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a b s t r a c t
Many phenomena, ranging from biology to electronics, involve ﬂow over rough or irregular
surfaces. We treat such surfaces as random ﬁelds and use an immersed boundary
method (IBM) with discrete (random) forcing to solve resulting stochastic ﬂow problems.
Our approach relies on the Uhlmann formulation of the ﬂuid-solid interaction force;
computational savings stem from the modiﬁcation of the time advancement scheme that
obviates the need to solve the Poisson equation for pressure at each sub-step. We start by
testing the proposed algorithm on two classical benchmark problems. The ﬁrst deals with
the Wannier problem of Stokesian ﬂow around a cylinder in the vicinity of a moving plate.
The second problem considers steady-state and transient ﬂows over a stationary circular
cylinder. Our simulation results show that our algorithm achieves second-order temporal
accuracy. It is faster than the original IBM, while yielding consistent estimates of such
quantities of interest as the drag and lift coeﬃcients, the length of a recirculation zone in
a cylinder’s wake, and the Strouhal number. Then we use the proposed IBM algorithm
to model ﬂow over cylinders whose surface is either (deterministically) corrugated or
(randomly) rough.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction
A plethora of natural and artiﬁcial phenomena, ranging from biology [1] and hydrogeology [2] to electronics [3], involve
ﬂow over rough or irregular surfaces. Modeling this process is complicated by both the lack of suﬃcient characterization
of surface variability and the discrepancy of scales between this variability and bulk ﬂow. The former challenge can be
addressed by treating rough surfaces as random ﬁelds [4–6], whose ensemble statistics are inferred from spatially distributed
observations by invoking ergodicity [7,8]. Numerical methods for solving the resulting problems on random simulation
domains (e.g., random domain mappings [4,5] or smoothed proﬁle methods [6]) rely on ﬁnite-term approximations (e.g.,
via the Karhunen-Loève expansion) of random surfaces. This limits the applicability of such solutions to well-correlated
surfaces, which might or might not correspond to reality.
Immersed boundary methods (IBM) [9,10] discretize a (rough) surface into a set of points that do not necessarily coincide
with the Cartesian grid, and represent the effects of this surface on the ﬂuid with an appropriate spatially distributed force.
Treating such surfaces as random ﬁelds renders this force stochastic. Since its inception, various modiﬁcations and ﬂavors
of the IBM have been proposed [11–13]. These can be subdivided into two broad categories depending on how the force
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is implemented in governing (usually, Navier-Stokes) equations. The ﬁrst category is referred to as a “continuous forcing
method” because it incorporates a forcing term into continuous governing equations, before their discretization. It is well
suited for ﬂows in domains with immersed elastic boundaries [9,12,14,15] and, consequently, is often deployed in biological
applications [16–18]. At the same time, such an approach has well-known limitations in handling rigid boundaries [11,14].
In the second class of IBM implementations, which is called a “discrete forcing method”, a discrete forcing is added, either
explicitly or implicitly, to the discretized governing equations [19–24]. Since the choice of a forcing scheme is highly dependent on the spatial discretization, its implementation is not straightforward compared to the continuous forcing method.
However, a key advantage of this approach is that the discrete forcing allows for sharp representation of an immersed
boundary.
We adopt the discrete forcing strategy and, more speciﬁcally, its implementation based on a fractional method with a
three-step Runge-Kutta scheme for time advancement [23]. The most time-consuming part of this approach is to solve, for
every sub-step, a Poisson equation for ﬂuid pressure. Our ﬁrst goal is to reduce the computational cost of this method by
designing a new time-advancement strategy that ameliorates the need to solve this equation. Then, we use this accelerated
IBM to solve ﬂow problems on random domains representing, e.g., rough solid surfaces.
In Section 2, we present a standard discrete-forcing IBM based on a fractional method with a three-step Runge-Kutta
scheme for time advancement [23]. Our approach to accelerate this method is introduced in Section 3. Section 4 illustrates
its performance on a series of numerical experiments dealing with Wannier ﬂow, ﬂows around a stationary circular cylinder
and cylinders with sinusoidal and randomly rough surfaces. Major conclusions drawn from our study are summarized in
Section 6.
2. Standard IBM implementation
We consider two-dimensional ﬂow of an incompressible ﬂuid, of density ρ and kinematic viscosity ν , past a solid body
with surface , in the ﬂow domain  ∈ R2 . At every space-time point (x, t ), velocity u(x, t ) and (normalized with ρ ) ﬂuid
pressure p (x, t ) are described by a combination of the Navier-Stokes equations

∂u
= −(u · ∇)u + ν ∇ 2 u − ∇ p + f
∂t

(1)

and a continuity equation

∇ · u = 0,

(2)

where f is a volumetric force. These equations are discretized using a staggered marker-and-cell (MAC) grid [25], so that
ﬂuid variables u(x, t ) and p (x, t ) are deﬁned at different locations. The nonlinear convective term, N (u) ≡ (u · ∇)u, is
approximated with a three-step Runge-Kutta scheme. The viscous term, L (u) ≡ ∇ 2 u, is handled with an implicit CrankNicholson scheme, which eliminates the viscous stability constraint. A conventional fractional-step method is employed for
time integration, resulting in the overall second-order temporal accuracy. All the spatial derivatives are approximated by a
second-order central ﬁnite-difference method. The time stepping from current time step un to next time step un+1 , carried
out in three sub-steps of size t each, replaces (1) with

ũn,k − un,k−1

= ν (αk + βk ) L (un,k−1 ) − γk N (un,k−1 ) − ζk N (un,k−2 )
t
ûn,k − ũn,k
= ν βk L (ûn,k − un,k−1 ) + fn,k
t
un,k − ûn,k
= − ∇φ n,k ,
t

(3a)
(3b)
(3c)

where k = 1, 2, 3 denotes the sub-step number, such that un,0 = un , un,3 = un+1 and k − 2 is ignored for k = 1;
ζk (k = 1, 2, 3) are the Runge-Kutta coeﬃcients [26],

α1 = β1 =
ζ1 = 0 ,

4
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,

ζ2 = −
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17
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;

,

γ2 =
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12

,

γ3 =

αk , βk , γk ,

3
42
(4)

ũn,k and ûn,k are the intermediate velocities, between (k − 1)th and kth sub-steps, computed with (3a) and (3b), respectively.
This implementation of the RK scheme is explicit, i.e., the advection term is treated explicitly, and the diffusion term
implicitly. Accounting for (2) at kth step, ∇ · un,k = 0 and (3c) yields an equation for φ k ,

∇ 2 φ n,k =

1

t

∇ · ûn,k .

(5)
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Fig. 1. Schematic representation of the immersed boundary method on a two-dimensional staggered Cartesian grid.

Once it is solved, ﬂow velocity un,k is obtained from (3c) and pressure pn,k is calculated with

∇φ n,k = (αk + βk )∇ pn,k − ν βk L (un,k − ûn,k ).

(6)

Equations (3)–(6) are solved on a rectangular Cartesian grid consisting of N x and N y nodes in the x and y directions,
respectively.
The IBM replaces the surface of an immersed solid body, , with appropriate momentum forces at Cartesian grid points
adjacent to . We use lower case letters to denote the variables on a Cartesian grid and corresponding upper case letters
to denote their immersed boundary counterparts. Thus, let X = {X1 , . . . , X M } denote a set of M discretization points used
to represent . Since the immersed boundary does not necessarily coincide with the Cartesian grid points (Fig. 1), an interpolation scheme is required to exchange information between the underlying Cartesian grid and the immersed boundary
points Xl . Speciﬁcally, velocity at the latter points is approximated with


Ũn,k (Xl ) =

ũn,k (x)δ(xi , j − Xl )dx ≈ h2

Ny
Nx 


ũn,k (xi , j )δh (xi , j − Xl ),

l = 1, . . . , M ,

(7)

i =1 j =1



where δh (·) is a discrete approximation (with support related to the mesh size h) of the Dirac delta function δ(·). Among
various discrete approximations [27], we chose [28]

δh (x − X) = dh (x − X )dh ( y − Y ),

(8)

since it strikes a good balance between numerical eﬃciency and smoothing properties [29]. Here dh is deﬁned by


⎧
5 − 3|r | − 1 − 3 (1 − |r |)2 , for 0.5 ≤ |r | ≤ 1.5
⎪
⎨

1
dh (r ) =
2 + 2 1 − 3|r |2 ,
for |r | ≤ 0.5
6h ⎪
⎩
otherwise,
0,

(9)

with r = (x − X )/h = ( y − Y )/h. While (8) and (9) are written in two spatial dimensions for a square grid, they can be
readily generalized for three dimensions and rectangular grids.
Forces Fl = F(Xl ) are constructed to satisfy the no-ﬂow (u · n = 0, with n denoting the unit normal vector to ) and
no-slip (u · s = 0, with s denoting the unit tangential vector to ) boundary conditions on  or, more speciﬁcally, at points
n,k−1
Xl (l = 1, . . . , M). Suppose that an immersed body with surface  is moving through the ﬂuid with velocity Ubody , which is
computed with an equation of motion at the previous Runge-Kutta step; for a stationary body, Ubody ≡ 0. The Mohd-Yusof
direct forcing method [19] estimates forces F(Xl ) at the kth time step as
n,k−1

n,k

F

(Xl ) =

Ubody (Xl ) − Ũn,k (Xl )

t

,

l = 1, . . . , M .

(10)

These forces are then extrapolated to the neighboring Cartesian grid points, xi , j , and incorporated into the volumetric
force f,


fn,k (xi , j ) =

Fn,k (Xl )δh (xi , j − Xl )dXl ≈


M

l =1

 V l Fn,k (Xl )δh (xi , j − Xl ),

(11)
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where  V l is the volume associated with the lth IB point.
√
This numerical scheme allows relatively large time steps (CFL= 3) and requires low memory storage [30]. However,
computation of (3) must be repeated at each sub-step, which signiﬁcantly increases the computational cost associated with
solving the Poisson equation (5). Our strategy is to modify (3a) in order to eliminate the need for computing the Poisson
equation at the sub-steps.
3. Accelerated IBM
Our time advancement follows the procedure proposed in [30]. The ﬁrst sub-step of time stepping from un to un+1
by (3a)–(3c) reads as

ũn,1 − un

= ν (α1 + β1 ) L (un ) − γ1 N (un )
t
ûn,1 − ũn,1
= ν β1 L (ûn,1 − un ) + fn,1
t
un,1 − ûn,1
= −∇φ n,1 ,
t

(12)
(13)
(14)

where the boundary force fn,1 is calculated using (10)–(11). The second sub-step without time splitting has the form

un,2 − un,1

t

= να2 L (un,1 ) + ν β2 L (un,2 ) − γ2 N (un,1 ) − ζ2 N (un ) − (α2 + β2 )∇ pn,2 .

(15)

Substituting un,1 = ûn,1 − t ∇φ n,1 from (14) into (15), we obtain the second sub-step with time-splitting,

ũn,2 − ûn,1

= ν (α2 + β2 ) L (ûn,1 ) − να2 ∇(∇ · ûn,1 ) − γ2 N ûn,1 − t ∇φ n,1 − ζ2 N (un )
t
ûn,2 − ũn,2
= β2 L (ûn,2 − ûn,1 ) + fn,2
t
un,2 − ûn,2
= −∇φ n,1 − (α2 + β2 )∇ pn,2 + ν β2 L (un,2 − ûn,2 ) = −∇φ n,2 .
t

(16)
(17)
(18)

Instead of solving the Poisson equation (5) at the ﬁrst sub-step, we approximate ∇φ n,1 with its counterpart at the end of
the previous time step, ∇φ n . This approximation has second-order accuracy. Indeed, it follows from (6) that

t ∇φ n,1 = (α1 + β1 )t ∇ pn,1 − ν β1 t L (un,1 − ûn,1 )
= (α1 + β1 )t ∇ pn,1 + O(t 2 ).
From the second-order Taylor expansion ∇ pn,1 = ∇ pn + t ∂∂t (∇ pn ) + O (t 2 ) and the relation p = φ + O (t ) [31],

t ∇φ n,1 = (α1 + β1 )t ∇ pn + O(t 2 )
= (α1 + β1 )t ∇φ n + O(t 2 ).
Thus, the advancement from the ﬁrst sub-step to the second is carried out without solving (14), while maintaining
the second-order accuracy in time. The same procedure is used in the last sub-step with un,2 = ûn,2 − t ∇φ n,2 =
2
ûn,2 − t l=1 (αl + βl )∇φ n .
The modiﬁed method calculates û at the ﬁrst and second sub-steps without projection onto the divergence-free velocity
ﬁeld by (14) and (18). Only at the last sub-step, the projection into the divergence-free ﬁeld is required. Fig. 2 exhibits the
divergence (L 2 ) norm, ∇ · un,k L 2 () , at each sub-step. As expected, the velocity ﬁeld û at the ﬁrst and second sub-step
does not satisfy the divergence-free constraint because the Poisson equation for pressure is not being solved. Only at the last
(third) sub-step, the divergence-free constraint is enforced. This results in a signiﬁcant reduction in computational cost [30].
Equation (16) contains an additional term, ∇(∇ · ûn,k−1 ), which is absent in the original IBM formulation (3a) and has to
be calculated at every sub-step. However, this term does not incur an additional cost because its computation is required
anyway in (5). The accuracy in the time advancement remains second order.
The ﬂexibility and robustness of IBM make it an ideal tool for simulation of ﬂuid ﬂow in domains with complex geometries. We use our accelerated IBM to model ﬂow around inclusions with deterministic and random surfaces.
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Fig. 2. L 2 norm of the velocity divergence, ∇ · un,k L 2 () , at every sub-step. The velocity ﬁeld û at the ﬁrst (black circles) and second (blue diamonds)
sub-steps does not satisfy the divergence-free constraint because the Poisson equation for pressure is not being solved. The latter is done only at the ﬁnal,
third sub-step (red squares). (For interpretation of the colors in the ﬁgure(s), the reader is referred to the web version of this article.)

Fig. 3. (a) Wannier ﬂow refers to creeping ﬂow past a rotating circular cylinder near a moving wall. (b) Generation of the IB points.

4. Flow around inclusions with deterministic surfaces
We start by demonstrating the overall accuracy and eﬃciency of our modiﬁed IBM on two classical two-dimensional
problems. The ﬁrst deals with the Wannier problem of Stokesian ﬂow around a cylinder in the vicinity of a moving plate.
It serves to validate the accuracy of our method because it admits an analytical solution. The second problem considers
steady-state and transient ﬂows over a stationary circular cylinder. It has been widely investigated, both experimentally
and numerically, and often serves as a benchmark. Then, we investigate ﬂow around cylinders with sinusoidal surfaces to
demonstrate the ﬂexibility of our method.
4.1. Wannier ﬂow
Wannier [32] considered creeping (low Reynolds number) ﬂow past a rotating rigid circular cylinder next to a moving
wall (Fig. 3a). Steady ﬂow of an incompressible Newtonian ﬂuid ﬂow with dynamic viscosity ν is described by the Stokes
and continuity equations,

ν ∇ 2 u = ∇ p,

∇ · u = 0.

(19)

Suppose that the cylinder radius is r, its rate of rotation is w, the distance from the center of the cylinder to the moving
wall is d, and the velocity of the wall is U . Then the components of the ﬂow velocity vector u = (u , v ) are given by [32]

s + ỹ

u = U − 2( A + F ỹ )

−C

s − 2 ỹ

β

v = 2x ( A + F ỹ )

+


α

+

s − ỹ

β

− F ln

α
β

−B

s + 2 ỹ

α

2 ỹ (s − ỹ )

−

2 ỹ (s + ỹ )2

α2

2

1

α

β2

−

1

β

−B

(20a)
ỹ (s + ỹ )

α2

−C

ỹ (s − ỹ )

β2

√

(20b)

where ỹ = y + d, α = x2 + (s + ỹ )2 , β = x2 + (s − ỹ )2 , s = d2 − r 2 , γ = (d + s)/(d − s), τ = ωr 2 /2s, A = −d( F + τ ),
B = 2(d + s)( F + τ ), C = 2(d − s)( F + τ ), F = U / ln γ .
In the simulations reported below we set r = 0.5 m, w = 1, d = 1.5 m, U = 1 m/s, and choose the simulation domain to
be a square of length 4 m centered around the cylinder. The velocity u(x) from the analytical solution (20) is enforced on
the square’s boundaries. The circular cylinder is represented by a set of M IB points whose coordinates xl = ( Xl , Y l ), with
l = 1, · · · , M, are
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Fig. 4. The L 2 norms of the logarithm of the error  in computing components u and v of the velocity ﬁeld u for Wannier ﬂow. The errors are plotted as
functions of the logarithm of (a) grid size h and (b) time step t.

Table 1
The CPU time required to complete one time step.
Nodes
24 × 24
48 × 48
96 × 96
192 × 192

Xl = c x + r cos[(l − 1)dθ],

CPU Time
Original method

Modiﬁed method

0.0053
0.0093
0.0310
0.1193

0.0044
0.0080
0.0251
0.0968

Y l = c y + r sin[(l − 1)dθ].

Difference

Improvement (%)

0.0009
0.0012
0.0059
0.0225

16.98
14.13
19.03
18.86

(21)

Here r is the radius of the circular cylinder, c x and c y are the coordinates of its center on the Cartesian grid, and dθ is the
angular difference between two adjacent IB points. We set the ﬁrst IB point at the far right side on the horizontal center
line and add points through the direction of counter clock wise. Fig. 3b describes the generation of IB points of the circular
cylinder. Three cases are solved on four different uniforms of grids consisting of 24 × 24, 48 × 48, 96 × 96, and 192 × 192
nodes. To ascertain the accuracy of our accelerated IBM (12)–(18), we compare its prediction of the steady-state velocity
ui ≡ u(xi ) with its analytical counterpart in (20) evaluated at the corresponding grid points xi . The numerical solution u(x)
is obtained by time-stepping (12)–(18) until the steady state is reached; the latter is deﬁned as the time at which the
velocity relative residual between a current and previous time steps falls below 10−5 .
Fig. 4 exhibits the L 2 error norms, for both of u and v, as function of the logarithm of grid size h and time step t. The
L 2 error norms of the difference between the numerical and analytical solutions are deﬁned as

L2 =

⎧
⎨

1

⎩ Nx N y

Nx N y



( f nana − f nnum )2

n =1

⎫1/2
⎬
⎭

,

(22)

where f nana and f nnum are the analytical and numerical solutions at the nth point on the numerical grid, and N x and N y
are the number of points in the x and y direction respectively. The dashed and solid lines represent the −1 and −2 slopes,
respectively. The slope of −2 in the dependence of the error norms on h indicates the second-order spatial accuracy of our
algorithm. The slope of the dependence of the error norms on t is slightly less than −2, indicating approximately (but not
quite) second-order accuracy in time.
Table 1 contains the CPU times required to complete one time step in the previous and current methods on different
grids. The reported CPU times are averaged over 1000 time steps. Our approach reduces the computational time on average
by 17%, when the quad-cores (Intel Xeon E3-1220 V2) CPU with 20Gb RAM workstation is used.
4.2. Flow over a stationary circular cylinder
Flow over a stationary circular cylinder provides another test problem, which has been investigated both experimentally
[33] and numerically [34,35]. The ﬂow remains steady and symmetric up to the Reynolds number of about Re = 47. As the
Reynolds number increases, the ﬂow becomes unstable and exhibits a periodic shedding of vortices.
For a cylinder with diameter D, we chose the computational domain to be a rectangle of length 30D and width of 15D,
and place the cylinder’s center at distance 14D from the inlet and 7.5D from the bottom, in order to minimize the effects
of the (artiﬁcial) rectangle’s boundaries on the ﬂow patters. A uniform ﬂow velocity u = U ∞ is applied at the inlet (x = 0)
and homogeneous Neumann boundary conditions are enforced on the lateral boundaries ( y = 0 and y = 30D). These and
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Fig. 5. Simulation domain and boundary conditions for ﬂow over a stationary circular cylinder in a channel.

Fig. 6. Streamlines and recirculation for (a) Re = 40 and (b) Re = 100.

remaining boundary conditions are shown in Fig. 5, together with the simulation domain. The latter is discretized with a
uniform square mesh of size x =  y, and the immersed boundary is discretized with s ≈ x =  y.
The performance of the modiﬁed IBM is analyzed, for the Reynolds numbers of Re ≡ u ∞ D /ν = 40 and 100, in terms
of three quantities of interest: drag (C D ) and lift (C L ) coeﬃcients and the Strouhal number St, which are often used to
compare numerical results. The former two are deﬁned as

CD ≡

FD
2 D /2
U∞

and

CL ≡

FL
2 D /2
U∞

,

where the drag (F D ) and lift (F L ) forces are computed by integrating the forces acting on the ﬂuid f(x) = ( f x , f y )
square domain  enclosing the cylinder [11],



FD = −

f x (x)dx ≈ −x y



f y (x)dx ≈ −x y


over a

f x (x),

(24)

f y (x).

(25)

x∈



FL = −



(23)


x∈

The Strouhal number St ≡ f s D /U ∞ is used as a measure of the frequency of vortex shedding. When the Reynolds number
Re increases beyond its critical value, which for a cylinder in the inﬁnite stream is Re ≈ 47, the ﬂow becomes unsteady and
vortices are shedding from the cylinder with frequency f s .
The steady-state ﬂow regime with Re = 40 gives rise to a stationary symmetric wake behind the cylinder (Fig. 6a), which
is consistent with the well established results [33–35]. Our predictions of both the length of the recirculation zone (L w ),
deﬁned as the distance between the two downstream stagnation points, and the drag coeﬃcient C D are compared with
their counterparts obtained in the previous numerical results in Table 2. The close agreement between these predictions
provides an additional veriﬁcation of our numerical algorithm.
The transient ﬂow regime with Re = 100 breaks the wake’s symmetry (Fig. 6b) and leads to a periodic vortex shedding.
Table 2 summarizes our predictions of the drag (C D ) and lift (C L ) coeﬃcients and the Strouhal number St. These predictions
are in agreement with those reported in the literature, which serves to further verify our numerical code.
The vorticity contours in Fig. 7 demonstrate the periodic shedding of vortices. The lift coeﬃcient C L oscillates with the
shedding frequency f s , while the drag coeﬃcient C D ﬂuctuates with frequency 2 f s . That is because the drag force F D has
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Table 2
Estimates of the drag (C D ) and lift (C L ) coeﬃcients, the Strouhal number (St), and the length of the recirculation
zone (L w ) computed with several numerical algorithms for Re = 40 and Re = 100. In theory, C L = 0 at Re = 40.
The slight deviation from C L = 0 provides a measure of our method’s accuracy; the other studies do not report
their values of C L . The Strouhal number St and the wake length L w are not deﬁned for Re = 40 and Re = 100,
respectively.

Re = 40

Re = 100

Source

CD

CL

L w /D

St

[36]
[37]
[38]
[39]
[40]
Present
[23]
[11]
[41]
[36]
Present

1.51
1.52
1.54
1.54
1.52
1.57
1.453±0.011
1.447 (mean)
1.37±0.009
1.33 (mean)
1.413±0.007

3.01×10−6
±0.339
±0.330
±0.323
±0.332
±0.283

2.35
2.27
2.54
2.28
2.35
2.41
-

0.169
0.165
0.160
0.165
0.160

Fig. 7. (a) Variation of the drag and lift coeﬃcients on a cylinder and (b) vorticity contour plot at Re=100.

Table 3
Required average CPU time for running one time step for ﬂow over a stationary circular cylinder.
Nodes

CPU Time
Original method

Modiﬁed method

0.0401
0.1572
0.3793
0.9171

0.0331
0.1276
0.3025
0.7501

150 × 75
300 × 150
450 × 225
600 × 300

Difference

Improvement (%)

0.0070
0.0296
0.0768
0.1670

17.46
18.83
20.25
18.21

one maximum and one minimum during the growth and shedding of each vortex, while the sign of the lift force F L depends
on the location of the vortex.
To demonstrate the computational savings of our method, we performed a set of numerical experiments on four different
uniform grids: 150 × 75, 300 × 150, 450 × 225, and 600 × 300. Calculation of the average CPU time follows the same
procedure as that used in the previous section. Table 3 provides a comparison of the CPU time required by our method
to complete one time step with the corresponding CPU times of the original IBM. On average, our approach improves the
computational eﬃciency by 18%.
4.3. Flow over a stationary circular cylinder with sinusoidal corrugation
To test the method’s ﬂexibility and accuracy, we simulate ﬂow over a corrugated cylinder with a sinusoidal surface. The
base smooth-cylinder representation of IB points is identical o (21). The constant radius r is replaced by an angle-dependent
sinusoidal radius, r s ,

r s (l) = r +  r cos[n(l − 1)dθ]

(26)

C. Kwon, D.M. Tartakovsky / Journal of Computational Physics 406 (2020) 109195
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Fig. 8. Corrugated cylinders and their representations with IB points for sinusoidal surfaces with different values of the geometric parameters
(a)–(c), the red dotted lines with squares correspond to  = 0.01, the green dotted line to  = 0.05, and the blue dotted line with diamonds to

Fig. 9. Drag coeﬃcient C D of cylinders whose corrugated surface is characterized by amplitude

 and n. In
 = 0.1.

 and frequency n.

where  indicates the relative roughness at the peak, and n represents the frequency. We consider three degrees of irregularity ( = 0.01, 0.05 and 0.1) with seven frequencies (n = 1, 3, 5, 7, 10, 15 and 20), resulting in the surfaces shown in
Fig. 8.
Simulation results are exhibited in Fig. 9, with values of the computed drag coeﬃcient for different surfaces summarized
in Table 4. The black line in Fig. 9 represents the circular cylinder, while the blue, green and red lines correspond to the
corrugated cylinders with  = 0.01, 0.05 and 0.1, respectively. The drag coeﬃcient C D increases with both amplitude ( ) and
frequency (n) of corrugation. The magnitude of C D oscillations increases slightly with  and is largely insensitive to values
of n. For  = 0.01, the drag coeﬃcient is sensitive to the corrugation frequency in the interval 5 ≤ n ≤ 15 and insensitive
otherwise. The trend is similar for larger values of  , but the range of sensitive frequency increases.
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Table 4
Estimated drag coeﬃcient C D of a circular cylinder and corrugated cylinders characterized by amplitude
and frequency n. The drag coeﬃcient increases with the degree of roughness, as quantiﬁed by  and n.
Cylinder

CD

1.413


0.01
0.05
0.10



n
1

3

5

7

10

15

20

1.430
1.425
1.491

1.430
1.434
1.451

1.431
1.464
1.552

1.433
1.494
1.592

1.438
1.533
1.610

1.442
1.545
1.616

1.443
1.546
1.618

5. Flow around inclusions with randomly rough surfaces
Realistic surface roughness deﬁes simple parameterizations that are used in its deterministic representations, such as that
used above. Instead, rough surfaces are represented as random ﬁelds whose statistics are inferred from measurements [e.g.,1,
4–6,8, and the references therein]. In section 5.1, we describe three alternative strategies for generating such surfaces. Once
generated, these surfaces are replaced by IB points and the boundary conditions are applied to calculate the local body
force. Sections 5.2 and 5.3 provide two computational examples.
5.1. Probabilistic representations of surface roughness
We use three alternative strategies for generation of closed Lipschitz continuous random surfaces with given statistics:
the moving average method (MAM) [7,8] and two implementations of the Karhunen-Loève (KL) expansion.
5.1.1. Moving average method
Consider a closed randomly rough circular surface with mean radius r. The rough surface, R = R (s), where s = r θ with
θ ∈ [0, 2π ], is represented by a set of M random variables (IB points) { R i = R (si )}iM=1 with si = 2π r (i − 1)/ M. We use a
Reynolds decomposition R i = r + R i to represent these random variables as the sums of the deterministic radius, r, of the
corresponding smooth cylinder and the zero-mean random variables R i representing the local surface deviations from the
smooth surface. To be speciﬁc, we take { R i }iM=1 to be correlated Gaussian variables with zero mean, standard deviation σ ,
and correlation length . MAM generates such correlated random variables in two steps. First, a set of N numbers {νk }kN=1 is
drawn from the normal distribution N (0, σν ), where N (N
M) is selected to be large enough and the standard deviation
σν is deﬁned below. Second, a set of realizations, {ri }iM=1 , of the correlated random variables { R i }iM=1 is generated by a
moving average procedure

ri =

L


i = 1, · · · , M ,

w j ν j +i + L ,

L=

j =− L

N−M
2

The 2L + 1 weights w j satisfy the normalization condition
of the random surface,

(27)

.
L
j =− L

w j = 1 and are computed from the correlation function

ρ (s; ). For example, if ρ (s; ) is Gaussian, ρ = exp(−s2 /2 ), then [7]

w j = exp[−2( j s)2 /2 ],

j = −L, · · · , L,

(28)

where s is the length of IB segments, which we set to s ≈ x =  y. The standard deviation of the N (0, σν ) is related
to the standard deviation of the rough surface σ by (27),

σ 2 = ri2  = σν2

L


w 2j .

(29)

j =− L

5.1.2. Karhunen-Loève expansion
The KL expansion provides an alternative means to represent the random ﬂuctuations R (s) with ensemble mean
E[ R (s)] = 0, ﬁnite variance E[ R (s)2 ] = σ 2 , the covariance function C (|s1 − s2 |) = E[ R (s1 ) R (s2 )] = σ 2 ρ (|s1 − s2 |), and
correlation function ρ . Speciﬁcally, it represents R (s) as a series

R (s) = σ

∞ 


λk ψk (s)ξk ,

(30)

k =1

where ξk are mutually uncorrelated random variables with zero mean and unit variance; and λk and ψk (s) are the eigenvalues and eigenfunctions of the correlation function ρ . For an exponential correlation function, ρ (|s1 − s2 |) = exp(−|s1 − s2 |/),
the latter are given by [1],
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λk =

2
2 γk2 + 1

and

γk cos(γk s) + sin(γk s)
ψk (s) = 
,
(2 γk2 + 1) T /2 + 

Here T is the process length along s, and the constants
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k ≥ 1.

(31)

γk (k ≥ 1) are solutions of the transcendental equation (2 γk2 −
√ √

1) sin(γk T ) = 2γ cos(γk T ). We take random variables ξk to be uniformly distributed on the interval [− 3, 3], which
ensures that they have zero mean and unit variance.
Numerical implementation of KL expansions such as (30) requires one to truncate the inﬁnite summation. The resulting
truncation error depends on the correlation length . The larger the correlation length, the fewer terms in (30) are necessary
to represent the random surface R (s) with a prescribed degree of accuracy. We use the number of terms, N KL , that retains
95% of the full eigenspectrum,
N KL


λk ≥ 0.95

k =1

∞


λk .

(32)

k =1

5.1.3. Nonstationary Karhunen-Loève expansion
Computation of the eigenvalues and eigenfunctions of the KL expansion can be simpliﬁed by modifying the statistical properties of the zero-mean random ﬂuctuations R (s). Rather than prescribing the covariance function C of R (s), it
is computed as solution of a stochastic Helmholtz equation [42]. If one imposes a condition R (0) = R (π r ) = 0 on the
2π r-periodic random process R (s), then the KL expansion (30) takes the form of a Fourier series [6,42]


R (s) =

∞
2 

πr

k =1

 
2
ks
ξk .
sin
r
1 + (k/r )2

Thus constructed random ﬁeld R (s) is not stationary, e.g., its variance is not constant and differs from
rough surface at the ith IBM point is now represented by

R i = r +  R (si ),
where the parameter
radius r.

(33)

σ 2 . The randomly

(34)

 = σ / max[σ R i ] controls the maximum deviation of the roughness height from the smooth surface of

5.2. Flow over a stationary circular cylinder with randomly rough surface
In the simulations reported here, we set the mean radius of the cylinder to r = 0.5 and the corresponding Reynolds
number to Re = 100. We use moving average method (27) and the KL expansion (30) to generate random roughness. Within
the statistical framework adopted here, the circular cylinder roughness is characterized by two parameters: the standard
deviation σ and the correlation length . Fig. 10 exhibits typical realizations of the randomly rough surface of the cylinder
for several values of the correlation length , normalized with the length of the process T = 2π r. The two representations
of random surfaces generate visually similar representations of roughness.
Our focus is on the effects of random roughness on the expected value of the drag coeﬃcient C D . We consider the
range of standard deviations σ between 0.001r and 0.05r, and the normalized correlation length / T varying between 0
(white noise) and 0.2. Table 5 and Fig. 11 collate predicted values of C D . As expected, the drag coeﬃcient increases with
the standard deviation σ . For a given σ , uncorrelated or near-zero correlation lengths induce large variations of the drag
coeﬃcient, while the sensitivity to larger correlation lengths is smaller. The results are qualitatively similar to those reported
in Section 4.3 if one swaps the roughness amplitude  for σ and the corrugation frequency n for the normalized correlation
length / T . The drag coeﬃcient C D increases with both σ and / T . The magnitude of C D oscillations is affected by σ , while
its dependence on / T is conﬁned to small ranges of the latter.
Table 5 reveals that the predicted values of C D are virtually insensitive to the method used to generate random roughness. The agreement between the two representations improves with / T . Finite-term truncation of KL expansions requires
the correlation length  to be non-zero and the spatial dimension of R (s) increases as  decreases. Yet, even for relatively
small , the IBM remains computationally feasible.
Next we explore the computational eﬃciency of our method for randomly rough surfaces. The comparison metric and
hardware are the same as described in Section 4.1; the uniform mesh size is now related to the normalized correlation
length / T = 0.05, 0.02 and 0.01: 200 × 100, 500 × 250 and 1000 × 500, respectively. The standard deviation is set to
σ = 0.01. Table 6 provides a comparison of the CPU time required by our method to complete one time step with the
corresponding CPU times of the original IBM. Our approach improves the computational eﬃciency by about 20% even for
the ﬁnest grid resolution.
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Fig. 10. Realizations of randomly rough surfaces with standard deviation σ = 0.05r and three normalized correlation lengths / T (and spacing s between
IBM points) generated with the moving average method (27) (top row) and the KL expansion (30) (bottom row).

Table 5
Estimated drag coeﬃcients C D for a circular cylinder and cylinders with random surface roughness characterized by standard
deviation σ and normalized correlation length / T . The distance between IBM points is s = , 2/3, /3, /6, /10 for the
respective columns with non-zero / T . Random surface roughness is alternatively generated with the moving average method
(MA) and the KL expansion (KL).

CD

Smooth
cylinder

Roughness
generation

σ

1.413

MA

0.0005
0.0025
0.005
0.01
0.025
-

KL

/ T
0

0.01

0.02

0.05

0.1

0.2

1.413
1.416
1.422
1.470
1.546
1.413
1.415
1.420
1.466
1.540

1.413
1.413
1.435
1.425
1.528
1.413
1.413
1.431
1.461
1.564

1.413
1.416
1.430
1.453
1.529
1.413
1.414
1.430
1.450
1.525

1.413
1.412
1.427
1.427
1.494
1.413
1.415
1.428
1.428
1.512

1.413
1.413
1.425
1.426
1.521
1.413
1.416
1.424
1.429
1.511

1.413
1.412
1.425
1.427
1.509
1.413
1.415
1.425
1.428
1.509

Fig. 11. Estimated drag coeﬃcient C D for cylinders with random surface roughness characterized by standard deviation
/ T .

σ and normalized correlation length
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Table 6
Average CPU time required for one time step to simulate ﬂow over a stationary circular cylinder with randomly rough surface.
Nodes

CPU Time
Original method

Modiﬁed method

0.0614
0.4522
2.2351

0.0494
0.3621
1.7874

200 × 100
500 × 250
1000 × 500

Difference

Improvement (%)

0.0120
0.0901
0.4477

19.54
19.92
20.03

Fig. 12. Pressure driven creeping ﬂow past a circular cylinder with random roughness represented by a KL expansion.
Table 7
The minimum number of terms, N, in the Fourier series (33) required to satisfy the criterion
∞
2
k=1 bk . The distance between IBM points is

α

N
2
k=1 bk

≥
s = , 2/3, /3, /6, /10, /20 for the respective / T

columns.

α (%)

N

90
95

/ T = 0.005

0.01

0.02

0.05

0.1

0.2

44
59

22
30

11
15

5
6

3
4

2
2

5.3. Creeping ﬂow over a stationary circular cylinder with randomly rough surface
Consider incompressible viscous ﬂow in a channel of width H and length L, which contains a cylinder of mean radius r
(Fig. 12). Random roughness of the cylinder’s surface R (s) is now represented by the Fourier series (33). The creeping ﬂow
(Re  1) is described by the Stokes equations (19) and is driven by an externally imposed pressure gradient, such that

p (0, y ) = P l ,

p(L, y) = P r ,

0 ≤ y ≤ H.

(35)

The normal components of the pressure gradient along the channel walls are

∂p
∂p
(x, 0) =
(x, H ) = 0,
∂y
∂y

(36)

and no-slip/ﬂow conditions are imposed along both the channel walls and the cylinder surface,

u (x, 0) = u (x, H ) = 0,

v (x, 0) = v (x, H ) = 0,

u(X) · n = 0,

u(X) · s = 0.

(37)

Here X, n and s denote the IBM points of the random surface, and unit normal and tangential vectors to the random
surface, respectively. The channel width and length are set to H = 6 and L = 10, mean radius of the cylinder to r = 1, and
the pressure drop to  P = −10 ( P l = 10, P r = 0).
The radius of the rough cylinder, R = r + R , varies randomly with the angle θ ∈ [0, 2π ]. Its statistics are E[ R ] = r and
/ T = 0.01, 0.02, 0.05, 0.1 and 0.2. The parameter  , which controls the maximum amplitude of surface roughness, is set
to 0.01, 0.05 and 0.1. A value of  determines the number of terms in the truncated Fourier series (33) that is required to
capture a given portion of the entire spectrum. Table 7 shows the minimum number of terms that are required to cover
90% and 95% of the entire energy (in the L 2 -norm sense) for different correlation lengths. Fig. 13 shows realizations of the
random surface roughness constructed with the truncated Fourier series (33) containing 95% of the spectrum.
Faxén [43] estimated the drag coeﬃcient for Poiseuille ﬂow of Newtonian ﬂuids past a smooth circular cylinder placed
symmetrically between two ﬁxed parallel walls to be

CD ≈

6π
f (λ) + g (λ)

,

where λ is the blockage factor deﬁned as diameter of the cylinder to the width of channel ratio,

(38)
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Fig. 13. Realizations of randomly rough surfaces with maximum amplitude roughness
s between IBM points) generated with the truncated Fourier series (33).

 = 0.1r and three normalized correlation lengths / T (and spacing

Fig. 14. Estimated drag coeﬃcient C D for cylinders with random surface roughness characterized by the maximum roughness amplitude
tion length .

 and the correla-

f (λ) = A 0 − (1 + 0.5λ2 + A 4 λ4 + A 6 λ6 + A 8 λ8 ) ln(λ),
g (λ) = B 2 λ2 + B 4 λ4 + B 6 λ6 + B 8 λ8
with A 0 = −0.9156892732, A 4 = 0.05464866, A 6 = −0.2646267, A 8 = 0.792986, B 2 = 1.26653975, B 4 = −0.91804, B 6 =
1.87710, and B 8 = −4.66549. In our example, the blockage factor is λ = 0.333, which yields an estimate C D = 50.17. An
alternative estimate, provided by [44], is C D = 68.6. Our simulation for the smooth cylinder yields C D = 59.5.
Fig. 14 shows predicted values of the drag coeﬃcient C D for cylinders whose random roughness is characterized by the
truncated Fourier series (33) for  varying from 0.01 to 0.1 and / T varying from 0 to 0.2. As expected, C D increases with
the roughness amplitude σ and has large variations near zero correlation length, while larger correlation length results
small variance.
Fig. 15 exhibits the corresponding velocity proﬁles. These are measured at the distance r (x = 0.6L ) and 3r (x = 0.8L )
behind the cylinder surface. Black solid lines indicate the proﬁles for the smooth cylinder. Larger velocity variations are
observed near the cylinder surface with higher roughness amplitude, while the proﬁle remains almost unchanged further
away from the cylinder and near the wall due to the viscous effects.
6. Summary
We proposed an accelerated immersed boundary method (IBM) to simulate incompressible ﬂows interacting with solid
bodies. Our approach relies on the Uhlmann formulation of the ﬂuid-solid interaction force [23], with the savings in computational cost stemming from the modiﬁcation of the time advancement scheme which obviates the need to solve the
Poisson equation for pressure at each sub-step. The velocity ﬁeld is advanced without a divergence-free constraint in the
ﬁrst two sub-steps. The Poisson equation is solved only at the last sub-step. The proposed algorithm was tested on two
classical benchmark problems: the Wannier problem of Stokesian ﬂow around a cylinder in the vicinity of a moving plate,
and free ﬂow around a stationary circular cylinder.
A key innovation of our study is implementation of the IBM for ﬂows over rough surfaces. Roughness is modeled by
representing a close surface as a random ﬁeld, which was generated with three alternative strategies: the moving average
method (MAM) and two implementations of the Karhunen-Loéve (KL) expansion. Regardless of the surface representation,
the resulting randomness enters the IBM as a random force. We used this approach to model ﬂows around a cylinder with
rough surface; both free ﬂow and ﬂow in a channel were considered.
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Fig. 15. Horizontal velocity proﬁles across the channel width at two spatial locations, x = 0.6L and x = 0.8L, for different values of the standard deviation
σ and correlation length  of the randomly rough cylinder.

Our analysis leads to the following major conclusions.

• Similar to the original IBM implementation, our algorithm achieves second-order accuracy in space and time.
• Our method is about 20% faster than the original IBM, while yielding consistent estimates of such quantities of interest
as the drag and lift coeﬃcients, the length of a recirculation zone in a cylinder’s wake, and the Strouhal number.

• This computational speed up is observed for problems involving both smooth and randomly rough surfaces. Both versions of the IBM can handle rough surfaces with small correlation lengths.

• The drag coeﬃcient of a cylinder with randomly rough surface increases with the roughness amplitude (standard deviation) and decreases with the roughness regularity (correlation length).

• Predicted values of the drag coeﬃcient are virtually insensitive to the method used to generate random roughness. The
agreement between the two representations, MAM and KL expansions, improves as the correlation length increases.
We considered problems with relatively simple geometries, but our computational framework can handle more complex
or moving boundaries. Furthermore, it can be adapted to predict ﬂow and transport of a conservative scalar in a vessel
whose rough surface is under-speciﬁed by data and modeled as a random ﬁeld [1]. It would do so without resorting to the
stochastic mapping approach [5,4] that transform an original deterministic problem on a random domain into a stochastic
problem on a deterministic domain.
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