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The ability to determine static and (hydro)dynamic properties of carbon nanotubes (CNTs) is crucial for

many applications. While their static properties (e.g., solubility and wettability) are fairly well understood,

their mechanical responses (e.g., deflection under shear) to ambient fluid flow are to a large extent

unknown. We analyze the elastic response of single-walled CNT forests, attached to the bottom wall of a

channel, to the aerodynamic loading exerted by both laminar and turbulent flows. Our analysis yields

analytical expressions for velocity distributions, the drag coefficient, and bending profiles of individual

CNTs. This enables us to determine flexural rigidity of CNTs in wind-tunnel experiments. The model

predictions agree with laboratory experiments for a large range of channel velocities.
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Carbon nanotubes (CNTs) possess a remarkable combi-
nation of mechanical characteristics, such as exceptionally
high elastic moduli, reversible bending and buckling char-
acteristics, and superplasticity [1]. These properties ensure
that complex interactions between fluid flow and patterned
nanostructures composed of CNTs play an important role
in a variety of applications, including mechanical actua-
tors, chemical filters, and flow sensors [2]. When placed on
a body’s exterior, CNT ‘‘forests’’ can act as superhydro-
phobic surfaces that significantly reduce drag [3] thanks to
a linear dependence of the slip length on lateral length
scales [4]. Observations of fluid flow past CNTs [5] suggest
the potential use of CNT forests as sensors of tactile and
shear forces.

Predictive and diagnostic capabilities of nanosensors
and other nanoforest-covered surfaces are hampered by
the relative lack of quantitative understanding of their
response to hydro- or aerodynamic loading. Most experi-
ments dealing with these phenomena assemble CNTs into
macroscopic sheets or forests. Yet their outcomes (data) are
often interpreted with theoretical models that neglect
crowding effects by employing the Stokes solution of
flow past a single infinite cylinder in either analytical
analysis [[5], Eqs. (4) and (7)] or molecular dynamics
simulations [[6], Eq. (4)]. Attempts to account for crowd-
ing effects by modifying the drag coefficient of each CNT
are essentially phenomenological and treat CNTs as infi-
nite cylinders [e.g., [5–7], and references therein].

In this Letter, we predict the elastic response of CNT
forests to ambient laminar and turbulent fluid flows and
employ these predictions to estimate CNTs’ flexural rigid-
ity from the experimental data collected in Ref. [5]. The
concept of flexural rigidity is routinely used to forecast the
deflection and buckling behaviors of elastic bodies [8],
including CNTs. Indeed, their observations of deforma-
tions of CNT forests with a scanning electron microscope
revealed that in situ shearing can be conceptualized as the
deflection of a cantilever (Fig. 1).

We develop a closed-form analytical description of fully
developed steady-state fluid flow over and through CNT
forests, which are used to estimate the average drag coef-
ficient, bending profile, and, ultimately, flexural rigidity of
individual CNTs. The incompressible Navier-Stokes equa-
tions are used to describe laminar or turbulent flow above
the forest, with the porous medium Brinkman equation
representing flow through the forest. A viscosity ratio
parameter in the Brinkman equation [9] accounts for slip
effects at nanotube walls.
A detailed description of the synthesis and patterning of

the arrays of vertically aligned, multiwalled CNTs can be
found in Ref. [5]. CNTs, with typical heights
H½40–60� �m and diameters 2R0½30–50� nm, were grown
in square arrays of sizes 5–10 �m on quartz substrates.
These CNT forests were placed at the center of a quartz
tube with an inner diameter of 6.2 mm at the front edge of
the substrate; appropriate measures [5] were taken to pre-
vent the sample vibration or fluid flow entrance effects. The
samples were then exposed to fluid (air and argon) at
various pressures, and fluid velocities were calibrated by
using the flow chamber cross-sectional area and volumetric
flow rates as measured by a flow meter. A linearly polar-
ized He-Ne laser (� ¼ 633 nm) was used to illuminate the
CNT forests, and the transmitted light intensity was moni-
tored as a function of fluid flow. As the axis of the polarizer

FIG. 1. Scanning electron microscope imaging of in situ shear-
ing of CNT forests and their representation with a cantilever
[after Ref. [5]].
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was initially oriented parallel to the laser polarization
direction, the deflections of the CNT ensembles (initially
oriented parallel to the polarized laser beam) were trans-
lated into a change of the light intensity and sampled by a
photodetector or a CCD camera. Multiple measurements
and averaging of the obtained deflections lowers the error
in the recorded deflections; e.g., at the upper air velocity
limit of �65 m=s, the displacement error on the order of
�0:5 �m was observed.

To model the experiment, we consider a fully developed
incompressible fluid flow between two infinite parallel
plates separated by the distance of H þ 2L. The bottom
part of the flow domain, �H < ŷ < 0, is occupied by
square-patterned arrays of CNTs with the midway distance
between aligned nanotubes R1. The remainder of the flow
domain, 0< ŷ < 2L, is occupied by a free fluid. The flow
is driven by an externally imposed (mean) constant pres-
sure gradient dp=dx < 0.

We treat the CNT forest (the region occupied by CNTs,
ŷ 2 ½�H; 0�) as a porous medium with permeabilityK and
porosity � ¼ 1� ðR0=R1Þ2 and employ the Brinkman
equation [9] to describe a distribution of the horizontal
component of the intrinsic average velocity u in this re-
gion:

M
d2u

dy2
� u

Da
þ 1 ¼ 0; y 2 ð�1; 0Þ: (1)

In this dimensionless form of the Brinkman equation, flow
velocity û is normalized with a characteristic Darcy veloc-
ity q ¼ �ðH2=�Þdp=dx, i.e., u ¼ û=q; the vertical coor-
dinate is scaled with the CNT height y ¼ ŷ=H;M ¼ �e=�
denotes the ratio of the fluid’s dynamic viscosity � and its
‘‘effective’’ counterpart �e, which accounts for the slip at
the CNTwalls; andDa¼K=H2 is the Darcy number. Since
the experimentally observed maximum bending of the
CNTs is about 10% of their length, we assume that bending
has a negligible effect on permeability. This allows us to
decouple an analysis of the flow from that of the mechanics

of the bending. This assumption is validated below by
comparing the model predictions with experimental data.
In the rest of the flow domain, ŷ 2 ð0; 2LÞ, we use

dimensionless forms of either the steady-state Stokes or
steady-state Reynolds equations to describe fully devel-
oped flow, respectively, in either laminar (� ¼ 0) or turbu-
lent (� ¼ 1) regimes [[10], Eqs. (7) and (8)]:

d2u

dy2
� �Rep

dh~u ~vi
dy

þ 1 ¼ 0; y 2 ð0; 2�Þ: (2)

In (2), Rep ¼ �Hq=� is the Reynolds number for porous

flow of a fluid with density �, � ¼ L=H, and uðyÞ is the
dimensionless horizontal component of the normalized
flow velocity uðu; vÞ. In the laminar regime, u is the actual
velocity and v � 0. In the turbulent regime, u denotes the
mean velocity, dp=dx is the mean pressure gradient, ~u and
~v are the velocity fluctuations about their respective means,
and h~u ~vi is the Reynolds stress. Fully developed turbulent
channel flow has velocity statistics that depend on y only.
In both flow regimes, the no-slip condition u ¼ 0 is

imposed at the channel surfaces y ¼ �1 and y ¼ 2�, and
the continuity of velocity and shear stress is prescribed at
the interface y ¼ 0 between the free and filtration flows:

uð0�Þ ¼ uð0þÞ ¼ U; M
du

dy
ð0�Þ ¼ du

dy
ð0þÞ; (3)

where U ¼ Û=q is an unknown dimensionless matching
velocity.
The permeability of the CNT forest, represented here by

square arrays of vertical cylinders, is related to porosity �
by Eq. (19) in Ref. [11]. Its dimensionless form allows us
to express the Darcy number Da in terms of porosity� and
the geometric factor � ¼ R1=H as Da ¼ ��2=8flnð1�
�Þ þ ½ð1��Þ�2 � 1�=½ð1��Þ�2 þ 1�g. Hence Da � 1
for � < 1 regardless of the magnitude of �. This implies
that crowding effects cannot be neglected for arrays of
obstacles, whose geometric ratio � � 1. Even in high
porosity CNT forests (� � 0:8–0:9), common values of
� � 10�2–10�3 give rise to Da � 10�5–10�7.
A solution of (1)–(3) with � ¼ 0 yields a velocity profile

in the laminar regime:

uðyÞ ¼
�
DaþC1e

�yþC2e
��y; y2 ½�1;0�;

�y2=2þ½��U=ð2�Þ�yþU; y2 ½0;2��; (4)

where �¼1=
ffiffiffiffiffiffiffiffiffiffiffi
MDa

p
, C1¼½ðU�DaÞe�þDa�=ðe��e��Þ,

and C2 ¼ �½ðU� DaÞe�� þ Da�=ðe� � e��Þ. The inter-
facial velocity U is given by

U ¼ Da
1� sech�

�
þ �

�M

tanh�

�
; (5)

where � ¼ 1þ ðtanh�Þ=ð2��MÞ. Figure 2 presents the
resulting velocity profiles in the CNT forest for M ¼ 1,
� ¼ 0:001, � ¼ 100, and several values of the Darcy num-
ber Da. For small values of Da, when the crowding of
CNTs becomes pronounced, the velocity profile is charac-
teristic of plug flow everywhere in the CNT forest, except
in the vicinity of the CNT tips.

FIG. 2. Laminar regime: Dimensionless velocity profile uðyÞ
inside the CNT forest for M ¼ 1, � ¼ 0:001, � ¼ 100, and
several values of the Darcy number Da.

PRL 105, 144504 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

1 OCTOBER 2010

144504-2



To obtain a mean velocity profile in the turbulent regime,
we solve (1)–(3) with � ¼ 1 by assuming the top of the
CNT forest to be hydrodynamically smooth. Then the
dimensionless mean velocity uðyÞ in the viscous sublayer
of dimensionless width �� obeys the ‘‘law of the wall’’

[[10], pp. 270–271]: u ¼ �yþU for y 2 ½0; ���. The

interfacial velocity U is now given by (5) with � ¼ 1.
Thus, the interfacial velocities U in the laminar and turbu-
lent regimes differ only by the factor of �. One can verify
that � ! 1 as the Darcy number Da ! 0, i.e., when the
permeability and porosity of CNT forests become small.
These conditions are satisfied in the experimental setup in
Ref. [5], where Da � 10�5–10�7.

The drag force per horizontal unit area exerted by the
fluid on any cross section y ¼ const of the CNT forest is
given by the xy component of the stress tensor 	̂xy ¼
�edû=dŷ. The drag force distribution along an individual

CNT, D̂ðŷÞ, is obtained by dividing 	̂xy with the number of

CNTs per unit length, N ¼ 1=R1. Its dimensionless form
is D ¼ �Mdu=dy, wherein uðyÞ is given by the first ex-
pression in (4). The total dimensionless drag force exerted
by the fluid on the CNT is F ¼ �MU, and its dimensional

counterpart is F̂ ¼ R1�eÛ. Defining a drag coefficientCD

as the ratio between F̂ and A�q2=2, where A ¼ 2R0H is
the CNT surface area projected onto a plane normal to the
velocity vector, we obtain

CD ¼ 1

Rep

MUffiffiffiffiffiffiffiffiffiffiffiffiffi
1��

p : (6)

Equation (6) expresses the drag coefficient of an indi-
vidual CNT in terms of the porosity of a CNT forest �, the
Reynolds number for the porous flow Rep, and the dimen-

sionless velocity at the interface separating the free and
porous flows. To the best of our knowledge, this is the first
rigorously derived formula for the drag coefficient for
arrays of finite cylinders under nonuniform flow conditions.
Previous results hold for infinite cylinders or spheres in a
velocity field that is uniform on average.

The dimensionless drag force DðyÞ exerted by the fluid
on a CNT causes its horizontal dimensionless deflection

lðyÞ, with l ¼ l̂=H and l̂ denoting the dimensional deflec-

tion. By treating an elastic CNTwith the Young modulus Ê

as a cantilever and denoting its moment of inertia by Î, the
deflection lðyÞ can be found [5,12] as a solution of

d2

dy2

�
EI

d2l

dy2

�
¼ �M

du

dy
; y 2 ð�1; 0Þ; (7)

where the product EI defines the dimensionless flexural
rigidity of an CNT ensemble: EI ¼ Ê Î =ðH3�qÞ. At the
CNT’s fixed end y ¼ �1, both the deflection (l) and its
slope (dl=dy) are zero. The shear (d2l=dy2) at and bending
moment (d3l=dy3) of the CNT’s free end y ¼ 0 are both
zero. Equation (7) subject to these boundary conditions can
be readily integrated in closed form, leading to the CNT
bending profiles shown in Fig. 3.

The experimental data reported by Ref. [5] consist of

measurements of deflection of the CNT tips, X̂ ¼ l̂ð0Þ, for
a given bulk velocity across the wind tunnel ûb. The
experiments were conducted in turbulent regimes and

were used to estimate the flexural rigidity Ê Î of five

CNT samples, whose length Ĥ ranged from 40 to 60 �m.
Let us define a dimensionless bulk velocity across the

wind tunnel as

ub ¼ 1

1þ 2�

Z 2�

�1
uðyÞdy; (8)

with ûb ¼ ubq. Substituting the first equation in (4) into
(8), we obtain

ub¼ Q

1þ2�
þ 2�

1þ2�
uav; uav¼ 1

2�

Z 2�

0
uðyÞdy; (9)

where Q ¼ Daþ ðU� 2DaÞðcoth�� csch�Þ=� is the
flow rate through the CNT forest. We find uav in the
turbulent regime by assuming that the effects of the slip
velocity U on uav are negligibly small. This allows us to

employ a relationship between the friction velocity û
 �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðL=�Þdp=dxp
and the average bulk velocity ûav of

turbulent flow in a channel of width 2L [[10], p. 278],
whose dimensionless form is

1þ uav�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rep=�

q
¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3Rep

q
þ 5:9�; (10)

where � ¼ 0:41 is the von Kármán constant. The com-
bination of (9) and (10) allows one to determine the
Darcy velocity q from measurements of the average bulk
velocity ûb.
Data sets collected by Ref. [5] consist of measurement

pairs ðûb; X̂Þ. The relevant parameters used in these experi-
ments are R0¼0:02�m, R1¼0:08�m, H¼40–60�m,
L¼1:5mm, K¼1:4�10�3 �m2, �air¼1:2 kg=m3, �Ar¼
1:784 kg=m3, �air¼1:8�10�5 kg=ðmsÞ, �Ar¼2:1�
10�5 kg=ðmsÞ, and ûb ¼ 5–55 m=s. They give rise to di-
mensionless parameters �¼0:97, Da¼3:94–8:86�10�7,
� ¼ 24:83–37:75, M ¼ 1, and � ¼ 1:3–2� 10�3. We use
measurements of average bulk velocity ûb to determine the

FIG. 3. Dimensionless CNT bending profiles for M ¼ 1, � ¼
0:001, � ¼ 100, U given by (5), and several values of Da.
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scaling factor (Darcy velocity) q and measurements of the

deflection of a CNT’s tip X̂ to estimate the flexural rigidity

Ê Î of CNTs as

Ê Î ¼ �qH4½2I4ð0Þ þ B=3�=ð2X̂Þ; (11)

where B ¼ 2I1ð0Þ � 3I2ð0Þ � 6I3ð�1Þ � 6I4ð�1Þ and
InðyÞ ¼ �M�1�n½C1e

�y þ ð�1Þnþ1C2e
��y� for n ¼

1; . . . ; 4. Equation (11) provides a closed-form expression
to estimate the flexural rigidity of carbon nanotubes from
their elastic response to hydrodynamic loading. We used

(11) to determine ÊÎav for each sample, with the average
flexural rigidity among all samples 2:68� 10�22 Nm2.

Alternatively, for a known value of Ê Î , (11) can be used
to predict the CNT tip deflections due to hydrodynamic
loading of CNTs caused by different fluids and/or various
values of average bulk velocity ûb. Such predictions serve
to validate our model through comparison with the experi-
ments of Ref. [5]. Figure 4 presents experimental data and
model predictions based on (11) wherein the average value

of the CNT flexural rigidity, ÊÎav ¼ 2:99� 10�22 Nm2,
is computed from experiments with argon and then used to
predict CNT deflections for air flow. The figure reveals
good agreement between theory and experiment over a
wide range of flow velocities. Although not shown here,
similarly good agreement was observed for other CNT
heights. For large velocities (ûb 	 45 m=s), the assump-
tions of elastic bending and constant permeability of a
CNT forest may be violated because CNTs can overlap
and develop kinks.

A typical wall thickness of CNTs with diameter 2R0 ¼
40 nm is 0.34 nm, which corresponds to the second mo-
ment of inertia I � 8:3� 10�33 m4. Hence our estimates
of the flexural rigidity EI predict the Young modulus of
individual CNTs to be E � 0:034 TPa, which is of the
same order of magnitude as E � 0:09 TPa reported in
Ref. [13] [Fig. 3(a)] for single CNTs of comparable diame-

ters. The factor of 3 discrepancy between the Young mod-
uli of a single CNT and assembled CNTs is to be expected.
Indeed, the latter often exhibit moduli that are more than an
order of magnitude lower than the intrinsic moduli of
individual nanotubes. This phenomenon has been attrib-
uted to growth techniques where impurities coat the sur-
face of nanotubes and to the formation of bundles of
parallel tubes, which reduce the effective surface area
available for shear transfer [14].
In conclusion, this Letter sheds new light on CNT-fluid

flow interactions by going beyond phenomenological ap-
proaches, which fit data from physical experiments [5] and/
or molecular dynamics simulations [6] to the Stokes solu-
tion for flow past a single infinite cylinder. Unlike these
and other similar analyses [e.g., [7]], our model accounts
for the effects of both crowding in CNT forests and their
finite height. This is accomplished by treating CNT forests
as a porous medium and deriving analytical solutions for a
coupled system of the Navier-Stokes and Brinkman equa-
tions, which describe flow over and through CNT forests,
respectively. This yields closed-form expressions for the
drag force exerted on individual CNTs, the corresponding
drag coefficient CD, and the bending profile of individual
CNTs. To the best of our knowledge, this is the first
rigorously derived expression for CD, which takes into
account the compound effects of both crowding in CNT
forests and their finite height. The deflection of their tips
can serve to estimate the flexural rigidity of CNTs. We
demonstrated good agreement between our model predic-
tions and experimental data.
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FIG. 4. Experimental (symbols) and predicted (lines) deflec-
tions of the CNT tip X̂ in response to hydrodynamic loading by
the turbulent flows of argon (squares) and air (circles) for a range
of the bulk velocity values ûb. The data from Ref. [5] are for
CNTs of height Ĥ ¼ 50 �m.
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