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Resource-Constrained Model Selection for Uncertainty Propagation and Data
Assimilation”

Lun Yang', Peng Wang?, and Daniel M. Tartakovsky?®

Abstract. All observable phenomena can be described by alternative mathematical models, which vary in
their fidelity and computational cost. Selection of an appropriate model involves a tradeoff between
computational cost and representational accuracy. Ubiquitous uncertainty (randomness) in model
parameters and forcings, and assimilation of observations of the system states into predictions,
complicate the model selection problem. We present a framework for analysis of the impact of data
assimilation on cost-constrained model selection. The framework relies on the definitions of cost
and accuracy functions in the context of data assimilation for multifidelity models with uncertain
(random) coeflicients. It contains an estimate of error bounds for a system’s state prediction obtained
by assimilating data into a model via an ensemble Kalman filter. This estimate is given in terms
of model error, sampling error, and data error. Two examples illustrating the applicability of our
model selection method are provided. The first example deals with an ordinary differential equation,
for which a sequence of lower-fidelity models is constructed by progressively increasing the time
step used in its discretization. The second example comprises the viscous Burgers equation as the
high-fidelity model and a linear advection-diffusion equation as its low-fidelity counterpart.
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1. Introduction. All observable phenomena can be described by alternative mathematical
models, which vary in their fidelity and computational cost. Invariably, high-fidelity models
have higher computational cost than their low-fidelity counterparts. Selection of an appropri-
ate model involves a tradeoff between computational cost and representational accuracy. In
most applications it is common to choose as “accurate” a model (more physics, more degrees
of freedom) as the available computational resource allows.

Yet, ubiquitous uncertainty (randomness) in model parameters and forcings complicates
the selection problem. That is because solutions of models with random coefficients are given

*Received by the editors May 22, 2019; accepted for publication (in revised form) June 30, 2020; published
electronically August 20, 2020.
https://doi.org/10.1137/19M1263376
Funding: The work of the first two authors was partially funded by National Key Research and Development
Program of China (grant 2017YFB0701700) and (grant 2018YFB0703902); L. Yang's stay at Stanford was funded
by the China Scholarship Council Foundation. The work of the third author was supported in part by Air Force Office
of Scientific Research under award FA9550-17-1-0417, by U.S. Department of Energy under award DE-SC0019130,
and by a gift from TOTAL.
TLMIB & School of Mathematical Sciences, Beihang University, Beijing, 100191, China (lun.yang@buaa.edu.cn).
#LMIB & School of Mathematical Sciences, School of Microelectronics, Beijing Advanced Innovation Center for
Big Data and Brain Computing, Beihang University, Beijing 100191, China (wang.peng@buaa.edu.cn).
8Department of Energy Resources Engineering, Stanford University, Stanford, CA 94305 (tartakovsky@
stanford.edu).
1118

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/19M1263376
mailto:lun.yang@buaa.edu.cn
mailto:wang.peng@buaa.edu.cn
mailto:tartakovsky@stanford.edu
mailto:tartakovsky@stanford.edu

RESOURCE-CONSTRAINED MODEL SELECTION 1119

in terms of their probability density functions (PDFs) or, in many practical settings, in terms
of their statistical moments such as ensemble means and variances. More often than not, these
are computed with sampling methods, e.g., Monte Carlo simulations [20] or stochastic collo-
cation techniques [11]. When that happens, the solution error £ = £"P 4 £5™ consists of the
representational error £'°P that reflects a model’s fidelity and the sampling error £5™ due to
a finite/small number of samples used to estimate a solution’s statistics. Given limited com-
putational resources, £ goes up as £™P goes down since one can compute more realizations
of a low-fidelity model than of a high-fidelity model during an allocated simulation time.

Availability of observations of the system states adds a further complication to the model
selection process. PDFs of solutions of multifidelity models can now be thought of as prior
distributions that are refined with data. Given a sufficient amount of observations, the re-
sulting posterior distribution of a low-fidelity model solution can become as accurate as that
of a high-fidelity model solution. That would render the reliance on the high-fidelity model
superfluous. Of direct relevance to our study are ensemble-based data assimilation techniques,
such as Bayesian update, particle filters, and ensemble Kalman filters (EnKFs). Similar to the
methods of forward uncertainty propagation discussed above, their performance is expected to
degrade as the number of model runs one can afford decreases due to the model’s complexity.
This interplay of data and limited computational resources was studied via numerical experi-
mentation in the context of multifidelity models of multiphase flow in porous media [17]. The
goal of our investigation is to provide a theoretical foundation for resource-constrained model
selection in the presence of data.

This aim constitutes another facet of multifidelity simulations in the context of compu-
tational resource-constrained model selection. It differs from Bayesian model selection [3, 4]
and Bayesian model averaging [6, 10], both of which deal with multiple models whose relative
veracity is a priori unknown. It is also distinct from data assimilation with multiple models,
which combines models of various fidelity either to maximize the predictive accuracy [14, 21]
or to minimize the computational cost while maintaining a prescribed accuracy [9, 13, 16]
through, e.g., multilevel [8] or multifidelity [15] Monte Carlo sampling. Finally, it does not
use model complexity as an argument for model selection [12]. Instead, our analysis contrib-
utes to the ongoing debate of whether, and under what conditions, practical constraints of
available computing time and uncertain input parameters warrant the use of more sophisti-
cated numerical models.

In section 2 we formulate a data assimilation problem in the context of multifidelity
simulations. Section 3 contains definitions of the cost and accuracy functions and their use
for the resource-constrained selection between high- and low-fidelity models in the absence of
system state observations. The impact of data on such a selection is investigated in section 4
by analyzing the accuracy and convergence properties of EnKF. Our theoretical criteria for the
resource-constrained model selection in the presence of noisy data are verified in section 5 by
using an ordinary differential equation and the viscous Burgers equation as examples. Major
conclusions drawn from our study are summarized in section 6.

2. Problem formulation. Consider a system state v € RYv (N, > 1) that is represented
by the time sequence {v;};en forming a Markov chain. Given the initial state vy, the operator
U RN — RNv describes the true temporal evolution of v, from time ¢; to time #;41,

(1) Vit1 = \If(’Ui), 1€ N.
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Uncertainty in the initial state vy is treated by representing the latter as a Gaussian random
field with the mean uy € RN and the real covariance matrix Cp € RNv*Nv_ The unknown
(and unknowable) operator W is replaced with its high-fidelity counterpart ¥" and with a set
! of m low-fidelity counterparts, 1 = {l1,...,L,}, all of which are continuous in RNv x RN,
The corresponding model errors " and &' are described by independently and identically
distributed (i.i.d.) (white noise) sequences {¢!};en and {€!}ien with a given distribution, e.g.,
¢k ~ N(0,%%) with k = h or 1. (More sophisticated representations of the model error can
be found in, e.g., [7, section 4.2.1] and can be readily incorporated into the present analysis.)
Then, predictions of the high-fidelity (v" € RNv) and low-fidelity (v' € RV*) models satisfy

(2) Dip1 = UF (o) + €F, k=horl,

respectively. These equations are subject to the random initial conditions 09 ~ N (ug, Co).

The high- and low-fidelity models (2) are supplemented with noisy (possibly indirect) NN,-
dimensional observations y; € RNy, At any time t;, these are related to the state variable v;
by the observation operator h : RYv — RMv such that

(3) yi = h(vi) + i,

where the measurement noise {n; };cn is represented by an i.i.d. sequence of Gaussian random
variables, n; ~ N'(0,T"). Note that the Gaussianity assumption for the model and data noise
is made for the sake of concreteness only. We use EnKF to assimilate the data (3) into the
low- and high-fidelity model (2).

Our study deals with two issues: the role played by limited computational resources on the
selection between the high- and low-fidelity models (section 3) and the impact of observations
on this tradeoff (section 4).

3. Cost-accuracy tradeoff in model selection. We start by considering, in subsection 3.1,
Monte Carlo simulations for forward uncertainty propagation in multifidelity models. We
present definitions of the cost and accuracy functions in the context of multifidelity data
assimilation in subsection 3.2. These definitions are used in subsection 3.3 to demonstrate
the relative accuracy of high- and low-fidelity models when the computational cost is fixed.
Our strategy for selecting a model for uncertainty propagation under resource constraints is
presented in subsection 3.4.

3.1. Model prediction via Monte Carlo sampling. In the absence of observational data,
a model is the only means of estimation of a system state. The true PDF f;, of the random
state 0; in (2) is approximated by the sample estimate f;,, computed from N samples of

solutions of (2) and each corresponding to a sample of the initial condition {)((]n) drawn from

N(/ijvCO)v
(4) o = (o) + € =1, N

To simplify the notation, we consider a single state variable (N, = 1), whose sample mean
and variance,
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~ 1 ~(n ~ ]- ~(n ~ 2
(5) Mz‘:NZUE) and ngﬁz:(%()—ﬂz)’

approximate the ensemble mean and variance,

pe =B = [ oifulodil and of =B [ 0] = [ (0w )
R R

Let the true system state v satisfy

(6) vir1 = U(v;), vy = U.

Then, the absolute error &1 = |ft;4+1 — vit1| is bounded by the triangle inequality
Eir1 = |fir1 — B[R (8;)] + E[WF(8;)] — WP (v;) + UF(0;) — U(wy)|

(7) < frir = BIF(0)]] + [E[W*(0:)] — WF (v)| + [W* (07) = W(w7)] -

e Eini grep

According to the “rule of three sigmas,” P[E/*™ < 30,41/ V/N] ~ 0.997, even though practi-
cal computations often characterize the sampling error £*" in terms of the probable error
0.67450,11/V'N, e.g., [18]. More generally, the sampling error £$*™ decreases with the inverse
of the power of the number of samples, E*™ ~ 1/N1; in the case of Monte Carlo simulations
described in the previous section, a; = 1/2, the value we employ below. The model error & P
increases with the distance between the the high- or low-fidelity model ¥* and its true coun-
terpart W, the fact that we codify with a relation & ° ~ [¥ — W¥|%1 in which we set 81 = 1.
Implicit in the latter assumption is the notion that the prediction uncertainty (variance of the
predicted system state, C;) of the high- and low-fidelity models is approximately the same.
This assumption is not universally valid, e.g., a high-fidelity model (k = h) might have more
uncertain parameters that give rise to larger prediction variance C;.

We define the sampling error £%™, the representational or model error £™P, and the
initialization error £™ of a model prediction as the suprema of their corresponding errors at
each time step,

k

(8) &M =gup&iam = L grep = sup &P = W —WF| M = gup £M = vy — pol,
€N VN ieN ieN

where |¥ — U*| = max;cy |¥(v;) — U*(v;)| and ¢§ depends on the Lipschitz continuity assump-

tion of U¥. The total prediction error £, defined as the upper bound on the error at any given

time over the sequence, is the sum of these three errors,

(9) £ — gsam + grep + gini.

To focus on the effects of a finite number of samples N and model fidelity U*, we neglect the
possible discrepancy between the mean of the initial state ug and its true value wug, i.e., set
the initialization error to &™ = 0. With these assumptions, an estimate of the solution error
becomes

(10) EWE N)Y=c/VN+&w -0k, k=horl
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3.2. Cost and accuracy functions. Let C = C(¥* N) denote the cost associated with
computing N realizations of the model of fidelity k£ (k =h or 1). For a given N,

(11) C(T™, N) > C(T',N) >0,

with the equality achieved when the high- and low-fidelity models coincide, ¥® = ¥!. Likewise,
the cost of the low-fidelity models introduced in section 2 satisfies the inequalities C(¥", N') >
C(V'2 N) > ... > C(¥!m N). The cost C increases with N and decreases with the distance
between the true model ¥ and its approximation ¥*. The latter postulate codifies a typical
feature of multifidelity models: the higher a model’s fidelity, the closer it is to the “true”
model (by definition) and the more computationally expensive it becomes. For k = h or 1, we
take this relationship to be of the form C(¥*, N) ~ N®/|¥ — U¥|® + 4* where v* represents
the overhead cost of the analysis of the kth model. Setting the exponents to « =1 and =1
and the overhead cost to v¥ = 0 for the sake of concreteness, this yields

N

k __k
(12) C(\IJ 7N) _CO‘\I’—\I/]C’7

k=horl,

where clg € RT is the constant of proportionality.

To simplify the subsequent analysis, we assume the proportionality constants cg,c1,co €
R* to be independent of the model fidelity. The assumption of the fidelity-independent con-
stant ¢y suggests the existence of a hierarchy of high- and low-fidelity models, as demonstrated
by the hierarchical time-stepping model of an ODE in subsection 5.1. This assumption is not
universally valid, as illustrated by a viscous Burgers equation and its low-fidelity linearized
counterpart in subsection 5.2. The general case of the model-dependent constants clg, c’f, and
ck is treated in Appendix A.

Given a fixed cost Cp, it follows from (12) that |¥ — U*| = coN*/Cy, where Ny is the
maximum affordable number of samples of the kth model. Then, (10) yields a dependence of
the simulation error £ on N* for a given cost Co,

C1 CoC2

NE, k=horl

The identical procedure used to eliminate N* from (10) gives

(14) + U —U*,  Ek=horl

R e

The dependence (13) is shown in Figure 1 for ¢ = 1,¢1 = 15,¢0 = 1, and Cy = 10. When
one can afford but a small number of Monte Carlo runs, the total error £ is dominated by the
sampling error £%™ which decreases with N*. As N* becomes sufficiently large, the model
error £P dominates the total error £; given the fixed computational cost Cy, and within the
framework established by (12), the model discrepancy |¥ — U*| ~ N¥/Cq so that £™P and,
hence, £ increases with N*.

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



RESOURCE-CONSTRAINED MODEL SELECTION 1123
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Figure 1. Dependence of the simulation error £ on the mazimum number of affordable realizations N*.
The parameter values are set to co = 1,c1 = 15,c2 = 1,Co = 10 for illustration purposes.

3.3. Resource-constrained model selection. Consider a pair of high- and low-fidelity
models defined by the operators ¥" and W', respectively. For the same computational cost
C(Uh, NP = ¢(Wli, Nli) = Cy with N® < N we define the relative error between the two
models as AE = £(U, NP — £(Wli Nb). Tt follows from (14) that

(15)

AE — 61\/60/60
(VI =9+ V9 — W) /[0 = P — O]

For the selected pair of models, the discrepancies |¥ — WU"| and |¥ — ¥%| are fixed and
the relative error A€ is determined solely by the available computational resource Cy, i.e., by
the number of realizations of each model (N" and N%) one can afford. The relative error AE
decreases with the amount of allocated resource Cy, changing its sign from positive to negative
(Figure 2). The critical values of Cy and, thus, of N and N’ corresponding to AE = 0, are
given by

. (|\1/—\1/li| - |\1f—\11h\).

2

(16) Co = g 2
AW — Wh{|w — o) (/0= W]+ /[0 = OT)
_ 2
(17) Nt = N -
W — W] (V0= W] 4 /[ )
B 2
(18) N = °

5
3w — | (V=] + /[0~ wr])
At this point, the model preference changes.

3.4. Resource-constrained optimal model. The fact that the simulation error £(¥¥, V)
decreases with N, while the computational cost C(\Ilk,N ) increases, suggests the following
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(Co, AE =0)

0 5 10 15 20
Co
Figure 2. Dependence of the relative error AE on the allocated computational cost Co. The parameter
values are set to co = 1,¢1 = 15,¢2 = 1,|W — U"| = 1,|¥ — W'| = 4 for illustration purposes. The change in
the sign of AE indicates the reversal in the relative performance between the high- and low-fidelity models U"
and Wi,

optimization problem. For a given computational cost Cy and a given set of the high- and
low-fidelity models, minimize the simulation error £. This gives rise to a cost function
(19) L(N,T* \) = £(TF, N) + A\C(T*, N) — Col,

where A is the Lagrange multiplier. For C and £ in (12) and (10), setting to 0 the derivatives
of £ with respect to N, | — W¥|, and X yields the minimization point

2/3 2/3
= [ caCo 1 o [ aCo
(20) N = <20002> ’ V-9 = Co <20002> '

Substitution of (20) into (10) leads to the following proposition for the resource-constrained
choice between high- and low-fidelity models.

Proposition 1. Given a fized computational resource Cy and the relationship between the
cost C, the sampling error £5°, and the model error E™P in (12) and (10), the optimal model
1s such that

1/3 1/3
(21) gsam _ 2coc3cy grep _ cocicy
Co ’ 4Cy ’
and the corresponding minimum error is
(8cocica) /3 + (cocicg) /3
(4C0)1/3

Proposition 2. Given a fized computational resource Cy and the error model (14), the best
model W° among a finite set of multifidelity models ¥ = {Wh Wh . Wn} is defined as the
one that minimizes the prediction error

(22) 5mm =

23 0L aremin £(UF, ), gk, = J2 D
(23) i (0, S = [

and is subject to E(TVP,.) > E(T,-).

+ co| T — TF|
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4. EnKF. Similar to the accuracy of ensemble-based forward simulations with uncertain
inputs analyzed in section 3, the accuracy of ensemble-based methods for data assimilation
depends on the tradeoff between a model’s fidelity and its computational cost. That is be-
cause system states’ PDFs, or their statistics such as mean and variance, estimated from a
small number of expensive high-fidelity model runs would have a higher sampling error £%™
(but smaller representation/model error £™P) than those estimated with a low-fidelity model.
We investigate this tradeoff in the context of EnKF that is employed to assimilate a set of
observations y; = {y1,...,y;} in (3) into the high- and low-fidelity models (2),

(24) i1 =U*0)+ &, k=handl, i€N; b~ N(uo,Co).

The sequential update of state v consists of two steps: prediction and analysis. At the former,
one uses the Chapman—Kolmogorov equation,

(25> f’l)z‘+1‘yz‘ = / fvi|yifvi+1\vidvi7
RN

to calculate the conditional PDF of v at time t;11, f,,,,|y,, from the conditional PDF of v at
time ¢;, f,,|y,- At the latter step, Bayes’ theorem,

_ fyz’+1|vi+1 fvz‘+1 ly:
fUi+1|)’i+1 -

(26)

9
f Yit1lyi
is used to obtain the (posterior) PDF f,, |y, from the (prior) PDF f, |, when the mea-
surement ;1 is available.
Kalman filtering approximates the PDFs in (25) and (26) by their Gaussian counterparts,
i.e., treats the random variables involved as

(27) vilyi ~ N (i, Ci), vigalyi ~ N(fiie1, Civ1);,  vita|yisr ~ N (tiv1, Cigr)-

This replaces the update step fu,|y, * fu,, |y, 0 (25) with (i, C;) = (ptiv1, Cit1), and the
analysis step in (26) with

1 1 1 N
@) e (gl il ) o (gl — R - ol ).

where | - |4 = |- |?A7!. To handle the nonlinearity of the high- and low-fidelity models
in (24), we deploy an implementation based on the minimization principle [19]. Considering,
for simplicity, a linear observation operator h(v) = Hwv, this approach represents the update
step as a quadratic minimization problem

(29a) fi+1 = argmin ®(v)
v
with
1 , 1 )
(29Db) ®(v) = §\yi+1 — Holp + 5\” - “i+1’éi+1’ friv1 = W (i) + &-
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Algorithm 1. Implementation of the EnKF based on the minimization principle [19].

1. Initialization: at time step i =0

e Draw N samples, v(()n) with n =1,..., N, of the initial state vy from the prior

PDF, vy ~ N (410, Co).
2. Fori=1,2,...
(a) prediction (forn=1,...,N)
e Use the high- or low-fidelity models in (24) to estimate the next state

i

(31) o) = wk (6§”)) A .

e Calculate the mean and covariance of the forecast

(32)

1Y . R T
fiv1 = N Z@fz)l and Cj1 = N1 Z (17@(1)1 - ﬂz‘+1) (Ul(i)l — ﬂz‘+1)
n=1

n=1

(b) analysis (forn=1,...,N)
e Obtain a random data sample yl(f_)l from the data model (3) with n;11 ~ N(0,T)

(n)

(33) yz(—?-)l = Yi+1 + ;47
e Calculate the Kalman gain in (30)
A T . T -1
(34) Ky = Ci—l—lH (HCH_lH + F)

e Assimilate the model forecast 0,1 and data y;11 to obtain N realizations of
the “analyzed state” ;41

(35) O = (I — Kot Yol + Kiay

This minimization problem is solved by an update formula
. . -1
(30) piv1 = (I — Kiy1 H) i1 + Kip19it1, Kiv1=CipHT (HCi+1HT + F) :

Algorithm 1 implements the EnKF [7] by iteratively solving the above approximate Gaussian
process and the update state.

The accuracy and stability of the EnKF have been investigated in [5, 2] for exact model
operators. We analyze the accuracy of the EnKF for an imperfect model operator in section 4.1
and prove the assimilation asymptotic property at large times in section 4.2.

4.1. Accuracy of EnKF.
Proposition 3. If the true system state v(t) satisfies

(36) Vi4+1 = \IJ(/Ui)a Vo = U,
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and measurements of v(t) at discrete times t; are generated by adding bounded white noise to
the true solution,

(37) Yit1 = Hvir1 + nit1, Sup [Miv1] =n < oo,
S

then the estimation error of EnKF in Algorithm 1, £ = || % SN ﬁfz)l —vit1|l, satisfies

(38a) Eivt < EXT + ELA + E + EXL.

The sampling (EXT), model (€] ), initialization (E]), and data (21 ) errors at the (i+1)st
time step are given by

N
1 ~(n _ n n
(38b) = (|4 W (5" — G4 Air€ + K
N
n=1 =
(38¢) E = A1 (TF(v;) — T (vy))],
(38d) = (| A (i1 — TF ()],
(389) ﬁﬁ ||Kl+177@+1||

where Aiy1 =1 — Kip1H and 911 = E(U*(vi|y;)) = [ \I/k(v;)fﬁ”yi (v])dv;

Proof. An estimate of the mean of v(t;+1), computed from N realizations of either the
exact model (36) or its high- or low-fidelity counterparts in (31), is

N
(39) Hit1 = % Z ﬁﬁ)l,
n=1
Substituting (35) into this expression gives
L
(40) Hit1 = Ai+1N Z z+1 + Kit1— Z yZ
n=1

For any model operator W* € {¥, W W'} accounting for (31), (33), and (37), this yields

N
1
(4l pin = z+1N Z [‘I’k ( ) g } + Kivig D [H%'H + M1+ 771@1] :
n=1
Let &i+1 = ||pti+1 —vit+1|| define the solution error (in the £ norm) at time step i+ 1. Recasting
the true state (36) as
(42) Vit1 = Ai+1‘I/(Uz‘) + KZ‘+1H\I/('UZ')

and subtracting (42) from (41) yields

N
(43) Eisr = ||Aina %Z\pk (ai("))
n=1

N
1
N Z [ z+1§i(n) + Kz‘+1771'(z)1] + Kiyami
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(n)y,

Let 0,41 denote the ensemble average corresponding to the sample mean (1/N) 25:1 Uk (o
Then

N
1 - _ _
(44) i1 = Ai-i—l N Z (\I’k ('Uz(n)> — Ui+1> + (Ui—H — \I/k(’l)z)) + (\I/k(’l)z) — \Il(vl))
n=1
| X
t Z:l (Ai+1§,~(n) + Ki+1771(-7-)1> + Kip1m;
n=
By virtue of the triangle inequality, this gives rise to (38). [ ]

4.2. Asymptotic convergence of EnKF.

Theorem 4. Suppose that the sampling (E%™), model (), and data (E8%) errors in
Proposition 3 remain bounded on the whole time horizon,

(45) sup 74 = £59M < oo, sup &P = E™P < o0, sup £fat = g0t < o,

ieN ieN ieN
Suppose also that A; 1 ¥F @ RNe — RN (Aiv1 = I — K;j11H) is globally Lipschitz with
constant ¢ < 1 in the ¢y norm and that the impact of linearization E[¥(v)] ~ E[¥(u)] is

bounded, ||Aiy1(0ir1 — UF ()| < E™9. Then the convergence error of the assimilated result
1s bounded by

gsam 4 grep gdat gavg
(46) limsup &; < i + + .

1—00 1-c¢

Proof. According to the law of large numbers, it follows from (38b) that

1
e s | ([ (90D - w43 )+ KEaT

where ¥ is the covariance of §;. Since the Kalman gain K;y; is determined by C’i+17 so is
A;+19*. The assumption of global Lipschitz continuity means

(48) [Ai 2 (WF (i) — W* (03)]| < c&i

It follows from (48) and the linearization assumption that the initialization error satisfies
(49) EM = | Appr (Birr — U (i) + TP (i) — TP (i) || < E78 + c&i.
Substituting (49) and (45) into (38) gives

(50) Eip1 < c& + E5m 4 grop | gdat 4 gave,

Application of the discrete time Gronwall lemma to (50) leads directly to (46). [ ]
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Corollary 5. Consistency. If the EnKF in Algorithm 1 is used with the exact model (1)
and if this model is linear, then Theorem 4 yields a bound

dat
(51) limsup & < T o

i—00,N—00 —C

which is consistent with the Kalman filter result.

Proof. By definition, the representation error of the exact model ¥ is P = 0. If, in
addition, the model is linear, then the linearization error is 0, which means £2¥8 = (. Finally,
if the number of samples is infinite, then £%™ = 0. Under these conditions, the bound in
Theorem 4 reduces to (51).

Consider, next, the error of the standard Kalman filter. If y is the ensemble average of
the state v;, whose dynamics is governed by a linear operator W(u}) = 1u., then the mean of
Kalman’s analysis state is given by (30) and the true state by (42). Then,

Eiv1 = |pigr — virll = (1 = Kipan H)P (i — vi) + Ko (Yir1 — Hopr)|| < & + [ Kipan]|.
]
The discrete time Gronwall lemma yields (51), which proves consistency.

4.3. Impact of data on resource-constrained model selection. In the presence of data,
the sampling error £%™ and the model error £™P, first introduced in subsection 3.1, are
modified by the coefficient I —K;11H. Let « ~ I —K;11H and § ~ K;41 such that a+HB = I.
Then the error model (10) is replaced with

(52) E(TF, Nly) = (acy + Be3)/VN + acy|¥ — UF|,

where ¢3 ~ T, and the errors £™ and £9%' are omitted because they do not contribute to
the model selection process. Since a < I, the availability of data always weakens the impact
of model discrepancy, i.e., the effect of choosing a low-fidelity model. Furthermore, smaller
measurement noise (variance) translates into smaller eigenvalues of v, which suggests both that
better data have higher impact on model selection and that the model fidelity is less important
when data quality is higher. These intuitive findings demonstrate the self-consistency of our
analysis.

At every time step, the computational cost of EnKF in Algorithm 1 comprises the predic-
tion and analysis steps. The cost of the prediction step equals the total runtime of N forward
solves and is given by (12). The analysis step is executed when data are available; we assume
that its runtime and cost are much smaller than those of a forward model solve. Furthermore,
we assume the proportionality constant cg to be the same for all models; the case of ¢k varying
with the model fidelity (k = h and 1) is treated in Appendix A. Neglecting the cost of the
analysis step, the overall cost of EnKF is given by (12).

Theorem 6. For the simulation error € in (52) and the simulation cost C in (12), and
given a fized computational cost Cqy allocated for simulations, the optimal model and number
of its realizations satisfy

) 2/3 i 2/3
(53) N :<CICO +/BC3CO> ’ |‘I/_\Ily|_co<c1co +5C3CO> .

2coco a 2¢pco  Cp \ 2002 a2cpco
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Proof. In the presence of data, the cost function in (19) is modified as
(54) L(N,TF \) = E(TF N) + A[C(T*, N) - Cy).

For £ and C in (52) and (12), setting to 0 the derivatives of £ with respect to N, | — ¥F|,
and A yields the minimization point (53). [ |

The result in (54) has the following implication for the resource-constrained model selec-
tion in the presence of data. Since [/ ~ C‘i+1HT/F > 0, both the optimized number of
realizations and the allowed model discrepancy become larger. Hence, data availability argues
in favor of selecting a lower-fidelity model that allows collecting a larger number of realizations
during the allocated computing time. Furthermore, the higher the quality of data, the lower-
fidelity model can be used. That is because the higher data quality means smaller variance
I' and bigger /a. An example illustrating the impact of data quality on model selection is
provided in Appendix B.

Proposition 7. Given a fized computational resource Cy, the best model among a finite set
of multifidelity models ¥ = {W" Wh . Wlm} for assimilating sequential observational data
by EnKF is such that

(55) WL 2 argming(VF,y),  E(U,fy) = [LOATDD L o

Vo uiew a ?0\/|W—Wk]
and 1is subject to 5(‘1!;, Jy) > E(Uy, -|y).

5. Computational examples. We provide two examples that illustrate the applicability of
our model selection method. The first example deals with an ordinary differential equation, for
which a sequence of lower-fidelity models is constructed by progressively increasing the time
step used in its discretization. The second example comprises the viscous Burgers equation as
the high-fidelity model and a linear advection-diffusion equation as its low-fidelity counterpart.
In both cases, the initial conditions of high- and low-fidelity models are deterministic but
unknown.

5.1. Ordinary differential equation. Consider a system state v(t) : RT — R™ whose true
dynamics is governed by an ordinary differential equation

dv
(56) PR v(t=0)=u, te0,T],
with the deterministic constant o € Rt and initial state u € R*. Its discretized true solution is
(57) Vit1 = U e At 1> 0, vy = U,

where At denotes the discretization time step. Noisy measurements of the state v(t) are
generated with a model

(58) Yirl = Vip1 + €&,

where €; ~ N(0,02) are i.i.d. Gaussian variables.
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A sequence of multifidelity models is generated by solving (56) with the Euler method,
(59) @fﬂ = 0;(1 + aAt) + £F, vo ~ N (po, 03),

where £F ~ N(0, O’g) are i.i.d. Gaussian variables. The high-fidelity model is obtained by using
a time step Aty, and low-fidelity models are built by using larger time steps At;, (i =1,2,...)
such that At, < At;, < Aty, <---. The observation equation is described as

(60) Yit1 = Hvip1 + nit1,

where 7, ~ N (O,J%) are i.i.d. Gaussian variables. In the simulations reported below, we set
a=15 u=1, yp =0, 012)0 =1, 0727 =1, and H = 1. For simplicity, neither model error
nor data generating error is considered here, i.e., ag = 0 and 02 = 0. The sequence of time
steps is At = {0.001,0.002,0.005,0.01,0.015,0.03}, with the first number corresponding to
the high-fidelity model and the rest forming a set of the low-fidelity models.

Given the time step Aty, EnKF relies on N = {5,10,20, 50, 100, 200, 500, 1000, 2000}
realizations. The simulation is conducted up to time T = 3, with the measurements available
at times t = 0.09k, where k = 1,2,...,33. In the absence of data, (59) is used to propagate
the analyzed states without assimilation. Every data assimilation experiment is repeated 30
times, and the results are averaged in order to reduce the error arising from pseudorandom
number generator sampling.

We compute the cost C as the runtime Ty, of our EnKF algorithm for different time steps
At and sampling numbers N. The error £ is the average of the difference E between the true
value and its assimilated counterpart in the 1 norm over the whole time domain, i.e.,

1 T 1 (n)
_ N - ~(n
(61) Ethzi:Wi—Mz‘L Ne =< Mi:ﬁzvi :

For the problem under consideration, the discrepancy between the models (57) and (59) is
|U — U] = |exp(aAt) — (1 + aAt)|, and our general definitions of the cost function C(¥, N)
n (12) and the error £(¥, N) in (10) take the form

colN c

1 a
(62) C(At,N) = A (L T oAl E(ALN) = 1o+ eale Al _ (14 aAt)|.

The simulation results reported in Figure 3 reveal these definitions to be accurate, with the
exponent oy = 1 (rather than ay = 1/2 used in (10) for illustration purposes) and the
proportionality constants co =8-1077, ¢; =1, and ¢ = 2.5.

Figure 4 exhibits the observed dependence of the simulation error £ on the number of
realizations N for the fixed cost C = Cy = 1000¢q. To identify the optimal model at such cost,
we construct a set of time steps Ua; = {0.001,0.002,0.004, 0.005,0.010, 0.020,0.030)}. The
simulation cost C, i.e., the runtime T}y, is approximately the product of the total number of
time steps IV; and the number of realizations N, i.e., C = NT/At. For Cy = 9000 and T" = 3,
this yields a set of Monte Carlo realizations Uy = 3000Ux; = {3,6,12,15,30,60,90}. Note
that the latter is nearly identical to Uy = 1000je=*?* — (1 — aAt)| = {3,6,12,15,30,60, 91}
predicted by the theory (62). This indicates the correctness of our definition (62).
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Figure 3. Dependence of the simulation cost C = Trun (top row) and simulation error € = E on the number
of Monte Carlo realizations N (left column) and the time step At (right column).
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Figure 4. Dependence of the simulation error £ on the number of realizations N of multifidelity models for
the given computational cost Co = 1000co. The error bars represent the 95% confidence interval computed from

30 repeated simulations.
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As predicted by the general considerations reported in Figure 1, there is an optimal low-
fidelity model (corresponding to the time step At;, ) that has the lowest simulation error £.
This Ith model is identified by the number N’ that minimizes £(N). For the simulations
reported in Figure 4, this number is N%* = 15, which corresponds to the low-fidelity model
with At;, = 0.005.

5.2. Burgers’ equation. Consider, next, the nonlinear viscous Burgers equation

ou @ 9%u

(63) ot Vs = Vo

lz| <1, t>0,

with the viscosity coefficient v € RT and initial and boundary conditions
(64) u(z,0) = —sin(mz), u(1l,t) = u(-1,t) = 0.
This problem admits an exact analytical solution [1],
> 2
[ sinlnte = gt — m expl-r /a0y

(65)  wu(z,t) =" , g(x) = exp ( — cos T )
/ g(z —n) exp[—n?/(4vt)]dn (e 3m0)

—0o0

obtained by means of the Cole-Hopf transformation. The “true solution” is obtained by using
the Hermite quadrature to evaluate the integrals in (65).

High- and low-fidelity approximations of (65) have an uncertain initial state u(z,0) = v.
We model this state as a Gaussian random variable, v ~ A(0,1). To obtain a high-fidelity
model, we rewrite (63) in the conservative form,

ou  Of(u) 0%u u?

and approximate it by using an explicit scheme in time and the central-difference scheme in
space,

At AN

1

67) =g = SO () f ()] S (i — 20 ) 4 €

where uj = u(xj,ty) and the random noise {" represents the temporally fluctuating model
€rror.

A low-fidelity model is a linearized version of the Burgers equation (63),

2
Ou | o 2u 0 z[ <1, ¢>0,

subject to the same initial and boundary conditions (64). The constant advection velocity u*

is set to Uayg. The same numerical discretization yields

vAt
Ax?

At

(69) u}”l =ul — u*ﬂ (uffy —ufy) +

j-1 (W1 = 2uf +uj_y) + €.
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If the grid functions are organized as vectors, then (69) takes the form

(70) u"t = Qu" + £,
where u” = (uf,uf, ... ,’U,Z')T, & = (&1, ...,fg)—r ~ N(0,X) is an i.i.d. Gaussian vector
with components ¥;; = 34;;, and
1 2UAL u* At n VAt 0 uw*At n VAt
Az? 20z Az? 20z Azx?
uw*At n VAt 2vAL 0 0
Q= 20 Azx? Az?
u*At. VAt . u*At . VAt éuAt
- +— 0 . T
20z Az? 20z Az? Az? pXp

The linear observation operator H and observation noise n are used to generate data y in
accordance with

(71) yn+1 — Hun—i—l + ,r]n‘

Here, y" = (v, 9%, ...,ym) ", 0™ = (0%, ...,n%) " ~ N(0,T) is an i.i.d. Gaussian vector
with components I';; = I'd;;, and

]
o O
o O
o o

10

0 0
H=

00 ... 00 ... 10 mxp

In the simulations reported below, the multifidelity models (67) and (70) are solved on the
space-time domain z x ¢t € [—1,1] x [0,3/], discretized with Az = 2/121 and At = 0.03/.
The parameters are set to u* = uayg = 0, ¥ = 0.01/m, ¥ = 0.01, and I" = 0.05. The number of
observation points is m = 20; these are equally spaced on the interval [—1, 1] and are available
at every time step. We define the cost function C as the runtime of the forecast equation
solved N = {20, 35, 50, 75, 100, 200, 350, 500, 750, 1000, 1500, 2000, 5000} times (realizations),
and the simulation error £ as the spatial average of the distance (under ¢; norm) between the
assimilated result and the truth at the last time step. This numerical experiment is repeated
30 times, and the results are averaged in order to reduce the error arising from pseudorandom
number generator sampling.

Figure 5 reveals that when the number of realizations In N 2 8, the error of the high-fidelity
model (67) is smaller than that of its low-fidelity counterpart (70) at the same computational
cost. This result is to be expected, since the model fidelity dominates the simulation error
when the number of samples is sufficiently large, in accordance with Theorem 4. On the other
hand, when the number of realizations is relatively small (In N < 3), the error of high-fidelity
model (67) exceeds that of its low-fidelity counterpart (70) at the same computational cost.
Therefore, as the fixed computational cost Cy increases, first the low-fidelity model outperforms
its high-fidelity counterpart, and then the relative performance of these two models switches.
This is consistent with the general analysis in Figure 2.
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Figure 5. Dependence of the simulation error € (left axis and blue curves) and simulation cost C (right
azis and red curves) on the number of realizations of the multifidelity models (67) and (70). The dashed and
solid lines represent the high- and low-fidelity models, respectively.

6. Summary. We developed a general framework for analysis of the impact of data assimi-
lation on cost-constrained model selection. The framework relies on the definitions of cost and
accuracy functions in the context of data assimilation for multifidelity models with uncertain
(random) coefficients, and contains an estimate of error bounds for a system’s state predic-
tion obtained by assimilating data into a model via EnKF. This estimate is given in terms
of model error, sampling error, and data error. We provided two examples that illustrate the
applicability of our model selection method. The first example deals with an ordinary differ-
ential equation, for which a sequence of lower-fidelity models is constructed by progressively
increasing the time step used in its discretization. The second example comprises the viscous
Burgers equation as the high-fidelity model and a linear advection-diffusion equation as its
low-fidelity counterpart.

Our analysis leads to the following major conclusions.

e Our definitions of the computational cost (C) and accuracy (expressed in terms of
corresponding error &) of sampling-based (e.g., Monte Carlo) solutions of multifidelity
models require an assumption on the functional dependence of C and £ on the number
of Monte Carlo realizations, N.

e The two examples considered confirm the validity of the assumed functional forms
C=C(N)and &=E(N).

e When N is small, the sampling error dominates the simulation error £, and, hence,
the lower-fidelity model gives more accurate predictions than its higher-fidelity coun-
terpart.

e As N becomes sufficiently large, the model error dominates the simulation error &,
which argues for the use of the higher-fidelity model.

e In the cost-constrained model selection, the computation cost C* is fixed so that the
number of Monte Carlo realizations is determined by inverting the function C = C(N).

e The availability of data, assimilated by means of EnKF, always weakens the impact
of model discrepancy, i.e., the effect of choosing a low-fidelity model.
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e Data availability argues in favor of selecting a lower-fidelity model that allows collecting
a larger number of realizations during the allocated computing time. The higher the
quality of data, the lower-fidelity model can be used.

Several questions remain open and will be investigated in follow-up studies. These include
the impact of data assimilation techniques other than EnKF (e.g., particle filter and smooth-
ing problem) on the cost-accuracy tradeoff for multifidelity models, and integration of data
assimilation methods into multifidelity simulations (e.g., in the context of multilevel Monte
Carlo).

Appendix A. General cost and accuracy functions.

In general, the constants of proportionality cf, c§, and c& in the error models (8) and (12)
vary between multifidelity models, i.e., with k. This dependence stems from multiple sources,
including the model type denoted by a categorical variable sy (e.g., si € {interpolation, regres-
sion, simplified-physics, projection}); the number of parameters, Np,,, that quantifies model
complexity; and the number of degrees of freedom in a model, Nqee, as quantified by, e.g., a
mesh size Ay, (small Ay results in large Ngeg and vice versa). Hence, = ci(sg, lear, N(’feg)
fori=1,2,3and k=h, L.

As an example, we consider a set of models that differ only in their degrees of complexity
(N{far), i.e., come from the same class s and have the same number of degrees of freedom
Ngeg- A higher model complexity has been found to reduce the model’s generality and, hence,
its prediction accuracy [12]. (As a caveat, we note that this finding is based on polynomial
approximations and seems to contradict recent studies that use “deep learning” or neural-
network approximations.) In our context, this observation is codified in the monotonically
increasing dependence c§ = cz(NIfar). It is also reasonable to surmise that model complexity

affects the simulation cost, so that cf = CO(N{far) is an increasing function. The remaining
proportionality constant is kept unchanged between the models, c’f = ¢1, because model
complexity is not expected to affect the sampling error £5™. With these assumptions about

model complexity, the cost and accuracy functions (12) and (10) take the form
(72)

N €1
C(\IlkaN):CO (N]far> W? g(qjka):ﬁ"i_CQ (N[]far) ‘\P_\I/klv k=h,l

A higher model fidelity typically requires a larger Ngar and a smaller |U — U¥|. Hence,
the term co (Ngfar)|\11 — U¥| suggests that an optimal prediction accuracy, smallest £(U*, N),
is obtained by setting a reasonable Né“ar, which is consistent with previous findings [12].

Furthermore, the simulation error £ depends on model fidelity and the simulation cost Cy as

€0 (Ngar) 1

Co  /|¥ — Uk|
With the parameters ¢y and ¢y depending on model complexity, we use the results of section 3
to select a model. According to Proposition 2, the best model is such that

(73) E(TF,Cp) = + e (Ngar) W — Uk, k=h,L

(74) Wb 2 argmin £(¥F, ), k=h,l
Pk
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Figure 6. Dependence of the simulation error £ on the simulation cost Co with different model complexity
N,?M = 3, N,l,}" = 2, N},";T = 1. The proportionality constants are set to ¢c; = 15, ck = & = VNE,. and
[Wl2 — | =8, U — U] = 4.3, |U" — U| = 3 for illustration purposes.

Figure 6 shows this dependence for cp = ¢z = (N{far)l/ 2 under different allocations of simula-
tion cost. The values C; and Co are turning points for the process of model selection: U2 has
the lowest prediction error when Cy < Ci; as the allocated cost increases, W' is the optimal

model when C; < Cy < Ca, and ¥ is the best candidate when Coy > Co.

Appendix B. Impact of data quality on model selection.

Suppose that at a certain time t;, the system is sampled M times giving a data set
{Yi1,...,yim}. The data are unbiased and, accounting for measurement error, treated as
ii.d. Gaussian random variables, y;m ~ N (;,T'), where g; = h(v;) in accordance with (3).
Then the sample mean and variance obey the strong law of large numbers:

—00

1 & r
(75) Gi=r > Yim Oy =75 P [Npm 9i = h(vz-)] =1,
m=1

i.e., the quality of data g; increases with M, so that the measurements provide very precise
information about the true states at time ¢;. In the analysis step in Algorithm 1, we replace
the observation y;11 with the average ¢;11; then the random data sample (33) is expressed as

(76) yz(ﬂ = Jit1 + ﬁz(i)l where 71 ~ N(0,T'/M).
The Kalman gain in (34) turns into

. T . T -1
(77) Kiy1 = Ci H (HC’iHH + F/M> :
which yields

N -1
(78) [— KiH = <HC7;+1HT + P/M) .

I
M
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o (

As the number of measurements M increases, 3/a ~ MC; 1 H" /T increases. According

53), larger values of M and, hence, higher data quality weaken the impact of model fidelity

on the model selection.
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