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Abstract
Although some of the cardiovascular responses to changes in hematocrit (Hct) are not fully quantiﬁed experimentally, available
information is sufﬁcient to build a mathematical model of the consequences of treating anemia by introducing RBCs into the circulation via blood transfusion. We present such a model, which describes how the treatment of normovolemic anemia with blood
transfusion impacts oxygen (O2) delivery (DO2, the product of blood O2 content and arterial blood ﬂow) by the microcirculation.
Our analysis accounts for the differential response of the endothelium to the wall shear stress (WSS) stimulus, changes in nitric
oxide (NO) production due to modiﬁcation of blood viscosity caused by alterations of both hematocrit (Hct) and cell free layer
thickness, as well as for their combined effects on microvascular blood ﬂow and DO2. Our model shows that transfusions of 1and 2-unit of blood have a minimal effect on DO2 if the microcirculation is unresponsive to the WSS stimulus for NO production
that causes vasodilatation increasing blood ﬂow and DO2. Conversely, in a fully WSS responsive organism, blood transfusion signiﬁcantly enhances blood ﬂow and DO2, because increased viscosity stimulates endothelial NO production causing vasodilatation. This ﬁnding suggests that evaluation of a patients’ pretransfusion endothelial WSS responsiveness should be beneﬁcial in
determining the optimal transfusion requirements for treating patients with anemia.
NEW & NOTEWORTHY Transfusion of 1 or 2 units of blood accounts for about 3/4 of the world blood consumption of 119 million
units per year, whereas a current world demand deﬁcit is on the order of 100 million units. Therefore, factors supporting the
practice of transfusing 1 unit instead of 2 are of interest, given their potential to expand the number of interventions without
increasing blood availability. Our mathematical model provides a physiological support for this practice.
blood transfusion; endothelial response; mathematical model

INTRODUCTION
Blood transfusion is widely used to restore/increase oxygen (O2) delivery (DO2). The latter is directly proportional to
the product of blood ﬂow, i.e., cardiac output and blood hemoglobin (Hb) concentration (1). Addition of red blood cells
(RBCs), i.e., increase in hematocrit (Hct), has two countervailing effects on DO2. On one hand, it increases Hb concentration and the capacity to transport O2. On the other, it
increases blood viscosity and, according to purely hydraulic
considerations of ﬂow regulation, decreases cardiac output
and the capacity to deliver O2. This suggests that, for blood
transfusion to be effective, changes in Hct must induce signiﬁcant additional effects, independent of the change in O2
carrying capacity.
An indication of the existence of such effects was ﬁrst
reported by Martini et al. (2). They showed that, in awake
hamsters, the small isovolemic increase of Hct by the
exchange-transfusion of packed RBCs (pRBCs) caused a
decrease of systemic blood pressure (MAP). As Hct continued to increase, the initial decline of MAP reversed itself

after a 10% increase over normal. This change was accompanied by a signiﬁcant increase in cardiac output, which
reversed in synchrony with the changes of MAP as Hct was
increased further. Martini et al. (2) attributed these phenomena to changes in the production of endothelial nitric oxide
(NO) synthase (eNOS), since the same experiments carried
out in nitro-L-arginine methyl ester (L-NAME)-treated hamsters and eNOS-knockout mice, both of which do not produce NO via eNOS, showed neither decrease in MAP nor
increase in cardiac output.
The regulation of microvessel diameter by NO bioavailability at the endothelial level results from the balance
between two countervailing factors. The increase of shear
stress on the endothelial surface, induced by increased blood
ﬂow and/or blood viscosity, causes endothelial NO concentration to increase. This phenomenon is counteracted by the
increase in NO scavenging due to the increase in Hb concentration. In this context, Hct plays a dual role, as a viscogenic
element in regulating blood viscosity and endothelial wall
shear stress (WSS), and simultaneously as an NO sink. To
complicate matters further, the effective distance between
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to the case where the patient blood volume is stable, and presumed normal, and Hct is increased by transfusion of
pRBCs. Our model explicitly accounts for the response of
blood vessel diameter to changes in the WSS induced by
changing Hct and, therefore, blood viscosity. It calculates
the WSS for each Hct induced by the transfusion of pRBCs
after blood volume returns to the pretransfusion value. The
resulting WSS, in turn, induces a diameter response due to
mechano-transduction in the endothelium that changes its
rate of NO production thus affecting smooth muscle tension
and the arteriolar vessel diameter, blood ﬂow, and DO2.

METHODS

Figure 1. Cross section of an arteriole. A version of the Krogh tissue cylinder model, used in our analysis, consists of RBC-rich core, RBC-free
plasma layer, glycocalyx, endothelium, vascular wall, and parenchymal tissue adjacent to the vessel wall. RBC, red blood cells.

RBCs and the endothelial surface, termed the “plasma layer,”
varies with Hct, vessel diameter, extent of the glycocalyx,
and blood vessel ﬂow. This effective distance is also a factor
affecting NO bioavailability to smooth muscle.
Although some of the cardiovascular responses to changes
in Hct are not fully quantiﬁed experimentally, available information is sufﬁcient to build a mathematical model of the
consequences of treating anemia by introducing RBCs into
the circulation via blood transfusion. Such an analysis serves
to identify variables that may be manipulated to increase the
rate of DO2 to the tissues, independently of changing blood
O2 carrying capacity. Our predictive model of DO2 in anemia
describes the interaction between the mechanistic effects
and vascular responses. The former are caused by modiﬁcation in blood-ﬂow properties due to the changes in blood O2
carrying capacity, whereas the latter stem from alteration in
the related vascular NO bioavailability.
Our modeling study strives to elucidate how the treatment
of normovolemic anemia with blood transfusion impacts
DO2 by the microcirculation. In other words, it is applicable

We adapt the modiﬁed Krogh tissue model of an arteriole
(3) to represent the vessel tissue using several layers (Fig. 1).
These layers comprise an RBC-rich core, RBC-free plasma
layer, glycocalyx, endothelium, vascular wall, and parenchymal tissue adjacent to the vessel wall. The radius of each part
is shown in Table 1.
The following physiological assumptions underpin our
model development:
1) Transport phenomena are one-dimensional (in the radial direction) and in steady-state conditions (3).
2) Blood is treated as a single-phase immiscible, incompressible Newtonian ﬂuid (4).
3) The rate of NO scavenging by RBCs increases linearly
with Hct (3, 4, 5, 6).
4) Each individual layer is homogeneous and isotropic
(7).
5) Dependence of plasma layer thickness on discharge hematocrit Hd is described by a quadratic polynomial (7).
6) Blood-vessel diameter changes in response to vasodilation are induced by changes in NO availability (8).
7) Pressure gradient in arterioles is constant (9).
8) NO production rate in the endothelium is dependent
on WSS (10).
9) O2 availability in the RBC core increases linearly with
Hct (3).
10) Diffusion coefﬁcients of NO and O2 in the solid layers
are half of those in the liquid layers (11, 12).
11) Blood viscosity is a parameter described by a quadratic
function of Hct (1).

Table 1. Model parameters
Parameter

Symbol

Value

Reference(s)

Solubility of O2
Diffusivity of O2 in ﬂuid layers
Diffusivity of NO in ﬂuid layers
Diffusivity of O2 in solid layers
Diffusivity of NO in solid layers
Maximum O2 consumption rate in parenchymal tissue
Maximum O2 consumption rate in vascular wall
Scavenging rare of NO in blood at 45% Hct
Rate of consumption of NO in tissue
Michaelis-Menten constant for NO in endothelium
Initial arteriole radius before blood transfusion
Endothelial thickness
Glycocalyx thickness
Vascular wall thickness
Parenchymal tissue thickness

A
DO2
DNO
DO2
DNO
RO2,max
RO2,max
kb
kt
KM
R
ren – rg
rg – ra
rw – ren
rt – rw

1.34 mM/Torr
2,800 mm2/s
3,300 mm2/s
1,400 mm2/s
1,650 mm2/s
6 mM/s
1 mM/s
382.5 s1
1 s1
4.7
20 mm
1 mm
0.251 mm
9 mm
80 mm

3, 15
3, 15
3, 15
3, 11
3, 11
16
4
3, 15
3, 15
17
3, 15
15
15
15
3
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Due to the effect ﬁrst proposed by Khayutin et al. (13), we
postulate that these changes occur while MAP remains constant. We assume it to be so throughout the whole range of
Hct changes, a simpliﬁcation justiﬁed by the study of
Martini et al. (2), which showed that in hamsters undergoing
isovolemic Hct changes in the range proposed by the present
model the range of MAP changes was ±10%. We also assume
blood volume to remain constant, and changes in the relative volumes of RBCs and plasma to be adjusted so that this
condition is satisﬁed for each Hct analyzed. These assumptions imply that our model of the effects of Hct changes on
DO2 is applicable to conditions of stable normovolemic anemia. The baseline state is a normal human, characterized by
cardiac output of 5 L/min, MAP of 120/80 mmHg, Hct = 45%,
and blood viscosity of 5.0 cP.
The relation between WSS and vessel wall NO concentration and vessel diameter was reported in Sriram et al. (10),
where plasma viscosity was varied and different Hct levels
were induced by isovolemic hemodilution in the awake
hamster window preparation. The resulting blood and
plasma viscosities were measured in blood samples, and
blood ﬂow velocity and diameter changes of arterioles were
measured in vivo. The NO concentrations in the arteriolar
walls were measured by an amperometric technique using
naﬁon-coated carbon electrodes (14). We assume that the
similarity of the principal microhemodynamic parameters
(e.g., capillary and RBC dimensions, capillary Hct, ﬂow
velocities, and blood O2 carrying capacity, etc.) between
mammalian species leads to the similarity of general biochemical phenomena between mammalian species.
Our model accounts for the physiological and biochemical
processes collated in Fig. 2 (a mathematical representation
of these phenomena is given in the Appendix). It predicts
concentration of NO and partial pressure of O2 in a region
where NO is scavenged by RBCs, produced by the endothelium, and consumed in the vascular wall and the parenchymal tissue. Since the plasma layer thickness depends on Hct,
the NO production rate is controlled by WSS. Therefore,
these effects are coupled and constrained by mass conservation across the interfaces between adjacent layers. The
model comprises a system of 12 equations for 12 unknowns,
yielding the NO concentration and PO2, from the center of
the blood vessel to the tissue outer boundary at radius
around 110 mm. The model was solved for the full range of
endothelial responses, ranging from the complete lack of
response to shear stress stimulation due to blood viscosity
increase (0%) to the full response, i.e., maximal or 100% production of NO. Values of the parameters used in our simulation are presented in Table 1.

RESULTS
We use our model to explore the effects of blood transfusion on DO2 in anemia by simulating a series of Hct states,
from 10% to 50%, and then transfusing 0, 0.0625, 0.125, 0.25,
0.5, 1 and 2 units of pRBCs.1 The principal ﬁndings of this

Figure 2. The physiological and biochemical processes accounted for by
our model. The notations for each variable and the associated equations
are also included.

study are summarized in Fig. 3. It shows that the increase of
DO2 due to transfusion of up to 2 units of blood is comparatively small for an inert (constant blood vessel diameter) circulation characterized by endothelial dysfunction. Most
experimental data on hemodilution and hemoconcentration
show that MAP remains approximately constant following
Hct changes (9). Therefore, in the inert circulation, changes
in DO2 are caused by changes in ﬂow due to changes in blood
viscosity (1). Figure 3 highlights the importance of vasoactivity, in which the blood vessel diameter responds to changes
in blood ﬂow. In our model, the normalcy or health condition of the endothelium manifests itself via the sensitivity of
the endothelial NO production to WSS changes. This sensitivity may be impaired due to injury and disease conditions
or altered by the introduction of pharmacological agents
such as sildenaﬁl citrate and L-NAME.
Different levels of anemia in Fig. 3, simulated by lowering
Hct while maintaining constant MAP, are in the qualitative
agreement with the observations of Messmer et al. (9).2 We
used our model to predict the effect of blood transfusion on
DO2 for varying degrees of anemia at constant blood volume,
i.e., for transfusion of 0.0625 to 2.0 units of blood. Figure 4
depicts our predictions of ﬂow changes in a circulatory system that either fully responds or does not respond to the
WSS vasodilator stimulus. It reveals that, if the endothelium
is not responsive, treating patient with anemia with a 2-unit
transfusion (the most frequently used transfusion quantity)
would reduce ﬂow relative to its level without transfusion,
regardless of the state of anemia. This ﬁgure also illustrates
the highly nonlinear effects of blood transfusion: the comparatively large changes in DO2 are obtained with the initial
introduction of 1/16 to 1/4 units of blood.
This ﬁnding stems from the fact that transfusion always
increases blood viscosity and, therefore, the resistance to
ﬂow. For the fully responsive endothelium, the WSS-induced

1

Throughout this presentation, a unit of blood (or pRBCs) has a volume of 300 mL and 65% Hct.
This comprehensive study was conducted in anesthetized dogs to obtain a DO2 vs. Hct response curve that is virtually identical to its counterpart
in Fig. 3. A principal difference is that our maximal DO2 for a person normally occurs at Hct 25%, whereas experiments in anesthetized dogs showed
a maximal DO2 at 30% Hct.
2
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Figure 3. A: hematocrit before and after transfusion of n = 0, 0.0625, 0.125, 0.25, 0.5, 1 and 2 units of pRBCs in anemic individuals whose Hct ranges from
10% to 50%; the posttransfusion Hct is evaluated by Eq. 11. B and C: ﬂow and DO2 in a person with either responsive (R) or nonresponsive (NR) vasculature,
after 2-unit transfusion. If the endothelium is not responsive, 2-unit transfusion always lowers ﬂow rate and leads to the relatively small increase of DO2,
reaching its maximum at Hct 25%. In the responsive vasculature, the change of Hct increases WSS and the production of the vasodilator NO, overwhelming
the negative effect of increased viscosity. In these graphs, the values of Hct, ﬂow, and DO2 are those given by the top color line limit of each condition, i.e.,
if Hct before transfusion is 30% it remains at 30% after the transfusion of zero units and rises to 34% after the transfusion of n = 2 units of blood. Similarly,
blood in the responsive vasculature is 102 L/min when Hct is 10% and 0 units are transfused, and becomes 14  103 L/min when Hct is 10% and 2 units
are transfused. DO2, oxygen delivery; Hct, hematocrit; pRBCs, packed red blood cells; RBC, red blood cell; WSS, wall shear stress.

vessel dilatation increases ﬂow rates as Hct increases, since
the resistance to ﬂow decreases in proportion to the fourth
power of the change of vessel diameter. Oxygen delivery for
each of these cases is shown in Fig. 5. For the nonresponsive
endothelium, DO2 increase of 29%, relative to no transfusion, is obtained only when two units are transfused to correct an RBC loss of around 80%. At this low Hct, DO2 falls
below normal only when Hct < 14%.3
These results suggest that, for levels of endothelial responsiveness ranging from zero to full, the organism at rest
receives sufﬁcient O2 down to Hct levels that are signiﬁcantly lower than those indicated by the commonly used
transfusion trigger of 50% Hb deﬁciency.4 This ﬁnding is in
part supported by the commonly accepted observation that
the O2 supply-and-demand relation according to which the
circulatory O2 delivery is 2/3 in excess of the metabolic
demand of the organism at rest (18).
Figure 6 provides another illustration of how the endothelium’s physiological condition affects changes in DO2 due to
the transfusion of 1 or 2 units of pRBC in a 50% anemic subject. It provides an explanation of the general practice to
transfuse 2 units of blood when Hct falls to 50% of normal, a
common “transfusion trigger.” Transfusing 1 unit of pRBCs
would only be effective in restoring DO2 if 80% of the endothelium were fully responsive to the induced stimulus. This
information is usually unavailable at the time of transfusion.
Figure 6 also explains why transfusion of 2 units of pRBCs is
normally used in patients with disease, trauma, or surgical

blood loss, when blood Hb reaches 50% of normal. Such
patients would be at risk of ischemia in critical organs if their
endothelial responsiveness were impaired, a condition that
is seldom known.

DISCUSSION
The consequences of using super plasma expanders,
depicted in Fig. 6, point to potential strategies for enhancing the effectiveness of blood transfusion, while improving
outcome and decreasing blood usage. This possibility
arises because increase in the NO production, leading to
vasodilatation and increased blood ﬂow, can be signiﬁcantly enhanced by increasing WSS. This can be achieved
by increasing the viscosity of blood plasma, which would
signiﬁcantly increase the viscosity of blood in the capillary
system that has the largest endothelial surface in the circulation. This effect is not attainable by increasing blood
viscosity through increasing systemic Hct, which principally affects central blood viscosity and only minimally
affects capillary Hct. That is because blood Hct progressively decreases from its central systemic value to half of
this value in the capillary circulation (19). According to Eq.
12, changes in blood viscosity due to changes in central
Hct are minimal in the capillaries, since capillary Hct is
1/3 of central Hct (18). The area of active endothelium
differs by a factor of 100 between capillary and central
circulation. Consequently, the Hct-dependent blood viscosity

3

These extreme conditions are somewhat mitigated because plasma carries some oxygen in solution, to the extent that at normal Hct RBCs carry
98% of O2, and plasma carries the remainder 2%, which becomes about 4% for ultralow Hct conditions.
4
Following Zimmerman et al. (1), we use the expression Hct = 0.45·(1  Hbdef) to relate Hct to Hbdef = Hb deﬁciency (RBC loss). Here, 0.45 refers to
the “normal” Hct level of 45%.
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Figure 4. Flow in responsive and nonresponsive vasculature before and after transfusion, as Hct varies
from 10% to 50% when transfusing 0.0625, 0.125,
0.25, 0.5 1.0 and 2.0 units of pRBCs. In nonresponsive
vasculature, transfusing an anemic patient lowers
ﬂow, regardless of the state of anemia. Conversely,
transfusion always increases ﬂow in patients with a
WSS-responsive vasculature. Hct, hematocrit; pRBCs,
packed red blood cells; RBC, red blood cell; WSS, wall
shear stress.

effects on endothelial function are minimal in the central
circulation, wherein the NO producing endothelium surface area is smallest, and maximal in the capillaries
whose endothelial surface is 100 times that of the central circulation.
Our model supports this experimentally observed effect.
The crosshatched region in Fig. 6 represents DO2 that could
be achieved by the hypothetical expansion of the vasodilator
response by 50% in addition to the maximal 100% obtained
solely from blood transfusion. This approach would increase
the efﬁcacy of transfusing either 1 or 2 units of blood, producing signiﬁcant increases in DO2 without transfusing
blood. The beneﬁcial effect of increasing plasma viscosity on
increasing DO2 in anemia is also evidenced in the experiments of Messmer et al. (9).
Our model predicts how Hct changes due to blood loss
or transfusion would alter the blood ﬂow properties.
These alterations are signiﬁcant because blood viscosity,

although a direct function of plasma viscosity, is a quadratic function of Hct (1). Although these changes are generally recognized, they are not taken into consideration
when assessing the number of blood units needed to
restore DO2 after blood loss. Instead, the decision-making
process in such an intervention is based on measurements of either blood Hct, Hb content, or extracorporeal
PO2, rather than on determination of the speciﬁc DO2 deﬁcit. That is because the determination of DO2 requires an
additional measurement of cardiac output. This complex
and hitherto invasive procedure can currently be done by
noninvasive ultrasound. However, for such measurements
to be meaningful, they would have to be done before and
after the procedure, requiring two interventions.
Our ﬁndings suggest that treatment of oxygenation
deﬁciency should directly address its objective, focusing
on the rate of DO2 rather than on O2 transport capacity
without the simultaneous consideration of transport

Figure 5. Oxygen delivery in responsive and nonresponsive vasculature before and after transfusion, as
Hct varies from 10% to 50% when transfusing
0.0625, 0.125, 0.25, 0.5 1.0 and 2.0 units of pRBCs. If
the endothelium is not responsive, an increase of
about 29% in DO2 is obtained only when 2 units are
transfused to correct an RBC loss of around 80%. On
the contrary, for a fully responsive endothelium, DO2
doubles relative to normal. DO2, oxygen delivery;
Hct, hematocrit; pRBCs, packed red blood cells; RBC,
red blood cell.
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Figure 6. Increase of DO2 after transfusion in 50% Hb deﬁcit condition as
a function of vasodilation response to WSS. The 70% DO2 augmentation
relative to normal condition requires transfusion of 1 unit of pRBCs if the
endothelium is 100% responsive to mechanical stimulation, and of 2 units
of pRBCs if the endothelium is at least of 75% responsive. The shadowed
part of the graph corresponds to the level of DO2 augmentation attained
using 1 or 2 units of pRBCs in combination with the infusion of ﬂuids with
“super plasma expansion capacity,” yielding a 95% DO2 augmentation
when using 1 unit of pRBCs, and a 120% DO2 augmentation when using 2
units of pRBC. DO2, oxygen delivery; Hb, blood hemoglobin; pRBCs,
packed red blood cells; WSS, wall shear stress.

rates per se. With exception of encapsulated Hb suspensions (20), all molecular Hb solutions proposed as blood
substitutes are vasoactive due to NO scavenging, causing
various degrees of vasoconstriction. Notable exceptions
are PEG-Hb (14) and polymerized Hbs (21). These large
macromolecules scavenge NO, but also produce it by
increasing endothelial shear stress as a consequence of
increasing plasma viscosity due to their molecular conﬁguration (22).
Another intriguing intervention strategy stems from the
observation that the NO concentration at the wall is not limited by the endothelial NO production capacity. Instead, it
can be introduced using NO carriers, e.g., nano-particles currently being developed (23). Hence, management of blood
ﬂow velocity by the NO system can signiﬁcantly inﬂuence
DO2 and a method for routine evaluation of NO endothelial
responsiveness would be useful in lowering the quantity of
transfused blood.

Conclusions
We explored analytically the effect of blood transfusion
on O2 delivery in an anemic subject. We found that outcome varies signiﬁcantly, depending on the ability of the
endothelium to respond to the vasodilatation stimulus
arising from the changes in NO production, which overcomes the increased ﬂow hindrance due to increased
blood viscosity which increases Hct. Lacking the endothelial NO as stimulus, blood transfusion has small effects
and may lower DO2, since the increased Hct increases
blood viscosity. Our ﬁndings also suggest shifting the
focus of blood transfusion, from that of maintaining O2
1820

carrying capacity, to the restoration of O2 delivery, which
is directly related to survival.
We illustrate the fundamental role of the endothelial
function in regulating arteriolar diameter in maintaining
DO2 in conditions of blood loss. Our study addressed the
effect of NO mechano-transduction in the control of arteriolar vessel diameter, assuming that it is either whole
(i.e., maximal, and commensurate to that of a healthy
normal individual), intermediate down to nonexistent
due to injury or disease. The NO concentration at the wall
is not limited by the endothelial NO production capacity,
since NO can be introduced using NO carriers, particularly nano-particles currently being developed (23), and
potentially presently available and usable high viscosity
plasma expanders (24). Hence, management of blood ﬂow
velocity by the NO system with existing plasma expanders can signiﬁcantly inﬂuence DO2. Furthermore, the
extent of the variability of endothelial responsiveness to
biomechanical stimulation is not known. Therefore, a
method for routine evaluation of NO endothelial responsiveness would be useful in lowering the quantity of
transfused blood.
Although there are signiﬁcant differences between circulatory DO2 associated with an endothelium that is either
fully responsive or nonresponsive to WSS changes, this is a
characteristic mostly prevalent in young, healthy individuals whose hemoglobin deﬁcits might be most frequently
due to accidental injuries, rather than systemic disease
and age. Most persons exhibit some degree of endothelial
impairment; determination of its extent in an individual
remains an unrecognized challenge in deciding whether
and how much to transfuse in individuals with obvious
blood loss.
To date, there is no clear information on the relation
between changes in Hct, blood ﬂow, and DO2 before and
after transfusion. This type of data, coupled with a quantitative evaluation of endothelial function in individuals
presumed to require blood transfusion, has the potential
to signiﬁcantly reduce the number of blood units used. In
this context, we note the existence of multiple methods to
evaluate endothelia-dependent changes in regional ultrasound blood ﬂow measurement in response to pharmacological interventions (25). They, however, are mostly
applied as cardiac perfusion diagnostic, primarily in
research settings, and not as a tool for evaluation of tissue
perfusion as a function of blood rheological properties
related to blood transfusion. Speciﬁc development of this
methodology for evaluating endothelial responsiveness to
blood viscosity changes could produce highly positive outcomes given the risks associated with transfusion (26), and
the health and longevity issues related with the number of
units transfused (27, 28).
Transfusion of 1 or 2 units of blood may account for as
much as ¾ of the world blood consumption of 119 million
units per year (29), whereas there is a current world demand
deﬁcit on the order of 100 million units when medicine is
practiced according to current standards (30). Therefore, factors that support shifting the practice of transfusion from 2
units to 1 unit are of interest, given their potential for
expanding the number of interventions independently of
changes in blood availability.
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APPENDIX: MATHEMATICAL MODEL OF O2
DELIVERY
Transport Equations
RBC-rich core (0  r  ra – d, where d is the plasma layer
thickness). O2 partial pressure PO2 is assumed to be constant
and NO concentration, CNO, to satisfy a steady-state reaction-diffusion equation5


DNO o
oCNO
r
ð1Þ
 kb CNO ¼ 0 ;
r or
or
where DNO is the diffusion coefﬁcient in the RBC-rich core,
kb = k0Hct/0.45 is the reaction rate constant of NO scavenging by RBCs that varies linearly with Hct (4), and k0 is the
value of kb at the reference value of Hct (45%).
Plasma layer (ra – d  r  ra) and glycocalyx (ra  r  rg,
where rg is the radial distance from the center to the outer
edge of the glycocalyx). No biochemical reactions occur in
both regions due to the absence of RBCs. Hence, the radial
variability of CNO and PO2 is described by steady-state diffusion equations


DNO o
oCNO
r
¼0
r or  or 
;
ð2Þ
aDO2 o
oPO2
r
¼0
r or
or
where a is the O2 solubility. The diffusion coefﬁcients of
both NO (DNO) and O2 (DO2) in the ﬂuid (i.e., in the RBC core
and the plasma layer) are larger than their counterparts in
the porous media [glycocalyx, endothelium, vascular wall,
and parenchymal tissue] (31). To be concrete, we assume
DNO and DO2 in the solid compartments to be half of those in
the liquid compartments (3).
Endothelium (rg  r  ren, where ren is the radial distance
from the center to the outer edge of the endothelium).
Following Refs. 3, 4, and 15, we assume the O2 consumption
rate to be twice the rate of NO production. The variability of
CNO and PO2 is described by a system of coupled steady-state
reaction-diffusion equations


DNO o
oCNO
r
þ Re ¼ 0
r or  or 
:
ð3Þ
aDO2 o
oPO2
r
 2Re ¼ 0
r or
or
The reaction rate Re follows Michaelis-Menten kinetics
(17, 32)
Re ¼

RNO PO2
PO2 þ KM

;

ð4Þ

where KM is the Michaelis-Menten constant, and RNO is the
shear-stress-dependent NO production rate (10).
Vascular wall (ren  r  rw, where rw is the radial distance
from the center to the outer edge of the vascular wall) and
parenchymal tissue (rw  r  rt, where rt is the radial distance from the center to the outer edge of the parenchymal
tissue). We assume that NO undergoes a pseudo ﬁrst-order

reaction, and O2 consumption is inhibited by NO and corresponds to Michaelis-Menten kinetics. The transport equations for CNO and PO2 are


DNO o
oCNO
r
 kt CNO ¼ 0
r or  or 
;
ð5Þ
aDO2 o
oPO2
r
 Rm ¼ 0
r or
or
where kt is the NO consumption rate by tissue; and O2 consumption rate is given by
RO2;max PO2
Rm ¼
m
PO2 þ KM
ð6Þ
C
NO
m
KM
¼1 þ
27 nM
with the maximum O2 consumption rate RO2,max being lower
in the vascular wall than in the parenchymal tissue (11).

Boundary Conditions
As CNO and PO2 are both axisymmetric about the arteriole
center r = 0, the transport equations are subject to the following boundary conditions
oCNO
ðr ¼ 0Þ ¼ 0
or
:
oPO2
ðr ¼ 0Þ ¼ 0
or

ð7Þ

Following Lamkin-Kennard et al. (15), we assume that
neither NO nor O2 can diffuse through the outer boundary of
the parenchymal tissue (r = rt), i.e., that
oCNO
ðr ¼ rt Þ ¼ 0
or
:
oPO2
ðr ¼ rt Þ ¼ 0
or

ð8Þ

Finally, mass conservation across the interfaces between
the adjacent layers implies
þ
þ
; P
¼ PO2
C
NO ¼ C
NO
O2
þ

oCNO
oCNO
DNO
¼ DNO
or 
or  ;



þ
oPO2
oPO2
DO2
¼ DO2
or
or



ð9Þ

where the superscripts 2 and 1 indicate that the corresponding quantities are computed from the left and the
right of each interface shown in Fig. 1.

Plasma Layer Thickness
The second-degree polynomial model (7)
d ¼ 2:2650Hd2  1:4377Hd þ 3:2131

ð10Þ

provides an accurate representation of the relationship
between CFL thickness d and discharge hematocrit Hd for a
wide range of microvessel radii.

Posttransfusion Hct, Blood Viscosity, and Flow Rate
The posttransfusion Hct is evaluated according to

5

The NO effects are not limited to those included in our model. An additional factor that may eventually be included is that the NO tissue concentration affects tissue O2 consumption (34).
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Hct  bv þ n  0:65  0:3
;
bv þ n  0:3

ð11Þ

3)

Set the counter to n = 0, the algorithm tolerance to ɛ =
104, and the iteration factor to k = 0.3.

where n is the units of pRBCs transfused, a unit of pRBCs
has a volume of 300 mL and 65% Hct, bv = 5 L is the patient’s
initial blood volume.
The blood viscosity is a quadratic function of Hct (1)

4)
5)

Set ra ¼ r 0 a :
ðnÞ
Solve for the NO concentration, CNO , based on new
ðnÞ
vessel radius, ra .
Compute the vessel radius that corresponds to the

Hctposttransfusion ¼

6)

ðnÞ

l ¼ 1:22 þ 0:00675  Hct  102 þ 0:00208  Hct2  104 :
ð12Þ

updated NO concentration, CNO
"
!#
ðnÞ
C
r 0 a ¼ R 1  b 1  NO
CNO0

The blood ﬂow rate is given by the Poiseuille law,
Q¼

pJra4
;
8l

ð13Þ
7)

where J is the pressure gradient.

ðnÞ

according to the ra and CNO relationship provided in
Tsai et al. (14), b is chosen to be 0.3.
If
ðnÞ

WSS-Dependent NO Production

j

The rate of NO production depends on the wall shear stress,
sa  sðra Þ ¼ Jra =2:

ﬁtted to the model’s predictions in Sriram et al. (10) with
v2 = 0.99. RNO is the NO production rate normalized by the
NO production rate at zero shear stress or 1.6158 mM/s (10).
Equation 15 is for the fully functional endothelium NO production, i.e., for fully responsive vasculature. With an
impaired endothelium (nonresponsive vasculature), the NO
production rate is zero.

8)

Once this updated vessel radius is obtained, we solve
coupled reaction–diffusion Eqs. 1–9 with a ﬁnite-difference
numerical method (3).

Oxygen Delivery to the Microcirculation
A mass balance analysis suggests that O2 delivery to the
microcirculation, DO2,mic, is the amount of oxygen per unit
time delivered by the arterioles minus the diffusional loss (1),
 ðPO2;ra d  PO2;rw Þ;

ð20Þ

where Q is the blood ﬂow rate, PO2;ra d is the O2 partial pressure in the RBC-core, and PO2;rw is the O2 partial pressure
before entering the parenchymal tissue.
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Numerical Algorithm for Calculating Posttransfusion
Vessel Radius ra
We rely on the measurements of NO concentration and
blood vessel radius (14) to calculate vessel radius in steady
state. This is done as follows:
Take J = 40,000 dyn/cm3 and ra = R = 20 μm at Hd =
0.45 as reference point; calculate the reference NO
concentration, CNO0 , at the vessel outer radius by solving Eqs. 1–9.
Calculate the posttransfusion Hct by Eq. 11 and apply
a small change to the vessel radius:
ð16Þ

Here, we set DR = 2 μm if the endothelium is fully
functioning and the blood vessel dilates, and DR = 0
μm if the vasculature is nonresponsive.
1822

Set n = n þ 1. Go to Step 4.

DO2;mic ¼ a  PO2;ra d  Q  DO2  2pR  a

The change of plasma layer thickness with changing Hct
affects both the NO diffusion ﬂux into the RBC-rich core and
NO scavenging by RBCs. These changes affect NO concentration in the vessel wall, vessel wall radius (8), and vessel
wall shear stress. The interactions of these physiological and
biochemical processes, described in Fig. 2, ultimately determine blood ﬂow.

r 0 a ¼ R þ DR:

ð18Þ

then output ra . Otherwise, modify the value of the
vessel radius according to
"
#
ðnÞ
r 0 a  ra
ðn þ 1 Þ
raðnÞ :
ra
¼ 1k
ð19Þ
ra0

Blood Vessel Vasodilation and Autoregulation

2)

r 0 a  ra
jɛ
ra0

ðnÞ

ð14Þ

This dependence is captured by Kirby et al. (33) and Sriram
et al. (10), both including a nonlinear relationship between
wall shear stress and NO production rate. To accelerate the
computations, we utilized a third-degree polynomial,
ð15Þ
RNO ¼ 0:0010sa 3  0:0374sa 2 þ 0:6089sa þ 1:000

1)

ð17Þ
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