10, and 𝑐′3 are
above the Σ(202̄4) plane, all being at the normal distance from it
equal to 0.58 Å. (B) The aluminum cations 𝑎4, 𝑎̂5, 𝑐6 and 𝑐′′12, and the
vacant interstitial sites 𝑏3 and 𝑏̂8 are above, while the cations
𝑎3, 𝑏6, 𝑎̂8 and b̂12, and the vacant interstitial sites 𝑐5 and 𝑐′′4 are below
the 𝜎(22̄04) plane, all being at the normal distance from it equal to
0.58 Å.

4 𝚷(𝟏𝟎𝟏̄𝟒) PLANE

The Π(101̄4) plane is an analog to the 𝑅-plane with
respect to the morphological rather than structural
unit cell (Figure 6B). It passes through interstitial sites
𝑎1, 𝑎2, 𝑏4, 𝑏5, 𝑐7, and 𝑐8, whose (𝑥, 𝑦, 𝑧) coordinates
are specified in the caption of Figure 3, and through
points â10(−𝑎∕2, −ℎ, 𝑐∕2) and â11(−𝑎, 0, 𝑐∕2), thus
having the equation 𝑥∕𝑎 + 𝑦∕(2ℎ) + 4𝑧∕𝑐 = 1. The
interstitial sites 𝑎1, 𝑎2, 𝑎10, and 𝑎11 are vacant, while
𝑏4, 𝑏5, 𝑐7, and 𝑐8 are occupied by aluminum cations.
The centers of oxygen anions with (𝑥, 𝑦, 𝑧) coordinates
𝛼8(−𝑎∕6, ℎ∕3, 𝑐∕4), 𝛼′5(−7𝑎∕6, −ℎ∕3, 7𝑐∕12), 𝛼

′
11(−13𝑎∕

6, −ℎ, 11𝑐∕12), 𝛽2(2𝑎∕3, 0, 𝑐∕12), 𝛽8(−𝑎∕3, −2ℎ∕3, 5𝑐∕12),
and 𝛽′5(−4𝑎∕3, −4ℎ∕3, 3𝑐∕4) are also within the Π(101̄4)
plane (Figure 12A). The attached prime (′) is used to indi-
cate that 𝛼′5, 𝛼

′
11, and 𝛽

′
5 are behind the hexagon shown in

Figure 5, in the direction −𝑎01 . The corresponding (𝜉, 𝜂)
coordinates of the oxygen centers within the Π-plane
are 𝛼8(5𝑎∕6, 1.5𝑏∗), 𝛼′5(5𝑎∕6, 3.5𝑏∗), 𝛼′11(5𝑎∕6, 5.5𝑏∗),
𝛽2(𝑎∕6, 0.5𝑏∗), 𝛽8(𝑎∕6, 2.5𝑏∗), and 𝛽′5(𝑎∕6, 4.5𝑏∗). The
distance from the coordinate origin within the cation
a-layer (Figure 6B) to the point b5 within the cation
b-layer is equal to 𝑏∗ = [(2ℎ∕3)2 + (𝑐∕6)]2 = 3.498 Å,
the length of the edge of the smallest morphological

(A) (B)

F IGURE 1 2 (A) The segment of the Π(101̄4) plane passing
through the vacant interstitial sites (open circles), and through the
centers of aluminum cations (black circles). The oxygen anions at
𝛼8, 𝛼′5, 𝛼

′
11, 𝛽2, 𝛽8, and 𝛽

′
5 are also within the Π-plane. (B) Same as in

part (A), but with added projections of the centers of oxygen anions
and aluminum cations nearest to the Π(101̄4) plane. The oxygen
anions 𝛼4, 𝛼10, 𝛼′7, 𝛽3, 𝛽9, and 𝛽

′
6 are above, while 𝛼7, 𝛼

′
4, 𝛼

′
10, 𝛽6, 𝛽11,

and 𝛽′2 are below the Π-plane, all being at the normal distance 0.85
Å from the Π-plane. The aluminum cations c6, â9, ĉ′6, and ̂̂a′9 are
above theΠ-plane, while 𝑎3, 𝑏6, 𝑎̂′3, and 𝑏̂

′
6 are below theΠ-plane, all

being at the normal distance 𝑑Π∕2 = 0.85 Å from the Π-plane. The
interplanar distance between two adjacent Π-planes is 𝑑Π = 1.7 Å.

rhombohedral cell (of height 𝑐∕2), which embeds two
consecutive aluminum cations along the 𝑧-direction (at
𝑧 = 𝑐∕6 and 𝑧 = 𝑐∕3). The unit vector orthogonal to the
Π-plane is 𝐧Π = {0.5361, 0.3095, 0.7854}, which makes
an angle of 38.24◦ with the 𝑧-axis. The normal distance
between two adjacent Π-planes is 𝑑Π = 1.7 Å. The planar
density of vacant interstitial sites within the Π-plane
is 1∕(3𝑎𝑏∗) = 2∕nm2, the planar density of aluminum
cations is 2∕(3𝑎𝑏∗) = 4∕nm2, and the planar density of
oxygen anions is 3∕(3𝑎𝑏∗) = 6∕nm2.
The centers of oxygen anions from the A-layers at

𝛼4(𝑎∕3, 0, 𝑐∕4), 𝛼7(−𝑎∕6, −ℎ∕3, 𝑐∕4), 𝛼10(−2𝑎∕3, −2ℎ∕
3, 7𝑐∕12), 𝛼′4(−7𝑎∕6, −ℎ, 7𝑐∕12), 𝛼

′
7(−5𝑎∕3, −4ℎ∕3, 11𝑐∕

12), and 𝛼′10(−13𝑎∕6, −5ℎ∕3, 11𝑐∕12), and the centers of
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LUBARDA and LUBARDA 13

oxygen anions from the B-layers at 𝛽3(2𝑎∕3, 2ℎ∕3, 𝑐∕12),
𝛽6(𝑎∕6, ℎ∕3, 5𝑐∕12),𝛽9(−𝑎∕3, 0, 5𝑐∕12),𝛽11(−5𝑎∕6, −ℎ∕3,
5𝑐∕12), 𝛽′6(−4𝑎∕3, −2ℎ∕3, 3𝑐∕4), and 𝛽′2(−11𝑎∕6, −ℎ,
3𝑐∕4) are all at the normal distance 𝑑Π∕2 = 0.85 Å from
theΠ plane. The oxygen anions 𝛼4, 𝛼10, 𝛼16, 𝛽3, 𝛽9, and 𝛽′6
are below, while 𝛼7, 𝛼′4, 𝛼

′
10, 𝛽6, 𝛽11, and 𝛽

′
2 are above the

Π plane. The (𝜉, 𝜂) coordinates of the projected centers of
eight oxygen anions onto theΠ plane are 𝛼4(𝑎∕3, 1.192𝑏∗),
𝛼7(𝑎∕3, 1.808𝑏∗), 𝛼10(𝑎∕3, 3.192𝑏∗), 𝛼′4(𝑎∕3, 3.808𝑏∗),
𝛼′7(𝑎∕3, 5.192𝑏∗), 𝛼′10(𝑎∕3, 5.808𝑏∗), 𝛽3(2𝑎∕3, 0.192𝑏∗),
𝛽6(2𝑎∕3, 0.808𝑏∗), 𝛽9(2𝑎∕3, 2.192𝑏∗), 𝛽11(2𝑎∕3, 2.808𝑏∗),
𝛽′6(2𝑎∕3, 4.192𝑏∗), and 𝛽′2(2𝑎∕3, 4.808𝑏∗), as shown
in Figure 12B. The aluminum cations at 𝑎3, 𝑏6, 𝑐6,
𝑎̂9(−𝑎∕2, −ℎ∕3, 𝑐∕2), 𝑎̂′3(−𝑎,−2ℎ∕3, 𝑐∕2), 𝑏̂′6(−3𝑎∕2,

−ℎ, 2𝑐∕3), 𝑐′6(−3𝑎∕2, −ℎ, 5𝑐∕6), and ̂̂𝑎′9(−2𝑎,−4ℎ∕3, 𝑐)
are also at a normal distance of 0.85 Å from the Π-plane.
The aluminum cations 𝑎3, 𝑏6, 𝑎̂′3, and 𝑏̂′6 are below
the Π-plane, belonging to the Π−(303̄12) plane whose
equation is 3𝑥∕(2𝑎) + 3𝑦∕(4ℎ) + 6𝑧∕𝑐 = 1, while alu-
minum cations c6, â9, ĉ′6, and ̂̂a′9 are above the Π-plane,
belonging to the Π+(303̄12) plane whose equation is
3𝑥∕(2𝑎) + 3𝑦∕(4ℎ) + 6𝑧∕𝑐 = 2. The (𝜉, 𝜂) coordinates of
the projected centers of aluminum cations 𝑎3 and 𝑐6 onto
the Π plane are (0.5𝑎, 0.3084𝑏∗) and (0.5𝑎, 1.6916𝑏∗),
and likewise for other cations shown in Figure 12B.
The normal distance between the planes Π− and Π+

is (𝑚2 + 𝑛2 + 𝑝2)−1∕2 = 1.7 Å, where 𝑚 = 3∕(2𝑎),
𝑛 = 3∕(4ℎ), and 𝑝 = 6∕𝑐, as expected because theΠ-plane
is exactly midway between the Π− and Π+ planes, which
are both at 0.85 Å from the Π-plane. Because the ionic
radii of the oxygen anion and aluminum cation are 1.38
Å and 0.57 Å, respectively, the oxygen anions with their
centers at the distance 0.85 Å from the Π-plane partly
overlap with that plane, while the aluminum cations with
their centers at the distance 0.85 Å from the Π-plane do
not overlap with that plane.

4.1 𝝅(𝟏𝟏̄𝟎𝟒) plane

The 𝜋(11̄04) plane passes through vacant interstitial
sites 𝑎0, 𝑎1, 𝑏7, 𝑏3, 𝑐9, and 𝑐5, whose (𝑥, 𝑦, 𝑧) coordinates
are specified in the caption of Figure 3, and through
points 𝑎̂11, 𝑎̂12, 𝑏̂7, 𝑏̂3, 𝑐9, and 𝑐5, vertically shifted by
𝑐∕2 (e.g., â11(−𝑎, 0, 𝑐∕2) and 𝑎̂12(−𝑎∕2, ℎ, 𝑐∕2)), thus
having the equation 𝑥∕𝑎 − 𝑦∕(2ℎ) + 4𝑧∕𝑐 = 1. The coor-
dinates of the remaining two vacant interstitial sites are
̂̂a11(−a, 0, c) and ̂̂a12(−a∕2, h, c). The centers of oxygen
anions with (𝑥, 𝑦, 𝑧) coordinates 𝛼7(−𝑎∕6, −ℎ∕3, 𝑐∕4),
𝛼′′3 (−7𝑎∕6, ℎ∕3, 7𝑐∕12), 𝛼′′11(−13𝑎∕6, ℎ, 11𝑐∕12), 𝛽2(2𝑎∕
3, 0, 𝑐∕12), 𝛽10(−𝑎∕3, 2ℎ∕3, 5𝑐∕12), and 𝛽′′6 (−4𝑎∕3, 4ℎ∕
3, 3𝑐∕4) are also within the 𝜋(11̄04) plane (Figure 13A).
The attached double-prime (′′) is used to indicate

(A) (B)

(A) (B)

F IGURE 13 (A) The segment of the 𝜋(11̄04) plane passing
through the vacant interstitial sites (open circles). The oxygen
anions at 𝛼7, 𝛼′′3 , 𝛼

′′
11, 𝛽2, 𝛽10, and 𝛽

′′
6 are also within the 𝜋-plane. (B)

Same as in part (A), but with added projections of the centers of
oxygen anions nearest to the 𝜋(11̄04) plane. The oxygen anions 𝛼4,
𝛼12, 𝛼′′7 , 𝛽1, 𝛽9, and 𝛽

′′
5 are above, while 𝛼8, 𝛼

′′
4 , 𝛼

′′
12, 𝛽5, 𝛽12, and 𝛽

′′
9

are above the 𝜋-plane, all being at the normal distance 0.85 Å from
the 𝜋-plane. The aluminum cations 𝑏4, 𝑐6, 𝑎̂8, 𝑏̂′′4 , 𝑐

′′
6 , and 𝑎̂

′′
8 are

above the 𝜋-plane, while 𝑎4, 𝑏6, 𝑐8, 𝑎̂′′4 , 𝑏̂
′′
6 , and 𝑐

′′
8 are below the

𝜋-plane, all being at the normal distance 𝑑𝜋∕2 = 0.85 Å from the
𝜋-plane. The interplanar distance between two adjacent 𝜋-planes is
𝑑𝜋 = 1.7 Å.

that 𝛼′′3 , 𝛼
′′
11, and 𝛽′′6 are behind the hexagon shown

in Figure 5, in the direction 𝑎02 . The correspond-
ing (𝜉, 𝜂) coordinates of the oxygen centers within
the 𝜋-plane are 𝛼7(𝑎∕6, 1.5𝑏∗), 𝛼′′3 (𝑎∕6, 3.5𝑏∗),
𝛼′′11(𝑎∕6, 5.5𝑏∗), 𝛽2(5𝑎∕6, 0.5𝑏∗), 𝛽10(5𝑎∕6, 2.5𝑏∗), and
𝛽′′6 (5𝑎∕6, 4.5𝑏∗). The unit vector orthogonal to the 𝜋-plane
is 𝐧𝜋 = {0.5361, −0.3095, 0.7854}. The normal distance
between two adjacent 𝜋-planes is 𝑑𝜋 = 1.7 Å. The planar
densities of vacant interstitial sites and aluminum cations
within the 𝜋-plane are the same as those within the
Π-plane.
The centers of oxygen anions from the A-layers at

𝛼4(𝑎∕3, 0, 𝑐∕4), 𝛼8(−𝑎∕6, ℎ∕3, 𝑐∕4), 𝛼12(−2𝑎∕3, 2ℎ∕3, 7𝑐∕
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12), 𝛼′′4 (−7𝑎∕6, ℎ, 7𝑐∕12), 𝛼′′7 (−5𝑎∕6, 4ℎ∕3, 11𝑐∕12),
and 𝛼′′12(−13𝑎∕6, 5ℎ∕3, 11𝑐∕12), and the centers
of oxygen anions from the B-layers at 𝛽1(2𝑎∕3,
−2ℎ∕3, 𝑐∕12), 𝛽5(𝑎∕6, −ℎ∕3, 𝑐∕12), 𝛽9(−𝑎∕3, 0, 5𝑐∕12),
𝛽12(−5𝑎∕6, ℎ∕3, 5𝑐∕12), 𝛽′′5 (−4𝑎∕3, 2ℎ∕3, 3𝑐∕4), and
𝛽′′9 (−11𝑎∕6, ℎ, 3𝑐∕4) are at the normal distance
𝑑𝜋∕2 = 0.85 Å from the 𝜋-plane. The oxygen anions 𝛼4,
𝛼12, 𝛼′′7 , 𝛽1, 𝛽9, and 𝛽

′′
5 are above, while 𝛼8, 𝛼

′′
4 , 𝛼

′′
12, 𝛽5, 𝛽12,

and 𝛽′′9 are below the 𝜋-plane. The (𝜉, 𝜂) coordinates of the
projected centers of eight oxygen anions onto the 𝜋-plane
are 𝛼7(𝑎∕6, 1.5𝑏∗), 𝛼4(2𝑎∕3, 1.192𝑏∗), 𝛼8(2𝑎∕3, 1.808𝑏∗),
𝛼′′3 (𝑎∕3, 3.5𝑏∗), 𝛼12(2𝑎∕3, 3.192𝑏∗), 𝛼′′4 (2𝑎∕3, 3.808𝑏∗),
𝛼′′11(𝑎∕6, 5.5𝑏∗), 𝛼

′′
7 (2𝑎∕3, 5.192𝑏∗), 𝛼′′12(2𝑎∕3, 5.808𝑏∗),

𝛽1(𝑎∕3, 0.192𝑏∗), 𝛽5(𝑎∕3, 0.808𝑏∗), 𝛽2(5𝑎∕6, 0.5𝑏∗),
𝛽9(𝑎∕3, 2.192𝑏∗), 𝛽12(𝑎∕3, 2.808𝑏∗), 𝛽10(5𝑎∕6, 2.5𝑏∗),
𝛽′′5 (𝑎∕3, 4.192𝑏∗), 𝛽′′9 (𝑎∕3, 4.808𝑏∗), 𝛽′′6 (5𝑎∕6, 4.5𝑏∗),
which is shown in Figure 13B. The aluminum cations at
𝑎4, 𝑏4, 𝑏6, 𝑐6, 𝑐8, 𝑎̂8(−𝑎∕2, ℎ∕3, 𝑐∕2), 𝑎̂′′4 (−𝑎, 2ℎ∕3, 𝑐∕2),
𝑏̂′′4 (−𝑎, 2ℎ∕3, 2𝑐∕3), 𝑏̂′′6 (−3𝑎∕2, ℎ, 2𝑐∕3), 𝑐′′6 (−3𝑎∕2,
ℎ, 5𝑐∕6), 𝑐′′8 (−2𝑎, 4ℎ∕3, 5𝑐∕6), and 𝑎̂′′8 (−2𝑎, 4ℎ∕3, 𝑐) are
also at a normal distance of 0.85 Å from the 𝜋-plane.
The aluminum cations 𝑎4, 𝑏6, 𝑐8, 𝑎̂′′4 , 𝑏̂

′′
6 , and 𝑐′′8 are

below the 𝜋-plane, belonging to the 𝜋−(33̄012) plane
whose equation is 3𝑥∕(2𝑎) − 3𝑦∕(4ℎ) + 6𝑧∕𝑐 = 1, while
aluminum cations 𝑏4, 𝑐6, 𝑎̂8, 𝑏̂′′4 , 𝑐

′′
6 , and 𝑎̂′′8 are above

the 𝜋-plane, belonging to the 𝜋+(33̄012) plane whose
equation is 3𝑥∕(2𝑎) − 3𝑦∕(4ℎ) + 6𝑧∕𝑐 = 2. The (𝜉, 𝜂)
coordinates of the projected centers of aluminum cations
onto the 𝜋-plane are (0.5𝑎, 0.3084𝑏∗) and (0.5𝑎, 0.6916𝑏∗),
and likewise for other cations shown in Figure 13B.
The normal distance between the planes 𝜋− and 𝜋+

is (𝑚2 + 𝑛2 + 𝑝2)−1∕2 = 1.7 Å, where 𝑚 = 3∕(2𝑎),
𝑛 = −3∕(4ℎ), and 𝑝 = 6∕𝑐. If diffusion of impurities is
taking place within the ion-free 𝜋-plane, the aluminum
cations and oxygen anions from the 𝜋− and 𝜋+ planes
exert the strongest interaction forces on the diffusing
impurities. Dislocation pipe diffusion along dislocation
cores in ceramics has been discussed in reference.48

5 CONCLUSION

The positions of aluminum and oxygen ions within
and nearby several distinct crystallographic planes of
the 𝛼-Al2O3 corundum structure have been determined
and discussed. The considered planes are the 𝑅(101̄2),
𝑅′(303̄6), Σ(202̄4), and Π(101̄4) planes, and their adja-
cent planes 𝑟(11̄02), 𝑟′(33̄06), 𝜎(22̄04), and 𝜋(11̄04). The
𝑅(101̄2)plane contains neither aluminumnor oxygen ions,
while Σ(202̄4), 𝜎(202̄4), and 𝜋(11̄04) planes contain only
oxygen anions, whose planar densities are 𝜌𝜋 = 6∕nm2

and 𝜌Σ = 𝜌𝜎 = 8.2∕nm2. The 𝑅′(303̄6), 𝑟′(33̄06), and
𝑟(11̄02) planes contain only aluminum cations with planar

densities 𝜌𝑅′ = 8.2∕nm2 and 𝜌r = 𝜌r′ = 5.47∕nm2. The
Π(101̄4) plane contains both aluminum and oxygen ions,
with planar densities 𝜌AlΠ = 4∕nm2 and 𝜌OΠ = 6∕nm2. It is
also shown that the nearest ions to the 𝑅(101̄2), 𝑟(11̄02),
𝑅′(303̄6), 𝑟′(33̄06), Σ(202̄4), and 𝜎(22̄04) planes are at the
normal distance 0.58 Å from these planes, while the near-
est ions to the Π(101̄4) and 𝜋(11̄04) planes are at 0.85 Å
from these planes. The presented analysis and obtained
results are of potential interest for analytical and compu-
tational studies of plastic deformation of sapphire crystals
produced by dislocation slip or twinning, cleavage frac-
ture over different crystallographic planes under different
loading, strain rates, and temperature, impurity diffusion
along interstitial pathways and corresponding clustering of
impurity atoms such as chromium, diffusion creep, evalu-
ation of surface, stacking and electrostatic fault energies,
twin interface energy, and the growth of thin films over
differently oriented sapphire substrates with applications
to microelectronic, LED, and other devices. The obtained
resultsmay also help the development or extension of exist-
ing algorithms and computer software for the analysis of
complex crystalline structures and systems.
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