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Abstract

The matrix differential Riccati equation (DRE) is ubiquitous in control and systems
theory. The presence of the quadratic term implies that a simple linear-systems
fundamental solution does not exist. Of course it is well-known that the Bernoulli
substitution may be applied to obtain a linear system of doubled size. Here how-
ever, tools from max-plus analysis and semiconvex duality are brought to bear on
the DRE. We consider the DRE as a finite-dimensional solution to a deterministic
linear /quadratic control problem. Taking the semiconvex dual of the associated
semigroup, one obtains the solution operator as a max-plus integral operator with
quadratic kernel. The kernel is equivalently represented as a matrix. Using the
semigroup property of the dual operator, one obtains a matrix operation whereby
the kernel matrix propagates as a semigroup. The propagation forward is through
some simple matrix operations. This time-indexed family of matrices forms a new
fundamental solution for the DRE. Solution for any initial condition is obtained
by a few matrix operations on the fundamental solution and the initial condition.
In analogy with standard-algebra linear systems, the fundamental solution can be
viewed as an exponential form over a certain idempotent semiring. This funda-
mental solution has a particularly nice control interpretation, and might lead to
improved DRE solution speeds.
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1 Introduction

In recent years, max-plus analysis and semiconvexity /semiconcavity-based methods have
expanded greatly, finding wide application in control (c.f., [3], [5], [11], [13], [17], [14]).
Much of the work on applications of max-plus analysis in control has focused on discrete-
event systems. However, there were recent breakthroughs in the solution of Hamilton-
Jacobi-Bellman (HJB) PDEs (c.f., [1], [2], [10], [17], [18], [21]). Now, surprisingly, we see
that this theory is yielding a fundamental new result in the area of Riccati equations.

The matrix differential Riccati equation (DRE) is ubiquitous in control and systems
theory. We consider time-invariant DREs of the form

b,=F(P)=AP,+PA+C+PXP, (1)

where C' is symmetric and ¥ = oo’ is symmetric, nonnegative definite with at least one
positive eigenvalue. (The non-positive definite case is equivalent.) Throughout, we assume
that all of the matrices are n x n. We suppose one has initial condition, Fy = py where pg
is also symmetric. This DRE has an interpretation as the matrix defining a control value
function. Numerous numerical methods have been used to solve such problems, including
direct Runge-Kutta methods, the Chandrasekhar decomposition approach, and variations
of the Davison-Maki approach (c.f., [12]). The Daivson-Maki approach uses the Bernoulli
substitution to create a linear system of two matrices, each of the same size as P;. We
denote these matrices as V;' and V2. The linear system is

VY 4 (V2
(1) = (
where A = A(A, C,X) is 2n x 2n. The solution of the DRE is recovered by letting
P =V, (2)

where in particular, one uses initial conditions Vi = I, Vi = py. So, one obtains the so-
lution of the Riccati equation from fundamental solution exp(At). That is, P; is obtained

from (2) where
V! I
(V?) = exp( ) (po) |

Although the Davison-Maki approach is quite nice, we will obtain another funda-
mental solution, and this fundamental solution has a particularly clear control-theoretic
motivation. This new approach will also generate a 2n x 2n object as the fundamental
solution. In this approach, the matrix object is separated into four blocks, and the opera-
tions are actually more naturally viewed as operations on the four n x n blocks, which are
not obviously equivalent to simple operations on the overall matrix. The new approach
will be constructed through a finite-dimensional semigroup defined by this fundamental
solution. The forward propagation of the fundamental solution is naturally defined by
this operation with the semigroup property.



We now give some sense of the tools which will be applied in the technical development.
First, we will consider linear/quadratic control problems parameterized by z € IR", and
the value functions associated with these control problems take the form

VAt x) = 5(x — Mz) Po(x — MNez) + 1y

We note that V*(t + 7,2) = S.[V*(t,-)](z) where S; is a max-plus linear semigroup.
Semiconvex duality, introduced in [10], [17], is a small perturbation of convex duality.
However, semiconvexity is a typical property for value functions [5], [17]. Further, the
space of semiconvex functions is a max-plus vector space [17], [10], [3], [6], [15]. Working
in the semiconvex-dual space, S; has a semiconvex-dual operator, B, which takes the form
of a max-plus integral operator with kernel, B, = B, (z,y), taking the form of a quadratic
function. The matrix, 3,, defining this quadratic kernel function will be the fundamental
solution of the DRE. We will define a multiplication operation (®-multiplication) with
the semigroup property, specifically

Biyr = B ® G-

where the ® operation involves inverse, multiplication and addition n X n-matrix opera-
tions (in the standard algebra). The definition of ® appears just below (28). We will also
define an exponentiation operation (®-exponentiation) such that 8, = 3. The solution
of (1) will be obtained by

P, = D,Zlﬁtpro

where the Dy, and D, ! operators are descended from the semiconvex dual and its inverse.
These operations are also implemented through some n x n (standard algebra) matrix
operations. It is important to note that the fundamental solution approach has the
benefit that one only solves once for f3;, even if one wishes to solve the DRE for a variety
of initial conditions.

Although the fundamental solution is of theoretical interest, it can also be useful
in numerical solution of differential equations. For example, in [12], the Davison-Maki
fundamental solution is used in two numerical methods which are investigated there for
numerical speed. There are many issues to be considered in construction of numerical
methods, and these are beyond the scope of this paper. Nevertheless, we do indicate
some initial steps in the direction of computational solution of DREs using the new
fundamental solution.

In summary, the structure of the paper is as follows. First, we obtain the solution of the
DRE for a particular initial condition in terms of the fundamental solution and the initial
condition (Theorems 3.3 and 3.5). Next, we show how the fundamental solution may be
obtained from an arbitrarily small segment of a particular solution of the DRE (Theorem
4.7). Next we develop a natural exponential representation of the fundamental solution,
and briefly discuss an associated semiring (Sections 5 and 6). Lastly, an exponential-
order numerical method based on the fundamental solution is developed and applied in
an example.



2 The linear-quadratic control problem

As indicated above, the fundamental solution to the DRE will be obtained through an
associated optimal control problem. Recall that we are considering the DRE given by
(1). Since we will be employing semiconvex duality (see below and [10, 17, 18]), we will
choose some (duality-parametrizing) symmetric matrix, @), such that

F(Q) >0, (3)

where we note that, for any square matrix D, we will use the notation D > 0 to indicate
that matrix D is positive definite throughout. We will need to consider the specific
solution of DRE (1) with initial condition

Py =Q. (4)
We assume:
There exists a solution of DRE (1), P, with initial condition (4), satisfying
P > @ (ie., P, — Q positive-definite) for t € (0,T) with T > 0, and we (A.e)
note specifically, that we may have T = +o0.
This is the last assumption until Section 7, where numerical methods are discussed.
We will be obtaining the fundamental solution (; for solutions with initial conditions,

Py = po > Q. Note that we do not assume stability of the DRE, and finite-time blow-up
is possible. We will let

T =T(py) =sup{t >0 | P, exists, and P, > Q}, (5)

and we let

A~

T=T(p) =TAT (6)

where A indicates the minimum operation.

Remark 2.1 Note that with ¥ > 0, we may take () = —kI for arbitrarily large k, so
that one can ensure (3) will hold for such @ (as well as for any py > Q).

We will be using a control value function to motivate and develop the fundamental
solution. Consider the Hamilton-Jacobi-Bellman partial differential equation (HJB PDE)
problems on [0,7) x IR", indexed by z € IR", given by

Vi =H(z,VV7) (7)

VA(0,2) = (2, 7) (8)
where V indicates the gradient with respect to x, and

H(xz,p) = (Az)p+ %x’C’x + %p’Zp 9)

U(z,2) = 3(x — 2)Q(z — 2). (10)



Theorem 2.2 For any z € IR", there exists a solution to (7),(8) in C*((0,T) x IR") N
C([0,T) x IR™), and this is given by

Vi=1(z - A2) Pz — Ay2) + 2/ Ryz (11)

where P satisfies (1),(4), and A,r satisfy Ao = I, Ry =0,
A=— [ﬁ—lc + A} A and R=NCA. (12)
The proof is immediate by substitution into (1),(4). Next we need a verification

theorem in order to connect the HJB PDE to the control value function and semigroup.
For any z € IR", let

W2 (—t,2) = Vi(t,x)  V(ta)e0,T)x R, (13)

(
Note that W#(0,x) = ¥ (z,2) and W7 = —H(r, VIW?) on (=T,0) x IR". For x,z € IR",
r € (=T,0] and w € Ly(r,0), let

0
F(ra,w) = [ 4,08 = Hul do+ 0(z,60 (14)
where £ satisfies '
gp = Agp +ow, (15)
& = (16)
The optimal control problem value function is defined to be
Wi(r,z) = sup J*(r,z,w) (17)
w€eLa(r,0)

for all z,z € IR"® and r € (—T,0]. By standard methods, one obtains the following
verification theorem.

Theorem 2.3 Let x,2 € IR" and r € (=T,0]. One has
W=(r,x) > J*(r,xz,w) Vw € Ly(r,0)

and
W=(r,x) = J*(r,z,0)

where 1, = w(p, &,) = a’NW?(p,&,) = o' P_, (€, — A_,2), which implies W~ = W=,
PROOF. For completeness, we include a sketch of the proof. Let w € Ly(r,0).
0
Ty, w) = / L OE, — Yw,|? + (A€, + ow)YW(p,£,) dp+ (2, &)

0
- / (A€, + ow) VW (p.&,) dp

which by definition of H,



0 0
< / HEy, VIV (0. ,)) dp+ (2, €0) — / (AE, + ow) VW (p,&,) dp
which by (7), (13) and (15),
0 .
_ / W, &) — W (0, 6,) dp+ (2. 60)

—— [ SN do+ 0.6

= W?3(r,x) = W0, &) + ¥(2, &) = W*(r, 2).
The second assertion follows by the choice of w and a similar argument.

For ¢ : IR" — IR given by ¢(z) = 1(z — 2)'po(z — z) (and actually for a much larger
set of functions), we define the semigroup, S., by

S [6)(x) = V3 (r, ) (18)
= 51— Ae2) Polo = Ar2) + 2/ Rre (19)

where Ag = I and Ry = 0. Recall that S, is a max-plus linear operator. (This is discussed
in more detail in [10, 16, 17], among others.)

3 Solution via the semiconvex dual semigroup

We let @, ® denote the max-plus addition and multiplication operations. We say that
¢: R"— IR~ = IRU{—00} is semiconvex if given R < 0o, there exists finite, symmetric
Cg > 0 such that ¢(z)+22'Crz is convex on Br(0). We say that ¢ is uniformly semiconvex
with (symmetric matrix) constant K if ¢(z) + 22/ Kz is convex on IR", and we denote
this space as SE(IR"). Recall that SK(IR") is a max-plus vector space (c.f., [17]).

Semiconvex duality is parameterized by quadratic functions. We will use the quadratic
¥ given in (10) to define our semiconvex duality. The main duality result (c.f., [17], [10],
where proofs may be found) is

Theorem 3.1 Let ¢ € SK(IR") where —K > Q. Then, for all x € IR™,
¢(x) = max [1)(z, z) + a(2)]

&2

= [ w2 @a)dz = vle ) 0a() = D' (20)

where for all z € IR™

a(z) = — max [¢(z, 2) — ¢(x)]

zeIR™

=~ | ¥(z,2) ®[-¢()]dr = —{¢(-,2) © [-()]} (21)

Rn
which using the notation of [6]



= {¢(2) 06~ ()]} = Dyle]. (22)

Recall that P, > Q for all ¢ € (0,T), and consequently, for any ¢ € (0,T), there exists
K, such that P, > —K; > @ (i.e., such that P, + K, > 0 and —Q — K; > 0), and such
that (noting (19))
Sy (-, 2)]() € S Vze IR"

Therefore, by Theorem 3.1, for all t € (0,T) and all =,z € IR"

@
Se[eo(-; 2))(x) = - U(z,y) ® Bi(y, z) dy = (x,-) © By(:, 2) (23)
where for all y € IR" .
Bi(y,z) = — - Uz, y) @{=Si[v (-, 2)](@) } de = {0 (-, y) © [Selvo(-, 2)] ()]} (24)

Lemma 3.2 There exists symmetric d; < —Q such that By(y, z) — %y’dty is strictly con-
cave for all z € IR".

PROOF. Note that since P, > (Q, there exists 6, > 0 such that Si[ (-, 2)](z) €
S~(@+%) (as a function of x) for any z € IR™. The proof then follows from [17], Theorem
712 g

In analogy to the spaces of uniformly semiconvex functions, we say that ¢ : IR" —
IR™ = IRU{+o00} is uniformly semiconcave with (symmetric matrix) constant d if ¢(x) —
%x’ dx is concave on IR™, and we denote this space as S (IR"). We define the time-indexed
max-plus linear operators B; by

52

Blal(:) = B2 0a() = [ Bilw.2)®aly)dy 2

mn

In Section 4, we will see that the B; satisfy the semigroup property. (Below, we will also
see that we may use a space of uniformly semiconcave functions as the domain.) We say
that B; is the kernel of max-plus integral operator B;.

Theorem 3.3 Let ¢(x) = 32'pox and a(z) = Dy[¢]. Then, fort € (0,7),
Silgl(w) = ¥(x, ) © Bila|(-) = D' Bila(z) = D' BiDy[g](w) (26)

for all x € IR™.

PROOF. By assumption, S;[¢] € SK* with Q < —K;. The proof then follows by the
proof of Proposition 7.17 in [17].



Now, note that by (19) and (24),

Bi(y,2) = — max{%(x — Y Qz —y) — [b(x — Az) Bz — Az) + %z'th] } (27)

zeIR™

where t < T guarantees strict concavity of the argument of the maximum. Note also, that
By(z,y) is a quadratic function; this supports the above assertion regarding the domain

of Bt.

Prior to computing B; from (27), we introduce the ®-multiplication operation and a
result regarding a more general version of (27), which we will use later as well. Let 1 and
a be 2n X 2n matrices with n X n block structure denoted as

1,1 1,2 1,1
b b a b
n= {:;1,2/ 22,2] and o= {al,?

We define the ® multiplication operation by
L1 12
fy K K
®a =
n [71,2/ 72,2 }
where

1,1 1,1 1,2 0-1,1,2/
Y=t =St
1,2 1,20-1.1,2
Y= ST )
21 _ 1,2/
/7 _fy 9

!~
22 _ 22 _ ,l2g 1a1’2,

Y

and S = n?? + obl.

o2
il (28)

Lemma 3.4 Let n and « be 2n x 2n matrices with block structure given in (28). Let

rew =4 (1)0(2)+1(5) 2 ()}

Then,

F(z,y) =3 (g)/v (5)

where v =1 ® «.

Combining (27) and Lemma 3.4, one obtains the following.

Theorem 3.5



where B; has the same block structure as n above, and in particular,

= QATIQ - Q = QAP
1 = —PATTQA = —QA[ ' PA,,
62,1 _ 61,2/
t - Mt )
22 — NP, + Ry + NPATPA, = Ry + NQATTPA,,

(30)

and A, = Q — P,.

4 The DRE fundamental solution semigroup

Now we will use the semigroup nature of the S; operators to obtain the semigroup nature
of the B, operators, and consequently the propagation of the B, and ;. The propagation
of B, = (£1)®" will be the dynamics of the fundamental solution of the DRE.

The next two lemmas are straightforward, and proofs are not included. The first is a
statement about continuity of solutions with respect to initial conditions.

Lemma 4.1 Let P, satisfy (1) with initial condition Py = py. In the case where T < oo,
given € > 0, there exists § > 0 such that |py — Q| < § implies T > T — ¢. In the case
where T = 400, given M < oo, there exists § > 0 such that |py — Q| < & implies T > M.

Lemma 4.2 Let a(z) = 3(2 — 2)'qu(z — 2) + 14 with ¢, < —Q, and let ¢ = D;la. Then,

¢(x) = 3(z —2) [QU 'qa] (x — 2) + 14 (31)

where U = Q + q,. Alternatively, let ¢(x) = %(x —T)'qy(r — T) + 1, with g, > Q, and let
a =Dy¢. Then,
a(z) = 5(z =7) [QAT'g)) (2 =) + 1, (32)

where A = Q) — ¢q,.

Based on this lemma, it is natural to make the following definitions, which inherit

notation from Dy and D ! For symmetric g, > Q, define Dylg,] = Q(Q — ¢,)"'¢,, and
for symmetric ¢, < —(Q), define D;l[qa] =Q(Q + q.) qa.

Lemma 4.3 Let a(z) = 3(z — 2)/qu(2 — Z) + 1o with g, < —kI. Then, D;l[qa] — Q as

k — oo (i.e., given § > 0, there exists k < oo such that k > k implies |D;1[qa] —Q|<e).



PrROOF. The proof is a straightforward application of linear algebra, and so only the
main steps are included. Note that

Q+a) ' '=U+q¢'Q) "¢, = [

=0
Consequently,
QR+ ' =Q+QY (-1)(¢,'Q)".
j=1
This implies, where the | - | notation indicates induced norm, that

Q- Q(Q+ ) "aal <1Q1D (2, 'Q)]
j=1

1Q%|q, "]

o i
<101y _(1Qla; ") S TH10ll=1 O

Jj=1

It will be handy to define the following informal closeness notion. For T" = +oo and
t € (0,00), let u(t,T) = 1/t, and for Tt € (0,00), let u(t,T) = |T — t|. We now obtain
a partial semigroup property for the B; operators. It is likely the operator-domain over
which this is obtained can be expanded, but that is not required for attainment of our
goals here.

Lemma 4.4 Given ¢ > 0 and T. € (0,T) such that u(T.,T) < ¢, there exists k. < oo
such that for all a € S~™,
Btl-l—tz [CL] = Btl Btz [CL],

and equivalently,

52
Bt1+t2(<> ) © a() = |i/ Bt1 (Ca Z) ® Btz(z> ) dz| © a() VC S/

n

for all t1,ty > 0 such that t; +ty < 1.

PROOF.  Given such ¢,T;, Lemma 4.1 implies that there exists 0 > 0 such that if
|po — Q| < 9, then with T" given by (6), T > T..

By Lemma 4.3, there exists k. < oo such that for ¢, < —Q, ¢, < —k.I, one has
|D1;1cja — Q| < 6, and so T > T. (with py = D;lija). On the other hand, a € SZ*!
= 1(2 = 2)'qu(z — Z) + 1,) implies that g, < —k.I.
Also, for k. sufficiently large, a € S~*! implies ¢, < —Q. Combining these, one sees that

a € S~*! for k. sufficiently large implies T>T. (with po = Dy 1Ga).

(with specific constants given by a(z)

10



Let t1,t9 > 0 with t; + 15, < T. Let a € S7*! and ¢ = Dizla. By the semigroup
property of Sy,
St1+t2 [¢] (I) = Stl St2 [¢] (33>

where existence is guaranteed by the above.

Note that

Sunll0) = Sy | [ 0@ al) ] @)

which by max-plus linearity (where the supremum interchange is less problematic than

the standard-algebra integral intechange due to less measurability issues)
®

= StV (¢ 9)](2) @ (v) dy

Rn

which by (23)
(&) (&)
_ / b(2.2) ® By sz, y) dz © aly) dy
mn Rn

(&) (&)
— [ e / By oy (2,9) ® aly) d=dy
Rn T

(&) (&)
- [wtene [ [ B oa) dy] - (34)
= . W(z, 2) @ By yi,]al(2) dz. (35)

Also,

SuSaldlle) = Su5e | [ vt wat) o] @)

which by max-plus linearity

= [ Susulvtln) ® aty) dy (30
However, by (23), .
S0 = [ 02 @ Bl 7

Combining (36) and (37),

susulelo = [ 8, | [ vt2)eBuedz] 0 s o dy

n

which again by max-plus linearity

11



D @
— / / St [(+, 2)](x) @ By, (z,y) ® aly) dz dy
— /6B /@ /69 U(x, () @ By, (¢, 2) @ By, (z,y) ® aly) dydz d¢

:/@/gw%)®{U@Bﬂgd®3d%w@1®dw@}ﬂ(%)

n

=D, 'B;,B,,[a]. (39)

Combining (33), (35), (39) and Lemma 4.2 yields the first assertion. Combining (33),
(34), (38) and Lemma 4.2 yields the second.

Lemma 4.5 Let G,G € C%(IR™) (continuous, uniformly bounded second derivatives).

Suppose R
Gz, ) ®a() =G(z,:) ®al-) Vze R"

for all a € 8 for some finite, symmetric d. Then, G = G.

PROOF. Suppose there exists (Z,7) such that G(z,7) # G(Z,7). Then, there exist
0, > 0 such that

Gla,y) = Gla,y)| > V(r,y) € Bs(x, 7). (40)
Also, since G, Ge C%, there exist M;, M, < oo such that

9(1',’3/) < €(fvy) + M1|(1',y) - (f>y)| + M2|($,y) - (E> )|2
G(z,y) < G(@,7) + Mil(x,y) — (T,9)| + Mo|(z,y) — (T,7)

for all (z,y) € IR™ x IR". Consequently, with M3 = My + M, /4,
Glz,y) < G(@,7) + Ms|(x,9) — (@ 7)°, Gla,y) < G@,7) + Ms|(z,9) — (,7)]’

for all (z,y) & Bs(T,7).
Let M = {[Ms,[Ms+1,...}. For M € M, let ay(y) = —M|y — y|>. Let

2y =G(T,) ©an() = m;\X[G(T, y) + anm(y)]
> G(z,7), (41)

and let yy, € argmax, {G(T,y)+an(y)}. Suppose yn 7+ J. Then, there exists §>0anda
subsequence such that |ya, —7| > 0 for all k, which implies G(Z, yar,, ) + anr, (Yar,) — —00
which contradicts (41). Consequently,

Ym — Y. (42)

12



Now, using the fact that ay, <0,

G@,") ®an(-) = [G @ am(T, ymr) < G(T, yur)
which by (42)
— G(7,7). (43)
By (41) and (43),
G(@,) ©au() — G(T,7).
Similarly, R R
Conequently, there exists M < oo such that for all M > M,

By (40), (44) and (45),
which contradicts the assumption.

Combining Lemmas 4.4 and 4.5, we have:

Theorem 4.6 For all t;,ts > 0 such that t; +ty < T,
®
Bt1+t2(§,x) = / Btl(g,Z)®Bt2(Z,J}') dz V:L’,C - Rn

mn

Combining Theorem 4.6 with Lemma 3.4 and Theorem 3.5, one obtains the semigroup
propagation of the fundamental solution of the DRE, and this is:

Theorem 4.7 The forward propagation of semigroup (; is given by

Bii+ts = By ® By, (46)
where as above,
/
ﬁtl <>9/61‘,2 11 _/6t112Ut1 tz/@12
ﬁtl <>9/61‘»2 12 t112Ut1 tz/g

[ "

[ "

B, ® )" = ﬁiﬁ’Utl L
B ® B = 677 = B UL, B

. 52,2 1,1
where Uy, v, = B + B, -

13



In the next section, we will indicate how the forward propagation of the fundamental
solution of the DRE, (46), can be viewed in a sense analogous to an exponential. Prior
to that, let us recap how one uses the fundamental solution to obtain a solution for any
initial condition.

We suppose one wishes to obtain the solution of (1) at time ¢ with initial condition
Py = po. We suppose that one wishes to use (3; to obtain P,. Recall that

$i6] = DF'B/Dyo. (47)

Let ¢(z) = 32'pox. By Lemma 4.2, a(z) = [Dy¢)(z) = £2/qoz where

g0 = Dypo = Q(Q — po) " po. (48)

Then, by (25) and Lemma 3.4,

BDudll) = Bi) © al) = e { (y)ﬁ (1) + (o) 506}

where
-1 1.2/ qo 0 171 . ’
qt = tLl_ 1&12( t2’2+%) i :{ﬂt@)[o 0]} =3 ® qo (50)

where this defines the ®’ operation.

Recall, from (19), that we may represent S;[¢] as

However,
Si[¢] = Dy B Dyo (52)
where, by (49), (50)
[BiDy¢|(2) = 52'q12 = 52/ {8 ® Dypo} 2. (53)
Combining (51)—(53), we see
Pi=Dy'q = D;'[B ® Dypol (54)
where, using Lemma 4.2,
DIZI% =QQ+ &) ¢ (55)

Equation (54) indicates how one obtains the solution P; from the fundamental solution
0; and initial condition py. In particular, one performs the following steps:

e Obtain ¢p from py via (48).

14



e Obtain ¢; from f; and go via (50).

e Obtain P, from from ¢, via (55).

This may be repeated for any number of initial conditions, pg. The choice of symmetric
@ (which parametrizes semiconvex duality) is partially free, only needing to be sufficient
to ensure existence of the semiconvex duals.

Remark 4.8 It is worth noting that if one worked in the dual space, one simply has
¢ = B ® qo as the solution of the (dual of the) DRE.

In the next section, in analogy with standard-algebra linear systems, we discuss the
interpretation of 3, as an exponential. Then, in Section 6, we indicate the associated
semiring. Lastly, in Sections 7 and 8, we make some tentative comments about numerical
issues, and provide an example.

5 Propagation as exponentiation

We have seen that this fundamental solution propagates according to the matrix operation
B4ty = By ® Bi,. There are two issue here: the fundamental solution concept, and the
issue of numerical solution. With regard to the latter, we note that one can obtain 3,
for some very small 7 by a single step of a Runge-Kutta method. Then one obtains [,
by repeated ®-multiplication, or better yet, by Go, = 6, ® 6, B4y = [or ® [or, and so
on. We will discuss this further in the next section. The former issue regards the notion
of fundamental solution. Recall that for a standard-algebra linear system, one views
the fundamental solution as e = (e)!, and so (e4)1*2 = (ed)r . (e4)2. Thus, §, is
analogous to (e4)*, and we would like some similar exponential-type representation here.

Naturally, we define ®-exponentiation for positive integer powers through %2 = 3&® 43,
B3 = [3%% ® 3, et cetera. Using Theorem 4.7, this immediately yields £, = 3"
However, this only works for integer powers. We will extend this to positive real powers
so that we may simply write G; = (6;)®" for any ¢ > 0. Then, propagation of solutions in
the dual space is given by

qi = th ®/ qo,

and is given, in the original space, by

Py = Dilﬂ?t ®" Dypo.

Let Q denote the set of rationals. Given any ¢t € (0,00), let e; = {s € (0,00) |3p €
Q such that s = pt}. As is well-known, the collection of such e; forms an uncountable
set of equivalence classes covering (0, 00).
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Suppose s € e;. Then, there exists p = m/n with m,n € N such that s = pt.
Let 7 = t/n. Then, t = nt and s = m7. Consequently, by Theorem 4.7, 3, = 3*™
and G, = 4%". With this in mind, we make the following extension of ®-exponentiation
to rationals, and the fact that this extension is well-defined will be proved immediately
below.

Definition 5.1 Let s = pt with p = m/n, m,n € N. We define 3F* = 3™ where
T =1/n.

We need to demonstrate that the definition is independent of the choice of m,n € N.
That is, suppose p = mg/ng = my/ny. Let 19 = t/ng and 71 = t/n;. We must show
omo = 38 We will use the following, trivially-verified result.

70

Lemma 5.2 [37"] om — gEnm),

Let 7 =t/(ngni). Then, 79 = noT and 7, = ny7. Consequently,

®mo _ (6—®n1)®m0
-

70

which by Lemma 5.2,

= g, (56)
Similarly, .
= ()T = g, (57)
However, nymg = ngmy, and so by (56) and (57),
@®mo _ g®ma
T0 T1 *

In other words, the definition is independent of the choice of m,n € N such that m/n = p.

Next we extend the ®-exponentiation definition to exponents which may not be ratio-
nal. Let ¢ € (0,00). From (30), the continuity of P, and the fact that I, > @ on (0,7,
we see that (3, is continuous on (0,7"). Consequently, we may define

® = lim B, = lim 3"

Pn€Q, prn—t Pn€Q, prn—t

We have now obtained the fundamental solution as an ®-exponential,
615 = fEtv
and solutions for any initial values as

g =B @ q, and P, = D' 7" @' Dypy.
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6 (®,®)-Semirings

There are underlying semirings with the @, ® operations, and this seems to be quite
interesting. These semirings are related to the convolution semiring of [13]. We only
touch on the matter here. Consider the case where a and b are 2 x 2 matrices of the form

_ | a -—a = | b =b
a_{—a a]’ b_{—b b] (58)
with a,b € [0, +00) U {+o0} = WT.

Define the mapping from W+ onto 2 x 2 matrices of the form given in (58) as

M(a) =a = [ “ _“].

—a a

Let the space of such matrices be denoted by £3¥". Then ¢ = a®?b if and only if ¢ = M (c)
where

which defines the ® operation on W7. Also, define @ on W by a®b = max{a,b}. Then
define @ on LYV by )
adb=M(adb).

We define a & +o00 in the natural way, and let

R ab
a® +oo = lim =aq
b—too a + b

It is obvious that a ® b, a ® b € W for all a,b € WT.
Theorem 6.1 (W &, ®) is a commutative idempotent semiring.

PrRoOOF. Note that idempotency is immediate as a & b= a if a > b (c.f., [13]). Note
that 0 is the @ identity, and 400 is the ® identity. One needs to show that @& and ®
are commutative and associative, and that the distributive property holds. We will skip
the special cases involving +00. The commutative and associative properties of @ are
immediate, as is the commutative property of &®.

Let a,b,c € W+, Then,

be abce

a®(b®€):a®b+c: ab + be + ca’

and similarly one finds (a ® b) ® ¢ = abc/(ab + be + ca) which proves associativity.
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For the distributive property, again let a,b,c € W*, and without loss of generality,
suppose b > c. Then,
a®(bdc)=a®b. (59)

However, b > ¢ and a,b,c € W7 imply
b(a+c) > c(a+b)

and again using a, b, ¢ € W, this implies

b c
>
a+b " a+c
and, upon multiplying by a on both sides,
a®b>a®c,
which implies
(a®b)®(a®c)=a®b. (60)

Combining (59) and (60), we see that the distributive property holds.

The following is immediate by the bijective and order-preserving properties of M.

Corollary 6.2 (L', @, ®) is a commutative idempotent semiring.

7 Numerical method

The existence of this fundamental solution is certainly of interest as a mathematical
object. However, it can also be used to numerically obtain solutions of DREs. The
fact that the word numerically appears in the previous statement is due to the fact that
one cannot analytically obtain (3, for some 7 > 0. One obtains 3, for some very small
value of 7 > 0, and then propagates the fundamental solution forward analytically via ®-
multiplication (equivalently, ®-exponentiation for integer exponents). In contrast to say,
Runge-Kutta methods, which are of polynomial order, this yields a numerical method
which is of exponential order. Solutions can be obtained extremely quickly. However,
there is an instability in the propagation, similar to that in say the Kalman filter, and so
small round-off errors can grow rapidly even if the solution is stable (c.f., [4] for discussion
and solution of this problem in the Kalman filter case). We do not attempt to remove, or
attenuate, the instability in this fundamental solution of the DRE, as that significantly
exceeds the scope of what should be examined in a first excursion into this domain.
Nonetheless, we will indicate how this fundamental solution can be used to obtain an
exponential-order method for solution of the DRE.

With a Runge-Kutta algorithm, one obtains a solution with polynomial-order error.
With the standard fourth-order Runge-Kutta method, the error in the solution over the
fixed interval [0, 7] drops like 0* where § is the time-step size. Consequently, the error
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decreases like (1/M)* where M is the computational effort. Using this fundamental
solution, we can instead obtain the solution at 7" where the error drops like v for
some v € (0,1); the method is of exponential order. An example will also be included,
demonstrating the computational efficiency.

Fix some T' < oco. We choose integer N, and let 7 = 2£N We will obtain 3,. From this,
we compute o = 3, ® [, and fan, = Fgn-1, ® Pan—1, for n € {2,3... N}, yielding 8y =
Pan,. Finally, given any initial condition, py, we obtain Pr from Pr = D Lo, @ Dypo.
These computations are all approximation-error free, neglecting machine roundoff. The
only (approximation) error source is through the computation of 3,. Of course given
another initial condition, pg, the solution is Pr. = D,/ '8 ® Dypj, and so only negligible
additional computational effort is required to produce Pr.

We will compute (3, through a single step of a Runge-Kutta method of order &, thus
producing an error in 3, on the order of 7!, (Recall the local one-step error for a
Runge-Kutta method is one order greater than the fixed-horizon error.) For the fourth-
order Runge-Kutta algorithm, @ = 4, one has @a+1 = 5. As noted above, this requires four
function evaluations per step. To obtain & = 5 (i.e., @ + 1 = 6), one needs to perform six
function evaluations per step. Alternatively, one could employ multiple steps of a Runge-
Kutta method with step-size ¢, and obtain 3, = (,,s for some integer m. One would
balance m against N to produce the minimal total error as a function of computational
effort. We will not examine such an optimization here.

We will determine the error in 3, from the use of one step in an a-order Runge-Kutta
method. This will then be mapped directly into an error in FP;. Recall that [3; is obtained
from P, through equations (30). Consequently, we will note the error order in P, and
then determine the resulting order of the error in (3, induced by this error in 157. From
this, we obtain the exponential order of the error in Pr. As indicated above, we use an
a-order Runge-Kutta algorithm with resultant error in P, of order 74!, With a fourth-
order Runge-Kutta method, we have (one-step) error order 7°. Now we begin the main
task of the section: mapping the error in P, into the error in B

Let ﬁT be the exact solution at time 7 with initial condition ]50 = (. Let 137 be the
solution computed by one-step of the Runge-Kutta method (again with initial condition

}A’o = @ of course). Let & = P, — ﬁT, and note
& < kot (61)

for some k, dependent on the specific problem coefficients. Similarly, letting /A\T and ET
be the one-step Runge-Kutta solutions for A, and R,, we have (where we use the same
constant for simplicity)

A, — A-| < k7 and |R, — Ry| < k70t (62)

By examining (30), we see that there will be errors induced directly by multiplication
by P., and also errors induced by the error in A, = @) — P, where our approximation
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will be denoted by AT =Q - 137. We will need several estimates. First we collect some
observations and an assumption.

Let F(P) denote the right-hand side of (1), i.e., F(P) = AP+ PA+C + PXP. Note
that given R < oo, there exists K < oo such that

|[F(P) — F(R)| < Ki|Py — P VP, P, € Bp(Q) (63)

where | - | will denote the induced norm. Throughout the remainder, we assume there
exists ¢ > 0 such that

[F(Q)z] = clz|  Vae R (A.D)

which of course implies |F(Q)| > c.

The first step will be to obtain a lower bound on |A~!|. By (63) and standard results,
there exist 7 > 0 and D < oo such that

P, —Q| <Dt Ytelo,7) (64)

Let 79 = min{7, R/D}. Now, fix any = € IR", and note

d r ~ -
= (- Q- F(Qut] ‘ —|[F(P) -]«
which by (63) N
< Ki|P — Q||
which by (64)
< K.D|alt (65)
for all t € [0, 79]. This immediately implies
~ KD
(P —Q)x — F(Q)xt]| < L2 |x|t2 vVt e |0, 7. (66)
Now, for t < 1 = ¢/(K1D), one has
KpDlz|t < c|z|
which by Assumption (A.[)
< |F(Q)z],
which implies
KiDleln 'LQ)” Vi € [0,7).
2 2
Combining this observation with (66) yields
~ F t
(P~ Q- F@at] < [P viepon)
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where 73 = 79 A T2, and so by the triangle inequality,

F(Q)x
2

Al = (7 - Q| 2 |

t,

which by (A.l),

> St vee o). (67)

N O

This, of course implies the existence of A; ', and so we may rewrite (67) as

1
Kt

AT Az < —|Aw|  Vae R Vtelo ) (68)

where K; = ¢/2. However, (67) also implies that A; maps onto IR", and so (68) implies

vl

A7yl <

Vy e IR", Vt € |0, 73],
and we have:

Lemma 7.1 There exist 73 > 0 and K; € (0,00) such that

1
Kt

IATY < Vit € [0, 7).

We will also need the following.

Lemma 7.2 There exist k1 > 0 and 74 > 0 such that

ATV AT <kt VT e[0, ).

Proor. Note that

which implies

ATV - AZT = (A

T

—~ ~ ~ —~ ~ -1
AT AT = ATYP, — P)AC [1 4 (P - PT)A‘l] . (69)



Also, from (61) and Lemma 7.1,
|(PT_PT)A_1| < | T_ﬁ7—||A;l|

T V7 el0,Ts).

This implies

SO k.
‘ [1 + (P, — PT)A;l} x‘ > (1 - ETQ) 2| > 2| Vae R

(2

P -1
for all 7 € [0, 74] for some 74 € (0, 73]. This implies [I + (P, — P)A? exists and

T

[+ - Paz)”

<2 (70)

Now, from (69),

A7 = A7 <AV P = A

Y

1+ (P - P)az]

which by (61), (70) and Lemma 7.1,

ri a—1
< K2T -0

(2

Let BT be obtained from IBT (i.e., from the Runge-Kutta-generated P, approximation).

Theorem 7.3 There exist k > 0 and 75 > 0 such that

621 = BEYL 18P = B2 187 = 22,1627 — B2%] < kr®!

for all 7 € [0, 75].

PRrROOF. From (30), we see that
Bt — B = ‘Qﬁ;lﬁ _QAT'P,
<1QI{I1A7 = AP, = B + 18,1 = A7IP + 1871 |P — Pl }

which by (61) and Lemmas 7.1 and 7.2,
<1Q| {klkﬂ”‘lf‘““ + kTN (|Ql + o) + = Ta“}

which for proper choice of k1,
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< kL (71)
Next, also using (30), we note that
612 — 512 = |QAT'PA, — QAT'PA,
<|QAT'Pr — QAT PA| + QAT P — QAT P|A, — A
FQATIPA, — A

which by Lemma 7.1, (62) and (71), B
<kt A; = I+ 1) + ko ko

KL (17~ @l + ) ke, (72)

+

Again, by (64) and standard results, there exists 75 € (0, 74] such that
|P, — Q| < Dr and |A, — I| < Dy
for all 7 € [0, 75). Combining these with (72) implies there exists k, > 0 such that
8% — BE2] < kyr® ! (73)

for all 7 € [0, 75).

A similar analysis yields the required result for 322 — 322, and we do not include the
details.

Recall that we will be computing the fundamental solution at time T as By = [y~
from the iteration fori1, = [Oory ® Por, for k € {1,2... N — 1}, that is, via (N — 1)
®-multiplications. Note that there are no approximations in this sequence of operations.
The error bounds at time T = 27 will be obtained from the error bounds at time 7,
which were obtained in Theorem 7.3. (We consider only the error sources introduced by
the approximation in the method — not machine round-off.)

The following result is a very coarse bound on the error propagation. We make no
attempt here to achieve more than a statement of the exponential order of the numerical
method under rather strong conditions. The reader should note that we did not assume
that we were considering only DRE/initial condition combinations that yielded stable
solutions, and in fact, we allow for problems with finite-time blow-up of the solutions.
For such problems, the sensitivity of the solution near the time of blow-up to errors at
initialization can be extremely high. (Our assumption that 7" < T. for fixed positive
guarantees that we stay at least € away from the “vertical” asymptote.) Consequently, our
error bounds allow for solutions with geometric growth. Refinements for specific classes
of problems with well-behaved solutions are clearly beyond the scope of this introductory
study.

We indicate an easy lemma prior to proceeding to the main result on error propagation
in the ®-multiplications.
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Lemma 7.4

Py = sup [P <oo, Ay= sup A< oo,
te(0,T¢] te|0,T¢]
and

Ry = sup |Ry| < oc.
te[0,Te]

ProOOF. The result for ]St follows from the definition of 7. The result for A; then
follows from the fact that it is the solution of a linear system with bounded coefficient
(see (12)). Then one notes from (12), that R, is an integral with bounded integrand.

For the remaining results we will assume

@ is either positive definite or negative definite,

and

36 > 0 such that 8" =61 >0, B —6I>0 Ytel0,T.]

We then let o)y = min{|\|| A is an eigenvalue of Q}.

~

Fori,j e {1,2}, let 65/ = B — B, where 5] =G5, ® 3], .

2k 1

Theorem 7.5 Suppose |521k27| <1, |521le| <4 and |5§,€27| < where k € {1,2..

There exists T < oo such that, if T is sufficiently small, then
1,1 CNsL 2 sl (82,2
‘52k+17—| < (1 + Cl)|52k7—| + 62‘52k7| + Cl|52k7—

16,51, < @0yt | + 2|0y | + e |05

10521, < @10y | + Gl 0y | + (14 &1)]652

where
¢ =26, & =26,
PyAn|Q|
c — 14+ —= t
c tén[oégg)( R 9s(t),
and

= ifte(T,00).

2Kt i 7
gs(t)Z{ Y1)

As it is rather technical, the proof of Theorem 7.5 is delayed to the appendix.
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We now continue with the coarse estimates; the goal is simply to prove exponential
order under some, perhaps overly strong, conditions. Let ¢ = 3max{l + ¢;,¢2}. We see
that for all 4,5 € {1,2} and all k € {1,2... N — 1},

obd < ¢ max 5%’3 )
| 2k+1T| o %,j‘e{l,2}| 2kT

1 1 N - SN 275
More succinctly, with dge, = max; ;) 5 [vR

52k+17_ S ESQkT. (74)

Recall from Theorem 7.3 that 6. < k™. Suppose that @ is sufficiently large such
that k79! < min{1,d}. Then, by Theorem 7.5 and (74),
by, < 0, < kT L.
Next, if we also have k79! < min{1, §}, then again by Theorem 7.5 and (74), we obtain
Oz < Cor < kT L

By induction, we see that if

N e < min{1, 0},

then

N =N-17, _a—1
Ogn, < C ' kT

However, note that N = log,(7T'/7) and

=

EIOgQ(T/T)—l _ (T/T)ln(é)

Consequently, we have:

Lemma 7.6 If 7 is sufficiently small, if k7¢~* < min{1, 6}, and if

ETmeT _ _
[ 5 } 7o-(Hn@) < min{1, 5},
1B — B | < bovy <kt Vi 5 € {1,2). (75)

The computational effort consists of two components: The effort for the single Runge-
Kutta step of order &, ez, and the effort to perform the N — 1 ®-multiplications, each
requiring effort e,,. The total computational effort is € = ez + (N — 1)e,,. Rearranging
this, we have
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Substituting (76) into (75) (and noting 7 = T'/(2V)) yields

/\2.7. 2.7. — a— E €m
WTJ - /GT]| < kT ' <2a—1)

We have:

Theorem 7.7 Suppose T is sufficiently small, and that & is sufficiently large so that both
the conditions of Lemma 7.6 and the inequality ¢/(2°7 ') < 1 are satisfied. Then, the
method displays an exponential order of convergence with respect to total computational
effort, e, and this is given by

17— 07| < K [

and Ty = [(25_1)’"] | (77)

where

—eg

= _ Trpa—1 E em
- ()

8 Example

There are two components to the above results. The first is the new, and intrinsically
interesting, fundamental solution of the DRE. The second is the application of this funda-
mental solution in a numerical method. We include a very simple example as an indication
that the numerical method does indeed function as indicated, with exponential conver-
gence as a function of computational effort. The example also indicates the unresolved
issue of stability of a numerical method based on this new fundamental solution.

As a first example, we consider DRE (1) with matrices of size 2 x 2, and coefficients

[ -2 1.6 | 1.5 0.2 0.216  —0.008
A= | —1.6 —0.4 ’ ¢= {0.2 1.6} ’ X = {—0.008 0.216 |’
with semiconvexity matrix given by
Q= -1 -0.2
N | —02 -1’
and initial condition
| 0.1 0
Po=1 0o 01|

The problem was to compute the solution at time 7" = 4. The matrix used in the
semiconvex duality was
-1 —0.2
@= [—0.2 —1 } '
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A basic fourth-order Runge-Kutta method was applied with 3200 steps, to generate
what we used as the “true” solution. Fourth-order Runge-Kutta approximations were
computed with numbers of steps ranging from 8 to 800. The new fundamental solution
method was also applied with N ranging from 4 to 13 (i.e., 7 ranging from 7 = T/2* =
1/16 to 7 = T/2' = 1/2048. The errors in each are computed by comparison with the
“true” solution indicated above as the Runge-Kutta fourth-order solution with 3200 steps.
In particular, we take the error to be e = > | Y77 | |P{; — P, | with P being the true
solution at time 7" and P® being the approximate.

We will examine the errors as a function of computational cost. The measure compu-
tational cost used here is the number of floating point multiplications. We assume that an
n X n matrix inverse requires approximately 4n?®/3 matrix multiplications. The number
of multiplications required by the basic fourth-order Runge-Kutta method on this prob-
lem is approximately 4n3Npy where Npg is the number of Runge-Kutta steps (with four
function evaluations per step). For the new fundamental solution approach, we assume
that only a single-step of the same fourth-order Runge-Kutta method is used to initialize
0., and then approach discussed in the previous section is used to obtain (B = (yn.,.
Including also the D, and D, 1 operations, the number of multiplications for the new
fundamental solution approach is approximately (19N/3 + 16)n3 + 4n?.

In Figure 1, we plot the log of the solution error as a function of the log of the
computational cost (i.e., of the number of multiplications) for both approaches on the
above problem. Note that at an error size of e™?* ~ 3 x 107!, the computational
effort required by the new fundamental solution method is lower by nearly a factor of
e3® ~ 30. Also note that at the very bottom of the curve for the new fundamental
solution method, there is a sudden halt in the improvement as a function of effort. This
appears to be due to some instability in the method, where it is likely that round-off error
in the computation of (3, is exploding at time T'. If this stability issue can be resolved
without tremendously affecting the convergence rate, then the computational effort ratio
at higher approximation levels would be much greater than that at e?2. However, as
noted earlier, a deeper study of numerical issues is beyond the scope of this paper, which
is introducing a new fundamental solution for Riccati equations.

Recall that the fundamental solution approach allows us to compute solutions for
multiple initial conditions from a single fundamental solution by some relatively simple
manipulations. With this in mind, we also plot the log of the solution error as a function
of the log of the computational cost for the case where 10 initial conditions are considered.
In this case the cost of the Runge-Kutta approach grows by a factor of 10 while that of
the new fundamental solution approach grows much more slowly, and this can be seen in
Figure 2. For example, at an error of e=22, the computational effort required by the new
fundamental solution method is lower by over a factor of €5 ~ 240.

We can also use this example to verify the exponential convergence rate of the new
fundamental solution method. Recalling Theorem 7.7, we expect that the error in the
particular solution, 6%, should satisfy |6%] oc (K)® where € is the computational effort,
and K is some coefficient which must be less than one for convergence. Consequently,
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Figure 1: Log-log plot of error versus effort

plotting log(|6%|) against € should yield a straight line with slope log(K). In Figure 3, we
see this staight-line behavior (up until the instability point). The slope is approximately
—24/400, leading to an estimate for K of roughly 0.94.

9 Summary

A new fundamental solution for the DRE has been obtained. It is intimately connected
with the control interpretation of Riccati equations. At another level, this fundamental
solution seems representative of a deep connection between quadratic systems and the
max-plus semiring (and/or the newly-introduced (@, ®) semiring), which is analogous to
the connection between linear systems and the standard field. In fact, the whole notion
of fundamental solutions in linear systems as exponentials (i.e., e*) is echoed in the
max-plus/quadratic systems arena.
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Figure 2: Log-log plot of error versus effort, 10 initial conditions

There are natural extensions of this work to DREs with time-dependent coefficients.
Further, this approach is clearly extendable to infinite-dimensional systems, including
first-order Riccati PDEs. It also opens up new avenues for solution of more general dif-
ferential equations with quadratic nonlinearities. Extension of the semiring to moduloids
(“vector spaces” loosely speaking) over spaces of matrices may also be of theoretical value.

Not unexpectedly, the fundamental solution allows for exponentially fast numerical
schemes, and these can be especially useful when one wishes to solve a system for multi-
ple initial conditions. The author encountered numerical instability as the error tolerance
became very small, and it would clearly be of interest to determine how this could be
eliminated. Such development might require separation of the problem domain into those
systems possessing solutions for all (forward) time, and those whose the solutions exist
only on finite time-intervals. Both the theoretical and numerical aspects are of indepen-
dent interest.
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11 Appendix (Proof of Theorem 7.5)

First we will obtain bounds on three objects. Once these are obtained, the result will
follow easily. Along the way, several quite coarse estimates are made. As noted earlier,
one might be able to improve quite a bit on these bounds. However, we are considering a
rather wide class of problems, where in particular, the fundamental solution must suffice
for use with a very wide class of initial conditions. Under such broad conditions, and time-
wise global error estimates (as opposed to local one-step error estimates), it is not clear
whether sharpening the coarse estimates will be fruitful. In any case, such an endeavor
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must be left to future investigators.

Recall the (§; ®-multiplication propagation given in Theorem 4.7; we will now take
ty =ty = t, and let U; denote U;;. Now, note that by Assumption (A.3),

Usa| = (6" + 5%)a| > 26|x|
= 25|U U] VYa € R", Vt€|0,T,]

which implies |U; 'y| < %|y| for all y € IR". Consequently,
1
U<z Ve T, (78)

Lemma 11.1 There exists T > 0 such that for all t € (0, 7],
2Kt

U <
t O'%/[

: (79)

PROOF. Because A; is a solution of (12) with initial condition Ay = I, there exists
Dy < oo such that for all ¢ € [0, T¢],

1— A < Dyt (30)
For any n x n A,
|AJAN, — Al < [(N, — D) AN,| + [TA(A; — 1)

which, using (80), _
< [A(1Ad + 1)Dat, (81)

and using Lemma 7.4, B B
< JA|(Aps + 1) Dat = |Alkpt Vtel0,T]. (82)

Letting A = QA; ', in (82) yields
INQATPA — QAP < |QA Py kt. (83)
Using the triangle inequality, one finds that for any x € IR",
(AQAT P+ QAT P)a| = [2QA7 ' Pie| — [(MQAT P — QAT Py
which by (83) N N
> 2|QA; Pix| — |QA; Py |kat|x|. (84)
Now, by (30),

U] = (85" + 87%)z] = (QAT P + AjQAT'PA, + R,)z|
> |(MQA TP+ QA P)x| — | Ry

which by (84)
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> 2|QA; | — |QA; Palkat — |Ryal.

However, R, is an integral over [0,¢] with bounded integrand. Therefore,

kr < oo such that |R;| < kgt for all ¢t € [0,T.]. Using this in (85) yields

\Upz| > |QAT Pa|(2 — kat) — kgt|z| Vo e R™, vt €[0,T.].

By Assumption (A.Q) and the definition of oy,

QAT 'Px| > oy |AT Pz Vo e R
which by Lemma 7.1

0’ ~
> KA;|H$\ Vze R

Also,
|Px| > Qx| — (P — Q)a|

which by (64)

> oylx| — Dt|z| Vit e [0, 7]
which, with 7 = 79 A (o /(2D)),

> el Voe RV [0,7).
Substituting this into (87) yields

2

~ [
QA P| > 2‘%@\ =-lel  Vee R, vie[0,n)

Combining (86) and (88), one sees that for ¢ sufficiently small,

~

U] > [ (2 — kat) —th] 2|

t

which for ¢ sufficiently small,

[

(85)

there exists

(86)

(88)

Consequently, |U7'Uz| = |z| < (¢/1)|Usz| for all z € IR™, and this implies |U; 'y| <

(t/D)|y| for all y € IR"™.

Lemma 11.2 There exists T > 0 such that

2Bt ift € (0,7

U—l < t — U?\/I

Vte 0,1
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PROOF. The result follows directly from (78) and Lemma 11.1. _

Let U, = Atl’l + ﬁfz and 6V = ﬁ[l — U; . We now proceed to bound 6V. We will use
the same approach as at the top of the proof of Lemma 7.2. In particular, one has

O == [/]\t_lﬁt - Ut_lUt = ([/]\t_l - Ut_l)Ut + [/]\t_l(ﬁt - Ut),
and this implies
ﬁt_l - Ut_l = _(ﬁt_l - Ut_l)(ﬁt - Ut)Ut_l - Ut_l(ﬁt - Ut)Ut_l

which yields
—1

6V = —Ut_l(ﬁt —U)U; ! [[ + (ﬁt - Ut)Ut_l] : (90)
Note that U, — U, = o)t 4+ 622, and so, using Lemma 11.2, one obtains
(D= U | < (88 + 15771)/(29),

which by the assumptions of Theorem 7.5,
<1 Vte|0,T],

and this implies

~ —1
‘1 + (U, - Ut)Ut‘l‘ <2  Vtel0, T (91)

Combining (90) and (91), one obtains
67| < 20U (T = U] < 21071165 + 162)). (92)

Finally, combining (92) and Lemma 11.2 yields:

Lemma 11.3
167 < 2[gs(®)) (16,1 + 167%) vVt e[0,TL]. (93)
Lemma 11.4 PuA
g2 < QL g 0. (94)

PrOOF. From (30), we have

1677 < 1QIIATY| By A

which by Lemma 7.4
< ParAar|QIATY

which by Lemma 7.1
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PrrAy|Q)
< 7K2t Vit e (0, T3]. 0 (95>

We have now obtained all the constituent estimates, and proceed directly to the bounds
asserted in the theorem statement. We work mainly with 5;,;117; a quick examination of
the assertion of Theorem 4.7 shows that the other terms will follow easily by nearly
identical steps.

Let k € {1,2...N — 1}. Note that

1 1
|52k+17.| = |/62k+17- 2k+17-|

= [62’“7’ ® 52]“7']171 - [52]“7' ® 62’“7’]1’1
which by Theorem 4. 7

<183L — Byl + 132 Upk (By2) — ﬁ% (B2
:|61’1|+|6;kiU2k (By2) + Byi b5, (B >+ﬁ% 2k<”>|

< |0, |+|6”6 +6;;iU2k By 5| 18512 |+|ﬁ% e (052 )']
< |01, |+2|6 1651185 | + 16,12 1105 |+2|6 || 182

+|0,2 1°|U. kl\ﬂﬂ 17105,

We will be making very coarse estimates which can obviously be improved. Noting that
we assume |5 ~| <1 in the theorem statement, the last inequality yields

[0gicen | < [05it |+ (1852 17 + 21852 | + 1] 655 + [20852] + 1] [Uk 116,52
< [0y0e |+ (L4 18500 2105, | +2(1 + |85 ) Uyl |18
Applying Lemmas 11.2, 11.3 and 11.4, to the terms in this estimate yields

PyA 2 2
o3t ) < b+ 2 1+ PRI i ot + 1532

PrAp|Q) 12
W [QS(QkT)} |52k7

§(1+(‘:1)\5 |+ 2|(5 |+ 1|5 |

+2 {l—l—

where

Cl = 262, Cy = 20,

and
Py An|Q)

= _ 1+
C max) [ Kzt

te[0,00

| tost0] <

We have now obtained the bound on |52k 41, |- Examining the right-hand sides of the
four equations describing the components of ﬁtl ® By, (where t; = t, = 27 in our case
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here), one sees that the right-hand sides are quite similar. In particular, the product
terms are identical to the product term which we just bounded in the case of 5;,;117. The

,2

only other term is the trivial ﬁ; term. Consequently, the bounds on |5;,;2+17| and |5§,;2+17

‘T

are immediate given the bounds we obtained just above. This completes the proof of
Theorem 7.5.
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