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Abstract

The Gibbs conditions of stable thermodynamic equilibrium are formulated for nonlinear thermoelastic materials, based
on the constrained minimization of four fundamental thermodynamic potentials. Sufficient conditions for incremental sta-
bility are stated in each case. The previously unexplored connections between the second-order variations of thermody-
namic potentials are used to establish the convexity or concavity properties of all thermodynamic potentials in relation
to each other, and to derive the relationships between the specific heats at constant stress and deformation, and between
the isentropic and isothermal elastic moduli and compliances. The comparison with the derivation based on the classical
thermodynamic approach is also given.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The classical conditions for stability of equilibrium of various thermodynamic states, with a particular
emphasis to chemical equilibrium, were formulated by Gibbs (1875-1878). The system is in thermodynamic
equilibrium if its state variables do not spontaneously change with time. The equilibrium state of an isolated
system at constant volume and internal energy is the state with the maximum value of the total entropy. Con-
sider a uniform body of volume ¥ and mass density p = m/V, which is in a stable thermodynamic equilibrium
at temperature 7 and pressure p. Let ¥ = 1/p be the specific volume, and let u = U/m and s = S/m be the uni-
form specific internal energy and entropy, respectively. Any (spatially nonuniform) virtual variation (ou, 01)
from a stable equilibrium state, prescribed under the constraints of constant total internal energy U and con-
stant total volume V, gives rise to a decrease of the total entropy S. Thus,
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Nomenclature

List of symbols

p, V' pressure, volume

mass density

specific volume
temperature

entropy (specific and total)
internal energy

Helmholtz free energy F
enthalpy

Gibbs energy

potential energy
complementary energy

X;, x; referential and spatial coordinates

HEHR SRR SN
QXN a®

F; deformation gradient
Py nominal stress

b; body force

t; traction

Ay Instantaneous elastic moduli
M,y instantaneous elastic compliances
Ui [y latent heats at constant F and P
¢r, cp specific heats at constant F and P
oy coeflicients of thermal expansion

AS—/pAs(u,ﬂ)dV <0, §= / ps(u,9)dV,
Vv Vv
subjected to the constraints

AU:/péudV: 0, AV:/p(WdV: 0.
v v

Equivalently, among all neighboring states with the same volume and total entropy, the equilibrium state is

one with the lowest total internal energy, ie.,
AU = / pAu(s,9)dV > 0,
Vv
under the constraints

Asz/pastz 0, AV:/pwdvz 0.
14 V

Based on the Gibbs analysis, it furthermore follows that: (a) among all neighboring states with the same vol-
ume and temperature, the equilibrium state is one with the lowest Helmholtz free energy; (b) among all neigh-
boring states with the same pressure and entropy, the equilibrium state is one with the lowest enthalpy; and (c)
among all neighboring states at the same temperature and pressure, the equilibrium state is one with the lowest
Gibbs energy. Detailed analysis of these assertions, with their consequences, can be found in standard texts on

thermodynamics, such as Callen (1960); Kestin (1979), and Miiller (1985).

The Gibbs conditions of equilibrium are most often formulated and applied to thermodynamic systems
under pure hydrostatic pressure. The mathematical formulation of the Gibbs conditions for solids under arbi-
trary states of stress and deformation, such as arise in nonlinear finite strain elasticity, has received less atten-
tion. Coleman and Noll (1959) stated the conditions for thermomechanical stability of equilibrium states



50 V.A. Lubarda | International Journal of Solids and Structures 45 (2008) 4863

under constant temperature (isothermal stability) and constant total entropy of the body (adiabatic stability),
using the Helmholtz free energy in the first case, and the internal energy in the second case. They extended the
Gibbs analysis by specifying the boundary conditions to be either the prescribed surface displacements or the
prescribed surface tractions, so that the virtual variations from the equilibrium state are at constant overall
geometry in the first case, and constant loading in the second case. Various aspects of the thermodynamics
of elastic stability were further studied by Truesdell and Noll (1965), Ericksen (1966, 1991); Gurtin (1973);
Koiter (1969, 1982), Silhavy (1997), among others. There has also been a significant amount of research
devoted to the stability of internally constrained thermoelastic materials, which are subject to either the defor-
mation-temperature or the deformation-entropy constraints. Representative recent work in this area includes
Chadwick and Scott (1992), Casey and Krishnaswamy (1998); Scott (2001), and Rooney and Bechtel (2004).
The stability and the convexity properties of thermodynamic potentials for compressible viscous fluids have
been recently examined by Bechtel et al. (2003, 2005); see also Woods (1986).

In the present paper we formulate the conditions of thermodynamic equilibrium under the constraint of zero net
work of external tractions on small geometrically admissible virtual displacements from the equilibrium state, in
addition to the usual constraints on the total entropy or the temperature. The mixed traction/displacement bound-
ary conditions are also considered. The conditions are first formulated in terms of the constrained minimization of
the internal energy (or the constrained maximization of the entropy), and then in terms of the constrained minimi-
zation of other thermodynamic potentials (Helmholtz free energy, enthalpy, and Gibbs energy). Sufficient condi-
tions for the incremental stability of thermodynamic equilibrium, with respect to disturbances in a near
neighborhood of the considered equilibrium state, are stated in each case. The relationships between the second-
order variations of the thermodynamic potentials are derived, which reveal the convexity or concavity properties
of all thermodynamic potentials, based on the convexity property of the internal energy function. These relation-
ships, previously unexplored in the literature, are then used to construct the new derivation of the fundamental ther-
modynamic connections between the specific heats at constant stress and deformation, and between the isentropic
and isothermal elastic moduli and compliances. The comparison with the classical derivation, based on the formal
change of independent variables and the corresponding chain-rule partial differentiation, is also given.

2. Internal energy

Consider an elastic body under a self-equilibrated traction field ¢; applied over the portion A4, of the bound-
ing surface 4 of the body of current volume J at uniform temperature 7. The Gibbs condition of stable equi-
librium for such body can be stated as:

The internal energy of a stable equilibrium state is at minimum with respect to any small geometrically admis-
sible virtual displacement field giving no net virtual work from external tractions, and any virtual local entropy
variation subjected to the constraint of constant total entropy.

Phrased differently, the internal energy is at minimum in a stable equilibrium state with respect to any small
virtual variation of the equilibrium state which is associated with zero net work from external loading and zero
heat exchanged with the surroundings of the body.! To elaborate and examine the consequences of this con-
dition, let s and u be the specific entropy and internal energy (per unit initial volume 7°). The total internal
energy in the body is then

U:/Vou(s,FU)dVO, (1)

where u = u(s, F;;) is the so-called caloric equation of state of the material, and F;; = 0x;/0X are the rectangular
components of the deformation gradient, which maps a material element d X, from its initial to its current position
dx; = F;;d X;. The upper case index is used to indicate the referential and the lower case the spatial coordinates. For
example, a two-point tensor of the deformation gradientis F = F;;e; ® ), where ¢;and e} are the orthonormal base
vectors in the deformed and undeformed configurations, respectively, and ® stands for the dyadic product. The
function uis assumed to be objective, i.e., properly invariant under a change of the reference frame — thus, dependent

' An alternative to the constrained internal energy minimization is the constrained entropy maximization, presented in the Appendix of
this paper.
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only on the stretch part U, from the polar decomposition of the deformation gradient F;; = R;xUk;. If the internal
energy has a local minimum in the considered equilibrium configuration, then

AU:/ Au(s, F;)dV°® > 0, (2)
VO
for any small variations ds and 0F,;, subjected to the constraints’

/ 0x;d4° = 0, / osdV? =0, (3)
A° yo

where # is the nominal traction, per unit undeformed area (°d4° = ¢,d4).
The change of the specific internal energy due to variations ¢ s and JFj; is

| 0 o \*
A _ = sk
u= e fu,  ou <5sa + OF aF,,> 4)
The first-order variation of u is
5u:T5S+PJi5FiJ, (5)

where T = 0u/0s is the temperature and P,;; = Ou/0F;; are the components of the nominal stress (work conju-
gate to F;). A local state (s, F;)) is an equilibrium state under the temperature/stress pair (T, Py;).> Eq. (5) is a
generalized Gibbs relation (the energy equation of reversible nonlinear thermoelasticity; e.g.; Holzapfel, 2000).
The second-order variation of u is

PL (0s)? +2-2 2 Cu_ sk +— U sposr (6)
T 0s? O0sOF ST e
By the constraint conditions (3), we first have
/ TésdV® = T/ dsdV? = 0. (7)
VO VO
Since # = nYP;; and Py ;=0 (by equilibrium equations in the absence of body forces), we can write
/ PjiéFiJ dVO = / l‘?éx,-dAO = / t?éx,- dAO = O, (8)
o A° A°

where 0x; = 0 over Ag =4"— A?. From (2) it then follows that
_ - 1 k 0 _ 1 2 0 .
AU_;E/IN& udV _E/Voé udV” + higher order terms > 0. 9)

An obviously sufficient condition for (9) is that at each point of the body u = u(s, F;;) is a locally convex function of its
arguments. A sufficient condition for this convexity is that the Hessian matrix of « is positive-definite, i.e.,

Ou (95)> + 2 O sty M s > 0 (10)
552 \O8) 25 5E, 050Fu T ap o oFuoFu > 0.

In summary, if 6%« > 0 at all points of the body, the considered equilibrium state is locally stable, relative to
configurations in its near neighborhood, under the loading and entropy constraints (3).*

2 For example, the zero external net work is assured by taking dx; =0 over the portion of S, where the prescribed tractions do not
vanish. Furthermore, if A? = 0, so that the displacement boundary conditions are prescribed over entire A°, the first of the conditions (3) is
satisfied automatically (cf. Coleman and Noll, 1959).

3 The moment equilibrium requires that the Kirchhoff stress 1;; = FixPg; is symmetric, which places the restriction on u given by F;x(0u/
aF}K) = (au/aF,K)F,K

4 The constraint of zero net work of external traction on virtual displacement from the equilibrium state is too restrictive for buckling
analysis (e.g., Bazant and Cedolin, 1991, for which the constraint of constant load is more physically appealing to calculate, in conjunction
with an appropriate potential energy function, the critical buckling load. This type of constraint is discussed in the context of Gibbs energy
in Section 5.
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3. Helmbholtz free energy

The Helmholtz free energy of a stable equilibrium state is at minimum with respect to any small geometrically
admissible virtual displacement field giving no net virtual work from external tractions, and any virtual local
entropy variation applied at constant temperature.

This means that the Helmholtz free energy is at minimum in a stable equilibrium state with respect to any
isothermal small virtual variation of equilibrium state that is associated with zero net work from external load-
ing. The total Helmholtz free energy of the body is

f:/ u(s,F,.J)dvo—T/ sdr?. (11)
o yo
The change of F is
A}":/ Au(s,Fy)dV° — T/ Ssdy?, (12)
0 0

for any small variations ds and dF;;, subjected to the constraints | o toéx,dAO =0 and 07T =0. In view of (4)
and the energy Eq. (5), there follows

AF = Z / Sudv® = / 0*udV? + higher order terms. (13)
VO

Thus, if %« > 0 at all points of the equilibrium state, it follows that AF > 0 in (13).
The specific Helmholtz free energy is a thermodynamic potential with 7" and Fj; as its natural independent
variables, so that

F = / f(T,Fy)dV°, AF = [ Af(T,Fy)dv°. (14)
VO VO
Under isothermal variation of deformation, the change of the free energy density is
of 1o
Af = —=—0F; ———OF;;0F 15
=m0 T aF oy POt (15)
Since Pj; = 0f/0F;;, and in view of the constraint f 0 t?éx,-dAO = 0, there follows
1 o*f
AF == | = 0Fy0FudV® + . 16
F 2 /Vo @F,-,@FkL v i + ( )

This must be positive for any isothermal small virtual variations dF;;, consistent with the specified boundary
constraints. A sufficient condition for AF > 0 in (16) is that f'= f{ T, F;;) is locally convex function of F;; at all
points of the body in the considered equilibrium state. In particular, this is assured if the Hessian matrix of the
elastic strain energy density (free energy density under isothermal conditions) is positive-definite at all points
of the body in the considered equilibrium state,’

o*f

aF, o, OfwoFu > 0. (17)

3.1. Relationships between the second-order variations of f and u

The internal and free energy densities are related by the Legendre transform

> In finite strain elasticity, incremental uniqueness and stability are closely related. Hill (1957) was the first to show that strict convexity
of the strain-energy function with respect to deformation gradient everywhere in the deformation gradient space implies uniqueness. Such
convexity would be too restrictive, because global uniqueness of equilibrium in nonlinear elasticity is physically not expected. Thus, small
variations from the equilibrium state are considered, which amounts to conditions for incremental (infinitesimal) uniqueness and stability,
in a near neighborhood of the considered equilibrium state (Knops and Wilkes, 1973; Gurtin, 1982; Ogden, 1997).
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f(T,Fiy) =u(s,Fiy) — Ts. (18)

Consider a virtual variation of state (ds,0F;;), which obeys the energy equation, and denote by 67 the corre-
sponding temperature variation. Then,

f(T+0T,Fiy+ O0Fi;) =u(s+ s, Fiy + 0F ;) — (T+ 6T)(s + Js). (19)
Upon the expansion in the Taylor series and the collection of the same-order terms, there follows

Of = 0u— Tos — soT = Pj0F;; — soT,

8 f = 6*u — 20T s, (20)

Of=o6u, k=3

Since
ou _ o’u
T=— 0T = — s OF 21
s T e % aer, (21)
o S o*f
6T = 5S = _WéT_ 6T©Flj 5F1J, (22)

the substitution into (20) yields the desired relationships between the second-order variations of fand u. These
are

o*f o0*f o*f ou Ou

oT 2 OTOF;; + ——2—OF ;0F )y = — — (0s)* + ———— 0F /OF 23
o y OTOF U S F 0Fg VO T T A (0s)"+ OF,0F, YT (23)
ou *u ou 3 o*f
05)” + 2 ———3s0F; OF i j0F, = ——= (0T —————O0F;0F ;. 24
o O) + 25 050Fy g o OFudFu = =5 5 OT) + g o 0FudFu (24
Both of these imply that, for §F;; =0,
aZf 5 82
Thus, at the state where u is a convex function of entropy, fis a concave function of temperature, i.e.,°
ou o’
—>0 = —=<0. 25
0s? = or? < (25)

Furthermore, by considering isothermal variations of deformation, (24) confirms (17), whenever °u, given by
the left-hand side of (24), is a positive-definite quadratic form. It is also noted that (23) implies that 6°f itself is
a positive-definite quadratic form for any isentropic variation of deformation gradient and temperature, when-
ever the Hessian matrix of u with respect to the deformation gradient is positive definite.’

4. The enthalpy function

The enthalpy of a stable equilibrium configuration, under prescribed traction boundary conditions, is at min-
imum with respect to any small geometrically admissible virtual displacement field, applied at constant external
loading, and any virtual local entropy variation, subjected to the constraint of constant total entropy.

The total enthalpy of the body is

H:U—/ PJiF,-JdVO:/ u(s,Fu)dVO—/ b?x,»dVO—/ x;dA°, (26)
V() V() VO AU

It is commonly assumed that that entropy is a monotonically increasing function of temperature (e.g.; Callen, 1960), so that
0s/0T = — 9*fJ0T* > 0, in accord with (25).

" The explicit representations of all four thermodynamic potentials of linear thermoelasticity, in terms of their natural independent
variables, are listed in Lubarda (2004) and Asaro and Lubarda (2006).
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because F;; = x; yand P ; + b? = 0 by equilibrium equations in the presence of body forces b? (per unit initial
volume). In view of the loading constraints 67 = 0 over 4° and 64" = 0 in V"° (dead loading), the change of
enthalpy is

AH = / Au(s, Fiy)dV° — / box,dV° — / 20x,dA°. (27)
V() V(J AO
Since t? = n‘J)P i» and in view of equilibrium equations and the Gauss divergence theorem, the above reduces to

AH = [ [Au(s,Fy) — P;oF,)dV°. (28)

yo

By using (4), the energy Eq. (5), and the constraint [, T’ dsdV? = 0, with T = const., AH becomes
o 1 I o _ 1 2 0 ~
AH = kz:; i /VO oudl® = 3 /VO 0-udV” + higher order terms. (29)

Again, 0*u > 0 at all points of the body implies that AH > 0 in (29).
The specific enthalpy is a thermodynamic potential with s and Pj; as its natural independent variables, so
that

H:/ h(s,P;)dV°, AH:/ Ah(s,P;)dV°. (30)
VO VO

The change of the specific enthalpy under constant stress is

oh 1%k .,
Ahfaéerz@(és) + - (31)

Since T = 0h/0s, and using the constraint of constant total entropy, there follows
Oh, .,

This must be positive for any variation ds at constant stress, which is assured if 4 is a convex function of
entropy at at each point of the body in the considered equilibrium state. A sufficient condition for this is
that

o%h
P > 0. (33)

4.1. Relationships between the second-order variations of h and u

The internal energy and enthalpy are related by the Legendre transform

h(s,Py) =u(s,Fiy) — PsFyy. (34)
Consider an arbitrary virtual variation of state (ds, dF;;), which obeys the energy equation, and denote by 6P,
the corresponding stress variation. Then,

h(s+ 0s,Fiy + 0F;) = u(s+ 0s,Fiy + 0F;;) — (Psi + 0Ps)(Fiy + 0F ). (35)
Upon the Taylor expansion and the collection of the same-order terms, there follows

O0h = du — P;;0F;; — F;;0P;; = Tds — F;;0Py;,

0%h = 6*u — 20P;0F (36)

h =36, k= 3.
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Since
Ou o’u o*u
= OP; = 5 OF 37
P =eF, T T ap 5 T ar, (37)
oh o*h o*h
Fy=— OF, = — o5 — oPy, 38
1= Top, O Y T T apas T apop, M (38)
the substitution into (36) yields
h, . o’h Oh o’u Q’u
~— (s 2" 556P; +——6P,;0P 0s) — — SF,0F
a5z \O8)" 25 5p 050+ 55 op— 0PsdPu = 5o a2 05 OF 0F, Vo (39)
Pu, . Qu Qu Ph, . Oh
~ (s 2 950F, +——— SF,0F, = —— (85)* — ——— 8P ;0Py;. 40
o 09+ 2555 —OSOF A A, O ok 252 (09) 0P, 0P, O (40)
Both of these imply that, for ds =0,
Oh Q*u
PPy = ——————OF ,;0F,;.
oP, 0P, T H OF ,0F, =~ 77 H

Thus, at the states where the internal energy u is a convex function of the deformation gradient, the enthalpy 4
1s a concave function of the nominal stress, i.e.,

Q*u o*h
méF,JéFkL > 0 = méPJiéPLk < 0 (41)

4.2. Relationships between the second-order variations of h and f

The free energy and enthalpy are related by the Legendre transform
h(S,PJ[):f(T,F[J)+TS_PJjFiJ. (42)

Consider an arbitrary virtual variation of state (ds, 0 F;;), which obeys the energy equation. Denote by 67 and
0Pj; the corresponding temperature and stress variations. Then,

h(s + 0s, P+ 0Py) = f(T+ 6T, Fiy + 0F i) + (T+ 6T)(s + 0s) — (P + 6Py)(Fiy + 0Fy), (43)
and

Sh = 8f + Tds + s6T — P0Fy — FydPy; = Tds — Fiyy0P,

8%h = 8*f + 20T s — 20P;0F (44)

Fh=05f k=3

Having in mind that

B of B 62f 62f

P, = aFl-J = 5PJ,- = aFlJ6T5T+ mél?kb (45)
oh o%h O%h

T=— T=— P 4
5 = OT=gadt 555 0Pn (46)

and by using (22) and (38), the substitution into (44) yields a simple relationship between the second-order
variations of the enthalpy and the Helmholtz free energy,

O’h=-5f. (47)
In the expanded form, this is

h, ., o%h o*h o*f o’ o’

— 2— §sOP P 0Py, = 2 TOF,; + ——2—0F,;6F

552 O8) 2555 050Pu + o5 0PuoPu = = | 5 (O1)" + 25a OTOF y o+ s 0F uoF

(48)



56 V.A. Lubarda | International Journal of Solids and Structures 45 (2008) 4863

Both of these are indefinite quadratic forms; at the states where % is a convex function of entropy and concave
function of stress, f'is a concave function of temperature and convex function of deformation gradient.

5. Gibbs energy
The Gibbs energy of a stable equilibrium configuration is at minimum with respect to any small geometrically

admissible virtual displacement and entropy fields, applied at constant external loading and constant temperature.
The total Gibbs energy of the deformed body is

G:/ u(s,F,»j)dVO—/ TstO—/ b?xidVO—/ t?x,»dAO. (49)
VO VO VO AO

Upon applying the variations dx; and ds, at constant external load and constant temperature (62° = 0 over A°,
5b? =0in V°, and 6T = 0), there follows

AG = / [Au(s, Fi;) — Tds — PyioF;,]dV°. (50)
VO
In view of (4), and the energy Eq. (5), AG becomes
1
AG = 3 / 0*udV® + higher order terms. (51)
VO

An obviously sufficient condition for this to be positive is that 5%u > 0 at every point of the body at the con-
sidered equilibrium state.
Alternatively, the total Gibbs energy of the deformed body is

G= | f(T,Fy)dVv° — / Bx; dV° — / x;dA°, (52)
VO VO AO
with its change, at constant loading and temperature,
AG = / Af (T, Fy)dv°® — / b)ox; dV° — / 0x,dA°, (53)
VO VO A‘)
Le.,
AG = / [Af(T,F;y) — PyoF;,)dV°. (54)
VO
Since df = Pj0F;; under isothermal condition, and by using (15), AG becomes
AG = ! / aziféF OF, dV° 4 higher order terms (55)
o 2 yo aF,-JGFkL v K g '

A sufficient condition for this to be positive is that the Hessian matrix of the elastic strain energy is positive
definite at all points of the body at the considered equilibrium state.

5.1. Potential energy and complementary energy

For the boundary value problems with mixed traction/displacement boundary conditions, the potential
energy of the body at a given temperature is defined by

H:/ f(T’FU)dVO_/ b?xidVO—/ x;dA°, (56)
yo 10 A?

where A? is the portion of A° where the tractions are prescribed. The potential energy IT is at local min-
imum in a considered stable equilibrium configuration, i.e, AIl > 0 for any small variation §F;; at constant
T. If AIl =0 for at least one variation, while AIl > 0 for other variations, the equilibrium state may not be
unique (it is not if the geometrically admissible variation of state is also statically admissible; in this case
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the equilibrium state is a state of neutral incremental stability). If AIT <0 for at least one variation, while
AIT > 0 for all other geometrically admissible variations, the equilibrium state is unique but unstable (Hill,
1957; Ogden, 1997).

The change of potential energy, at constant temperature, associated with small geometrically admissible
variations dx;, is

AH:/ Af(T,F,»J)dVO—/ b?éx,»dVo—/ £20x,dA°, (57)
yo yo A°

because dx; =0 on Ag =A4"— A?. Thus, in view of the Gauss divergence theorem and the equilibrium equa-
tions, there follows

An—l/ az—f(SF OF dV° + (58)
T2 )0 OF;OF,, VT ‘

Again, an obviously sufficient condition for AIT > 0 is that the Hessian matrix of f with respect to the defor-
mation gradient is positive definite at every point of the stressed body.
The complementary energy is defined as

T = —/ g(T,PJ,)dVO—/ x;dA°, (59)
yo A9

where Ag is the portion of 4° where the displacements are prescribed. Evidently, IT + IT* = 0.® The change of
the complementary energy, associated with small statically admissible variations 62" = n)6P,; over AS, at con-
stant temperature, is

AIT* :_/ Ag(T,PJi)dVO—/ 3t0x;dA°, (60)
y0 4°

because 62 = 0 on 4. Thus, since 5b° = 0 in V° for the prescribed dead body forces, we have § P,;, =0, and
since F;; = — 0g/0P,;, there follows

1 g
AIT* = — = ——° 5P, OoP,dV + -, 61
2 /,/0 oP, 0P, T + (61)

A sufficient condition for AIT* > 0 is that the Hessian matrix of g with respect to the nominal stress is negative
definite at every point of the stressed body in the considered equilibrium configuration.

5.2. Relationships between the second-order variations of g and u

The Gibbs energy and internal energy densities are related by the Legendre transform
g(T,P) = u(s,Fiy) — Ts — PsF ;. (62)

Consider an arbitrary virtual variation of state (ds, 0F;;), in compliance with the energy equation, and denote
by 6T and 0P ; the corresponding temperature and stress variations. Then,

g(T+ 0T, Py + OPy) = u(s + 9s, Fiy + OF ;) — (T+ 6T)(s + ds) — (Pyi + OPy)(Fiy + 6F ), (63)
and

0g = ou — IT0s — s0T — P;0F;; — F;;0P;; = —s0T — F;;0Py;,

0’g = 0°u — 20T s — 20P;0F (64)

g =0ou, k=3

8 1f AS = 0 (pure traction boundary conditions), then IT= G and IT* = — G.
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Recalling that

og 62g 62g
Fy=— SFy = — T— P
v="ap, = °Fv="5p 57T apap, 0 (65)
Og ng 62g
_ﬁ = 5S = _ﬁéT_ —6T6PJ1 5PJ,', (66)
the substitution into (64) yields
&g = —u, (67)
which, in the expanded form, reads
0’g ) 0’g 0’g 0%u ) ou ou
-1 2 TOP) + ———— SPy0Py = — | — 2 s6Fy + ———— SF ,;0F
o2 1)+ 257p, OToPu+ 55 op - 0P udPu = = |55 (08)” + 255 p 050k + o 0FuoFu
(68)

Thus, if 6%u is a positive-definite quadratic form in ds and 0F;,, 5°g is a negative-definite quadratic form in 0T
and 0Py, At the states where the internal energy u is a convex function of the entropy and deformation gra-
dient, the Gibbs energy g is a concave function of the temperature and nominal stress.

5.3. Relationships between the second-order variations of g and f

The Gibbs energy and the Helmholtz free energy are related by the Legendre transform
g(T,Py) =f(T,Fy) — Pul'y. (69)
Consider an arbitrary virtual variation of state (67, F;;), and denote by 6 P;; the corresponding stress variation. Then,
g(T+ 0T, Py + 0Py;) = f(T+ 0T, Fiy + 0F;;) — (Pji + 0Pj;)(Fiy + OF ), (70)
and
g = Of — PydFy — FydP; = —sdT — F 0Py,
6*g = 8*f — 20P0F . (71)
Sg=05% k=3
The substitution of (45) and (65) into (71) yields

g s 5 08 O’g Of (o2 O
62f 2 azf azf azg 2 azg
Both of these imply that, for 67 =0,
g of
————0P;0P;; = — ————0F;0F ;.
a PJ,' a PLk Ji Lk a F,'J a FkL iJ kL

Thus, if f'is a convex function of the deformation gradient, g is a concave function of the nominal stress, and
vice versa, i.e.,

azf aZg
méFiJ&FkL > 0 < mapjiaka < O (74)

5.4. Relationships between the second-order variations of g and h

The Gibbs energy and enthalpy are related by the Legendre transform
g(T,Py) = h(s,Py) — Ts. (75)
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Consider a virtual variation of state (67,0P;), and denote by Js be the corresponding entropy variation. Then,
g(T+ 0T, Py + O0Py;) = h(s + 0s, Py + 0Py;) — (T+ 6T)(s + 9s), (76)
and
0g = 0h — Tos — soT = —F;;0P;; — soT,
6’g = 6°h — 20T s, (77)
g =056, k= 3.
In view of (46) and (66), (77) gives

g . o’g 0’g h, ., o*h

— S (OT)* 42— 0OTOP); + —=— 0P ;0P = —— (0 ——_5P;0P 78

a2 1)+ 2570p, 0T0Pu+ 5p op, OPuoPu = =55 (05" + 55 75— 0wy (78)

*h, ., o*h o*h g g

—— (6 2 0sOPj; + ——— P ;0P = — —= (0T)* + ———— 6P ;;:0P 79

a5z (09" +255p - 090Pu + 55 g 0PuoPu = == (OT)" +5p op - OPaoPuk (79)
Both of these imply that, for 0P;; =0,

o’g oh

ﬁ(éT)z = —@(55')2

Thus, the concavity of g with respect to the temperature implies the convexity of / with respect to the entropy,
and vice versa, i.e.,
o’g 0’h
—<0 <= —=>0 80
or? 0s2 (80)

6. Applications

The established relationships between the second-order variations of thermodynamic potentials are applied
in this section to derive the connections between the specific heats at constant deformation and stress, and
between the isentropic and isothermal elastic moduli and compliances. The derivation is then compared with
the classical thermodynamic derivation, based on the formal change of independent variables and the corre-
sponding chain-rule partial differentiation.

The instantaneous elastic moduli under isothermal and isentropic conditions are defined by

oP; X
AL = (—=2) = (=—2— 81
Lk <aFkL>T (aFuaFkL)/ 8
oPy, O u
A5, =2 = : 2
JiLk <6FkL)S (aF[JaFkL)S (82)
Their inverse tensors are the instantaneous elastic compliances,
oF g
Ml =(—) =— 83
WL <6PLk) ; (aPﬁaPL) ; (83)
OF o’h
M, = (=) === . 84
iJkL <6PL/(>S (aPJiaPLk>S ( )
The second-order tensors of latent heats are defined by
Os oP; o*f
h=Tla) =-T(=7) = T—%
& <6FU> , ( or >F OF ;0T (85)

Os aFJ azg
Y <aPJl) T ( oT >P GPJ,@T’ ( )
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with the connections
F T P P T F
lJl - AJiLk lkL’ llJ - MiJkL lLk'

The two scalar specific heats, at constant deformation and stress, are
0 o
or=1(E) — (2L
o) , or*) -
2
Cp = T % =-T a—gz .
oT) , or" /) p

They are defined such that (e.g.; Fung, 1965; Lubarda, 2002)

Tds = 15,dFy + cpdT = I},dPj; + ¢pdT,

and
T 1 F S 1 F
dPJl' = AJiLdekL —?l‘th: AJiLdekL —c—lﬁds,
F
1 1
dFy = M",, dPy +?15 dT = M5, dPy, +;l§ ds.

Finally, the second-order tensor of the coefficients of thermal expansion is

OFy P
i] — 5 l =T i
w <6T>P Y w

(93)

With these preliminaries, the concavity of the Helmholtz free energy f and the Gibbs energy g with respect to

the temperature implies that the specific heats at constant deformation and stress are both positive, i.e.,

or?

62
(6ng> <0 = cp > 0.
P

2
(af> <0 = ¢>0,
F

Furthermore, by dividing (72) with (67)?, keeping F;; = const., gives

az_g +2 ng aPJ[ + 62g aPJ[ aPLk . 62_f
oT?), ~OToP,; \OT ), 0P 0P, \ 0T ).\ or /. \or?*),

Upon the substitution of (85)—(89), this yields the relationship between the specific heats,

lﬁﬁ—

_ T gFF F
cp—cp =My, Ll = Tt = oy L.

T
Next, by dividing (23) with 6Py;,,0Pg,, keeping T = const., we obtain

oOf OFy;\ (OFu\ [ u OFy\ (OFw\  (u 0s
6F,~J6FkL T GPNm T aPQp T_ aFiJaFkL s aPNm T GPQ,, T 6s2 F GPN,,, T

Recalling that

() L (e _(ory _T
- \ds/, 0s2), \0s), o

Os

0Py,

),

(94)

(95)

(99)

and in view of (81)—(83) and (86), Eq. (98) delivers the relationship between the isentropic and isothermal elas-

tic moduli,

1
AjiLk = A;:’Lk + E l;lfk'

(100)
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Similarly, by dividing (78) with 6F,,n0F, ¢, keeping T = const., gives

o’g oP;\ (OPy\ [ h 0Py \ (OPu)\ _ (h ds 0s (101)
OP;i0P) 1 \OF v ) 1 \OF y0) ;  \OPsOPu) \OFun) s \OF o) \0s2)z\OF ) s \OF 0/ ;

Since
2
T— (a_h> (a_h> _ (a_r) _r (102)
0s /) p 0s? ) p O0s/)p cp
and in view of (81)—(85), Eq. (101) yields
1
Mf]kL :MZlkL _FPZZZZU (103)

which is a desired relationship between the isentropic and isothermal elastic compliances. Having regard to
(97), we finally note that the multiplication of (100) by cFlfL, and (103) by Cpli- gives
cr Ayl = cply,  cpMiyy Iy = crlj). (104)

Thus, in view of the connections (87), I* is an eigenmatrix of A% -+ M”, and I” is an eigenmatrix of M” - - A%,
both corresponding to the eigenvalue cp/cy (Hill, 1981). The trace product - - is defined such that the (JikL)
component of the fourth-order tensor A®-- M" is A5, M! .

6.1. The classical derivation

The relationship between the specific heats (97) can be deduced independently of (96), by direct transition
from

Os Os Os oF
i = () = (3) () (%), 9

and the definition of the specific and latent heats, and the coefficients of thermal expansion (e.g.; Lubarda,
2002).

The relationships (100) and (103) can also be derived directly. For example, from Pj; = P;(Fy;,T), there
follows

OPj; OP; OPj; or
= . 106
<5FkL)s (@FkL> r " < or >F <6FkL>s (109)

Os

(e - o (107)

OF s B (E?_;)F Cr

and in view of (81) and (82), Eq. (106) reproduces (100).
Similarly, from F;; = F;( Py, T), there follows

OFy _ OFy oF oT
<aPLk)s B (am) . * < or )P <aka>S‘ (108)
_0s
<6T> T (GPLJT__@ (109)

0P s_ (%)P o
and in view of (83) and (84), Eq. (108) reproduces (103).

Yet another derivation of the relationships between isentropic and isothermal elastic moduli and compli-
ances is possible by noting that an isentropic increment of temperature, from (90), is

Since

Since
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F P
lJl ll./

dSZO = dT—__dFIJ—__dPJl (110)
When this is substituted into (91) and (92), there follows

1 1
li—lfk) dFy, dFy; = (MiTJkL -

dPJi = (AJlLk +— —TZZZfL>dPLk7 (111)
which establishes A5, and M3, as in (100) and (103). Further discussion of the relationships between the isen-
tropic and isothermal elastic moduli and compliances can be found in McLellan (1980); Hill (1981); Holzapfel
(2000), and Scott (2001).
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Appendix. Entropy maximization

A well-known alternative to the constrained internal energy minimization, explored in Section 2, is the con-
strained entropy maximization. In the context of nonlinear finite strain elasticity, we state:

The total entropy of a stable thermodynamically equilibrated state is at maximum with respect to any geomet-
rically admissible virtual displacement field giving no net virtual work from external traction, and any virtual local
internal energy variation subjected to the constraint of constant total internal energy in the body.

If S is at maximum in the considered equilibrium configuration, then’

AS = / As(u,F)dv® <0, S= / s(u, Fiy)dv®, (A.1)
yo yo
for any small variations éu and JF;;, subjected to the constraints
/ 26x;dA° = 0, / SudV® = 0. (A.2)
A° yo
The change of the specific entropy due to variations du and §F;; is
<1, 0 o \*
= ; Eé s, <5ua + O0Fy GFL/> (A.3)
The first-order variation of s is
1 1
6S = ?514 — ?PJ[&FU, (A4)
where 1/T = 0s/0u, and P;; = — T0s/0 F;;. The second-order variation of s is
o’s o’s G
2 F Fiy0F . A.
0°s = ou P (511) auaFlJ ——0ud t=—= 6Fl-J6FkL 0 1J5 kL ( 5)
Since
/ —oudV® = / oudV® =0, (A.6)
VO

and

® We assumed that internal energy u is a strictly increasing function of entropy s; thus, the caloric equation of state u = u(s, Fj;) can be
inverted uniquely for s = s(u, F;;), and s is a strictly increasing function of u for any fixed Fj;.
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1 0_1 0_1 0 0 _
/VO ?PJiéFinV —?/V(]Pjiéxi,JdV _T/Otiéx,-dA =0, (A7)

A
by the constraint conditions (A.2), from (A.1) it follows that

S | 1 .
AS — ; i /Vo Stsdy? = 3 /vﬂ 0%sdV° + higher order terms < 0. (A.8)

This must hold for any admissible virtual variations du and JF;;, as defined above, which is assured by the
requirement that s = s(u, F;;) is a concave function of its arguments at all points of the body at the considered
equilibrium configuration. A sufficient condition for this is that the Hessian matrix of s is negative-definite at
those states of (u, Fyy), i.e.,

0%s ) o%s o%s

— (0 2——0uokl,; + ————0F,;0F 0. A9

6142 ( u) + au@FU “ Tt aFU@FkL 4 i< ( )
References

Asaro, R.J., Lubarda, V.A., 2006. Mechanics of Solids and Materials. Cambridge University Press, Cambridge.

Bazant, Z.P., Cedolin, L., 1991. Stability Of Structures: Elastic, Inelastic, Fracture, and Damage Theories. Oxford University Press, New
York.

Bechtel, S.E., Forest, M.G., Rooney, F.J., Wang, Q., 2005. Connections between stability, convexity of internal energy, and the second
law for compressible Newtonian fluids. J. Appl. Mech. 72, 299-300.

Bechtel, S.E., Rooney, F.J., Forest, M.G., 2003. Thermal expansion models of viscous fluids based on limits of free energy. Phys. Fluids
15, 2681-2693.

Callen, H.B., 1960. Thermodynamics. John Wiley, New York.

Casey, J., Krishnaswamy, S., 1998. A characterization of internally constrained thermoelastic materials. Math. Mech. Solids 3, 71-89.

Chadwick, P., Scott, N.H., 1992. Linear dynamical stability in constrained thermoelasticity. Part I: Deformation-temperature constraints.
Q. J. Mech. Appl. Math. 45, 641-650.

Coleman, B.D., Noll, W., 1959. On the thermostatics of continuous media. Arch. Rational Mech. Anal. 4, 97-128.

Ericksen, J.L., 1966. A thermo-kinetic view of elastic stability theory. Int. J. Solids Struct. 2, 573-580.

Ericksen, J.L., 1991. Introduction to the Thermodynamics of Solids. Chapman and Hall, London.

Fung, Y.C., 1965. Foundations of Solid Mechanics. Prentice-Hall, Englewood Cliffs, New Jersey.

Gibbs, J.W., 1875-1878. On the equilibrium of heterogeneous substances. In: The Collected Works of J. Willard Gibbs, vol. 1:
Thermodynamics, Longmans, Green and Co. (1928), pp. 55-371.

Gurtin, M.E., 1973. Thermodynamics and the potential energy of an elastic body. J. Elasticity 3, 1-4.

Gurtin, M.E., 1982. On uniquensess in finite elasticity. In: Carlson, D.E., Shield, R.T. (Eds.), Finite Elasticity. Martinus Nijhoff
Publishers, The Hague, pp. 191-199.

Hill, R., 1957. On uniqueness and stability in the theory of finite elastic strain. J. Mech. Phys. Solids 5, 229-241.

Hill, R., 1981. Invariance relations in thermoelasticity with generalized variables. Math. Proc. Camb. Phil. Soc. 90, 373-384.

Holzapfel, G.A., 2000. Nonlinear Solid Mechanics. John Wiley, Chichester, England.

Kestin, J., 1979. In: A Course in Thermodynamics, vol. II. McGraw-Hill, New York, pp. 21-26.

Knops, R.J., Wilkes, E.W., 1973. Theory of elastic stability. In: Truesdell, C. (Ed.), Handbuch der Physik Band VIa/3. Springer-Verlag,
Berlin, pp. 125-302.

Koiter, W.T., 1969. On the thermodynamic background of elastic stability theory. In: Problems of Hydrodynamics and Continuum
Mechanics, Sedov Anniversary Volume, SIAM, Philadelphia, pp. 243-433.

Koiter, W.T., 1982. Elastic stability, buckling and post-buckling behavior. In: Carlson, D.E., Shield, R.T. (Eds.), Finite Elasticity.
Martinus Nijhoff Publishers, The Hague, pp. 13-24.

Lubarda, V.A., 2002. Elastoplasticity Theory. CRC Press, Boca Raton, FL.

Lubarda, V.A., 2004. On thermodynamic potentials in linear thermoelasticity. Int. J. Solids Struct. 41, 7377-7398.

McLellan, A.G., 1980. The classical thermodynamics of deformable materials. Cambridge University Press, New York.

Miiller, 1., 1985. Thermodynamics. Pitman Publishing Inc., Boston, MA.

Ogden, R.W., 1997. Non-Linear Elastic Deformations. Dover.

Rooney, F.J., Bechtel, S.E., 2004. Constraints, constitutive limits, and instability in finite thermoelasticity. J. Elasticity 74, 109—133.

Scott, N.H., 2001. Thermoelasticity with thermomechanical constraints. Int. J. Non-Linear Mech. 36, 549-564.

Silhavy, M., 1997. The Mechanics and Thermodynamics of Continuous Media. Springer-Verlag, New York.

Truesdell, C., Noll, W., 1965. The nonlinear field theories of mechanics. In: Fliigge, S. (Ed.), Handbuch der Physik Band II1/3. Springer-
Verlag, Berlin.

Woods, L.C., 1986. The Thermodynamics of Fluid Systems. Oxford University Press, New York.





