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Preisach model and hysteretic behaviour of ductile materials

Y. A. LUBARDA*, D. SUMARAC** and D. KRAJCINOVIC*

ApSTrACT. — This paper presenls un application of the Preisuch model of hysteresis 1o analysis of the
hysterctic response of ductile malertals subjecled to cyclic loading or sirwining, The proposed method is applied
1o vurious malterial models. obtained by serics ar parallel connections of clastic and plastic clements. Energy
dissipation and the locked-in encrgy are determined for the primary loading and any subsequent unleading
and relowding. Foally, the paper presents a discussion of the hardening characteristics and amsotropic response,

1. Introduction

The phenomenon of hysteresis, which occurs in various branches of physics, has been
a long-standing topic of research interest. Its description by what is today known us
Preisach model goces back to an early paper by [Preisach, 1935], which deals with
the magnetization hysteresis. Tater development occured in describing other hysteretic
phenomena, such as adsorblion hysteresis [Evercil & Whilton, 1952], However, despite
its powerfull mathematicul siructure and many advantages, this method has as yet to be
applied (o problems of solid mechanics. This paper focuses on the application of the
Preisach model 1o the description of the hysteretic response of ductile materials subjected
to eyclic stress or slrain.

To emphasize the mathematical structure of the Preisach model and to analize the
hysteretic behaviour, various series and parallel conneclions of elastic (spring) and plastic
(slip) elements are considered, similar to original [Masing, 1926] parallel-bar model. Some
of these material models were used by [Twan, 1967] in his analysis of the anisotropic
viclding behaviour, and more recently by [Conle er o/, 1988] in their analysis of the
latigue behaviour. In this paper precise evaluation of the energy dissipation is done,
including distinction hetween energy dissipated into heat and the focked-in energy. The
locked-in enerpy is calculated for each cycle and correlated Lo the hardening characteristics
and anisotropic response during unloading from the plastic state and reverse loading
and reloading. Considered model also leads to an unambigucus idenlificalion of material
parameters Irom the experimental data.
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446 VA LUBARDA, D, SUMARAC AND D. K RATCINOVIC

The rigoreus mathematical structure of the proposed model allows for a variety of
cxtensions and modifications to a host of related, experimentally observed phenomena,
such as cyclic hardening or softening Lo a stable cycle, cyclic creep and relaxation, ele.
([Mroz et al., 1973]; [Drucker & Palgen. 1981]; |Chaboche, 1986]; [Bowet, 1989]; [Suresh,
19917). Further extensions to ductile-britile behavicur including successive lailurc of
individual clements and a resulting cascade mode of the faiture ([Krajcinovic & Silva,
1982]; [Hult & Travnicek, 1983]; [Mroz, 1983]) are possible as well, and will ke a subject
ol the subsequent paper.

2, The Preisach model of hysteresis

An outline of the Preisach model of hysicresis behavior, ulilized in this paper, is
presented in this section. For a more detailed and comprehensive analysis, the recent
monograph by [Mayergoyz, 1991] should be consuited. The phenomenon ol hysteresis,
which occurs in various branches of physics {mechanics, magnetism and optics, Tor
cxample), has been a topic ol long-slanding research nteresl. Nonlinear behaviour
associated with the hysteresis (hysleresis nonlinearity) can be of focal and/or nonlocal
memaory. In the [irst casc, the value ol the oulput function f1#) {say, stress) at time 12 ¢,
is uniquely determined by the input (strain) values z(r) a1 12 ¢, and by the outpul (stress)
valuc fit,). History influcnces the future behaviour only through the current value of
the output lunction. [f the hysleresis possesses nonlocal memory, the (uture values of
cutput also depend on the past extremum values of input and corresponding outputs.
Both of these nonlincaritics can be represented the Preisach model of hysteresis. Nonlinga-
rities of both types can be modeled by the superposition of clementary hysteresis operators
having Jocal memory.

The Preisach model implics mapping of input #(#) on output Sz} in the form of an
integral

(1 fin= H P (s PG, yuit)dodp.
ez

In (1) G, 5 15 an elementary hysteresis operator representing geometrically a rectangular
toop shown in Figure 1. Parumeters o and B are up and down switching values of the
input, and + 1 and — I are two possible oulpul values. As the inpul 1 (/) is monotonically
increased, the ascending branch abede is followed; when decreascd. the descending branch
edfba is traced. P{x, B) is the Preisach function, a weight function of the hysleresis
nonlinearity to be represented by the Preisuch model. On physical ground it is natural
to assumc that oz B. Thus, the integration in (1) is performed over the right triangle in
(2, B) plane, with line a=f being the hypotenuse and point (%, o= —a,) being the
triangular vertex. The valuc of %,>0 is delined by the largest extremum value of the
input function u(7). Fach point within this triangle corresponds to a particular G,
operator, with switching vaiues equal to (=, i) coordinates of that point. The triangle
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PRLEISACH HYSTERFETIC BEHAVIOUR 447

(Fig. 2) is called a limiting triangle providing support Tor the Preisach function. since
the Preisach function P (e, B} is assumed to vanish oulside the triangle.
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Fia. 1 Fip. 2
“Fig. b — Flementary hysterests operator represented by 4 rectangular loop. x and B are the up

and down swilching values of the inpul, and + 1 and —1 are the two possible output values.
Fig. 2. — Limiting triangle wilh a stalrcase interface line 1.06) separating two parts A~ (£
and A7 (f, with +1 and — | vuipul values of the clementary hysieresis operator.

Tor example, il the input # initially has the value less than B, the outputs of all G, 4,
operators within a triangle are equal 1o —1 (a stale of negative saturation). If the input
is then menotonically increased (o vulue #, all G, , operators with up switching valuc
a <<y, have outputs changed (o + 1. If the input is subscquently decreased Lo value u,,
all G, , operators with down switching values 824, are turned back Lo output value — 1.
The subdivision of the tnangle, defining positive and ncgalive outputs of G, p operators,
proceeds in an obvious manner. corresponding to any parlicular history of the input
variation #(f). The interface between two parts of the triangle is a staircase line 1.¢7)
(Fig. 2), whosce vertices have (o, P) coordinates that are local inpul maxima and minima
al previous instants of time, If the input is momentarily being increased. the final link of
L (£} is honzontal, if it is decreased, it is vertical. Therelore, T A~ (/) and A~ (r) denole
two parts ol the limiting triangle, separated by ling L (£), the Prcisach formula (1) becomes

-

2) _f‘(r)=ﬂ P{a, B)d:de—JJ P (2, B) o dp.
A+t

AN

A given hysleresis nonlinearily can be represented by the Preisach model 1I it posscsses
the so-called wiping out and congruency properties. Indeed, from Figure 2 it is clear
that each local input maximum wipes out the vertices of the interface L{#) whose o
coordinates are below this maximum. and similarly cach local minimum wipes out the
vertices whose B coordinates arce above this minimum. In other words, only the alternating
series of dominanl input extrema arc stored by the Preisach model, while the other
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extrema are wiped oul (#4g. 3). Of course, the subsequent cvenls may crase proviously
ctored informations, if the new input extrema are larger than the previous ones.
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lig. 3. Preisach model stores anly alternating serivs of duminant inpul extrema {wy it )k

All vthers exlrema ane wiped out.

The congruency property of the Preisach model is related to periodic input variialions.
Al minor hysteresis loops corresponding Lo hack-and-forth variation of input between
(he same two conseculive extremum values are congrucnt. Such minor 1oops. obtained
by reversal from ascending or descending branch of the major foop. can only be shifled
relatively to cach other along the ourput axes (Fre. 4).

£

Fig. 4 Fig.

lig. 4 — Congrucncy property of the Preisach moadel. Minoy loops correspanding to hack-and-forth varialion
of input between the same two cxiremum values are congruent.

Fig. 5. — First-order |ransiion curve obtained hy input revorsal from m=2 to w= [ f, is the cutpul value at
1=« cortesponding 10 the scending braneh ol the major loop, while £, p 15 the output value at w=f along

(he transition curve.
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For a given hystercsis nonhnearity, the Preisach weight function (e, B} can be
determined as follows. Starting from Lhe state of negalive saturation, let the input be
increased to some value o. The output follows ascending branch of the mujor loop, and
at inpul #=y has the value £ T the input is subscquently decrcased 1o some value §,
the output follows the corresponding reversal (transilion) curve, as skclched in Figure 5.
Denoling the output value at #=J5 by /, 4. it then follows from the limiting triangle

(3 fos—hh= 2J U Pla’, 5’)4&'};;-5’.
p i

where from by differentiation with respect to f and . respectively, onc finds

1%,
{4 Pla. p)=_ = i,
2 adP
An analogous cxpression is obtained when the reversal curve is atlached to the descending

branch of the major loop (an increasing transition curve). Also. it is casy (o show
that P{a, By possesscs a mirror symmetry with respect o line at+p-0, fe
P(—p. o)=P(= B). Il the hystercsis nonlinearity salislies the wiping-oul and con-
grucncy properties, the Preisach lunction P i, f3) is the same regardless of which transi-
tion curves arc used to determine it. From a praclical point of view, the most advanta-
geous upproach is to use the so-called (irst-order transition curves, obtained by the lirst
reversal from either ascending or descending branches of the major loop, since they are
in experimental obscrvation of the hysteresis easier o detect.

If the hysieresis nonlinearity does not exactly salishies the wiping-oul and congruency
propertics, the weight funclion P (2, B) delermined from different transition curves 1s
gencral different, and the Preisach model is inappropriale. One can. however, try to
predict or accurately guess a possible regimes in which the model will be used. und
consequently determine P{x, B} by matching the transition curves from that region. It is
also noted Lhat the determination of the weight functien from formula (4) implics
differentiation from experimentally determined values. Since this can Jargely increase the
¢rrots present in any cxperimental data, dilferentiation is usually replaced by an adequate
numerical procadure which completely circumvents the difficulty. This is in detail discus-
seed in [M, 1991], and Tor the cconomy in space will not be claborated upon here.

3. Hysterctic behaviour of ductile materials described by the Preisach model

This scction is devoted to onc-dimensional hysteresis behaviour of duetile (clasto-
plastic) materials. Material response is modeled by various serics or parallel connections
ol clastic (spring) and plastic (slip} elements. The accenl is placed on Lthe Preisach based
analysis, which in comparison with traditional mechunics analysis ([Twan, 19671 [Asaro,
1975]) has advantage of simplicity and rigorous malhematical structure.
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3.1, PARALLEL CONNECTION OT FLASTIC ANIY SLIP FLEMENT

A rigid-linearly hardening material behaviour (Fig. 6¢) cun be modeled by a parallel
connection of slip (Saint-Venant) and elastic (spring-Hookean) clement [Reiner, 1958].

ok
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E

(a) (b)

Fig. 6. - (i Rigid-linearly hardening behaviour with initial yield stress Y and hardening modulus Ty
{#) Paralie]l connection of elastic and slip elements replicating the stress-strain behaviour in ().

‘The yicld (slip) strength of the slip clement is +Y (in iension and compression). The
clastic modulus of the clastic element is B, {Fig. 6. The major hysieresis loop and
several typical transition curves (straight lines) defining the strain outpul e(7), lor the
stress variation input o (f) between some extreme values oy and — o, arc as shown in
Figure 7. An appropriate Preisach function P(a, B} must be constructed to represent this
hysteresis nonlinearity by the Preisach model. This ean be accomplished using formula (4).
Indeed, if the stress inpul is o, the strain oulpul along the ascending branch of the major
loop is f,= (- YYE,. When (he input is decreased along the transition curve shown in
Figure 7 lo some valug P, the corresponding output is

\ !
(3) fu‘a:;);(B'l Y, —0p=fEo, 2Y. BH2Y=a

and f, ,=/,, otherwisc. Hence

i 1
6 “F o H(a—p-2Y
(6) b Bl (a—p ).

where IT denotes the Heaviside function. Consequently, the Preisach [unction is from (4)

“h

(7) Pz, [n:z—l- Sle—-B—2Y),

with & being the Dirac delta Tunction. Therefore. the Preisach function has support only
along the line o -f=2Y and is rero in the reslt of the limting triangle (Fig. 8). (In
general, it can be shown that every hysieresis nonlinearity with a local memory, which
can be represeated by the Preisach model, has a Preisach function with support along a
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- Major hysteresis loop and several transition lines, corresponding 1o the materal model sketehed in

Ligure 6. £—7 is the output value at the inpul o—a along ihe ascending branch ol the major loop, from

which reversal has occured along transition line to inpul o=} and corresponding ontput &=/,
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Fig. 8. — The Preisach function P, Bj of the hysteresis nonlincarity in Figure 7

has support only along the line 2 p=2Y, and is vere i svery other point of the lirniting riangle.

particular curve). Substitution of (7) into (1), leads 1o the strain output

@) £()- Lr’

2¥ oy

2E,

Gm.u—2YU(',)d=x’

corresponding to an arbitrary but preseribed variation of stress input o (1)

Total strain for a system of infinitely many clements (units) of unequal yield strength,

connected n u series (Fig. 9) is

Yumx
(%) s(r)zf p(Y)e(Y, )dyY.
Y

min

Tn (9) «(Y.{) is the strain corresponding lo an individual unit with yield strengih
Yo=Y 2Y,,,, given by the right-hand side of Eq. (8), and p(Y)} is the vield strength
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Ey Ey Ey
L
Yl YZ Y.

tig. % — Series connection ol mfimtely many chementary units shown in Fipure 6 A,
Bach unit has identical hardening modulus, but differeut vield strengil.

probability density function. Assume uniform distribution of yicld strength

{1) piY)= y IY—:COHSL

max i

Substitution of (10) into (9), in conjunction with (8), leads to

1 I ¥inux k)] 3
(1) B)=_ J J G, sy o (D) dadY.
2 E'." Ymnx - len Yinin 2Y —ag

Expression (11) can be more convenicntly rewritlen as

1 1
12 (1) — — e G ty etz df.
( ) t() 4 HP! Ym:lx_YminJJ; “-BU{ )t ” ﬁ

where the integration domain A is the area of the shaded band of the limiting triangle,
shown in Tigure 10. All G, , operators outside this band arc jnactive, and the Preisach

Sl §

=Y

Fig. 10, - The Preisach function corcesponding 1o material model of Figure 9 is supported only within the
band area A, and is zero in the rest of the miting triangle. ¥ and Y are the minimum and maximum
yield strengths of elementary units shown in Figure 9.
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function can be written as

)T H - B=2Y 0 )]

min

(13) P, [_‘;}=4IE Y—] _ Hx-p—2Y

max min

where, as before, H denoles the Heaviside function.

3.2. SERITS CONNECTION OF FLASIIC AND STIP RLEMENT

Elastic-ideally plasiic material behaviour, sketched in the stress-strain curve plotted in
Figure 11 a. can be modeled by a slip element (of yicld strength Y) in 4 series conneclion

o
Yi--- E E Y E
-~ AN
E
€
(a) (b)
Fig. T1. — (&) Flastic-ideally plastic stress-strain behaviour with elastic modulus B and vield stress Y

fh) Series connection of clastic and slip clements repreducing the sivess-strain behaviour in (et).

with an elastic clement {of modulus E), Figure 11 4. l'o formulate the Preisach representa-
tion for the hysteresis behaviour of this material, consider the strain input variation &{7)
ranging beiween extreme values g, and —g,. From the major hysteresis loop and
transition curves (straight lines), shown in Figure 12, it then lollows that f,=Y,

Y

{14) Je =Y —Ti(a— B, C[_E't.‘.

[

f<a

and f, o= =Y. il B=a—2Y/E. Also, if Bza, /, ;=Y. To derive the Preisach funclion,
differentiate (14) with respect o B

(15 a:%;)—ﬁzﬁ[l'l(&_ﬁ)_II(q_B' 2;>J’

and substilute {13) into (4)
> By PR SR §
(16) Pz, $)= Jﬁm i3} b(m B 25)]’

In this case the Preisach function has support along two parallel lincs; o B=0 and
o— B=2Y/E (Fig. 13), and 15 zcro in the resl of the limiting triangle. The linc a— =0
is associuted with the clastic, and line «—B=2Y/E wilh the slip part of (he connection.
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corresponding to the material model in Figure 11,

Fig. 12, - Major hysteresis foop and several transition lings,
op. from which reversal has acenred along

o=/, is the cutput value al inpur £=4 along the mujor lo
transition line 10 input & - [} and corresponding output T=f b

f W3
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Fig. 13 Fig. 14

— The Prasach lunction Pie. BY of the hysteresis nonlinearity in ligure 12 i supported only along

Fig. 13,
f-Dand o -B=2YE, and is 7ero in cvery other point of the limiting trangle.

two paralicl ines: o
Iig. 14, Parallel connection of inlinitely many clementary units shown in Figure 114

Euch unit has identical clastic modulus, bul different yield strenglh.

Substitution of (16) into (1), provides the expression for siress

(17 o= E [j ) G, el de— j ! Geo 2006 (1) ‘m:l-
210 o

2{Y0) -eg

corresponding to an arbitrary, prescribed variation of the strain input &{Z).
for a system consisiing of infmitely many of these elements (with uncgual yield
strength) connecied in parallel (Fig. 14}, the overall stress is

Y]l\:ll
(18} G(I)—j piYyo (Y, ndy.
v

min
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Here, (Y, £) 15 the stress in an individual ¢lement (unil) having yield strenglh within
the range Y, , =YY, . as delined by the right-hand side ol eq. (17). As before, p(Y)
is the yield strength probability density function. Assuming p(Y) Lo be constant (10,
from (18) it follows

El [ ) 1 Yous (Lo
(19) o{n=— G, el dn— - G, . 2vmell) dmIY:I.
2 g ' Ymux Ymin . I

- Ywin @2 (YiL) - kg

Thus

(20) o ()= '25[ J fzn(;,,ﬂs(:)drx ]25 Y;;,_EY HA G, “s(f)dadﬁ}

min

where the integration domain A ig the area of the shaded band of the limiting triangle
(Fig. 15). The associated Preisuch function for the entire system is clearly

2Y Y

max min

@) Pl - E{éi(m—[-})— Eo

X

H(qﬁ?Y"”") H(o«.—ﬁ—zz'f'-”")]}
. E E /

L}

=Y

Iig. 15 The Preisach function corresponding Lo materal model of Figure 14 has support along the line
%= B—0 and within the band area A and is zero in the rest of the limiling triangle. Y, and Y, are (he
minimum and maxiteum vield strengihs ol elementary units shown in Figure 14,

The model of material behaviour represented by paralle]l connection of elastic-ideally
plastic clements has been often studied in the wake of the early work by [M, 1926].
Individual clements can be laught to represent the individual grains in a random
polycrystalline agregate. Graings most [avorably oriented for slip correspond to the
weakest element, /. e. the element with the lowest value of the vield strength Y. Since
cach grain is subjecied to identical average stress, and since the exact posilion of grains
(elements) within the system is irrclevant. the parallel bar mode! is a diserete version of
the self-consistenl model [Hill, 1965]. Tn order words, the response of each bar depends
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on the state ol the other bars only through their conlribution to the effective (overall)
system maduli.

3.3, A THRUF-ELEMTNT LNIT

Clastic-linearly hardening material behaviour, churacterized by the stress-strain curve
shown in Figure 16« (E and B, arc elastic and hardening moduli). can be replicated by

o
ho
E v .
N
c
| 1 L ,

(2) (b}

Fig. 16, (o) Elustic-linearly hardening stress-strain hehuviour with elustic modulus Foinitial yieid siress Y an
hardeming modulos By (M Three-clement unit reproducing the stress-stram behaviour in {a). E=1L, (- Ly
F,= LRAF+A) and b=k (L)L

2 three-clement unit shown in TFigure 164, Elaslic element of length Fand modulus By, is
connected in a serics with a parallel conneetion of elastic and slip element, of length L.,
modulus A, and yield strength Y. Tt then follows that E=E,(f+ L)/ and E,= CA{(E + 1),
where #=#A,(/+LYL. The Preisach lunction can be determined from the hysteresis
nonlincarity shown in Figure 17, which relates the stress input to siraim outpul. The

£
A (©0.80)

.
|
.
3t
.
:
)
1 -
o o
E
Fig. 17. - Major hysteresis loop and several transition lines. corresponding (o the materiul model in Figure 10

#=7, is the outpul value ai mpul o= along 1the major loop, from which reversal has oceured along
Iransition line 10 Lhe input o = and corresponding ontput e=f. p

Preisach function in this case has support along the lines o - p=0and a —P=2Y. /e it
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is given by
(I -k, .
(22) P(a, B}——-—-\‘rb{a—ﬁ)%—— "o{a—ﬁ—zv)].
2E L,
The expression for strain s a [unction of applicd stress is, consequently,
! o E-T, {° .
23 e{H)= —[[ G, o) du+ — ﬁJ‘ G, ayo() daJ,
2 E - =g Zh Y -y

The first and second term on the right-hand side of (23} are clastic and plastic sirain,
respectively. For u system consisting of infiniley many of threc-element units, connected
in a series and with uniforn: yicld strength distribution within the range Y . =YY
the total strain is

Mt

Fo E-1: |
f G, o) du+— 2 — jj Gu_ﬁc(f)d:):cf[i—‘.
T ' 2 F—n Ymax - Y1‘m'r1 A

In (24) the integration domain A is the area of the band contained between the lines
a—P=2Y_ ,andx B=2Y_ inthe limitmg triangle. The first term on the right-hand
side of (24) is the elastic strain. which can be wrilten as a(#)/E.

1
(24) e(n= 33

Tn the casc when the sirain is the input and stress outpul, the Preisach function
becomes

(25) Pla Bi= " 5(x B)- - (E a3 a-p zr)

The stress expression is from (13

. E [0 | £
(26) U J Goas()du- (F—E,) j Gy ams ey 1) do.
— g Ea

24V —ay

IlNinfinitely many three-clement umits, with a uniform distribution of vield strength (10),
are comnected in parallel (#Fig. 18), the overall siress s from (26)

E[ {*0 1 1

2h o{f)= — G, ,c(dyr—-(E-E) — J G, el dudp |
2 ) B () 2 : Yma}.' Ymin A -t () ﬁ

The inlcgration domain A in (27) is the area of the band contained berween the lines

a—B=2Y,,/Eand «—B=2Y,_, /E in the limiting (riangle.

3.4 SoME FXAMPLFS

To illusirate the applicalion of the Preisach model the stress-sirain hysieresis curves
are here determined for material models introduced in the previous subscctions. Various
cyclic stress and strain input hystories are considered. In cach case the loading or
straining slarts from zero stress and strain state. The limiting triangle is then initially
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hg
Fy
he
Eg
£ Y2 E
- i
. ho
Eo N
Y.
lig. 18 - Parallel connection of infuitely many three-element units,

Fuch upil has identical clastic and hardemng maduli, but diflerens yicld strength.

divided into two equal parts, as in Figure 195, The interface line belween these parts 18
the line a4 P=0. Beliow this line all G, , operators have posilive, and those above
negative owlputs.

Figure 192 shows hystercuc behaviour of the parallel-bar model from Figure 14,
corresponding 1o the cyclic stram variation input as in Figure 19A. Compulation 15
performed for the case Y, =4 Yo rendering the ultimate stress that Uhis material can
sustain (Y, Youdi2=2.5Y . The corresponding strain 15 £, = Y/ E=48,, where
£,= Y nial T 18 the elastic limit strain. Initial configuration of the limiting triangle is shown
in Figure 19 ¢. The band area A from Figure 15 in this casc is, therefore. just the area
of the shaded triangle. Clearly. for £=0, Fq. (20) requires that ¢ =0. When the strain 15

. +
Ymim4
o5 F-m-mTmos }
i‘ iT ! 3
: ] 1
.] c 1
: /\
4
3 2
-1 A
(a) (b}
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m1r

(e}

Fig. 19 = (&) Hysteretic hehaviour of the parallel-bar model shown in Figure 14: (#) Coerresponding strain
input vanation: (¢ Initial conliguration of ihe limiling trangle; («fy Cantiguration of the limiting triungle
voreesponding 16 the strain inereuse 1o value Lty (e) Finul conliguration of the lIimiting iriangle, al the
instant when the strain is cycled down to the vadue — 6,72

increased to some value = &g, the configuration of the limiting triangle is as shown in
Figure 194, By simple geometric considerations, from Tiq. (20) it follows that the sStress
oulput ig

1< 1 Y, 2 E
(28) c=FEe- . ' _ (z—, =™ ] =Fe-" Z(g—g)
2 Y Ymin E 3 Sf}

max
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Analysis proceeds in a straightforward manncr lor any strain variation input. such as
onc in Figure 195, The conliguration of the limiting triangle at the instant when the
strain is cycled down to the value —g,/2 15 shown in Figure 19¢.

The obtained hysteretic behaviour (Fig. 194) is same as that of the well-known Masing
sub-glement model. In particular, if’ the stress-strain curve on primary loading has an
cquation ¢ =g(g), on unloading the corresponding portion of the stress-struin curve has
the equation o =g((1;2)c'), where (o7, &) are the new coordinates eniinating from the
point of unloading.

.
Yamin
R
1
3
L A i
| : : 1
3
h 1
| 2
|
1
1
i
1 I
Eo
L
i L3
2
-1
-5
(a) (b)
Fig 200 — Hysterelic behaviour of the same muterial mode as for Figore 19,

hut for the strain input shown in Figure 205,

Figure 20a shows the hysterclic behaviour of the same material model. but for the
strain variation input shown in Figure 205, This example is sclected to illusirate the
previously discussed wiping-out property of the Preisach model. Namely, the final-major
hysteresis loop (corresponding (o the extreme sirain input varialion between &, and —g,,
and back) is nol influenced by previous cycles of lower strain variation, 7.e. the inner
(minor) hyslerctic loops.

Solid line curves in Figure 21 g represent hysterelic behaviour of the material model
consisting of a scries connection of an infinite number of tree-clement units shown in
Figure 165, The cyclic input stress variation is shown in Figure 21 5. During primary
loading, elastic behavior ceases at the stress level ¥, . at which the yield strength of the
weakesl shp element is exceeded. The nonlmear behavior becomes more apparent as
more slip elements are activated. From Eq. (24) it follows

E-E 1
o B°E 1 (c—Y,,)>
E = 2El, Yo, —Y

min

(29 £=

min
RAX

‘The noenlinear behavior persists until the strongest slip element is activated. which occurs

al the stress level Y The stress-strain curve associated wilth further loading 1% linear.

max*
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with 4 constant (saturation) hardening rate E,. The strain level ar the begining of the
saturated stale is clearly
Yot

1 ) ) 1
(]U) o= — - max min + .
E 2 E, 3

Y

ngx min

-}

The nonlinear range is conflined within the strain interval
o T F’e = (Ymax - Ylnin) (}:‘ F Eﬁ).-"llz EF’IJ'

The dashed lines in Figure 21 ¢ correspond to the loading response of a single three-
element unit, with the (average) yield strength (¥, +Y__ 172

Figure 21 d shows the inilial configuration of the limiting triangle used in calculation
of the hysteretic behuviour presented in Figure 21 &, Tt was assumed that Yo =2 Y in
and Eg=E/9, whilc the maximum siress input was taken (o be 0,=2.5Y,, . The range
ol the nonlincar hardening during the primary loading is &, €, =53¢, in strain, and
¥ s = Yoo In stress. During unioading the nonlincar range is twice as big, in both siress
and strain. This is an obvious consequence of the nature of the slip clements, having
clastic range between tension and compression 2Y. Geometrically, this is also clear from
the limiting triangle of the Preisach modcl. During unloading the triangular part of the
band arca, which gives the nonlineur input-cutpul behaviour, is twice as big as the
corresponding triangular part during the primary loading (T and 2T in Fip. 2] e and ).
From the limiting triangle it also follows that the clustic range during unloading (2Y,,,,)
15 Lwice as big as during the primary loading from zcro stress (Y,.,). Finally, observe

Ymin L

25

I
£

-5

(2) (b)
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G9=2.5Ymin

. Yo Cl—ﬁ =4Ymm

Yomint Vg
2

0-B=2Ymin

Yeaia

™

) (d)

o a

20 man-Y min} | 2Ymin ol
™

SN

Y rex=Y rin

Yomin

(e) (t

Fig. 2. {«} Hyseretic behaviour of series (solid line) and parallel dashed finey connection of theee-element
units shown in Ligure 164 (b Stress variation input for the series connoection madek; (o) Stress-strain
hehaviour during the primary loading (series connection): {d) Initial configuration of the limiting triangle;
(¢} Triangulav part ‘1" giving risc to {he nonlinear parl of the stress-strain curve during primary loading:
(f) Trinnguiar part 2'1" giving risc to the nontinear part of the stress-strain curve during unleading.

that after the stress level Y, 18 reached in primary loading, further increments of
stress Ac are accompanicd with equal increments of the band urea of the limiting tnangle
iparaliclegrams of area (2(Y,, — Y,;) Acl. hence the resulting linear behaviour and
constant hardening rate. Similar observation applies to unloading or any subsequent
reloading. '

Dashed line curves in Figure 21 ¢ represent hysteretic behaviour of the material model
represented by an infinite number of three-element units connected in parallel, as shown
in Figurc 18. During the primary loading, nonlinear behaviour sets in al the stress level
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Yomin und is governed by a quadratic stress-strain relationship

E 1 Y i V2
31 —Eem C(Eob) e Ve
( ) o & 2( “)Y —-Y (5' E )

max min

This nonlincar range exiends untill strain level 8= Y, /E. when the strongest slip
clement begins (o yield. The corresponding overall stress is

Y, | E, Y,.. Y
+ A

(32] 6= han min Mmax min .

2 E 2

Dashed lines in Figure 22 a correspond to the loading behaviour of a single three-element
unit with the (average) yield strength (Y, + Y, )/2.

Hysterelic behaviour shown by the dashed linc curves in Figure 21 a is obtained using
(dentical malerial parameters as for the scries connection of threc-clement units, ie.
Ei=E/9 and Y., =2Y . For the sukc of dircct comparison of two material models,
the strain outpul obtained in a scries connection is laken as the strain inpul in parailel
conneclion (Fig, 22 ¢), Tnitial configuration of the corresponding limiting triangle is shown
in Figure 22 5. The nonlinear transition region, scparating linear clastic () and constant
hardening (I3,) regions, has a smaller range than for the parallel connecetion, since E, < L.
In fact, from {30) and (32), the nonlinear ranges for parallel and serics conneclion are
related via

LR

@3) (o tu= =2 (5~
- Co Lolpa— —— By Eehers
) I F Eh A
and
E+F,
(34} (GE} - Uc]p.xr = J (GO - G;‘)sur'

EX;

For example, Tor the case of Figure 21 @, with E,=E/9. the strain range during nonlinear
transilion region is 5 times larger in a serics conneclion than in a parallel connection,
The stress range is 1.8 times larger. Physically, this ts clear since in the parallei connection
of three-element unils, the overall siress is only the average of stresses in the individuat
units. Hence, when the strongest slip clement is activated, al ils stress level Y, . the
overall stress o is far bellow Y, stress level. On Lhe other hand, in a seires conmection
the overall stress is exaclly equal Lo siress Y e Tequired Lo activale the strongest slip
element.

4. Hysteretic cnergy dissipation and locked-in CNCrgy

Coensider a rectangular loop of the clementary hysteresis operator shown in Figure 1.
For a cyclic inpul variation along all the loop. the energy digsipation is cqual to the
area enclosed by the loop, ie. 2(a—p). This energy dissipation is a4 consequence of the
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Yonin

a-P=te

ﬂ-ﬁ=2€=\\
(a)
£
foy 15
Wt

6
s+
1
. [
\ ;
KX -3
-6
-
I- -10.5
(c)
Fig. 22. — {g) Slressstrain hehaviour during the primary loading of « paralle) connection of three-clement

umils, shown in Figure 1642 () Initial configuration of the limiling triangle Jor the paralle]l counection:
{¢} Strain inputl variation for the parallel connection, oblained as Lhe sirain eutpul of previously considered
SETIES CONNEcon.

irreversible processes occuring during switching-up and -down portions of (he rectangular
loop. Assuming thal these processes arc of the sume nature, cnergy dissipation during
one switching is (= — ). Thercfore, if Q denotes the region ol the limiting triangle lor
which the elementary operators represented by points (o B) were swilched during some
input variation, the corresponding cnergy dissipation is

(35) Q=” (P (x, P (- ) dodp.

Consider, for example, the material model represented by a series conngelion of an
infinite number of three-clement wnils. The siress-sirain cxpression during the primary
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loading from initial (intact) state is given by Tg. (29) and is ploted in Figure 21 ¢.
Substructing from (29) the elastic component of strain gives

I (oY

2 iB
(36) g, = _’ h:wL =

r

2hY

- E,

max Ymin

4
Yinus

Yemin
qg_Ym.erin C
2
(2) (b)
Pz 23— () Stress-plastic straim curve ol the material modeled by a series connection ol threc-clement units,

& 1 the plaslic strain at the begiaing of lincar hardening, with plastic modulus 4 14) Integration donuin €
of the imiting triangle used in the evaluation of encrpy dissipation cormesponding 1o loading from vero 1o o
slress shate,

plolted m Iigure 234 The plastic work done, corresponding to stress level
Y'1111'11 é o S Ymnx‘
is
° P (o Y,,.0° 3Y,,
(37 wp=ogp—f e dom (O Youd® (1) 3V )
Ylllin h h Y"lil.\ - Ylnin g - Yll’lill

To determine the parl of W, dissipaled into heat. usc (35) in comunction with the
Preisach function

1 . | |
(38) P (0(1 B) - 2 E 0 (C{ .B) + a4 ? —I—H (G{ - ” 2 Ymin) H (EZ - ﬁ -2 Ym:nJJ"

(LTS min

as required by (24). The intcgration domain Q is shown in Figure 23h. Substituting (38)
nto (33) therefore gives

9 I ‘I ] 2 Y i
3 —— - Pdp |,
( ) Q 4 k Ym:nx ' Ymin J;'m;,, [J.—: (u B) ‘ “:| o
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ie.

e Yoy, S
40 _ M Tmind 4 = min .
{ ) Q 6-& Ym;“_Ymin o= Ymi“
The ditference
(1) wo=w.-q= L © Yol

K " 6h Ymux -Y min

is the locked-in cnergy stored within the system during the primary loading from initial,
7ero stress state 1o the state of sress Yo, <0 =Y o

If the loading reaches the stress level o> V0

(@) Wom Wi+ | (0 V) (0 Yo
AR
(43) Q: QO + f)lh ((T - Ymax] (Ymin + Ymax)
1
(44) WL = WE -+ ,)'? (G - Ymnx) (6 - Y m'm}'-‘
ZH

where ( )° are the values obtained from expressions (39), (40) and (41) corresponding
to the stress level o =Y, For example, since

[0 ;
Q" _ Yo ' 2 ¥ in

45 _
@ we v

k2
min M X

it follows that for ¥, =1.5 Y, the dissipated encrgy ul the stress slule o=Y ,, 15
QY =87.5% W2, while the locked-in encrgy is WO=12.5% W},

The locked-in encrgy stoted in a material is of direct significance in explaining the
unloading and subscguent reloading behaviour. To illustrate this, consider unloading
from the state Ay, Y to the state Bl—g,, —o,), such that the state O(0.0) is

passed during subsequent reloading to state A. (Fig. 24 a). In this case

G* = Ymin + ( .-";2 ° l ) (Y

~ rnax_Ymin)‘

e (30 1hat 6, <2Y ) The question ariscs why the
malcrial behaves dillerently in loading from state O to state A, before and after the cycle

mak =

provided that Y, =2 "‘_V«"j)‘(
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U"B =2 Ymal |

a- B =2Y:1: (LI

(a) ®)

Fig. 24 — (& Dashed lne part of the siress-sirain curve corresponds o primuary leading [rom O 1o A, winle
sorlid line between (0 and A corresponds o loading alter the cycle QABO: (B) Integration domain € used n
the evaluation ol energy dissipation between A and B, or B and AL

OABQ. The dashed curve in Tigure 24 ¢ corrcsponds Lo primary loading and is described
by Eq. 29), while the sohd curve corresponds to leading after the cycle OABQO and is
described by cquation

{46) o= (,j —+ ,‘Iﬁ (U - 2 Ymin + G*Jz ]
E 44 Y Y

max min

Plastic work expanded along this curve from O Lo A is

! Y, -
(47) wiz Loy v, (s Yesoo o )
F= 73, N

max min

The part of this work dissipated into heat is equal Lo hall the arca of the solid line
hysteresis loop in Figure 24 ¢, since the nonlincar {dissipative) parts of the curve from A
to B, and B to A are identical. Hence

1 Y /2
48) ‘- YII\'H( - 'Ymin)2 3 - =+ o 4
3 @ bh Yo Y —Y 2

max min

Lixpression (48) also follows from formula (33) applicd o inlcgration domain €2 shown
in Figurc 24 5. Tnicgrating

(49) o= j . Hm_ﬂ"’i"(u—ﬁ)dﬁ]da
Ah Y . —Y _ ' '

max min & 2 ¥ — o L
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Eq. (48) is again arrived atl.

The locked-in energy within the material during this second path OA is, therclore,

1

- (Ymax" Ymin)z-
6h

%)
(50) Wi=Wi —Q‘—-S(l \}_)

The material in state A musl have the same siructure before and after the cycle ABA,
gince it responds to farther joading or unloading and subscquent reloading in exactly
the same way, before and after the cycle ABA. Consequently, the locked-in cnergy in
state A. alter the cycle ABA, has to be

[ 2
(5 l) WO = Ymnx - Ymin “
L= g h( )
as before the cycle ABA (Eq. (41) with o=7Y,,,) The difference

..-"2_ |
(52) AWL = W?_ WL: (3 \’2_ - f)) 6 (Y"\-’ll - Ymin.)z

“J6h

is, therclore, the locked-in encrgy n state O, alier completing the cyele OABO. This
locked-in encrey, i c. the locked-in microscopic stress [ild (having zero average), helps
the macroscopic siress ¢ in reaching the state A, alter the cycle OABO. This explains
the departure from the original, dashed line curve of primary loading, and decrease in
plastic work externaly required to deform material to state A. Note that AW, is not
merely AWp= (Wi - Wg), becausc the ereation of the locked-in energy of amount AW,
during ihe primary loading is accompanied by the corresponding  heal dissipation

AQ=0Q°—-Q' In [act:

(53) AW]’: ( ".ii U%J’?(Ym“_ Yx];in)2

s
(54) AQ:(I f) L = Yo
oh
so that AW, =AW, —AQ.

It is finally noted that considering the “symmetric” hysteresis loop, i.e. if ithe stale B
is obtained from state A by unloading to stress = 0, = Y. (Fig. 25), no nct locked-
in energy is accumulated during compleie unloading from A to B. or rcloading from B
o A. In other words, the plastic work associated with unleading or refouding purts of
the cycie ABA is all dissipaled into heat

(55) wi=0"
This occurs since both the plastic work und the dissipated cnergy in the cycle ABA are
equal to the area within the “symmetric” loop. Half of this area correspands to unloading

and half to reloading parr. The locked-in encrgy in zero macroscopic stress state O 18
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B - Ymax

Fig. 25 Il the hysteresis loop s “symmenric”, ne net loched-in enerey is produced during complete unloading
from A {0 B, or reloading from B 1o A e locked-in cnergy in state O §s equal to 1he locked-in cnergy i
stule A, stored during Lhe primary loading from O 10 A,

exactly equal Lo locked-in encrgy in state A, produced during the primary loading from O
o A.

An analogous analysis of the dissipated and locked-in energy can be done [or olher
material modcels, such as one of parallel connection shown in Vigure (4 [Lubarda ez oi.,
1992].

5. Conclusion

The present puper focuses on the application of the Praisuch model to the response of
duclile solids subjecied to cyclic siress or sirain. Closed form analytical solutions for the
hysteretic response were derived for several rheclogical models reminiscant to (hose
commonly exploiled in viscoclasticity. Main advantages of the proposed formulation are
asgsociated wilh its simpic and rigorous mathematical structure allowing for analytical
solutions. and precise evaluation of the energy dissipation including distinction between
encrgy dissipated into heat and the locked-in cnergy. ‘The method also leads to convenient
identilication of material parameters from experimental data and correlalion to hardening
characteristics and anisolropic response during unloading from the plastic state and
reverse loading and reloading, Additional advantape ol the model consisls in its relation-
ship Lo fatigue analysis, since the inherent [caturcs of the model, such as the wiping-out
properties, can be related to corresponding cycle counting procedures, similar 1o (he well
known rainflow model.

Further extensions of the model are needed i order Lo address the three dimensional
wsues regarding the evolution of the yield surface and corresponding hardening rules
(some of these are recently discussed in a paper by [White er o/, 1990]). Also, the
modifications are needed [or (he analysis of brittle-ductile phenomena, by considering
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the probability of brittle failure of individua! elements leading eventually 1o a cascade
mode ol macro-failure.
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