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Abstract. A new fundamental solution semigroup for operator differential Riccati equations is
developed. This fundamental solution semigroup is constructed via an auxiliary finite horizon optimal
control problem whose value functional growth with time horizon is determined by a particular
solution of the operator differential Riccati equation of interest. By exploiting semiconvexity of this
value functional, and the attendant max-plus linearity and semigroup properties of the associated
dynamic programming evolution operator, a semigroup of max-plus integral operators is constructed
in a dual space defined via the Legendre-Fenchel transform. It is demonstrated that this semigroup
of max-plus integral operators can be used to propagate all solutions of the operator differential
Riccati equation that are initialized from a specified class of initial conditions. As this semigroup
of max-plus integral operators can be identified with a semigroup of quadratic kernels, an explicit
recipe for the aforementioned solution propagation is also rendered possible.
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1. Introduction. The objective of this paper is to develop a new fundamental
solution semigroup for operator differential Riccati equations of the form

Pt)=Pt)A+ A Pt)+Pt)od Pt)+C, (1.1)

where P(¢) is a self-adjoint bounded linear operator evolved to time ¢ from some initial
operator, A is an unbounded densely defined and boundedly invertible linear operator
that generates a Cy-semigroup of bounded linear operators, and ¢ and C are bounded
linear operators, all defined with respect to an underlying Hilbert space 2. The
fundamental solution semigroup obtained directly generalizes the finite dimensional
case presented in [12], and unifies the specific infinite dimensional cases documented
in [6, 7]. Preliminary results in this direction also appear in [8].

Development of the new fundamental solution semigroup for (1.1) proceeds by
considering an infinite dimensional optimal control problem on a finite time hori-
zon t. This control problem is constructed such that the value functional obtained
exhibits quadratic growth with respect to the state variable, where the growth is
determined by the solution P(t) of the operator differential Riccati equation (1.1)
at time ¢. Consequently, evolution of the solution P(t) of (1.1) with time ¢ can be
identified with evolution of the value functional with respect to time horizon ¢, with
dynamic programming [2, 3] providing a mechanism for the latter. As the value
functional obtained is demonstrably semiconvex, its evolution via dynamic program-
ming can be identified with a corresponding evolution in a dual space defined via
the Legendre-Fenchel transform. Critically, by exploiting max-plus linearity of the
dynamic programming evolution operator, this dual space evolution can be decoupled
from the terminal payoff employed in the optimal control problem, and hence from the
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initial data that defines a solution P of (1.1). That is, a set of time horizon indexed
dual space evolution operators is well-defined via this decoupling. Furthermore, as
dynamic programming naturally endows the value functional with a semigroup prop-
erty, this set of time horizon indexed dual space evolution operators naturally defines
a semigroup, thereby yielding the claimed max-plus dual space fundamental solution
semigroup for (1.1).

In terms of organization, the operator differential Riccati equation of interest
is posed in Section 2, along with results concerning existence and uniqueness of its
solution. Construction of the max-plus fundamental solution semigroup is presented
in detail in Section 3, with the steps involved in applying this fundamental solution
to evaluate solutions of (1.1) elucidated in Section 4. This is followed by some brief
conclusions in Section 5, and appendices containing deferred technical details.

2. Operator differential Riccati equation. Attention is initially restricted
to the operator differential Riccati equation of interest. Two auxiliary operator dif-
ferential equations of utility later are considered subsequently.

2.1. Riccati equation. Consider the operator differential Riccati equation posed
with respect to Hilbert spaces 2" and # by

Pit)y=APt)+Pt)A+P{t)od P(t)+C, (1.1)

in which A : dom(A4) C £ — 2 is unbounded and densely defined on 2, o €
LW; X)), C € LX) is self-adjoint and non-negative, and A’ and ¢’ denote the
respective adjoints of A and o.

ASSUMPTION 2.1. A is boundedly invertible and generates a Cy-semigroup of
bounded linear operators.

With a view to describing a notion of solution for the operator differential Riccati
equation (1.1), it is convenient to define two spaces of self-adjoint bounded linear
operators by

N2 = {73 €L(Z) ' P is self—adjoint} : (2.1)

P — M is coercive

Em(Z) = {P eX(2) ‘ on dom(A)

}, MeS(Z). (22

In (2.2), an operator F : dom(F) C Z" — 2 is defined to be coercive if there exists
an € € Ry such that (z, Fz) > €l|z||> V x € dom(F). Spaces of continuous and
strongly continuous operator-valued functions defined on I = [0,7] C R>g, T € R0,
and taking values in 3(Z2") and ¥ (2") respectively, are defined by

F s } , (2.3)

continuous
F is strongly }

O L(2)) = {]-' T L(2)

continuous (24)

Co(L; L(Z)) = {}': I—L(Z)

REMARK 2.2. By the definition, the space C(I; £(Z")) includes all uniformly
continuous semigroups of bounded linear operators, see p.1 of [13]. Similarly, the
space Cy(I; L(Z)) includes all strongly continuous (Cp-) semigroups of bounded linear
operators. A linear operator A : dom(A) C 2" — £ is the generator of a uniformly
continuous semigroup if and only if dom(A) = £, in which case A is bounded (see
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Theorem 1.2 of [13]). However, if A is the generator of a Cp-semigroup that is not
uniformly continuous, then dom(.A) is merely dense in 2", and must be unbounded
(but closed, see Corollary 2.5 of [13]). In either case, the semigroup of bounded linear
operators generated is denoted for each ¢t € I C R>( by et € £(Z), and satisfies
the usual semigroup properties eA? = 7, where T € L(Z) denotes the identity, and
eAteAs = eA+s) for all 5,t € Rsq such that s,t,s 4+t € I.

A mild solution of the operator differential Riccati equation (1.1) on a time interval
[0,T], T € Rsy, is any operator-valued function P € Cy([0,T1; £(27)) that satisfies

Pit)x=~v(P)t)x, (2.5)

forall z € 2, t € [0,T], with operator v defined for every Q € Co([0,T]; 3(Z")) by
Q > 7(Q), where

'ﬂgxﬂxieA%QGD€Mx+:/Z%%t”[Q@ﬁnﬂ@@)+6kﬁ“”xd5 (2.6)
0

for all t € [0,T], z € &, where eA"" denotes the Cy-semigroup generated by the
operator adjoint A’ (see, for example, Theorem 2.2.6 of [5]). As per [4], it is convenient
to introduce an analogous operator differential Riccati equation to (1.1), defined with
respect to the Yosida approximation A,, € £(Z") of A for all n € N. In particular,

Pot) = A Po(t) + Pu(t) An + Pu(t) oo’ Pu(t) +C. (2.7)

A mild solution of (2.7) on a time interval [0,T], T € Rsg, is any operator-valued
function P,, € C([0,T]; (%)) that satisfies the corresponding equation to (2.5), i.e.,

Pr(t)z = v (Pp)(t) x, (2.8)

for all z € 27, t € [0, T], where operator v, applied to @ € C([0,T];X(Z)) is defined
by

t
M(@)(t) 7 = et Q(0) et + / A 7 [Q(s) 0 0" Qs) + Clet 7 wds

’ (2.9)
for all t € [0,T], z € £, and eAn denotes the uniformly continuous semigroup
generated by the adjoint of the Yoshida approximation A, € L(Z").

THEOREM 2.3. Given any Py € X(Z), there exists a 7 € Rxq such that the
operator differential Riccati equations (1.1), (2.7) exhibit respective unique mild so-
lutions P € Co([0,7];2(Z)), Pn € C([0,7]; 2(X")) satisfying P(0) = Py = Pr(0).
Furthermore, for all x € %,

lim P,(-)z =P()z, (2.10)

n—oo

where the limit is defined with respect to the Banach space (C([0,7]; Z7), ||l c(0,7;27))-

REMARK 2.4. Note that the limit (2.10) is a statement of strong (operator)
convergence defined on C([0, 7]; 27). This is strictly weaker than uniform (operator)
convergence defined on C([0, 7]; £(27)) via the norm |[|-||¢jo,7] (see, for example, p.263
of [10]). As (C([0,7]; L(Z)), || - llcjo,)) defines a Banach space, this weaker form of
convergence allows the limit to reside in Cy([0, 7]; £L(Z7)) \ C ([0, 7]; L(Z")) should A
be unbounded.



REMARK 2.5. It may also be noted that, by an analogous argument to Propo-
sition 2.1 on p.391 of [4], P € Co([0, 7]; L(Z)) is a mild solution of (2.5) if and only
if it is a weak solution (see Definition 2.1 on p.390 of [4]).

Proof. [Theorem 2.3] The proof follows that of Lemma 2.2 on p. 391 of [4], while
including global uniqueness on a finite horizon. It is not extended to the infinite
horizon due to the possibility of finite escape. Fix T' € Ry and define as per [4]

Mr = oy s 1 e 1y
where || - || denotes the induced operator norm on £(Z2"). Fix any Py € X(Z),
r € Ry, and 7 € (0, 7] such that
r>2M:2pa,7'<min(2 a , 12 ) (2.12)
T‘b-i—”CHg(ggf) 4TMTb

where a = [|Po||z(2) and b = |0 0’| (2. Let Bepo,-(r) and Begyjo,-)(r) denote re-
spective balls of radius r in C([0, 7]; £L(Z")) and Cy ([0, 7]; L(Z)), defined with respect
to the norms | - [|c(o,-] and || - |¢y0,) of (A.3). That is,

f%mﬂﬂ;{fecmmtm%whfmmﬂsﬁ,

BQNAMi{fe%mmmm%whfmmﬂsT}

(Note by Lemma A.1 that Bejo () C Beyo,-)(r).) Fix any P € Beyo,-(r) satisfying
P(0) = Py. Applying the operator 7, of (2.9) to P, evaluating at time ¢ € [0, 7], and
applying the norm || - | z(2-) (while dropping the £(.2) subscript),

t
1y (PY@)I < eI I Po| [le ] +/O leA= [P lo o' [P+ ]l ds
<Mi(a+r[r?od|+]Cl]) <2Mfa<r,

where (2.11) and (2.12) have been applied. So, taking the supremum over ¢ € [0, 7]
(and restoring the norm subscripts),

17 (Pl o, = t:}(l)p] V(P () 22y <7

Hence, as P € Bgyjo,-(r) is arbitrary, it follows immediately that v, : Bejo-(r) —
Beio,71(r). In order to show that v, is a contraction, fix any Pe Beio,7(r) satisfying
P(0) = Py. Applying (2.9) for ¢ € [0, 7],
P "P(s) —P(s)o o’ P H ds,
(s)o o' P(s) (s)o o' P(s) ) S
(2.13)

mwm—wﬁwmﬁsm%

where for all s € [0, ¢],
[PGI1oo Pl) ~Pls)oo )|,

= HP(S) oo’ [P(S) — 73(5)} + [P(S) - 73(5)} 0‘7173(5)

L(Z)
< (IPlloto.ry + IPllcio,m) bIP = Pllog,r < 278 P = Plicjon -
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Combining the above two inequalities and taking the supremum over ¢ € [0, 7],
[0 (P) = ¥ (P)llco,n < 277 M7 b||P = Plicio, < 5 1P — Pl -

Hence, vy, : Bepo,7(r) = Bepo,-)(r) defines a contraction on Beyg 7(r). Consequently,
the Banach Fixed Point Theorem (for example, Theorem 5.1-4 on p.303 of [10]) implies
that there exists a unique solution P, € Bgpo,-(r) of (2.8) for all t € [0,7] and
x € Z. In order to conclude global uniqueness in C([0,7];3(Z")), suppose there
exists a second mild solution P, € C([0,7];£(2)) of (2.7) satisfying P,,(0) = Po.
That is, P, = ¥ (Pr) and P, = ’yn(ﬁn), where v, is as per (2.9). Given any z € 2,
using an inequality analogous to (2.13),

t
IPut)e = Palt)all < 3.0 [ (14 [Pullcon) [Pule) = Puls) al ds.

where ||Py[|cjo,-] < r has been used. As Pn € L(ZL([0,7]; 2)) by Lemma A.1,

there exists a K € R>q such that H’ﬁn(')ZEHc([O,T];%) < K ||z|| for all x € Z". Conse-
quently, by Lemma A.2,

IPnllcio,) = IPallcoio,s) = sup [|Pul(s) zllco,;2) < K < 0.

lz[=1

Combining these facts yields the inequality
t
[Pa(t) x = Pu(t) ] < M7 b (r + K) / [Pr(s)x = Pn(s) x| ds .
0

As P, —P, € Co([0,7]; £(2")) is strongly continuous, the attendant function ||, (-) z—
Pn(-) x| : [0,7] = Rx>g is continuous by definition. This admits a straightforward ap-
plication of Gronwall’s inequality, yielding

[Pu(t)x — Pu(t) @l gy <0 Vte[0,7], e 2.

That is, P, = Py, so the asserted uniqueness is indeed global on C([0,7]; £(2')).
An almost identical argument, using the same 7 € [0,T] and r € R, implies the
existence of a unique solution P € Cy([0,7]; £(Z")) of (2.5). The fact that (2.10)
holds follows as per Lemma 2.1 on p. 389 of [4]. O
ASSUMPTION 2.6. An operator M € S(Z) exists such that the following holds:
1. The operator T'(M) defined by

M) =AM+ MA+ Moo M+C, (2.14)

is coercive, where A, o, and C are as per (1.1); and

2. The unique mild solution P € Co([0, 70); 2(Z")) of (1.1) satisfying P(0) = M
that exists for some 19 € Rsq by Theorem 2.3 is such that P(t)—M is coercive
for allt € (0,70]. That is,

P e Co([0,70]; Z(Z)) N Co((0, 10]; T (X)). (2.15)

THEOREM 2.7. Given any self-adjoint bounded linear operator M € L(Z") and
10 € Rsg satisfying Assumption 2.6, and any self-adjoint bounded linear operator
M e X (X)), there exists a 11 € (0,70] C Rsg such that a unique mild solution

P € Co([0,1]; £(2)) N Co((0, 71]; S (2)) (2.16)
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of (1.1) satisfying P(0) = M exists.

Proof. Fix any M € X(Z") such that Assumption 2.6 holds, and any M €
Y m(Z7). Note that a unique mild solution P € Cy([0, 70]; X(Z7)) of (1.1) satisfying
P(0) = M exists, as per Theorem 2.3, where 79 is as specified by Assumption 2.6. Note
also that the coercivity property (2.15) holds. Again applying Theorem 2.3, note that

a unique mild solution P € Co([0,7o]; £(2)) of (1.1) satisfying P(0) = M also exists
for some 7y € Rsg. Define 11 = 79 ATy € Rs0, and note that P, P € Co ([0, 71]; Z(27)).
Hence, operators &,& € Cy([0,71]; 2(Z")) are well-defined for all ¢ € [0, 1] by

EW)y=Pt)-M, E{t)=PEt)-M, (2.17)

respectively. Note that £(0) = 0 (the zero operator), while £(0) = M — M (which is

coercive by definition). Substitution for P (or P) in (1.1), using & (respectively &),
yields the evolution equation

E(t) = A®) E(t) +E@1) A(t) + T(M), (2.18)

which holds for all £ € [0, 7], where T'(M) is as per (2.14). Operator A(t) (resp. A(t))
is defined for all ¢ € [0, 7] by

Alt) = A+oo (M+1P@) . (2.19)

Note that the T'(M) term in (2.18) is unchanged in moving from & to €. That is, it

is not replaced with T'(M). As the evolution equation (2.18) is simply a rearranged

version of (1.1), it exhibits a unique mild solution corresponding to each of the two
initial conditions £(0) and £(0) described above. (These unique solutions of course

correspond to P and P respectively.) Note that (2.18) is of the form of (3.17) on p.138
of [4], see (in particular) the proof of Theorem 2.1 on p.393 of [4]. Consequently,

the mild solutions £ and £ may be represented in terms of an evolution operator
U:Ar — LS(Z)), where A, = {(t,s) e R?|t € [0, 7], s € [0,#]}. In particular,

Et)z=U(,0)EO0)Ut0) z + /tU(t, s)TIM)U(t, s) zds
0
= /tlxl(t, s)D(M)U(t, s) xds (2.20)
0

for all € dom(A), as £(0) = 0. (The evolution operator U has standard properties
that are set out in Proposition 3.6 on p.138 of [4]. The key property employed here
is that 2 [U(t,s)] = —U(t, s) A(s)’ for all (t,s) € A,.) Similarly,
¢
E(t)z = U(,0) EQO)U(t,0) 2+ / Ut s) TM) U, ) @ ds
0
= U(t,0) (M — M)U(t,0) =+ E(t) z, (2.21)

where the second equation follows from (2.20), and by noting that the evolution
operator U is independent of initial conditions in (2.18). Hence, taking the inner
product of both sides of (2.21) with any = € dom(A) C 2" yields

(x, E(t) x) = (z, E(t) ) + U(t,0)'z, (M — M)U(t,0)' )
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As € € Co([0,1]; 2(Z)) N Co((0,71]; Zpmq(Z7)) by definition (2.17) and Assumption
2.6 (in particular, (2.15)), and M € X p(Z"), it follows immediately there exist
€1,€62 € Ry such that

(@, (P(t) = M)a) = e1]lz]|” + €2 |U(t, 0) |

for all t € (0,7], z € dom(A) C 2. That is, P(t) — M is coercive for all ¢ € (0, 7],
so that (2.16) follows. O

REMARK 2.8. In obtaining forms (2.20) and (2.21) for the respective solutions
& and € of the evolution equation (2.18), it is important to note that a generalization
of Proposition 3.4 on p.136 of [4] is applied. This generalization allows the trajectory
& of (2.18) to be an operator-valued function in Cy([0,71];X(27)). While this is
straightforward, the forcing term f(¢t) = I'(M), t € [0,71], in (2.18) must satisfy the
corresponding generalized condition

f() =TM) € Lo([0, 1 ]; X(2)) - (2.22)

While f is a constant valued function on [0,71] by inspection of (2.14), its value
I'(M) is not in ¥(2Z") for arbitrary M € X(Z") as A is unbounded. However, by
Assumption 2.1, it is possible to choose M = (A~1)' My A~ for any M, € %(Z),
thereby yielding I'(M) € L(Z") (possibly after extension from dom(A) to Z7), in
which case (2.22) holds.

2.2. Auxiliary operator differential equations. In proposing a max-plus
dual space fundamental solution to the differential operator Riccati equation (1.1), two
(additional) auxiliary operator differential equations are of interest. These equations,
also defined with respect to Hilbert spaces 2 and #, are given by

O(t) = A Q(t) +P(t)od’ Qt), (2.23)
R(t) = Q' (t)o o' Qt), (2.24)
in which A : dom(A) C 2 — % and o € L(¥;Z ) are defined as per (1.1).

Also as per (1.1), any operator-valued functions @ € Cy([0,7]; £(Z")) and R €
Co([0,7]; 2(Z)) satisfying

Ot)z =e*Q(0)x + /t eV =) [P(s) oo’ Q(s)] wds,

0
R(t)z =R(0)z + /0 Q(s) oo’ Q(s)xds, (2.25)

forall z € ', t € [0,7], 7 € Ry, are defined to be mild solutions of (2.23) and
(2.24) (respectively) on [0,7]. With regard to the range of Q, note Q(t) € L(Z) is
not self-adjoint by inspection of (2.23) or (2.25). Hence, Q € Cy([0,7]; £(Z")) (rather
than Co ([0, 7]; £(27))). On the other hand, R(t) € ¥(Z") is self-adjoint by inspection
of (2.24) or (2.25). Following the arguments used in the proofs of Theorems 2.3 and
2.7, existence of unique mild solutions of (2.23) and (2.24) can also be established
for specific initial conditions. Note that coercivity of these operators is not sought or
required. .

THEOREM 2.9. Given any M € X(Z) and any M € Tp(Z), there exists
a 7y € Rug such that unique mild solutions Q,Q € Co([0,72); £L(Z)) and R,R €
Co([0,72); S(2)) of (2.23) and (2.24) (respectively) satisfying Q(0) = —M, Q(0) =
—~M and R(0) = M, R(0) = M (resp.) exist.

Proof. The proof is similar to that of Theorem 2.3 and is omitted. O
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2.3. Common horizon of existence of mild solutions. For the remainder,
it is convenient to define a common horizon 7* € Ry of existence for the unique
mild solutions P, P, Q, Q, R, R of the respective operator differential equations
(1.1), (2.23), (2.24) corresponding to the respective initializations P(0) = M = R(0),
P(0) = M = R(0), 9(0) = =M, Q(0) = —M. In particular, define

TTET AT, (2.26)

where 7, 79 € R are the horizons of existence for P, P and Q, @, R, R as guaranteed
by Theorems 2.7 and 2.9 in the company of Assumption 2.6, and A denotes the min
operation.

3. Max-plus dual space fundamental solution semigroup. A max-plus
dual space fundamental solution semigroup for the operator differential Riccati equa-
tion (1.1) is constructed by exploiting the semigroup property that attends the dy-
namic programming evolution operator of a related optimal control problem. In par-
ticular, by employing the Legendre-Fenchel transform of a particular solution of the
operator differential Riccati equation (1.1), a max-plus integral operator is defined in
a corresponding max-plus dual space. It is demonstrated that this max-plus integral
operator defines the aforementioned fundamental solution semigroup for the operator
differential Riccati equation (1.1), which allows the realization of any solution of (1.1).
This construction generalizes the finite dimensional case documented in [12], and the
infinite dimensional cases of [6, 7] in that it does not assume an explicit representation
for the operator-valued solution of the operator differential Riccati equation (1.1).

3.1. Optimal control problem. With 7* € Ry as per (2.26), an optimal
control problem is defined with respect to the abstract Cauchy problem [4, 5, 13]

E(t) = A&(t) + ow(t), (3.1)

where £(t) € dom(A) C 2 denotes the (possibly infinite dimensional) state at time
t € [0,7*], evolved from an initial state £(0) = € dom(.A) in the presence of an input
signal w € L3([0,t];#). Given such an input, a function £ € C([0,t]; Z7) is a mild
solution of the abstract Cauchy problem (3.1) on [0, ¢] if it satisfies

t
£(t) = e E(0) + / A=) y(s) ds, (3.2)
0
(see for example Definition 3.1 on p.129 of [4]), where e € £(Z") denotes the
corresponding element of the Cy-semigroup of bounded linear operators generated by
A. Note that £ € C([0,t); Z7) is in fact implied by (3.2), see for example Lemma 3.1.5
of [5]. Indeed, given any £(0) = z € 2 and w € L2([0,t]; #), the abstract Cauchy
problem (3.1) has a unique strong solution which is also the mild solution (see for
example Definition 3.1 and Proposition 3.1 on pp.129 — 130 of [4]). The optimal control

problem of interest is well-defined via the value functional W~ : [0,7*] x 2" — R for
each z € Z by

W2(t,x) = sup Ty 2t 250) (3.3)
weL2([0,t];#)

where the payoff Jy : [0,t] x 2" x L2([0,t]; #) :— R is defined with respect to the
unique mild solution (3.2) corresponding to £(0) = 2 € 2, and a generic terminal
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payoff ¥ : 2" — R, by

To(t, s w) = / L(E(s), CE(s) — Lllw(s)| s+ W(() . (3.4)

A specific terminal payoff U(-) = ¢ (-, 2) : £ — R of interest is defined for each z € 2~
via the self-adjoint bounded linear operator M € 3(Z2") of Assumption 2.6, with

Yz, 2) =z — 2z, M(z—2)). (3.5)

Solutions of the operator differential Riccati equation (1.1), and the auxiliary
operator differential equations (2.23) and (2.24), are fundamentally related to the
optimal control problem of (3.3). To explore and exploit this relationship, define the
operator-valued map F : [0,t] = L(Z;#) by

Fi(s)z =o' (Pt —s)x+ Q(t —s)z2), (3.6)

where P € Co([0,7*];2(Z7)) and Q € Cy([0,7*]; £L(Z")) denote the unique mild
solutions of (1.1) and (2.23) satisfying P(0) = M and Q(0) = —M respectively (as
per Theorems 2.3 and 2.9). The map (3.6) can be regarded as a feedback for the
abstract Cauchy problem (3.1), yielding the closed-loop abstract Cauchy problem

§(s) = (A+aFi(s)&(s), se(01], 3.7)
where £(0) =z € £ and t € [0, 7]
THEOREM 3.1. Given any t € [0,7*], the closed-loop abstract Cauchy problem

(8.7) has a unique mild solution &* € C([0,t]; Z°). Furthermore, the input w* €
C([0,t];#) defined by

w(s) = Fi(s) " (s) = o' (P(t —5) €7 (s) + Qt — 5) 2) (3.8)
is optimal with respect to (3.3), (3.4), with
J¢(,7z) (t, T ’LU) < Jw(.)z) (t, T ’LU*) =W-* (t, :Z?)
= Ha, P(t)z + (z, Q(t) z) + (2, R(t) )

for allw € Ly([0,t]; %), x € 2.

Proof. Fix any ¢ € [0,7*]. The abstract Cauchy problem (3.7) exhibits a unique
mild solution £* € C([0,t]; Z7) via a straightforward modification of Proposition 6.1
on p.409 of [4]. The fact that input w* defined by (3.8) is optimal follows by a
modification of the proof of Proposition 6.2 on p. 409 of [4]. In particular, let P,, €
C(]0,7,]; £(27)) denote the unique mild solution of (2.7) corresponding to the Yoshida
approximation A,, of A that exists on some interval [0, 7,,], where n € N is selected
large enough so that t € [0,7,]. (Do the same with Q, etc.) Let &, € C([0,¢]; Z)
denote the unique mild solution of the corresponding abstract Cauchy problem (3.1)
for arbitrary w € L2([0,¢]; #). Define m, : [0,¢] — R by

(3.9)

Tn(8) = Dn(s) + qn(8) + ru(s) (3.10)
where py, qn, rn : [0,t] = R are given by
pu(s) = %<§n(3)7 Pu(t —5)&n(s)) (3.11)
n(s) = (&n(s), Qn(t —s) 2), (3.12)
rn(s) = 3(z, Ru(t — 5) 2) . (3.13)
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Differentiating (formally) and applying (1.1), (2.23), and (2.24), it is straightforward
to show that

Pn(s) = =5 (&n(s), [C+ Pult — 5) 00" Pu(t = 5)] &als))

+ (w(s), o' Pp(t — ) &n(s)), (3.14)

Gn(s) = —(&n(s), Pu(t = s) o0’ Qu(t — s) 2)
+ (w(s), o' Qun(t — ) 2), (3.15)
n(s) = —3(z, Qn(t —s) 00’ Qu(t —s)2) (3.16)

Define w(s) = o’ (Pn(t — ) &n(s) + Qn(t — s) 2) for all s € [0,¢]. Differentiation of

(3.10), substitution of (3.14), (3.15), (3.16), followed by completion of squares, yields

7(s) = — [3(6n(5) C&als)) — 5llw(s)IIP] — gllw(s) —w(s)] (3.17)

for all s € [0,t]. As P, € C([0,t];X(Z")) and Q,, € C([0,t]; L(Z)), note that

w e C([0,t];#) C L2([0,t]; #') by definition. Note also by (3.10), and that P,,(0) =
M =R,(0) and Q,(0) = —M, so that

T (t) = 5(En(t), MEa(t)) — (6n(t), M 2) + 5(2, Mz) = P(&a(t),2),  (3.18)

where v is the terminal payoff (3.5). Similarly, as &,(0) = z,

T (0) = 3{z, Pult) z) + (x, Qu(t) z) + (2, Ra(t)z).

So, integrating (3.17) with respect to s € [0,¢] and applying (3.18) yields that

7a0) = [ Hen(s), CEnls) — HuPds +0(6ale) )+ [ ls) ~0s)1 s,

Taking the limit as n — oo, setting poo = lim,, o Pn, and applying (3.4),

Too(0) — —/ lw(s) s)||?ds = Ty 2 (t, 25 0)

Finally, taking the supremum over w € L5([0,t]; #) yields

W=(t,x) = sup T2y (t, 25 w)
weLa([0,t]);#)

= Tso(0) = 5{z, P(t)x) + (z, Q(t) ) + 5(2, R(t) 2),

in which the optimal input is w* = w, as per (3.8). O

Theorem 3.1 is crucial to the development of a max-plus fundamental solution to
the operator differential Riccati equation (1.1). In particular, it demonstrates that
the unique mild solution P € Cy([0,7*]; £(2")) of (1.1) may be propagated forward
in time via propagation of the value function W#(¢,-) of (3.3) with respect to its time
horizon t € [0,7*]. This is significant as propagation of W*(,-) is possible via the
dynamic programming [2, 3] evolution operator. In particular, W# may be written as

W2 (t,z) = (S v(-, 2))(x) (3.19)

forallt € [0,7%], z € 2", where S; denotes the aforementioned dynamic programming
evolution operator. This operator is defined by

(S 0)(x) = sup Jy (t, z;w) . (3.20)
weLa([0,t];#)
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and satisfies the semigroup property
St4s =858t =5 Ss (3.21)

for all s,t € [0,7*], s+t € [0,7*]. Tt is this semigroup property, in combination with
(3.19), that allows W*(t,-) to be propagated to longer time horizons via the dynamic
programming evolution operator of (3.20).

3.2. Max-plus dual space representation of W?*. The semigroup property
(3.21) describes how the value functional W*(t, -) of (3.3) can be propagated from any
initial horizon ¢ € [0, 7*] to any final longer time horizon t + s € [0,7*], s € [0, 7* —¢],
via dynamic programming. As this value functional is identified with the operator
differential Riccati equation solution P of (1.1) via Theorem 3.1, this value functional
propagation corresponds to evolution of P from its initial condition M € X(Z2)
satisfying Assumption 2.6. By appealing to semiconvex duality [15] of the value
functional, and max-plus linearity of the dynamic programming evolution operator,
this evolution can be represented via a dual space evolution operator that is defined
independently of the terminal payoff ¢ of (3.5), and hence the initial data M € X(.2").
The dual space evolution operator obtained is subsequently shown to propagate the
solution of the operator differential Riccati equation (1.1) from any arbitrary initial
condition M € ¥ M (Z7) satisfying the conditions of Theorem 2.7.

This development relies on concepts and results from convex analysis and idem-
potent analysis. In particular, semiconvex duality [15] is introduced using operators
defined with respect to the max-plus algebra, c.f. [11]. The max-plus algebra is a
commutative semifield over R~ = R U {—o00} equipped with the addition and multi-
plication operations & and ® that are defined by a &b = max(a,b) and a®b = a+b.
It is also an idempotent semifield as @ is an idempotent operation (i.e. a ® a = a)
with no inverse. The respective spaces .#*(27) and .#*(2") of semiconvex and semi-
concave functionals are defined with respect to a self-adjoint bounded linear operator

K e X(Z) by

N

SNX) = {f -2 >R ' f(-)+ 1 (-, K-) is convex on 3{} , (3.22)

YE(%);{JC:%—HR

f() =3 (-, K-)a is concave on 3&”} . (3.23)

It may be shown that .#*(2") is a max-plus vector space of functionals defined on 2,
see [11] for the analogous details in the finite dimensional case. Semiconvex duality
[15] is formalized as follows, in which max-plus integration of a functional f over 2~
is defined by f;? f(z)dz =sup.c o f(2).

THEOREM 3.2. Let ¢ € SX(2) be a closed semiconver functional on %,
where I € (X)) is a self-adjoint bounded linear operator satisfying K < —M with
M e X(Z) specified as per Assumption 2.6. Then,

¢=D,lac.SN(Z), a=Dyoe SN, (3.24)

where 1 is the quadratic terminal payoff (3.5), and Dy, DJI denote respectively the
semiconver dual and inverse dual operators [15] defined by

®
Dy = (Dyd)() = — /J Wz,) ® (~d(z)) dr, (3.25)

@
’D;l a= (Dil a)(-) = /% (-, 2) ®a(z) dz. (3.26)
11



Proof. (3.24) follows by Lemma B.1 and Theorem 5 of [15]. O

In order to demonstrate that the semiconvex dual of S; ¢(-, z) is well-defined for
eacht € (0,7*] and z € 27, define the self-adjoint bounded linear operator K; € X(Z")
by K; = —aP(t) — (1 — a) M, with o € (0,1) fixed, where P(t) and M are as per
Assumption 2.6. Theorem 3.1 and assertion (ii) of Lemma B.1 imply that

(Se (-, 2)) () + 5 (x, Kea) = W (t,2) + 1 (z, Ky 2)
=3 {z, (P() + K¢) z) + <I, Q(t) z) + 5 (2 R(t) 2).- (3.27)
With ¢ € (0,7*], note that P(t) > M, so that P(t) + K; = (1 — «) (P(t) — M) > 0,
and —K; — M =« (P(t) — M) > 0. That is, K; is self-adjoint and satisfies —P(t) <
K+ < —M. Hence, the right-hand side of (3.27) is the sum of a non-negative quadratic
functional and an affine functional. As any non-negative quadratic functional is convex

by assertion (ii) of Lemma B.1, and any affine functional is convex by definition, the
right-hand side of (3.27) is also convex. Hence,

Sip(-,2) € ST (3.28)

for all t € (0,7*]. Also note that as S; (-, 2) is closed by Theorem 3.1 and assertion
(i) of Lemma B.1. Consequently, Theorem 3.2 implies that the semiconvex dual of
St (-, z) is well-defined for any z € £". Denote this dual by the functional B,(-, z) :
2 — R for each z € 2 fixed, so that (3.24) yields

(Sev(,2)) () = (D Be(,2)) (2), (3.29)
Bi(y, 2) = (Dy St (-, 2)) (y) - (3.30)

for all t € (0,7%], z,y,2z € 2. Theorem 3.1 also ensures that an explicit quadratic
form for the functional By(-,z) is inherited from S; (-, z), as formalized below.
LEMMA 3.3. By : & x Z — R is a quadratic functional given explicitly by

Bi(y,z) = 3y, B y) + (=, B2 y) + (=2, BY? 2) (3.31)

forallt € (0,7%],y,2 € X, where Btl’l, Btl’2 and l’j’tz’2 denote the well-defined operators

Bt = —M—M(P{t)— M) M, (3.32)
B =—-Q) (P(t)—M)"' M, (3.33)
BY? = —0Q(t) (P(t) — M)~ Q(t) + R(t). (3.34)

Proof. With 7 € Ry fixed as per (2.26), recall by (3.28) , (3.29) and (3.30)
that Bi(+, z) is the well-defined dual of S; (-, 2). In particular, B:(y, z) is finite for
all t € (0,7%], y,2 € 2. Applying (3.25), (3.30), and Theorem 3.1, B(y,z2) =

O 7¥F(x) da for all t € (0,7%], y,z € 2, where

“Ja T
7 (x) = P(,y) @ (—(Se (- 2)) ()
=3 —y, M(z—y)) — 5z, Pt)z) — (x, Qt) 2) — 5(z, R(t) 2)
3z, M =P)z) + (x, —(My+ Q(t) 2)) + 5y, My) — 3(z, R(t) 2)
Zb(:v)+§<y7/\/ly> 3(z, R(t) 2)

12



and b(z) = L(z, (M = P(t))z) + (z, —(My+ Q(t) 2)). That is,
b
Bi(y,z) = —%(y, Muy) + %(z, R(t) z) — /y b(z) dx, (3.35)

where b : 2" — R is a quadratic functional. Note that M — P(t) is a self-adjoint,
bounded linear operator, while —(My+ Q(t) z) € 2. As B is finite as previously
indicated, (B.2) of Lemma B.2 implies that the supremum in (3.35) is attained at
a* = —(P(t) = M)"H(My + Q(t) z), with

D
/jg b(z)de = b(z*) = LMy + Q(t) z, (P(t) — M) (My + Q(t) 2))
{y, M(P(t) = M)"" Muy) + (2, Qt) (P(t) — M)~" My)

+3(z, Q) (P(t) = M)~ Q(t) 2) ,

where it may be noted that the inverse (rather than the pseudo-inverse) (P(t) — M)
exists as P(t) — M is self-adjoint and coercive for all ¢ € (0,7*] by Assumption 2.6.
(See also [5], Examples A.4.2 and A.4.3, p.609.) So, recalling (3.35),

By(y,z) =5{y, —(M+ M (P(t) = M) M) y) + (2, =Q(t) (P(t) = M)~ My)
+ (2, (=Q#) (P(t) = M)~ Q(t) + R(1)) 2) ,
which is as per (3.31) via definitions (3.32), (3.33) and (3.34). O

[N

N[

-1

3.3. Fundamental solution semigroup. The functional B; of (3.31) may be
used as the kernel in defining a max-plus integral operator B on the dual-space of
functionals generated by the semiconvex dual operator Dy, of (3.24). Specifically,

Bfa= (Bf a) / By(-, a(z)dz (3.36)

for all t € (0,7*]. This operator will be identified as the new max-plus dual space
fundamental solution semigroup for the operator differential Riccati equation (1.1).

To this end, fix any operator M € Sm(Z) as per Theorem 2.7, and define the
functional v : 2" — R by

(x) = 1 (x, M), (3.37)
By replacing the terminal payoff ¥ of (3.5) with this functional in the value functional
W?# of (3.3), note that the unique solution P of the operator differential Riccati
equation (1.1) initialized with P(0) = M and defined on [0,7*] viz (2.26) may be
characterized in an analogous way to Theorem 3.1. That is, P(t) may be identified

with the propagated value functional S; 1[ for all ¢t € (0,7*]. Furthermore, this value
functional can be represented in terms of the max-plus integral operator B> of (3.36).

THEOREM 3.4. The value functional S“Z defined via evolution operator S; of
(3.20) and terminal payoff functional ¥ of (3.37) may be represented equivalently by

(8. 9)(@) = 3. P(t)2) = (D, BEDy d)(x), e 2, (3.38)

for all t € (0,7*], where P is the solution of the operator differential Riccati equa-

tion (1.1) satisfying P(0) = M as per Theorem 2.7, and Dy, ’Dil, BP denote the

semiconver dual operators (3.25), (3.26), and the maz-plus integral operator (3.56).
13



Proof. Applying the (omitted) analog of Theorem 3.1 for the terminal cost func-
tional 15 of (3.37), the value functional S“Z enjoys the explicit quadratic represen-
tation (3.9) with P replaced with P and z = 0. That is, the left-hand equality in
(3.38) holds. By an analogous argument to (3.28), the self-adjoint bounded linear

operator Ky = —aP(t) — (1 — a) M defined for any a € (0,1) satisfies P(t) + K; =
(1—a)(P(t)—M)>0and —K; — M = a (P(t) — M) > 0 for all t € (0,77], where
the inequalities follow by Theorem 2.7 and (2.26). That is, S; 1) € Y'Cf(%) for all

€ (0,7*]. As S, ¢ is a quadratic functional (as demonstrated above), it is closed via

Lemma B.1. Consequently, the semiconvex dual of both ’(Z and S {/)V are well-defined
by Theorem 3.2. Set @ = Dy 1. Recalling (3.3), (3.4), (3.19), and (3.20), define
L« & x Lo([0,7];#) = R by

1) holds with
£0)==.

Using max-plus integral notation, (3.20), (3.26) and the definition of @ imply that

I(wsw) = / Lie(s), CE(s)) — Lw(s)Pds | &

@

SD@ = [ hlse) @ d(E) do
L2([0,t;#)

(&)
- / Ii(w;w) ® (D, a)(£(t)) dw
[:2([0,15];7/)

-/ iw’w) i) o | [ utew.2) oate) iz

_ /; /@ Iy w) @ Y(E(H), =) duw

L2([0,t];7)

D
_ / (S (-, 2)) () @ a(z) dz,

X

where the second last equation follows by swapping the order of the max-plus integrals
(i.e. suprema), while the last equation follows by applying definition (3.20) of S; with
terminal cost (-, z) of (3.5). Subsequently applying (3.26) and (3.29), swapping the
order of the max-plus integrals, and applying (3.36) yields

/j(&: P(,2))(x) @ alz) dz = /;(le Bi(,2))(x) ® a(2) dz
—/j U;Wﬂﬁ,yth(w)dy] ® a(z) dz

- [Cvwwe [ Bwaeaes] a

/wxy ® [BE al(y) dy
(D3 B2 a)(x).

Hence, combining the above two equations and recalling the definition of a yields

(S ¥)(x) = (Dy" BY Dy 1))(x)
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for all z € 2, as required by the right-hand equality in (3.38). O

The dual-space representation provided by Theorem 3.4 allows the general solu-
tion P of the operator differential Riccati equation (1.1), defined with respect to any
initialization M € ¥ M(Z) as per Theorem 2.7, to be represented in terms of the
max-plus integral operator B of (3.36). However, BY is defined via the max-plus
kernel B; of (3.30), (3.31), which is itself derived from the particular solution P of
the operator differential Riccati equation (1.1) that is defined with respect to the
initialization M € 3(Z") as per Assumption 2.6. That is, Theorem 3.4 provides a
representation for the general solution of the operator differential Riccati equation
(1.1) in terms of a particular solution of the same equation, and implies the following
commutation diagram:

(3.37) ’QZ Sy S, ’QZ (3.38) 'ﬁ(t)
lDw TD;I (3.39)

~ <3} ~
Dy ¢ B, B Dy v

M

In subsequent applications of (3.39), an explicit evaluation of Dy, ’(Z and Dy, S; ’(Z is
useful. These evaluations are provided in the following two lemmas.
LEMMA 3.5. Given the semiconver dual operator Dy of (3.25), the semiconvex

dual Dy U of the terminal cost ¥ of (8.87) is given for all z € Z by
(Dy D)(2) = —% (2, N 2) (3.40)
where N € S(Z) is the nonnegative self-adjoint bounded linear operator
NZMAMM-M"TM=MM-M)"'M, (3.41)

and M, M are as per Assumption 2.6 and_ Theorem 2.7.
Proof. Applying (3.25) to (3.37), (Dy ¥)(2) = — fy x) dz, where

™ (z) = 3(z — 2, M(z—z))—%(z,Mz}
=Lz, M~ M)z) + (z, —Mz) + 1(z, M2z)

2
=b(z) + (2, Mz),
where b(z) = 1(z, (M — M) z) + (z, —M z). That is,
- &
(Do P)(z) = —L(z, M2) — / b(x) de (3.42)
x

Here, M — M € 3(Z) is a self-adjoint bounded linear operator, while —M z € 2.
Furthermore, M > M, as M € £ (2’) as per Theorem 2.7. Hence, Sup,e g b(z) <
00, with Lemma B.2 requiring that the supremum in (3.42) be attained at 2* = (./\A/l/—
M)~ M z, where invertibility of M — M follows by the coercivity condition M €
Y m(Z) specified in Theorem 2.7. Consequently, f% z)dz = b(z*) = (M z, (M-

M)~ M z) o, so that (3.42) implies that (3.40) holds With N given by the left-hand
equality in (3.41). Furthermore,

N=M+MM-M"M=M-MM-M)" ((M—M)—M)
“M-M+MM-M)"M,
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which yields the right-hand equality in (3.41). Selecting a self-adjoint bounded linear
operator K € X(Z) such that K + M > 0, and applying (3.40),

— [y 9)(2) = 5z K2)| = B MM = M) M2)+ Lz, (K + M) 2)

for all z € 2°. By inspection, this functional is positive, and hence convex by Lemma
B.1. That is, (Dy)(2) — 3(z, K z) 2 defines a concave functional, so that Dy 1) €
SK(Z) is semiconcave by (3.23). O

LEMMA 3.6. Given the semiconver dual operator Dy of (3.25), the semiconvex
dual Dy, Stzz of the value functional S“Z of (3.19) and (3.38) corresponding to the
terminal cost J of (8.87) is given for all z € & and t € (0,7*] by

(Dy Si9)(2) = =3 (2, Ny 2) (3.43)
where N € Y(Z) is the self-adjoint bounded linear operator defined by
Ni =M+ MP@E) — M) M=MP(t)— M) P), (3.44)

and M is as per Assumption 2.6.

Proof. As P(t) > M by Theorem 2.7, an analogous argument to that yielding
(3.28) follows, with P(t) replaced with P(t). Consequently, there exists a self-adjoint
bounded linear operator Ky € () such that S, ¢ € .7 ’Z‘(ﬁ?f ). Similarly, assertion
(i) of Lemma B.1 and (3.38) imply that S; zz is closed. Hence, the semiconvex dual
Dy St {/; is well-defined by Theorem 3.2. So, applying (3.25) to (3.38) in an analogous
fashion to the proof of Lemma 3.5 (i.e. replacing M with P(t) and noting that
P(t) — M is coercive and hence invertible) yields (3.43). O

Theorem 3.4 states that the value functional S; ¢ of (3.38) may be identified with
the solution P of the operator differential Riccati equation (1.1) satisfying P(0) = M
for any Mex M(Z). Hence, P may be propagated to longer time horizons via
the dynamic programming evolution operator S; of (3.20). Furthermore, Theorem
3.4 also states that this propagation can be represented in a max-plus dual space via
the max-plus integral operator B’ of (3.36). As S; of (3.20) satisfies the semigroup
property (3.21), it follows that B of (3.36) inherits a similar semigroup property.
Consequently, as By of (3.36) can be used to propagate any solution P of the operator
differential Riccati equation (1.1) satisfying P(0) = M corresponding to any M €
Sm(Z), it follows that the set of time-indexed max-plus integral operators

U{ss

defines the claimed maz-plus dual space fundamental solution semigroup for the opera-
tor differential Riccati equation (1.1) on the interval (0, 7*] C Rs¢. This is formalized
by combining the following theorem with Theorem 3.4.

THEOREM 3.7. The maz-plus integral operator B of (3.36) satisfies the semi-

group property

tERsg, Y t< T*} (3.45)

BZ ,a=BPBfa (3.46)

for all 7,t € (0,7*] such that t + 7 € (0,7*], and for any @ = Dy, {/;, where J is the
terminal payoff (3.37) corresponding to any M € L\ (Z7) as per Theorem 2.7, and
7" € Ry is as per (2.26).
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Proof. Applying the semigroup property (3.21) and Theorem 3.4,

Dlllgﬁa—t Dw{/’vz Sr+t1f/)v
=8, S0 =D, BEDy D, BY Dy =D,' BE B Dy 1),

That is, D;l BY ,a= D;l B® B @, where @ = Dy, ¥. Applying the semiconvex dual
operator Dy, of (3.25) to both sides thus yields the semigroup property (3.46). O

COROLLARY 3.8. The composition B BY of maz-plus integral operators of the
form (3.36) is a well-defined operator of the same form, with

53]

B®BP a = (B® BY a)(-) = / Bra(2) ® alz) dz (3.47)
x

for all T,t € (0,7*], 7+t € (0,7*], in which the kernel By, : 2 x Z — R is a

functional defined by

with Bi)’g, Bitz and Bff denoting the self-adjoint bounded linear operators
+
BL = BY - (BY2) (B2 4+ Bl BL2, (3.49)
+
BL? = B} (8372 +Bt1’1) BL2, (3.50)
+
B2 =B} - B (B2 4 B)) (B (351)

each of which are well-defined via (3.32), (3.33) and (3.84).
Proof. Given any functional a : 2~ — R, definition (3.36) of B requires that

B?B?a_/®BT(~,§)® [/®Bt(§,z)®a(z)dz] d¢

x x
®
-1,
That is, operator B® B is of the form (3.47), with B, (y,z) = f;? B:(y,¢&) ®
By (&, z) d§. However, Lemma 3.3 states that B, and B, are quadratic functionals with
the explicit form (3.31), implying that the functional 77 (£) = B, (y,§) ® Bi(§, 2) is
also quadratic. In particular,
T8 =5y, BY g + (& B y)a + 5 (& B2 ) o
+ % <§7 Btl’l§>3?f + <27 8572 §>% + % <27 Bt272 Z>3{
=€) + 5 By + 5 (5 Bl 2)

2]
/ B (-,&) ® By(&,2) d{] ®a(z)dz. (3.52)

v

where
b(E) = L€, (B2 4+ B a + (6, B2y + (B 2)a . (3.53)
That is,
2,2 ®
Broy,2) = Ly, B g) o + 1 (2, B2 ) + / b(E) de . (3.54)
x
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In order to derive the form (3.48) for B, ., the supremum on the right-hand side of
(3.54) must be shown to be finite, and subsequently evaluated. To do this, first note
that B, as written in (3.54) is defined entirely in terms of the particular solution P of
the operator differential Riccati equation (1.1) defined by Assumption 2.6, via (3.32),

(3.33), and (3.34). However, by Theorem 2.7 and the definition (2.26) of 7* € R0,
any solution P of (1.1) defined by the initialization 73( ) = M corresponding to any
M € Sp(2) also exists on the interval [0,7%]. Hence, Theorem 3.4 and Lemma
3.6 imply respectively that ST+t1/) and (hence) Dy, 87+t1/) = BT+t Dq/ﬂ/) are well-
defined quadratic functionals (i.e. finite-valued everywhere on 27) for all 7, ¢ € (0, 7*],

T+t € (0,7]. Indeed, these functionals are given explicitly by (3.38) and (3.43), with

(St ) (@) = L@, Pryez), (DySrad)(2) = =3 (x, Noje 2),

where 757+t is as per Theorem 2.7 and ./\77-+t is as per (3.44). So, Theorem 3.7 states
that BYBYa = BZ ,a = Dy S,411 is a well-defined quadratic functional, where
EL = Dy {/JV That is, there exists a functional @ : 2~ — R such that the functionals
a,(B®BP)a : 2 — R are finite-valued everywhere on 2°. By inspection of (3.52),
also recall that B® B of (3.47) is a max-plus integral operator of the form (B.5).
Hence, Lemma B.3 implies that the kernel B, ; of B B defined via (3.47) and (3.54)
must be finite-valued. Hence, the integral on the right-hand side of (3.54) must be
finite. Recalling the definition (3.53) of the quadratic functional b : 2" — R, observe
that B22 + B}'" is self-adjoint by (3.32) and (3.34), while BL2y + (B}?) 2z € 2.
Hence, applying Lemma B.2, the pseudo-inverse of B2? + Btl 1 must exist, with the
supremum in (3.54) attained at £* = —(B22 + B;"')* (BL2y + (B;®)' z). That is,

@ +
[ s =vie) = - (B2y+ (B = (824 BT 612y 610 2))

X

So, substituting in (3.54) yields that
Bralna) = 4 (o [ B = @2y (822 4 511) " 527 )
+<z, [ Bl (B”+B“) B ]y>
1 (s [ ome (e am) @) ).

which is as per (3.48) via the operator definitions (3.49), (3.50), and (3.51). O
The specific details of how the max-plus dual space fundamental solution semi-
group (3.45) may be applied to solve (1.1) follow in the next section.

4. Solving the operator differential Riccati equation. The remaining ob-
jective is to illustrate how solutions of the operator differential Riccati equation (1.1)
can be evaluated at some time ¢ € (0, 7*] using the max-plus dual space fundamental
solution semigroup (3.45). Three main steps are involved. First, the max-plus integral
operator BY is obtained for some intermediate time 7 = /x € (0,7*], k € Z=0, from
the particular solution P initialized with P(0) = M, where M € X(Z) is as per
Assumption 2.6. Second, B? is derived from BY via the fundamental solution semi-

group property of Theorem 3.7 and Corollary 3.8. Third, BEB is applied to evaluate
the solution P initialized with P(0) = M € S((2") at time 7.
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It is important to note that where solutions P of the operator differential Riccati
equation (1.1) satisfying P(0) = M are to be evaluated at the same time ¢ € (0, 7*] for
a collection of initializations M € X M(Z), the first two steps need only be performed
once, whereupon step three can be repeated for each initialization M of interest.

In the following three subsections, these three main steps are addressed separately.
A summarized recipe for computing P(#) from P is also provided. For reasons of
brevity, an error analysis for this recipe is not included.

4.1. Step 1 — Obtaining B% from P,. With € (0,7*] fixed, select x € Z~,
and define 7 = #/x. Recall that the max-plus integral operator BY of (3.36) is defined
via kernel B,. Lemma 3.3 provides an explicit quadratic functional representation
(3.31) for B, in terms of the operators BL!, BL2 and B2 of (3.32), (3.33) and (3.34).
These are bounded linear operators that are defined directly in terms of P, with

BM = M- M(P,— M) M, (3.32)
B2 = _—Q (P, —M)' M, (3.33)
B-,2—72 = _Qf,— (PT - M)il QT + RT . (334)

These operators completely describe the max-plus integral operator BY in terms of
the particular solution P, of the operator differential Riccati equation (1.1) provided
by Assumption 2.6, via (3.31) and (3.36).

4.2. Step 2 — Obtaining B? from B®. The max-plus dual space fundamental
solution semigroup (3.45) of Theorem 3.7 and Corollary 3.8 provides a iterative mecha-
nism for constructing B from BY. With a view to evaluating B’ a = BY B --- B a
(k times) given @ = Dy ¥, select t = (k—1)7 in (3.49), (3.50) and (3.51), with
k =2,---,k. This yields a linear iteration of a triple (l?,i"l, l?,i"z, gzz) of bounded
linear operators, given by

Byt =B - By (5224 By B, (11)
Bi* =B (822 +BlL,) B2, (2)
BB B2 (8224 BY) (B (43)
for k =2,---, K, initialized with
(B, BL*, B2?) = (BYY, BY?, B2?) (4.4)

via (3.32), (3.33) and (3.34). These operators completely describe (via (3.47) and
(3.48)) the max-plus integral operator BY B??C_l)T for k = 2,--- k. The desired max-

plus integral operator BEB follows from the k = ' iterate

UL BYE BY?) = (BL', BY? BRY). (4.5)

t t t

(B

For all iterates, Theorem 3.4 states that (Sg,¢)(z) = (’D;1 B& B(G?C_l)Td)(:C) =
1 (x, 75(k T)x) g, where @ = Dy . Hence, applying an argument analogous to that

used in the proof of Corollary 3.8, existence of 73(k T) for each k = 1,--- ,k as pro-
vided by Assumption 2.6 guarantees that the operator iteration (4.1), (4.2), (4.3)
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remains well-defined, subject to the aforementioned initialization (4.4). In particu-
lar, the pseudo-inverses employed there must exist, and the operators must remain
bounded and linear.

Other iterations are also possible. For example, as an alternative to a linear
iteration, a time-step doubling iteration may be used to construct B%B. Such a scheme
requires fewer iterations (than the linear scheme illustrated above) to reach . The
details of such iterations are omitted for brevity.

4.3. Step 3 — Obtaining P(f) from Bt@ and M. Theorem 3.4 and the com-
mutation diagram (3.39) provide the mechanism for evaluating the solution P of the
operator differential Riccati equation (1.1) satisfying P(0) = M at time € (0,77]
for any Meyx M(Z) via the max-plus integral operator BSB obtained in the previous
step. In particular, (3.38) states that

(@, P(t)2)o = (D' BEa)(x), a=Dyv. (4.6)

N

Recall that Lemma 3.5, @ = 'Dwiz = —1(z, N z), with N € 5(2) is as per (3.41).
Applying B? of the previous step to a yields

D
(B2 a)(y) = / By(y. 2) ® l2) dz
A
@ o~
=5y, B;'y) +/ 3 (2 (BF? = N)z2) + (2, By y) d=
A

for all y € 2. An analogous argument to the proof of Corollary 3.8 requires the
existence of a finite right-hand side supremum. Consequently, Lemma B.2 implies
that a bounded linear operator &; exists such that

" _ ~\ T
B a)y) =% (v & &=B) =B} (B =N) B},

Applying the inverse semiconvex dual operator D, 1 of (3.26) to obtain (4.6),

(&)
(D! B2 a)(x) = /% bla,y) ® (B2 a)(y) dy
@ ~
b Mo+ [ L G+ M)+ ~Ma)dy.
x

Again, an analogous argument to the proof of Corollary 3.8 requires the existence of
a finite right-hand side supremum. Consequently, Lemma B.2 implies that a bounded
linear operator O; exists such that

~ ~ ~ +
(D B a)(w) = L (x, O;) Ofi/\/l—./\/l(c‘f,g+./\/l) M. (4.7)
Combining (4.6) and (4.7) implies that 3 (z, Pra) = 1 (z, O; z) for all z € 2, or
- - +
(i) = M- M (&+M) M, (4.8)

~ ~\ T+ ~ —~
in which & = BI'' — (B} %) (632 - N) B:%, with N = M + M (M - M)"I M.
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4.4. Recipe. The solution P of the operator differential Riccati equation (1.1)
initialized with P(0) = M for any M € S,4(2") can be evaluated at any time within
an interval of existence (0, 7*] using the particular solution P of the same equation
initialized with P(0) = M € 3(Z") as specified in Assumption 2.6 via the following
recipe:

0 Select a time ¢ € (0,7%], 7* € Rsq as per (2.26), at which
evaluation of the solution P of the operator differential Riccati
equation (1.1) satisfying P(0) = M for some M € EM(%)
is required. Fix iteration integer x € Z~; and time 7 = #/k.
Construct the bounded linear operators BX!, BL2 and B2? from
the evaluation of the known particular solution P(7) according

0 (3.32), (3.33) and (3.34).

O Iterate the operator triple (E,i’l, g;,z, BAQkQ) as per (4.1), (4.2),
(4.3) for k = 2,--- K, subject to the initialization (4.4), to ob-
tain the final operator triple (Bt}’l, 82’2, 85’2) at time ¢ as per
(4.5).

O Select any initial condition M € 3 (£7). Evaluate the solution
P of the operator differential Riccati equation satisfying ’5(0) =
M at time £ via (4.8).

4.5. An illustrative example. A brief example is provided to illustrate an
application of the recipe of Section 4.4 to the numerical evaluation of solutions of
a specific operator differential Riccati equation of the form (1.1). With 9 denoting
differentiation, select

Ar=—(2+0)x, xEdom(A);{xE%

a absolutely continuouson A U {0},
z(0)=0, dr e & ’

gxi%xj cxi%//\x(g)dg, xz € dom(o) =dom(C) = 2.

Attention is restricted to initializations M € %(2°) and M € S r((2) that assume
an integral representation of the form

Ma = (Ma)( /M 0)dc, (4.9)

in which M € L3(A%;R) denotes a kernel. Under this restriction, respective solutions
of the operator differential Riccati equation (1.1) enjoy the same integral represen-
tation, with time-indexed kernels denoted respectively by P(t), P(t) € Ly(AZ;R),
t € R>(. Consequently, the operator differential Riccati equation (1.1) may be equiv-
alently represented via an integro-differential equation of the form

opP

G0 = —APEn.0)+ G )+ .0+ 4 Pl p) P p. O ot §

a¢
(4.10)

subject to the boundary and initial conditions
P(t,0,¢) =0=P(t,n,0), P(0,n,¢)=M(0,n,(), (4.11)
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for all t € R>q, n,¢ € A. Equations (4.10) and (4.11) are solved via a textbook appli-
cation of Runge-Kutta (RK45) on a fine grid to provide a benchmark for application
of the recipe of Section 4.4 via representation (4.9). Approximation errors generated
by the dual-space propagation of Theorem 3.7 relative to the RK45 solution are illus-
trated in Figure 4.1 (scaled via the natural logarithm). The computational advantage
illustrated there is due to the application of the time-step doubling iteration alluded
to in Section 4.2 in computing B?. For reasons of brevity, further details are omitted.

RK4 vs. dual-based propagation

_5 T T T T T
== =RK45
—— Dual-space
_10 - R |
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Fic. 4.1. Approximation error versus computation time for standard (RK45) and dual-space
propagation methods.

5. Conclusion. By exploiting a connection between an operator differential Ric-
cati equation and a specific infinite dimensional optimal control problem, dynamic
programming is employed to develop an evolution operator for propagating solutions
of this equation. Examination of this evolution in a dual space, defined via semicon-
vexity and the Legendre-Fenchel transform, reveals the existence of a time indexed
dual space operator that can be used to propagate the solution of the operator dif-
ferential Riccati equation from any initial condition in a particular class. By demon-
strating that these time indexed dual space operators inherit a semigroup property
from dynamic programming, the set of such time indexed operators is shown to define
a fundamental solution semigroup for the operator differential Riccati equation.

REFERENCES

[1] G. BACHMAN AND L. NARicl, Functional Analysis, Dover (orig. Acad. Press, 1966), 2000.

[2] M. BARDI AND I. CAPUZZO-DOLCETTA, Optimal control and viscosity solutions of Hamilton-
Jacobi-Bellman equations, Systems & Control: Foundations & Application, Birkhauser,
1997.

[3] R. BELLMAN, Dynamic programming, Princeton University Press, 1957.

[4] A. BENSOUsSSAN, G. DA PraTO, M.C. DELFOUR, AND S.K. MITTER, Representation and control
of infinite dimensional systems, Birkhatser, second ed., 2007.

22



[5] R.F. CURTAIN AND H.J. ZWART, An introduction to infinite-dimensional linear systems theory,
vol. 21 of Texts in Applied Mathematics, Springer-Verlag, New York, 1995.

[6] P.M. DOWER AND W.M. MCENEANEY, A maz-plus based fundamental solution for a class of
infinite dimensional Riccati equations, in Proc. Joint 50" IEEE Conference on Decision
and Control and European Control Conference (Orlando FL, USA), 2011, pp. 615-620.

(7] , A maz-plus method for the optimal control of a diffusion equation, in proc. 515 IEEE
Conference on Decision & Control (Maui HI, USA), 2012, pp. 618-623.
(8] , A maz-plus dual space fundamental solution semigroup for operator differential Riccati

equations, in review, MTNS’14, 2014.
[9] R. HAGEN, S. RocH, AND B. SILBERMANN, C*-algebras and numerical analysis, vol. 236 of Pure

and Applied Math., Marcel Dekker, 2001.

[10] E. KREYSZIG, Introductory functional analysis with applications, Wiley, 1978.

[11] W.M. MCENEANEY, Maz-plus methods for nonlinear control and estimation, Systems & Con-
trol: Foundations & Application, Birkhauser, 2006.

, A new fundamental solution for differential Riccati equations arising in control, Auto-
matica, 44 (2008), pp. 920-936.

[13] A. Pazy, Semigroups of linear operators and applications to partial differential equations,
vol. 44 of Applied Mathematical Sciences, Springer-Verlag, 1983.

[14] W.O. RAY, Real Analysis, Prentice-Hall, 1988.

[15] R.T. ROCKAFELLAR, Conjugate duality and optimization, SIAM Regional Conf. Series in Ap-
plied Math., 16 (1974).

[16] A.E. TAYLOR AND D.C. LAY, Introduction to functional analysis, John Wiley, second ed., 1980.

Appendix A. Continuous and strongly continuous operators.

An operator-valued function F : R — £(Z) is continuous at ty € R if given
€ € Rog there exists an 0 € R such that [t —to| < § = || F(t) = F(to)|| 2y <€ in
which || F ()|l z(2) = supj,=1 [[F(¢) x| denotes the induced operator norm of F(t) €
L(Z), and || - | is the norm on Z". An operator-valued function 7 : R — £(2") is
continuous on an open set I C R if it is continuous at every ty € I. The space of
operator-valued functions C(I; £(Z")) is defined as the space of all such continuous
operator-valued functions defined on I C R.

Similarly, an operator-valued function F : R — £(.2") is strongly continuous on
an open set I C R if, for every € 27, the function F(-)z : I — 2 is continuous.
That is, for any tg € [ and x € 2, given € € Ry, there exists a § € Ry such
that |t — to| < § = ||F(t) x — F(to) x|l < €, in which || - || denotes the norm on 2.
The space of strongly continuous operator-value functions Cy(I; £(Z")) is defined as
the space of all such strongly continuous operator-valued functions defined on I C R.
These definitions are summarized by (2.3) and (2.4).

LEMMA A.1. For any compact interval I C R,

C(LL(2) C Co(L; £(2)) = L(25,C(1; 27)) (A.1)

in which | fllousz = supeer 17

Proof. Fix any F € C(I; L(Z)), € € Ry, and z € 27, ||z|| # 0. Set €1 = €/||z]|.
As F is continuous by definition, there exists a d(e1) € Rso such that |t — to| <
d(er) = ||F(t) — F(to)llczy < e1. However, as F(t), F(to) € L(Z), || F(t)z —
F(to) x| < | F(t)=F(to)l| 2 [l«]| < erllzll = e Thatis, [t—to| < d(e/||z[l) = [|F(¢) z—
Flto)z|| < e As F e C(I; L(Z)), € € Rsg, and z € £, ||z| # 0, are arbitrary, it
follows by definition that F is strongly continuous. That is, F € Co(I; £L(Z")), and
the left-hand relation in (A.1) holds.

The right-hand equivalence may be proved by showing that Cy(I;L(Z7)) C
L(ZC(1; Z)) and L(Z5C(1; Z)) C Co(I; £L(Z7)). To this end, first fix F €
Co(I; L(Z)). As per [4], p.387, define f(z)(t) = F(t) z, and note that F is strongly
continuous. Hence, given any z € 27, tg € I, € € Ry, there exists a § € Ry such
that |t —to] < 0 = || f(x)(t) — f(z)(to)]] < e. That is, f(z) € C(I; Z") for each
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x € 2. Consequently, for each x € £, the function ||f(z)(-)|| : I — R>o must
achieve a finite maximum M, € R>y on I by the Extreme Value Theorem. That is,

for each x € 27, ||f(z)@®)|| = | F (@) z| < My < oo for all t € I. Hence, the Uniform
Boundedness Theorem (e.g. Theorem A.3.19 on p.586 of [5]) implies that there exists
an M € R> such that sup,c; [|[F(t)||z(2) £ M < oo. Consequently,

If @)l ey = sup [|f(2)(#)]] = sup || F(2) 2]
tel tel

< Sup IFO) ey lzll < M|z

That is f : 2" — C(I; Z) is bounded. Furthermore, as f : 2" — C(I; Z") satisfies
by definition f(z) = F(-)x for all x € 2, it is linear. Hence, f € L(Z";C(I; Z)).

Conversely, select an f € L(Z;C(I; Z7)). By definition, there exists a K € R>g
such that for all x € 27, sup,; || f(2)(t)|| = | f(@)llc(r;27) < K [|z]|. Define F(t)x =
f(x)(t), t € I. Hence, ||F(t)z|| < K ||z|| for all x € 27, so that

F(t) e L(Z) Vitel. (A.2)

Furthermore, as f(z) € C(I; Z") for every x € £, given any v € 2, to € I and
€ € Ry, there exists a § € R such that

t—tol <0 = [f(x)(t) = fz)(to)] <€
—= |[Ft)z — F(to)z| <e.

That is, F : I — L(Z") is strongly continuous. Recalling (2.4) and (A.2), it follows
that F € Co(I; L(Z)). O

In view of Lemma A.1, spaces C, Cy of (2.3), (2.4) may be equipped respectively
with the norms

[Fllegrn = Sup IFOll ey FeClL(2)), (A.3)
[ Fllcogry = Sup, IFO 2l FeCo(l;£(27)).
LEMMA A.2. ||-|lc may be extended to Co(I; L(Z)), whereupon it is equivalent

to || - llco-
Proof. Fix F € Co(I; L(Z)). By definition (A.3),

[Fllcotry = sup | F() zlloa) = sup sup || F(t) ||
lzfl=1 lzl=1 teT

=sup sup || F(t)z|| = sup | F(t)llz2) = 1 Flloqy -
tel |a)=1 tel
ad
LEMMA A.3. Given a compact I C R, the normed spaces (C(I; L(2)), || - |loqry)
and (Co(1; L(Z7)), I lcogry)s defined via (2.8), (2.4), and (A.3), are Banach spaces.
Proof. The proof that (C(I;£(27)), || - [lc{ry) is a Banach space follows an ar-
gument from the proof of Theorem 4.3.2 of [14], generalized to this setting. In par-
ticular, let {F,} denote a Cauchy sequence in C(I;£(2")). By inspection of (A.3),
| Fn(t) = Fin®)llzcay < 1 Fn — Fulloqry for any t € I, and n,m € N. Thus, {F,(t)}
defines a Cauchy sequence in (£(2), || - [[z(2)), which is a Banach space (see for
example Theorem 2.10-1 on p.118 of [10]). Hence, there exists a F(t) € L(Z") such
that F(t) = limy,—, 0 Fn(t). Let {t,,} denote a sequence in I such that lim,, e t, = t.
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Fix ¢ € R5p and N € N sufficiently large such that |[Fx — Fllcgry < §. Hence,
applying (A.3),

[Fn(tn) = Ft)l <5  VneN (A.4)
As Fy € C(I; L(Z)), there exists a § € Rs¢ such that
s—tl<d €
P = 1) - vl < 5 (A5)

Furthermore, by definition of {¢,}, there exists an M € N sufficiently large such that
n>M = |t,—t<9d. (A.6)

Hence, for all n > M, the triangle inequality combined with (A.4), (A.5). and (A.6)
implies that

[F(tn) = FOllecary < NFEn) = Fnta)lleca
+ [[Fn(En) = FN@O)ll ey + IIFNE) = FO)lleca) <e.

Hence, as € € R> 0 is arbitrary, the limit F must be continuous. That is, F €
C(I; £(Z")), which implies that (C(I; £(2")), || - [lc{ry) is complete (and hence is a
Banach space).

In order to prove that Co(I;L£(Z")) is a Banach space, recall by the right-hand
equivalence of Lemma A.1 that Co(I;£(2)) = L(Z;L(I; Z7)), where L(I; Z) is
equipped with the norm ||f[|¢(r;27) = supsey [|f(¢)]|. Using the same argument as
above, it may be shown that % = (C(I; Z°), || - |c(1;27)) is a Banach space. Hence,
applying Theorem 2.10-2 of [10], £(.Z"; %) is also a Banach space. O

Appendix B. Quadratic functionals and max-plus integral operators.
LEMMA B.1. Let f : 2 — R denote a quadratic functional f(z) = L(z, Fx) in
which F € £(2") denotes a self-adjoint bounded linear operator.
(i) f is closed;
(ii) f is convex if and only if f is nonnegative.
Proof. (i) Fix any x € £, § € (0,1], h € Bg (x;0).

[f(x+h) = f@)] < 5 |(h, (F+F) 2)| + 5[(h, Fh)
slInl (IF + F) 2l + 17 k)

< K |lh|

IN N

for some K € Ry, where the inequalities follow respectively by the triangle inequality,
Cauchy-Schwartz, and by hypothesis (boundedness of the integral operator F). That
is, f is continuous (and so lower semicontinuous). A similar argument yields that f
is always finite. Hence, f is closed.

(i) Given « € [0, 1] and applying the definition of the quadratic functional f,
define the functional A, : 2" x 2 — R by

Aa(z,) =af(z)+(1-a)f(§) — flaz+(1—-a)f) .
=a(x, Fr)+ (1—a)(§ F& —{(ax+(1—a)&, Flaz+ (1 —a)))

=a(l—a)({z, Fao)+ (£, FE —(z, FE - Fu))
=a(l-a)(z—¢& F(z—9)
=a(l—a)f(z-¢),
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where linearity of F and properties of the inner product have been used. Supposing
that f is nonnegative, A, (z,£) > 0 for all z, £ € 2. That is, f is convex. Conversely,
if f is convex, then it follows by inspection that f must be nonnegative. O

LEMMA B.2. Let f : 2 +— R denote a quadratic functional f(z) = 3(z, Fx) o +
(x, & o with F : 2 — Z a self-adjoint, bounded linear operator and & € Z". Then,

sup f(z) <o =
zeX

F is mon-positive,
(B.1)

FT exists,

where FT denotes the Moore-Penrose pseudo-inverse of F. Furthermore, there exists
x* € X such that

f(@*) = sup f(z)=—2(& Ft&) o, where a*=-F*t¢. (B.2)
xeX

Proof. Assume that sup,c o f(z) < co. Suppose that F is positive, so that given
€ € R, there exists an € 2" such that min{3(z, F ), (Z, £) 2} > 5. With k € R,
k>1,

fkz) =@ FBla +kE@, o > k[3@ FBa + (&, &) o] > ke.

Hence, sup,¢ 4 f(z) > supy~, f(kZ) > € sup,~, k = 0o, which contradicts the asser-
tion of the left-hand side of (B.1). That is, F must be a non-positive operator. So, as
—JF is a non-negative, self-adjoint, bounded linear operator, a square-root operator
F exists [1] such that —F = F' F = F F, where F is also non- negative, self-adjoint,

bounded and linear. Hence, (z, Fz)g = —(z, F' Fa) g = —(Fx, Fa) 4, and
fl@)=-YFa, Fayo + (2, o (B.3)

Let A (.7? ) and %(j—z) denote the null and range spaces of F respectively. As F
is self-adjoint, A +(F) = Z(F) and Z(F) is closed (c.f. [16], Theorem 4.10.1).
Furthermore, 2 = A (F)® 4L (F), where & denotes the direct sum (c.f. [16],
Theorem 2.7.4). In particular, with £ € 2" as per the lemma statement,

e=&V e, where Ve (F), feR(F), (V) =0
Suppose &V £ 0, and define x = k&N for some k € Rwg. Then,

FO)=—3Fx. FX)a +(x, &) = —E(FEN, FENY g + k(eN, €N 4 £R) o

NI)—A

So, sup,cq f(x) > H§N||2% SUPger., k = 00, which contradicts the assertion of the
left-hand side of (B.1). That is, &N = 0, so that £ € 2(F). Hence, there exists a
y € Z such that £ = Fy. So, returning to (B.3),

fl@)=— Wy, o — 3 Fr—y, Fo—y)a

~ 2
=3y, y>%—%Hf:c—yH%~ (B.4)

~ ~

<j-::c,]::c>gg+<:c,}'y>gg=

N[
N [=

Recalling from above that Z(F) is closed, F has a pseudo inverse [9], denoted by F.
Consequently, the supremum over 2 in (B.2) is attained at z* = FTy = FTFT .
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As F is self-adjoint, and —F = ]?A]? , it follows that the pseudo-inverse of F also
exists and is given by FT = —F+ F*+. That is, the maximizer may be rewritten as
x* = —FT &, as per (B.2). Substituting in (B.4) yields

F@) =Yy, o = MFHe, Fr o =4, FTF ) a = -4, FT o) o,

as per (B.2). O
LEMMA B.3. Consider any maz-plus integral operator OF of the form (3.36) with
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O0%a=(0%a) () = /% O(,z)®a(z)dz, (B.5)

defined with respect to kernel functional O : Z"x Z +— R and functionals a : Z — R.
Suppose there exists a functional a : 2 — R such that a,(O%a) : 2 — R are
finite-valued everywhere on Z . Then, the kernel functional O is also finite-valued
everywhere on X x X . That is, O(y,z) < oo for ally,z € Z.

Proof. Fix any y,z € 2. From (B.5), O(y,z) < (0%a)(y) — a(z) < oo by
finiteness of (O% a)(y) and a(z). O
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