SIAM J. EXAMPLE FILES © ??? Society for Industrial and Applied Mathematics Vol. 1, No. 1, pp. 000–000, ??? ???

A MAX{PLUS BASED ALGORITHM FOR AN HJB EQUATION OF NONLINEAR FILTERING*

WENDELL H. FLEMINGy AND WILLIAM M. M CENEANEYz

Abstract. The Hamilton–Jacobi–Bellman (HJB) equation associated with the Robust/H1 Filter (as well as the Mortensen Filter) is considered. These filters employ a model where the disturbances have finite power. The HJB equation for the filter information state is a first–order equation with a term which is quadratic in the gradient. Yet the solution operator is linear in the max–plus algebra. This property is exploited by the development of a numerical algorithm where the effect of the solution operator on a set of basis functions is computed off–line. The pre–computed solutions are stored as vectors of coefficients of the basis functions. These coefficients are then used directly in the real–time computations.

Key words. nonlinear filtering, robust, H1 , max–plus algebra, nonlinear HJB equations

AMS subject classifications. 3595, 49L25, 93B36, 93B99, 93C10, 93C90, 93E11

1. Introduction. This paper is concerned with an algorithm for construction of viscosity solutions of a certain HJB equation. The solution of this partial differential equation (PDE) is a necessary step in the application of certain filtering techniques (such as Robust Filtering) to nonlinear systems. This will be discussed further below. First, we note that the PDE is first–order but nonlinear – possessing a term which is quadratic in the gradient. However, in the max–plus algebra, the solution operator is linear. The algorithm takes advantage of this linearity by using a max–plus basis representation of the solution. Propagation of the solution is reduced to a max–plus matrix multiplication on the coefficients of the basis representation.

We consider the problem of estimating the state of some system evolving continuously in time. The state space is ℜ^n. The problem of estimating the current state based on knowledge (or lack thereof) of the initial state and the measurements up to the current moment is the filtering problem. One approach to the problem is to model the system via stochastic differential equations. This leads to the stochastic nonlinear filtering problem (we assume that the extended linear Kalman Filter is not appropriate). The key step becomes the solution of a second–order stochastic partial differential–integral equation - the Kushner equation [19], or a linear, second–order stochastic partial differential equation (SPDE) - the Zakai equation [6]. Alternatively, this can be reformulated via pathwise filtering, leading to a deterministic PDE parameterized by the measurement process [6], [11], [28].

One particular approach to the solution of the Zakai SPDE is the splitting method (see, for instance, [21]). If the measurements occur at discrete times, this approach takes advantage of the linearity of the solution operator via a basis function representation of the solution of the SPDE. In the continuous–time measurements case, one

*Received by the editors November 25, 1997; revised January 5, 1999; accepted by the editors February 15, 1999..

yResearch partially supported by ONR grant N0014-96-1-0267, NSF grant DMS-9531276 and ARO grant DAAL03-92-G0115. Division of Applied Mathematics, Brown University, Providence, RI 02912 (whf@cfm.brown.edu).

zResearch partially supported by ONR grant N0014-96-1-0267 and AFOSR grant F49620- 95-1-0296. Dept. of Mathematics, North Carolina State University, Raleigh, NC 27695–8205, (wmm@math.ncsu.edu, http://www4.ncsu.edu/~wmm/). 1

2 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

takes a limit [21], [16].

An alternate approach is taken by Robust/H_∞ filters ([24], [9], [5]) and the Mortensen filter [29]. In this case, the noise in the system dynamics is modeled by an L^2 process which is unknown a priori, but to which we do not associate a probability measure. The measurement process is also affected by an a priori unknown disturbance. In contrast to the Kalman Filter approach, for nonlinear systems this problem necessitates solution of a first–order PDE. (Note that in the formulations considered here this is a a finite–dimensional PDE.) This first–order nature has certain implications. The foremost is that one has a “range–of–dependence” property: a change in initial conditions at one point does not instantaneously affect the solution everywhere in ℜ^n; the solution propagates with finite speed. This has certain numerical advantages, the most obvious of which is the applicability of generalized characteristic methods [24], [27]. Secondly, the solution, even in non–degenerate cases, is likely to be nonsmooth leading to the use of viscosity solution definitions of solution. However, this first–order PDE is not linear; it possesses a quadratic term in the gradient.

In the max–plus algebra (which may more correctly be termed a commutative semifield), the “addition operation” is defined by a ⊕ b = max{a, b}, and the “multiplication operation” is defined by a ⊗ b = a + b. Interestingly, the solution operator for the PDE associated with the Robust/H_∞ Filter is linear in the max–plus algebra. As noted above, the algorithm described herein takes advantage of this linearity and a max–plus basis representation of the solution. This approach is analogous to the splitting method described above for the Kalman Filter. In fact, that method provided, by analogy, an early influence on this work.

Both the case of discrete–time measurements and the case of continuous–time measurements are considered. In the discrete–time measurements case, the solution of the PDE between measurement times (2.14b) is of the form discussed just above, and the above approach is used, leading to the algorithm discussed in Section 6. In the case of continuous–time measurements, a proof of convergence of this algorithm as the measurement time–step goes to zero is presented in Section 7.

Section 2 reviews the Robust/H_∞ Filter (and Mortensen Filter), and provides motivation for the solution of the relevant HJB equations. In Section 3, the max–plus algebra is described, and the max–plus linearity of the solution operator is proved. The basis representation will be obtained in the class of continuous, semiconvex functions. Proofs of the semiconvexity of the solution of the PDE (under two sets of assumptions) are given in Section 4. A semiconvex duality–based representation of the solution is also included there. In Section 5, the semiconvex duality representation is used to obtain the basis representation, and certain properties of this representation are also presented. Sections 6 and 7 are as discussed above.

The authors would like to thank P. Dupuis and K. Ito for helpful suggestions.

2. Review of the Robust Filter. In this section, the Robust Filter (as well as the Mortensen Filter) are briefly reviewed. For a fuller discussion, see [24], [9], [10], [29].

Let x(t) denote the state to be estimated at time t ≥ 0, with x(t) ∈ ℜ^n. The state dynamics are dx dt = f(x) + σ(x)w, (2.1) where w ∈ L^{loc}_2 ([0, ∞); ℜ^m) is the disturbance in the dynamics, and σ is an n × m matrix–valued function. First we will describe the case of continuous–time measure-

SIAM MACRO EXAMPLE 3

ments. Let the observations, taking values in ℜ^k, be given by

y(t) = h(x(t)) + ρ(x(t))v(t) (2.2)

where v ∈ L^{loc}_2 ([0, ∞); ℜ^l) is the observation disturbance, ρ is a k × l matrix–valued function, and k ≤ l. Let ϕ(x_0) be a measure of our uncertainty about the initial state x(0) = x_0.

We will assume that

f, σ, h and ρ are C^2 f, σ and h are globally Lipschitz in x.

(A1)

The differentiability assumptions are required in certain calculus of variations arguments. We assume that there exists M < ∞ such that |σ(x)| ≤ M ∀ x ∈ ℜ^n (A2) and define a .= σσ^T . We will also assume that

Range(ρ(x)) = ℜ^k ∀ x ∈ ℜ^n (A3a)

which guarantees that for any y, x there exists some v satisfying (2.2).

Finally, we define ρ^{−1} by ρ^{−1}(x)b = argmin{|v| : ρ(x)v = b}. (2.3) Assume that ρ^{−1} is uniformly bounded, that is, there exists C_ρ < ∞ such that |ρ^{−1}(x)b| ≤ C_ρ|b| ∀ x ∈ ℜ^n, ∀ b ∈ ℜ^l, ρ^{−1} ∈ C^2. (A3b) Note also that these assumptions imply that if we view the integral version of (2.1)

x_T .= x(T ) = x_0 + ∫_T 0 f(x(t)) + σ(x(t))w(t) dt (2.4) as a mapping from x_0 to x_T then this mapping is one–to–one and onto for any w ∈ L_2.

Let ϕ(x_0) be a measure of our uncertainty about the initial state x_0, and suppose there exists D_1 < ∞ such that ϕ(x) ≤ D_1 ∀ x ∈ ℜ^n, ϕ is locally lipschitz

(A4)

It should be noted here that the algorithm described in this paper will produce the solution of the HJB equation corresponding to the Robust/H_∞ and Mortensen Filters. The algorithm could also be used to solve similar HJB equations arising from different applications. If it is not obvious that the desired solution is the same as the solution for the Robust Filter, then one would want a result indicating uniqueness of the (viscosity) solution of the HJB equation in some class. This uniqueness is known under the additional assumption that ϕ satisfies a quadratic growth assumption (references are

4 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

given below). Since this uniqueness is not required for the specific result here, we did not include a quadratic growth assumption on ϕ in the above.

Suppose we wish to estimate the state at time T . Consider a cost criterion of the form J(T, x_T , w(·)) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 + |v(t)|^2 dt (2.5a) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 + |ρ^{−1}(x(t))[y(t) − h(x(t))]|^2 dt (2.5b) where x_0 is given by (2.4) for any particular w. The information state is given by

P (T, x_T ) = sup_{w∈L2} J(T, x_T , w). (2.6)

We now briefly discuss the extraction of filter estimates from the information state. After this, we will return to a detailed discussion of aspects of (and representations for) the above information state. Further details may be found in the references included below. Readers who are interested mainly in the computational algorithm may choose to skip this discussion.

Mortensen [29] developed an estimator based on this information state in the 60’s. Mortensen’s estimate is ^x_T ∈ argmax_xP (T, x) (the existence of which follows easily under reasonable assumptions [24], [9]).

For a robust filter, one is interested in a state estimate for which one has a bound on the effect of the disturbances on our estimate error by the product of some constant and the disturbance energy (where one hopes that this constant is small). In particular, one would like an estimate, ê_T , such that for some γ^2 < ∞ [24],

|x(T ) − ê_T |^2 ≤ γ^2 [ −ϕ(x_0) + 1 2 ∫_T 0 [|w_t|^2 + |v_t|^2] dt ] (2.7)

for all x_0, w_·, v_· in the case of continuous–time measurements with an analogous inequality for discrete–time measurements. (Of course this would require an additional assumption that ϕ(x) ≤ −k|x − x|^2 for some k > 0 and x ∈ ℜ^n, see [24].) Under reasonable assumptions (see [24]), there exists γ^∗ < ∞ such that for all γ ≥ γ^∗, such a robust estimator is given by

ê_T .= argmin_e max_x [|x − e|^2 + γ^2P (T, x)] . (2.8)

It should perhaps be noted that there will generally be multiple estimates that yield disturbance attenuation (2.7), and in fact, under certain conditions, the Mortensen estimator is a robust estimator in this sense [9]. We also note that ê_T (given by (2.8)) is the risk–averse limit of a risk–sensitive stochastic filter [10]. Some readers may note that the above information state differs from some which include an integral running cost term. Such an information state is particularly suited to the problem of H_∞ control under partial information as opposed the problem of robust state estimation considered here; see [1], [17].

Now we turn to the promised further discussion of the information state, P , itself. It will be convenient to note that:

SIAM MACRO EXAMPLE 5

Lemma 2.1. Let T, R < ∞, |x_T | ≤ R. There exists M_1 (depending on T, R) such that for ϵ ≤ 1, ϵ–optimal w for problem (2.6) satisfy ‖w‖^2_{L2[0,T ]} ≤ M_1 Further, there exists an optimal w^∗ and M_2 (depending on T, R) such that |w^∗(t)| ≤ M_2 for all t ∈ [0, T ]. Proof. The first assertion follows by the standard technique of comparison with w^0 ≡ 0. Let x^0(·) be the solution of (2.1) corresponding to w^0 and x^0(T ) = x_T . By (A1), there exist K, K_h < ∞ such that |f(x)| ≤ K(1 + |x|) and |h(x)| ≤ K_h(1 + |x|). Then^d_{dt} |x^0|^2 ≤ K(3|x^0|^2 + 1), and by Gronwall’s inequality, one obtains |x^0(t)|^2 ≤ R^2_1 .= (R^2 + KT )(1 + 3KT e^{3KT} ) for all t ∈ [0, T ].

Let μ(ρ) = min{ϕ(x) : |x| ≤ ρ}, and note that μ(ρ) > −∞ for all ρ < ∞ by (A4). Then

J(T, x_T , w^0(·)) ≥ μ(R_1) −

C^2_ρ 2 [2K^2_h(1 + R^2_1) + ‖y‖^2_{L2 [0,T ]}] .= M_1.

Consequently, for ϵ–optimal w^ϵ, −^1_2 ∫_T 0 |w^ϵ|^2 dt ≥ M_1 − ϵ which yields the first assertion. The second assertion then follows by the proof of [9, Lemma 2.1(a)].

The following theorem and remark are easily obtained in the case where y(·) is continuous, and we outline the proof in that case. They are not directly needed in the sequel, and so we do not prove them in the case where y ∈ L_2 \ C. (Of course, they could be needed in an adaption of this algorithm to the solution of PDE’s not necessarily arising from this application.) Extensions of viscosity solutions to cases where the time–dependency of the Hamiltonian is only measurable are well–known but more technical (see, for instance, [4], [14], [22], [33]).

Theorem 2.2. P is a continuous viscosity solution of the HJB equation

0 = P_T + f^T (x)∇_xP − 1 2 ∇_xP^T a(x)∇_xP + 1 2 |ρ^{−1}(x)(y(T ) − h(x))|^2 P (0, x) = ϕ(x). (2.9)

Proof. Fix R < ∞, and let |x_T | ≤ R. By Lemma 2.1, the optimal trajectory x^∗(·) terminating at x_T satisfies |x^∗(t)| ≤ R_1 for some R_1 < ∞ (depending on T, R) for any x_t ∈ B_R .= {x ∈ ℜ^n : |x| ≤ R}. Let ~ϕ(x) = { ϕ(x) if |x| ≤ R_1 ϕ(R_1x/|x|) if |x| > R_1. Let ~P be the value given by (2.6) with ~ϕ replacing ϕ. Then, by standard results (for instance, [26]), ~P is a viscosity solution of (2.9) with ~ϕ replacing ϕ. Since ~P = P on [0, T ] × B_R and ~ϕ = ϕ on B_{R1} , P is a viscosity solution of (2.9) on [0, T ] × B_R. Letting R → ∞ one obtains the result.

Remark 2.3. In the case where ϕ(x) ≥ −D_2(1 + |x|^2) for some D_2 < ∞ and σ is constant, uniqueness among the class of continuous, quadratically growing viscosity solutions was obtained in [25]. Recent results of DaLio–McEneaney [7], Bardi–DaLio [2] and Ishii [15] allow the removal of the constant σ assumption.

6 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Let us also develop the information state in the discrete–time measurement case. In the discrete–time measurement case, the dynamics (2.1) are unchanged, but the measurement model is as follows. Suppose that at each measurement time, t_j > 0, we receive an observation which is modeled as

y_j = h(x(t_j )) + ρ(x(t_j ))v_j . (2.10)

Let the number of measurements in time [0, T ] be N . One may adapt the cost criterion (2.5) and information state (2.6) in the following manner. Let the cost criterion be

J(T, x_T , w(·)) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 dt − δ 2 N∑ j=1 |v_j|^2 (2.11a)

= ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 dt − δ 2 N∑ j=1 |ρ^{−1}(x(t_j))[y_j − h(x(t_j ))]|^2(2.11b)

where δ is the time interval between measurements, and let the value again be given by P (T, x_T ) = sup_{w∈L2} J(T, x_T , w). (2.12)

Due to the discrete nature of the measurements, it is helpful recall the form of the dynamic programming principle for such a system. Let P (t^+_j , x) be the value at time t_j just after measurement j, and P (t^−_j , x) be the value at time t_j just before the measurement. If T is not a measurement time, and t ∈ (t_{k−1}, t_k), we have

P (T, x) = sup w∈L_2([t,T ];ℜ^m ) { P (t, x(t)) − 1 2 ∫_T t |w(r)|^2 dr

− δ 2 N∑ j=k |ρ^{−1}(x(t_j))[y_j − h(x(t_j))]|^2 } (2.13a)

and when T occurs at the time of measurement j, we have

P (T^+, x) = P (T^−, x) − δ 2 |ρ^{−1}(x)[y_j − h(x)]|^2. (2.13b)

The corresponding dynamic programming equations are

P (0, x) = ϕ(x) t = 0 (2.14a)

0 = P_t − sup_{w∈ℜm} { −[f(x) + σ(x)w]^T ∇_xP − 1 2 |w|^2 } t ∈ (t_j , t_{j+1})

= P_t + f^T (x)∇_xP − 1 2 (∇_xP )^T a(x)∇_xP t ∈ (t_j , t_{j+1}) (2.14b)

P (t^+_j , x) = P (t^−_j , x) − δ 2 |ρ^{−1}(x)[y_j − h(x)]|^2 t = t_j for some j. (2.14c)

As in the continuous–time measurements case, we have the following [24]. (Since y does not appear on the right hand side of (2.14b), there is no difficulty with discontinuous y in this case.)

SIAM MACRO EXAMPLE 7

Theorem 2.4. The information state, P , given by (2.13) is continuous, and is a viscosity solution of (2.14) between measurement times.

In the case where ϕ satisfies a quadratic growth condition, uniqueness follows in a similar manner as that discussed in Remark 2.3.

As in the continuous–time measurement case, one obtains the robust estimator from (2.8), and an attenuation inequality similar to (2.7) follows (with summation of v_j replacing the integral of v_t).

Finally, see [1], [5] and [18] for related work.

3. Max{Plus Linearity. Recall the definition of max–plus addition, ⊕, and multiplication, ⊗, for elements of ℜ as a ⊕ b .= max{a, b} a ⊗ b .= a + b. (3.1)

Define these operations for −∞ in the obvious way. It is well–known that (ℜ ∪ {−∞}, ⊕, ⊗) is a commutative semifield which is referred to as the max–plus algebra. See [3], [20], [13] for a fuller discussion. (We remark that this can be extended to a field by appending ℜ^−, loosely speaking a mirror image of ℜ on the other side of −∞, to the set so that one has additive inverses. With the proper extension of ⊕, ⊗ on these new elements, one obtains a field (ℜ ∪ {−∞} ∪ ℜ^−, ⊕, ⊗). However, for the Robust/H_∞ and Mortensen Filter applications, we are interested only in real–valued quantities, and so nothing is gained by this extension. Consequently, we will not pursue this here.) The authors have recently learned that Theorem 3.1 was previously reported in 1987, [23].

As noted earlier, we are interested only in the discrete–time measurements case in this section; the continuous–time measurements case will be discussed in Section 7. Let S_T be the solution operator for HJB equation (2.14b). Specifically, given initial condition P (t_0, ·), the solution to (2.14b) at time t_0 + T is given by P (t_0 + T, x) = S_T [P (t_0, ·)](x). (3.2) From the dynamic programming principle (2.13a) (noting that there are no measurements in (t_0, t_0 + T ) in order for (2.14b) to be applicable), one has

S_T [P (t_0, ·)](x) = P (t_0 + T, x)

= sup

w∈L_2 ([t_0,t_0+T ];ℜ^m ) { P (t_0, x(t_0)) − 1 2 ∫_{t0+T} t_0 |w(r)|^2 dr } (3.3)

where x(t_0) is given by (2.1) with x(t_0 + T ) = x.

We now prove that S_T is linear in the max–plus algebra. Let c ∈ ℜ and let ϕ, ψ : ℜ^n → ℜ be locally Lipschitz and bounded from above. By (3.3), one easily sees that for any x ∈ ℜ^n S_T [c ⊗ ϕ](x) = S_T [c + ϕ](x) = c + S_T [ϕ] = c ⊗ S_T [ϕ](x). (3.4) Also, for any x ∈ ℜ^n,

S_T [ϕ ⊕ ψ](x) = sup

w∈L_2([0,T ];ℜ^m ) { max[ϕ(x(0)), ψ(x(0))] − 1 2 ∫_T 0 |w(r)|^2 dr } (3.5)

≥ sup

w∈L_2([0,T ];ℜ^m ) { ϕ(x(0)) − 1 2 ∫_T 0 |w(r)|^2 dr }

= S_T [ϕ](x).

8 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

By symmetry, one obtains an analogous inequality for ψ. Consequently,

S_T [ϕ ⊕ ψ](x) ≥ max{S_T [ϕ](x), S_T [ψ](x)} = S_T [ϕ](x) ⊕ S_T [ψ](x). (3.6)

Now let w^∗ be optimal in (3.5). (The existence of the optimizer is discussed in Section 2.) Then

S_T [ϕ ⊕ ψ](x) = max[ϕ(x(0)), ψ(x(0))] − 1 2 ∫_T 0 |w^∗(r)|^2 dr, and, in the case where ϕ(x(0)) ≥ ψ(x(0))

= ϕ(x(0)) − 1 2 ∫_T 0 |w^∗(r)|^2 dr ≤ S_T [ϕ](x). Considering also the case where ϕ(x(0)) < ψ(x(0)) one obtains S_T [ϕ ⊕ ψ](x) ≤ S_T [ϕ](x) ⊕ S_T [ψ](x). Combining this with (3.6) yields

S_T [ϕ ⊕ ψ](x) = S_T [ϕ](x) ⊕ S_T [ψ](x). (3.7)

By (3.4) and (3.7), one has

Theorem 3.1. The solution operator for (2.14b) is linear in the max–plus algebra.

4. Semi{Convexity. A function ψ is called semiconvex if for every R < ∞, there exists C_R such that ^ψ(x) .= ψ(x) + C^R 2 |x|^2 (4.1)

is convex on the ball B_R .= {x ∈ ℜ^n : |x| ≤ R}. The infimum over such C_R will be known as the semiconvexity constant for ψ over B_R. Note that any real–valued semiconvex function is locally Lipschitz. In fact, if ^ψ is convex on the ball B_R, then ^ψ is Lipschitz on B_{R/2} with a Lipschitz constant depending only on max_{|x|≤R} ^ψ(x) − min_{|x|≤R} ^ψ(x) (see [8, p. 111]).

In this section, it will be shown that if either the initial information state is semiconvex, or if σ is nondegenerate, then the information state will be semiconvex for all T > 0. Next, the convex duality representation for convex functions is adapted to the semiconvex case. Then, since the information state is semiconvex, one sees that this provides a semiconvex duality representation for the information state. This representation will be used in Section 5 to obtain the basis representation.

Recall from Section 3 that the solution operator (in the absence of observations) is defined as S_T [ϕ](x) = sup

w∈L_2([0,T ];ℜ^m ) J^0(T, x; w(·)), J^0(T, x; w(·)) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 dt (4.2)

where x_0 = x(0) given x(T ) = x and dynamics (2.1).

SIAM MACRO EXAMPLE 9

Theorem 4.1. If ϕ is semiconvex, then S_T [ϕ] is semiconvex for each T > 0. In fact, there exists Γ_R(T ) such that for 0 ≤ τ ≤ T , R > 0, S_τ [ϕ](x) + Γ_R(T )|x|^2 is convex on the ball B_R.

Proof. Let ~J(τ, x; w(·)) = J 0(τ, x; w(·)) + Γ|x|2, J^0(τ, x, w(·)) = ϕ(x_0) − 1 2 ∫_τ 0 |w(t)|^2 dt, where Γ = Γ_R(T ) is to be chosen suitably. Since the supremum of any family of convex functions is a convex function, it suffices to show that ~J(τ, ·; w(·)) is convex on B_R for each w(·).

By smoothing via convolution with approximations to the identity, we may assume that ϕ is smooth. Then semiconvexity of ϕ is equivalent to v^T ϕ_{xx}(x)v ≥ −C_R|v|^2 for all v ∈ ℜ^n, when |x| ≤ R. To show convexity of ~J it suffices to show that

v^T J^0_{xx}(τ, x; w(·))v ≥ −2Γ (4.3)

whenever |x| ≤ R, |v| = 1 and ‖w‖^2 ≤ M_1(T, R) (see Lemma 2.1). let ζ^1(t), ζ^2(t) denote the first and second derivatives of x(t) in the direction v (considered as a function of x = x(τ )). Then

v^T J^0_{xx}(τ, x; w(·))v = ϕ_x(x_0) · ζ^2(0) + (ζ^1(0))^T ϕ_{xx}(x_0)ζ^1(0).

By the “range–of–dependence” property (which follows directly from Lemma 2.1), |x_0| ≤ R_1 for suitable R_1. If we can also obtain bounds on |ζ^1(0)|, |ζ^2(0)| depending only on T, R, then we will have (4.3) for suitable Γ = Γ_R(T ) which will complete the proof. (In fact, one could explicitly compute Γ_R(T ) from these bounds if so desired.) Bounds on ζ^1(0), ζ^2(0) are obtained as follows. Let

ẋ^h = f(x^h) + σ(x^h)w x^h(τ ) = x + hv. Then with ζ^1(t) .=^d_{dh} x^h(t) | h=0, one has

ζ̇1 = f_x(x0)ζ1 + [σ_x(x0)ζ1]w ζ^1(τ ) = v.

By Lemma 2.1, one has bounds on x^0, w, and then by (A1), this last equation yields a bound on |ζ^1(0)|.

Letting ζ^{1,h}(t) =^d_{dh} x^h(t) for h not necessarily zero, one has ζ^2(t) =^d_{dh} ζ^{1,h}(t) | |_{h=0}.

Then ζ̇2 = f_{xx}(x0)ζ1 · ζ1 + f_x(x0)ζ2 + [σ_{xx}(x0)ζ1 · ζ1 + σ_x(x0)ζ2]w ζ^2(τ ) = 0.

Again, employing bounds from Lemma 2.1 and (A1) with this equation leads to a bound for |ζ^2(0)|.

4.1. Fundamental Solutions. If we assume nondegeneracy of the disturbance term in (2.1), then S_T [ϕ] is semiconvex for T > 0 without assuming semiconvexity of

10 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

ϕ. (The authors wish to thank P. Dupuis for pointing this out.) By nondegeneracy we mean that m ≥ n and

σ^{−1}(x) is bounded uniformly in x, and also assume σ^{−1} ∈ C^2 (A6)

where we define the inverse by σ^{−1}(x)b .= argmin{|a| : σ(x)a = b} for any b ∈ ℜ^n. Note that assumption (A6) is only required if the initial information function, ϕ, is not semiconvex.

Let us introduce the following function, V (T, x_0, x_T ), which we call a funda-

mental solution of the PDE (2.14b). For x0, x_T ∈ ℜ^n, T > 0, let

V (T, x_0, x_T ) = sup

w∈L_2 ([0,T ];ℜ^m ) { − 1 2 ∫_T 0 |w(t)|^2 dt : x(0) = x, x(T ) = x_T } (4.4)

where x(·) satisfies (2.1). From (4.2),

S_T [ϕ](x) = sup_{x0∈ℜn} {ϕ(x_0) + V (T, x_0, x)}. (4.5)

We can rewrite V in terms of the following calculus of variations problem with fixed end conditions. Let L(x, ẋ) = 1 2 |σ^{−1}(x)(ẋ − f(x))|^2, I(T, x_0, x_T ; x(·)) = − ∫_T 0 L(x(t), ẋ(t)) dt. Then V (T, x_0, x_T ) = sup{I(T, x_0, x_T ; x(·)) : x(0) = x_0, x(T ) = x_T } with x(·) given by (2.1). Equivalence of (4.4) and this calculus of variations version follows easily by noting that for each path, x(·), there is a corresponding unique minimal–norm w(·) given in feedback form with this definition of σ^{−1}.

Lemma 4.2. Assume (A6). Then V (T, x_0, ·) is semiconvex. In fact, given 0 < T_1 < T_2 < ∞, R, R_0, there exists Δ (depending on T_1, T_2, R, R_0) such that V (T, x_0, x)+Δ|x|^2 is convex on the ball B_R .= {x ∈ ℜ^n : |x| ≤ R}, for any T ∈ [T_1, T_2] and any |x_0| ≤ R_0.

Proof. Given x_0, x, there exists x^∗(·) such that x^∗(0) = x_0 , x^∗(T ) = x and V (T, x_0, x) = I(T, x_0, x; x^∗(·)). Now suppose 0 < T_1 ≤ T ≤ T_2, |x_0| ≤ R_0 and |x| ≤ R. Some “range–of– dependence” estimates will be obtained. For comparison with the optimal trajectory, let x(t) .= x_0 + (t/T )(x − x_0). Then there exists C < ∞ (depending on R_0, R, T_1) such that | |ẋ − f(x(t)) | | ≤ C ∀ t ∈ [0, T ],

SIAM MACRO EXAMPLE 11

and then by (A6), there exists M_i < ∞ such that −L(x, ẋ) ≥ − 1 2 M^2_i C^2.

Then by the optimality of x^∗, I(T, x_0, x; x^∗(·)) ≥ − 1 2 M^2_i C^2T,

and using (A2), this yields ∫_T 0 |ẋ^∗ − f(x^∗(t))|^2 dt ≤ M^2M^2_i C^2T. (4.6)

Then note that by (A1), there exists K < ∞ such that d dt |x^∗|^2 = 2(x^∗)^T (f(x^∗) + (ẋ^∗ − f(x^∗))) ≤ 3K|x^∗|^2 + K + 2|x^∗||ẋ^∗ − f(x^∗)| ≤ (3K + 1)|x^∗|^2 + K + |ẋ^∗ − f(x^∗)|^2.

Employing Gronwall’s inequality and (4.6), one finds that there exist R_1, M < ∞ (depending on R_0, R, T_1, T_2) such that |x^∗(t)| ≤ R_1 for all t ∈ [0, T ] and ‖ẋ^∗(·)‖_{L2[0,T ]} ≤ M . Next, consider any direction v ∈ ℜ^n (|v| = 1) and scalar h ∈ [−1, 1]. Let

x^h(t) .= x^∗(t) + t T hv. Then x^h(0) = x_0 and x^h(T ) = x + hv. Moreover, d^2 dh^2 I(T, x_0, x + hv; x^h(·)) = v^T Λ^hv, where Λ^h .= 1 T^2 ∫_T 0 [ t^2L^h_{xx} + 2tL^h_{xẋ} + L^h_{ẋ,ẋ} ] dt, L^hxx = L_{xx}(x^h(t), ẋ^h(t)), and the other derivatives defined similarly. Since |x^h(t)| and ‖ẋ^h(·)‖_{L2[0,T ]} are uniformly bounded, d^2 dh^2 I(T, x_0, x + hv; x^h(·)) ≥ −2Δ for some constant Δ depending on T_1, T_2, R, R_0. Then I(T, x_0, x + hv; x^h(·)) + Δh^2 is a convex function of h for |h| ≤ 1. Then V (T, x_0, x + hv) + V (T, x_0, x − hv) − 2V (T, x_0, x) ≥ I(T, x_0, x + hv; x^h(·)) + I(T, x_0, x − hv; x^{−h}(·)) − 2I(T, x_0, x; x^∗(·)) ≥ −2Δh^2. This implies that V (T, x_0, x) + Δ|x|^2 is convex on the ball {x ∈ ℜ^n : |x| ≤ R}.

12 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Theorem 4.3. Assume (A6). For any ϕ ≤ 0, T > 0, S_T [ϕ] is semiconvex.

Proof. If |x_T | ≤ R, by the “range–of–dependence” property, it suffices to consider those x(·) such that |x(t)| ≤ R_1, where x_0 = x(0). If x = x_T , then by (4.5)

S_T [ϕ](x) = sup_{x0∈ℜn} {ϕ(x_0) + V (T, x_0, x)} ,

S_T [ϕ](x) + Δ|x|^2 = sup_{x0∈ℜn} {ϕ(x_0) + V (T, x_0, x) + Δ|x|^2}

with Δ as in Lemma 4.2. Since the supremum of any family of convex functions is convex, S_T [ϕ](x) + Δ|x|^2 is convex on the ball {x ∈ ℜ^n : |x| ≤ R}.

Theorem 4.1 and Theorem 4.3 imply (under different assumptions) that the information state (in the absence of measurement updates) will be semiconvex. To complete this discussion, one also needs to show that the measurement updates (2.14c) maintain semiconvexity.

Lemma 4.4. Suppose ψ is semiconvex. Then ψ(x) −^1_2 |ρ^{−1}(x)[y − h(x)]|^2 is semiconvex for any y ∈ ℜ^k.

Proof. Let G(x) .= |ρ^{−1}(x)[y − h(x)]|^2. Fix R < ∞. Then, since ψ is semiconvex, there exists C_R < ∞ such that ψ(x) +^{CR}_2 |x|^2 is convex. But by (A1) and (A3b), there exists C_{R,y} < ∞ such that |G_{xx}(x)| ≤ C_{R,y} for all x ∈ B_R. Consequently ψ(x) −^1_2 |ρ^{−1}(x)[y − h(x)]|^2 +^{CR+CR,y}_2 |x|^2 is convex.

By Theorem 2.4, Lemma 4.4 and either Theorem 4.1 or Theorem 4.3, we know that, under the given assumptions, the information state, P , will be continuous and semiconvex. Consequently, we define

P .= {ψ : ℜ^n → ℜ : ψ is continuous and semiconvex}.

The algorithm to follow will depend on a max–plus basis representation of any ψ ∈ P. The starting point for this representation will be the convex dual.

Let R > 0 and (as above) B_R .= {x ∈ ℜ^n : |x| ≤ R}. Let ^ψ : B_R → ℜ be convex and Lipschitz over B_R with Lipschitz constant L(R), and let ^ψ(x) = +∞ for all x /∈ B_R. The following result is a minor variation of a standard result in Convex Duality (see, for instance, [30], [31]). The slight variation here is that, in this case, one has existence of the maximizers in the statement of the Lemma, which is a result of the restrictive class of functions, ^ψ, being considered here.

Lemma 4.5 (convex duality representation).

^ψ(x) = max p∈B_{L(R)} [p^T x + a_p] ∀ x ∈ B_R where a_p = − max_{x∈BR} [p^T x − ^ψ(x)], and note that a_p may be −∞.

SIAM MACRO EXAMPLE 13

Consider any ψ ∈ P over some ball B_R. Let c > 0 be a constant such that ^ψ(x) .= { ψ(x) +^c_2 |x|^2 if x ∈ B_R +∞ otherwise is convex. (4.7)

(The existence of c is guaranteed by ψ ∈ P.) As noted above, by [8, p. 111], ^ψ is Lipschitz over B_R with some constant L(R). Further, if |ψ(x)| ≤ D_2(1 + |x|^2) for some D_2, then it can be shown using the explicit local Lipschitz bound in [8] that L(R) ≤ D_3(1 + R) for some D_3. The convex duality representation of ^ψ in Lemma 4.5 leads easily to the following representation for ψ.

Theorem 4.6 (semiconvex duality representation).

ψ(x) = max ~x∈B_{L(R)/c} [− c 2 |x − ~x|^2 + a~_x] = max ~x∈ℜ^n [− c 2 |x − ~x|^2 + a~_x] ∀ x ∈ B_R where a~_x = − max_{x∈BR} [− c 2 |x − ~x|^2 − ψ(x)].

Proof. For any x ∈ B_R ψ(x) = ^ψ(x) − c 2 |x|^2 which by Lemma 4.5 = max p∈B_{L(R)} [p^T x − c 2 |x|^2 + a_p]

= max p∈B_{L(R)} [− c 2 |x − p/c|^2 + 1 2c |p|^2 + a_p]

which by letting ~x = p/c becomes = max ~x∈B_{L(R)/c} [− c 2 |x − ~x|^2 + c 2 |~x|^2 + a_c~_x]

= max ~x∈B_{L(R)/c} [− c 2 |x − ~x|^2 + a~_x] where a~_x = c 2 |~x|^2 + a_c~_x = − max_{x∈BR} [(c~x)^T x − ^ψ(x) − c 2 |~x|^2] which by (4.7) = − max_{x∈BR} [(c~x)^T x − ψ(x) − c 2 |x|^2 − c 2 |~x|^2] = − max_{x∈BR} [− c 2 |x − ~x|^2 − ψ(x)].

5. Basis Representation. In this section we modify the representation of ψ ∈ P given by Theorem 4.6 to obtain a countable basis representation. Again, let ψ ∈ P and R > 0 with corresponding c such that (4.7) holds.

14 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Suppose we have some countable dense subset {x_i}^∞_{i=1} ⊆ ℜ^n. Let ^c ∈ (c, ∞). Let

g_i(x) = − ^c 2 |x − x_i|^2 (5.1a) and a_i = − max_{x∈BR} [g_i(x) − ψ(x)]. (5.1b)

Let c ∈ (^c, ∞), and g~_x(x) = − c 2 |x − ~x|^2. By Theorem 4.6, ψ(x) = max ~x∈B_{L(R)/c} [g~_x(x) + a~_x] ∀ x ∈ B_R where a~_x is given in Theorem 4.6. It will next be shown that, in fact,

ψ(x) = sup_i [a_i + g_i(x)] = ∞⨁ i=1 [a_i ⊗ g_i(x)] ∀ x ∈ B_R

where ⨁_∞ i=1 indicates max–plus summation. Some additional properties of this basis function representation will also be obtained. Lemma 5.1 will be useful in the two theorems to follow.

Lemma 5.1. Given ~x ∈ B_{L(R)/c} and ϵ > 0, there exists i such that ψ(x) ≥ g_i(x) + a_i ≥ g~_x(x) + a~_x − ϵ ∀ x ∈ B_R. Further, for any δ > 0 one may specify |x_i − ~x| ≤^{c−}^^c_c^_c (cR + L(R)) + δ.

Proof. Let ~x and ϵ > 0 be given. By Theorem 4.6, there exists x ∈ B_R such that a~_x − c 2 |x − ~x|^2 = ψ(x). (5.2) Choose ^x ∈ ℜ^n such that −^c(x − ^x) = −c(x − ~x) (5.3) (so that the gradient of −^^c_2 |x − ^x|^2 matches that of g~_x at x). Note that this implies |^x − ~x| ≤^{c−}^^c_c^_c (cR + L(R)). By the density of {x_i}^∞_{i=1}, given δ > 0, there exists i such that |x_i − ^x| < δ. (5.4) Let ^a_i be such that ψ(x) = ^a_i − ^c 2 |x − x_i|^2. (5.5) Define ψ^0(x) = { ψ(x) +^c_2 |x − x|^2 if x ∈ B_R +∞ if x /∈ B_R

SIAM MACRO EXAMPLE 15

so that ψ^0 is convex. By the definition of x, −c(x − ~x)^T ∈ ∂ψ^0(x) and so by (5.3) −^c(x − ^x)^T ∈ ∂ψ^0(x) which, by the definition of subgradient and that ψ^0(x) = ψ(x), implies ψ(x) − ^c(x − ^x)^T (x − x) ≤ ψ^0(x) ∀ x ∈ ℜ^n. (5.6) It will next be shown that the a_i given by (5.1b) is not much smaller than ^a_i given by (5.5). Define F (x) .= ^a_i − ^c 2 |x − x_i|^2 + c 2 |x − x|^2 − [ψ(x) − ^c(x − ^x)^T (x − x)]. (5.7) The maximum of F occurs at x_0 = x + ^c ^c − c (x_i − ^x), and the maximum value is F (x_0) = ^c^2 2(^c − c) |x_i − ^x|^2 which by (5.4) < ^c^2 2(^c − c) δ^2. (5.8)

We choose δ > 0 sufficiently small such that ^c^2 2(^c − c) δ^2 < ϵ 2 . (5.9)

Then, by (5.7), (5.8) and (5.9), ^a_i − ^c 2 |x − x_i|^2 + c 2 |x − x|^2 < ψ(x) − ^c(x − ^x)^T (x − x) + ϵ 2 ∀ x ∈ ℜ^n, and so by (5.6), ^a_i − ^c 2 |x − x_i|^2 + c 2 |x − x|^2 < ψ^0(x) + ϵ 2 ∀ x ∈ ℜ^n, which, by the definition of ψ^0, implies ^a_i − ^c 2 |x − x_i|^2 < ψ(x) + ϵ 2 ∀ x ∈ B_R. Consequently, with a_i given by (5.1b), one has a_i > ^a_i − ϵ 2 . (5.10)

16 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Now it will be shown that a_i − ^^c_2 |x − x_i|^2 = a_i + g_i(x) is not more that ϵ below a~_x + g~_x(x) (for sufficiently small δ). Define H(x) = a~_x − c 2 |x − ~x|^2 − (a_i − ^c 2 |x − x_i|^2). (5.11)

By (5.2) H(x) = ψ(x) − (a_i − ^c 2 |x − x_i|^2) which by (5.10) and (5.5) < ϵ 2 . By (5.11) dH dx (x) = −c(x − ~x)^T + ^c(x − x_i)^T which by (5.3) = −^c(x − ^x)^T + ^c(x − x_i)^T so that | | | dH dx (x) | | | ≤ ^c|^x − xi|. Also, d^2H dx^2 (x) = (^c − c)I < 0 (where by the last inequality, we mean that (^c−c)I is negative definite). Consequently, H(x) < ϵ 2 + ^c|^x − x_i||x − x| − c − ^c 2 |x − x|^2 ∀ x ∈ ℜ^n, and taking the maximum of the right hand side yields H(x) < ϵ 2 + ^c^2 2(c − ^c) |^x − x_i|^2 ∀ x ∈ ℜ^n which by (5.4) ≤ ϵ 2 + ^c^2 2(c − ^c) δ^2 ∀ x ∈ ℜ^n, and by possibly reducing the size of δ from that in (5.9), one can make this < ϵ. (5.12) By (5.11) and (5.12), a_i − ^c 2 |x − x_i|^2 ≥ a~_x − c 2 |x − ~x|^2 − ϵ ∀ x ∈ ℜ^n. This is the desired right inequality, and the desired left inequality is a direct consequence of (5.1b).

SIAM MACRO EXAMPLE 17

Theorem 5.2.

ψ(x) = sup_i [a_i + g_i(x)] = ∞⨁ i=1 [a_i ⊗ g_i(x)] ∀ x ∈ B_R. (5.13)

Further, for any δ > 0 it is sufficient to consider only a set of {x_i} which is a dense subset of B_{δ+L(R)/c}.

Proof. Let x ∈ B_R. By Theorem 4.6, there exists ~x ∈ ℜ^n such that ψ(x) = g~_x(x) + a~_x and by Lemma 5.1, given ϵ > 0, there exists i such that ≤ g_i(x) + a_i + ϵ.

Since ϵ > 0 was arbitrary, ψ(x) ≤ sup_i [g_i(x) + a_i],

and the reverse follows by the definition of the a_i. Also, the last assertion follows from Theorem 4.6 and the density of the x_i.

For the remainder of the section, let {x_i} be dense over all of ℜ^n in order to reduce complication. One has the countable basis function representation (5.13) for any such countable dense set {x_i} and particular choice of constant ^c ∈ (c, ∞) where c is any constant such that (4.7) holds. Some further guidance on appropriate choices of ^c will now be obtained. Consider several possible choices of basis function sets indexed by j, B_j .= { g_{j,i}(x) = − ^c_j 2 |x − x_i|^2 : {x_i}^∞_{i=1} } . (5.14)

From Theorem 5.2, we know that ψ(x) = ∞⨁ i=1 [a_i ⊗ g_{j,i}(x)] (5.15)

for any j such that ^c_j > c. Conceptually then, given some ψ ∈ P and R > 0, one could choose any set of basis functions, B_j ∈ {B_j} such that ^c_j > c. (5.15) It will now be shown that it is in some sense optimal to choose the set B_j with the smallest (loosely speaking) ^c_j which satisfies (5.15). This may be rigorously stated as follows.

Theorem 5.3. Suppose R > 0 and ψ ∈ P with semiconvexity constant c (so that (4.7) is satisfied). Let B_{j1} , B_{j2} ∈ {B_j} be such that ^c_{j2} > ^c_{j1} > c. Then, for any n < ∞ and ϵ > 0, there exists {k_i}^n_{i=1} such that ψ(x) ≥ n⨁ i=1 a_{j1,ki} ⊗ g_{j1,ki} (x) ≥ n⨁ i=1 a_{j2,i} ⊗ g_{j2,i}(x) − ϵ ∀ x ∈ B_R

18 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

where a_{j1,i}, a_{j2,i} are given by (5.1b) for all i.

Before proceeding with the proof, note that this implies that one can always do arbitrarily close to better by choosing the smaller choice of ^c_j, but that the particular order of x_i and the function ψ may affect this. Typically of course, one would expect better performance with the smaller choice of ^c_j since the result is obviously not true if ^c_{j2} < ^c_{j1} .

Proof. Let 1 ≤ i ≤ n < ∞ and ϵ > 0. It is sufficient to show that there exists k_i < ∞ such that ψ(x) ≥ a_{j1,ki} ⊗ g_{j1,ki} (x) ≥ a_{j2,i} ⊗ g_{j2,i}(x) − ϵ ∀ x ∈ B_R. (5.16) But this is simply Lemma 5.1.

Lastly we turn to motivation for the choice of coefficients a_i in the expansion. Specifically we motivate the choice given by (5.1b). Note that this theorem will be true independent of the particular choice of basis functions {g_i} in (5.1a).

Theorem 5.4. Let {a_i}^∞_{i=1} be given by (5.1b) and let {~a_i}^∞_{i=1} be an alternative set of coefficients. If ~a_{i0} > a_{i0} for some i_0, then max x∈B_R | | | | ∞⨁ i=1 ~a_i ⊗ g_i(x) − ψ(x) | | | | > 0. (5.17)

Alternatively, if ~a_i ≤ a_i for all i, then max x∈B_R | | | n⨁ i=1 ~a_i ⊗ g_i(x) − ψ(x) | | | ≥ max_{x∈BR} | | | n⨁ i=1 a_i ⊗ g_i(x) − ψ(x) | | | ∀ n. (5.18)

Remark 5.5. Before proceeding to the proof, let us note that this theorem implies that of the possible choices for {a_i}^∞_{i=1} such that (5.13) holds, the choice given by (5.1b) is optimal. However, this does not imply that for any fixed n < ∞, max x∈B_R | | | | n⨁ i=1 a_i ⊗ g_i(x) − ψ(x) | | | | ≤ max_{x∈BR} | | | | n⨁ i=1 ~a_i ⊗ g_i(x) − ψ(x) | | | |. That is, there may be better choices of {a_i}^n_{i=1} for finite approximations, but such a choice cannot be extended to yield ψ in the limit without changing the a_i’s for i ≤ n.

Proof. For the first part, note that by (5.1a), there exists x_0 ∈ B_R such that

ψ(x_0) − a_{i0} ⊗ g_{i0} (x_0) = 0,

and consequently,

ψ(x_0) − ∞⨁ i=1 ~a_i ⊗ g_i(x_0) ≤ ψ(x_0) − ~a_{i0} ⊗ g_{i0} (x_0)

which since ~a_{i0} > a_{i0}

SIAM MACRO EXAMPLE 19

< ψ(x_0) − a_{i0} ⊗ g_{i0} (x_0) = 0.

For the second part, note that for any n ≥ 1 and any x ∈ B_R, ψ(x) ≥ n⨁ i=1 a_i ⊗ g_i(x) = max_{1≤i≤n}[a_i + g_i(x)]

≥ max 1≤i≤n [~a_i + g_i(x)] = n⨁ i=1 ~a_i ⊗ g_i(x).

6. Algorithm. Before explicitly describing the computational algorithm, we discuss how one may combine basis representation (5.13) with the max–plus linearity of the solution operator (Theorem 3.1) to update the information state between measurement times. This is actually a general algorithm for solving HJB equations of the form (2.14b) with semiconvex initial conditions, and so is more general than the particular application considered in this paper.

Specific error estimates have not been included in this section. The goal of this paper is to outline a new approach to computations for the Mortensen and robust nonlinear filters. Since this is a new and unusual approach, and since the paper is already of substantial length, error estimates are delayed to a future paper where computational comparisons could also be examined.

Recall the discrete–time filter discussed in Section 2. Suppose P (t^+_l , ·) is semiconvex, and that we approximate it over some ball, B_R, by some finite number of elements of the basis representation (5.13), that is

P (t^+_l , x) = ∞⨁ i=1 [a_i ⊗ g_{j1,i}(x)] ≃ n⨁ i=1 [a_i ⊗ g_{j1,i}(x)] ∀ x ∈ B_R where g_{j1,i} = − ^c_{j1} 2 |x − x_i|^2 with appropriate choice of ^c_{j1} and with a_i given by (5.1b). Then P (t_{l+1}^−, x) is given by S_δ[P (t^+_l , ·)](x) where S_δ is the solution operator for (2.14b) where δ = t_{l+1} − t_l.

We know by Theorem 3.1 that

P (t_{l+1}^−, x) = S_δ[P (t^+_l , ·)](x) ≃ S_δ[ n⨁ i=1 [a_i ⊗ g_{j1,i}(·)](x)

= n⨁ i=1 {a_i ⊗ S_δ[g_{j1,i}](x)}. (6.1) It is assumed that one has pre–computed S_δ[g_{j,i}] for all appropriate j, i where the solutions are represented in the form S_δ[g_{j,i}](x) ≃ n⨁ k=1 b_{k,i} ⊗ g_{j2,k}(x) (6.2)

where g_{j2,k}(x) = −^^{cj2}_2 |x − x_k|^2, ^c_{j2} is greater than the largest semiconvexity constant over the set {S_δg_{j1,i}}^n_{i=1}, and b_{k,i} is given by (5.1b), i.e. b_{k,i} = − max_{x∈BR} [g_{j2,k}(x) −

20 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

S_δ[g_i](x)]. (Note that one might choose to vary the set of interest, B_R, from one time to another, but for simplicity of notation we do not include that here.) In other words, one has pre–computed and stored the matrices [b_{k,i}] for all appropriate j_1, j_2. then by (6.1), (6.2) P (t_{l+1}^−, x) ≃ n⨁ i=1 {a_i ⊗ S_δ [g_{j1,i}](x)}

≃ n⨁ i=1 {a_i ⊗ [ n⨁ k=1 b_{k,i} ⊗ g_{j2,k}(x)]}

= n⨁ i=1 n⨁ k=1 [b_{k,i} ⊗ a_i ⊗ g_{j2,k}(x)]

= n⨁ k=1 [( n⨁ i=1 (b_{k,i} ⊗ a_i)) ⊗ g_{j2,k}(x)]. (6.3) Let B be the n × n matrix [b_{k,i}], and let A be the vector [a_i]. Define max–plus matrix multiplication in the natural way, that is let C = B ⊗ A be given by C = [c_k] where c_k = ⨁_n i=1[b_{k,i} ⊗ a_i]. Then,

P (t^−_{l+1}, x) = n⨁ i=1 [c_i ⊗ g_{j2,i}(x)] where C = B ⊗ A. (6.4) In other words, the update P (t^−_{l+1}, x) = S_δ[P (t^+_l , ·)](x) is performed simply by the max–plus matrix multiplication (6.4).

Now we will outline the structure of the information state propagation numerical algorithm for the discrete–time measurement case. Assume that the measurements occur at fixed time intervals t_l = lδ for l = 1, 2, .... Assume that P (0^+, ·) = ϕ(·) is semiconvex. (If not, then we know from Theorem 4.3 that P (δ, ·) will be semiconvex for δ > 0, under the nondegeneracy assumption discussed there.)

Let l = 0.

1) Compute an estimate of the semiconvexity constant, c, for P (t^+_l , ·) over B_R.

(Since P (t^+_l , ·) will be known only on some finite set, this is estimated by second– order differences.)

2) Choose a set of basis functions B_{j1} with ^c_{j1} > c. (In actual operations, one may choose to use more than one set, {B_{j1} , B_{j2} , ...B_{jn}}, but we require max_{jm} ^c_{jm} > c.) Also, determine the particular subset {x_i}^n_{i=1} ⊂ {x_i}^∞_{i=1} to use.

3) Compute A^l = [a^l_i] for i = 1, 2...n from (5.1b). One now has the approximation

P (t^+_l , x) ≃ n⨁ i=1 [a^l_i ⊗ g_{j1,i}(x)]

SIAM MACRO EXAMPLE 21

where g_{j1,i}(x) = −^^{cj1}_2 |x−x_i|^2, and so the information state P (t^+_l , ·) is represented simply by the vector A^l.

4) Propagate the solution of (2.14b) forward in time to time t_{l+1}. From the above discussion, we see that this takes the form of the max–plus matrix multiplication

A^{l+1} = B ⊗ A^l.

5) Compute P (t_{l+1}^−, ·) from

P (t_{l+1}^−, x) = n⨁ i=1 [a^{l+1}_i ⊗ g_{j2,i}(x)]. This step takes the representation of the information state in the form A^{l+1}, and converts it back to a function of x (actually evaluated only on some grid over B_R).

6) Given measurement y_{l+1}, perform the measurement update

P (t_{l+1}^+, x) = P (t_{l+1}^−, x) − 1 2 |ρ^{−1}(x)[y_{l+1} − h(x)]|^2

(for all points on the grid over B_R).

7) Increment l, and return to step 1.

It is interesting to note that in the absence of measurement updates, the solution could be propagated forward in time simply by a series of max–plus matrix multiplications. This would be the case if there were other applications where one was only interested in solution of an HJB equation of the form (2.14b) with semiconvex initial conditions or nondegenerate σ. However, in the robust filter application, the largest portion of the computational effort is likely to be expended in step 3 where one needs to compute the coefficients in the expansion. In many other types of expansions, the coefficients are computed by integration. Here, we see that the integration step is replaced by a maximization over the relevant portion of the state space, B_R.

7. Continuous{Time Measurements. Let us return to the case of continuous–time measurements satisfying (2.2), and let P (T, x) be the information state given by (2.6). Let P^δ(T, x) be the discrete–time measurement information state with time–step δ. (To be specific, we take P^δ(t, ·) to be P (t^+, ·) at the measurement times, although P (t^−, ·) would work as well.) In this section, we will show that P is the limit of P^δ as δ ↓ 0 (Theorem 7.3). Section 6 described a numerical algorithm for finding P^δ(T, x) approximately, and hence for approximate solution of the HJB equation (2.9) for P (T, x).

We use the simplest discretization of the problem, letting t_l = lδ for l = 0, 1, 2... At each l ≥ 1, the discrete approximation model receives a measurement y_l given by

y_l = 1 δ ∫_{tl} t_l�_1 y(t) dt. (7.1)

22 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Given T , let N be the largest integer such that t_N ≤ T , and let J^δ(T, x, w) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 dt − δ 2 N∑ l=1 |ρ^{−1}(x(t_l))[y_l − h(x(t_l))]|^2, (7.2)

where x_0 = x(0) given x(T ) = x and dynamics (2.1), and P^δ(T, x) = sup_{w∈L2} J^δ(T, x, w). (7.3) Note that if T = N δ, one has P^δ(T, x) being what was denoted as P (T^+, x) in (2.13b) rather than P (T^−, x).

It will first be shown that the semiconvexity constants for the approximations P^δ (which we recall affect the choice of basis functions in the algorithm of Section 6) do not blow up as δ ↓ 0.

Theorem 7.1. Assume that ϕ is semiconvex. Then for any T^0, R there exists a constant ^Γ (depending on T^0, R) such that for any T ∈ [0, T^0], P^δ(T, x) + ^Γ|x|^2 is convex on B_R.

Proof. Let J^{δ,0}(T, x, w) = ϕ(x_0) − 1 2 ∫_T 0 |w(t)|^2 dt J^{δ,1}(T, x, w) = − δ 2 N∑ l=1 |ρ^{−1}(x(t_l))[y_l − h(x(t_l))]|^2

so that J^δ = J^{δ,0} + J^{δ,1}. In the proof of Theorem 4.1, one finds that given T^0, R, there exists Γ such that v^T J^{δ,0}_{xx} (x, T, w)v ≥ −2Γ (7.4) for all |x| ≤ R, T ∈ [0, T^0], |v| = 1 and ϵ_0–optimal w with ϵ_0 ≤ 1. In particular, Γ = Γ_R(T^0) is independent of δ. All that remains is to prove a similar result for J^{δ,1}. It will now be shown that there exists Γ (depending on T^0, R) such that v^T J^{δ,1}xx (x, T, w)v ≥ −2Γ for all |x| ≤ R, T ∈ [0, T^0], |v| = 1 and ϵ_0–optimal w with ϵ_0 ≤ 1.

As in the proof of Theorem 4.1, let ζ^1(t), ζ^2(t) denote the first and second derivatives of x(t) in the direction v (considered as a function of x = x(T )). Then v^T J^{δ,1}xx (x, T, w)v = − δ 2 N∑ l=1 { (|ρ^{−1}(x)[y_l − h(x)]|^2)_x | | |_{x=x(tl)}ζ^2(tl) + [ (|ρ^{−1}(x)[y_l − h(x)]|^2)_{xx} | | x=x(t_l) ζ^1(t_l) ] · ζ^1(t_l) } . (7.5)

From Lemma 2.1, we know there exists R_1 = R_1(T^0, R) such that |x(t)| ≤ R_1 for all t ∈ [0, T ], which leads, via (A1), to bounds on all x–dependent terms in (7.5). That is, there exists M_1 = M_1(T^0, R) such that v^T J^{δ,1}_{xx} (x, T, w)v ≥ − δ 2 N∑ l=1 C^2_ρ {(M_1 + |y_l|^2) (|ζ^2(t_l)| + |ζ^1(t_l)|^2)} .

SIAM MACRO EXAMPLE 23

But as shown in the proof of Theorem 4.1, |ζ^2(t)|, |ζ^1(t)| are bounded with bounds only dependent on T^0, R. Therefore, there exists M_2 = M_2(T^0, R) such that v^T J^{δ,1}xx (x, T, w)v ≥ − δ 2 N∑ l=1 {M_2(1 + |y_l|^2)}

= − δ 2 N∑ l=1 M_2 1 + | | | | 1 δ ∫_{tl} t_l�_1 y(t) dt | | | | 2

≥ − δ 2 N∑ l=1 { M_2 ( 1 + 1 δ ∫_{tl} t_l�_1 |y(t)|^2 dt )}

≥ −M_2 2 ( T + ‖y‖^2_{L2[0,T ]} ) which we define to be .= −2Γ. (7.6)

Combining (7.4) and (7.6), one has v^T J^δxx(x, T, w)v ≥ −2(Γ + Γ) for all |x| ≤ R, ϵ_0–optimal w with ϵ_0 ≤ 1 where Γ, Γ are independent of δ. This implies the desired result.

Remark 7.2. The P^δ satisfy a uniform (in δ) local Lipschitz condition in x. That is, given R, T < ∞, there exists K = K(T, R) such that |P^δ(T, x) − P^δ(T, ~x)| ≤ K|x − ~x| for all x, ~x ∈ B_R. This follows directly from the uniform semiconvexity, see [8, p. 111].

Lastly, we obtain the convergence result.

Theorem 7.3. P^δ(T, x) → P (T, x) as δ ↓ 0 for all (T, x) ∈ [0, ∞) × ℜ^n.

Proof. Fix T, R < ∞ and x ∈ B_R. Let ϵ_0 ∈ [0, 1]. Let J be given by (2.5) and J^δ by (7.2). By Lemma 2.1 (and a similar result for the discrete case), we know ϵ_0–optimal w for either problem satisfy ‖w‖_{L2[0,T ]} ≤ M_{R,T} for appropriate M_{R,T} .

Let ‖w‖_{L2[0,T ]} ≤ M_{R,T} . It is sufficient to show that |J(T, x, w) − J^δ(T, x, w)| → 0 as δ ↓ 0 (with an estimate which is independent of w). We have 2|J(T, x, w) − J^δ(T, x, w)| = | | | ∫_T 0 |ρ^{−1}(x(t))[y(t) − h(x(t))]|^2 dt − δ N∑ l=1 |ρ^{−1}(x(t_l))[y_l − h(x(t_l))]|^2 | | |. (7.7)

We now show that given ϵ > 0, the right hand side of (7.7) can be made < ϵ for δ > 0 sufficiently small. The proof will involve first an approximation of y by an L_∞ function, and then a mollification.

24 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

Let R > 0 and

y^R (t) .= { y(t) if |y(t)| ≤ R 0 otherwise.

Let Ξ_R = {t ∈ [0, T ] : |y(t)| > R}. Then ∫_T 0 [ |ρ^{−1}(x(t))[y(t) − h(x(t))]|^2 −|ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2 ] dt = ∫ Ξ_R |ρ^{−1}(x(t))[y(t) − h(x(t))]|^2 dt which by (A3), (A1) and Lemma 2.1

≤ 2C^2_ρ ∫ Ξ_R

(M_1 + |y(t)|^2) dt

for proper choice of M_1, and then for R sufficiently large < ϵ 4 . (7.8)

Also,

δ N∑ l=1 | | | | | | | |ρ^{−1}(x(t^l)) [ 1 δ ∫_{tl} t_l�_1 y(t) dt − h(x(t_l)) ]| | | | 2

− | | |ρ^{−1}(x(t^l)) [ 1 δ ∫_{tl} t_l�_1 y^R(t) dt − h(x(t_l)) ]| | | | 2| | | | | ≤ δC^2_ρ N∑ l=1 | | | | | 1 δ ∫_{tl} t_l�_1

(y(t) + y^R(t)) dt − 2h(x(t_l)) | | | | | | | | | | 1 δ ∫_{tl} t_l�_1 (y(t) − y^R(t)) dt | | | | | and using Lemma 2.1 and Cauchy–Schwarz, one finds that for proper choice of M_2, ≤ δC^2_ρ N∑ l=1 { 1 √ δ [∫_{tl} t_l�_1 |y(t) + y^R(t)|^2 dt ] 1_2 1 √ δ [∫_{tl} t_l�_1 |y(t) − y^R(t)|^2 dt ] 1_2

+ M_2 δ ∫_{tl} t_l�_1 |y(t) − y^R(t)| dt }

which using 2ab ≤ ca^2 + b^2/c for any c > 0, ≤ C^2ρ { c 2 ∫_T 0 |y + y^R|^2 dt + 1 2c ∫_T 0 |y − y^R|^2 dt + M_2 ∫_T 0 |y − y^R| dt }

which for c sufficiently small and then R sufficiently large < ϵ 4 . (7.9)

From (7.7),

SIAM MACRO EXAMPLE 25

2|J(T, x, w) − J^δ(T, x, w)| ≤ | | | ∫_T 0 |ρ^{−1}(x(t))[y(t) − h(x(t))]|^2 − |ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2, dt | | | + | | | | ∫_T 0 |ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2 dt

− N∑ l=1 ∫_{tl} t_l�_1 | | | |ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | | 2 dt | | | | | + | | | | N∑ l=1 ∫_{tl} t_l�_1 {| | |ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | 2

− | | | | ρ^{−1}(x(t_l)) [ 1 δ ∫_{tl} t_l�_1 y^R (r) dr − h(x(t_l)) ]| | | | 2} dt | | | | + | | | | | N∑ l=1 δ {| | | | ρ^{−1}(x(t_l)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t_l)) ]| | | | 2

− | | | | | ρ^{−1}(x(t_l)) [ 1 δ ∫_{tl} t_l�_1 y(r) dr − h(x(t_l)) ]| | | | 2} dt | | | | | which by (7.8), (7.9) and some rearrangement is < | | | | N∑ l=1 ∫_{tl} t_l�_1 { |ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2

− | | | |ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | | 2} dt | | | |

+ | | | | | N∑ l=1 ∫_{tl} t_l�_1 {| | | | ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | | 2

− | | | | | ρ^{−1}(x(t_l)) [ 1 δ ∫_{tl} t_l�_1 y^R (r) dr − h(x(t_l)) ]| | | | 2} dt | | | | | + ∫_T t_N |ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2 dt + ϵ 2 which by the continuity of x(·) over [0, T ] for ‖w‖ < M_{R,T} < | | | | N∑ l=1 ∫_{tl} t_l�_1 { |ρ^{−1}(x(t))[y^R(t) − h(x(t))]|^2

− | | | |ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | | 2} dt | | | | | + M_3δ + 3ϵ 4

26 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

= | | | | | N∑ l=1 ∫_{tl} t_l�_1 {| | | | ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(t) dr − h(x(t)) ]| | | | 2

− | | | | | ρ^{−1}(x(t)) [ 1 δ ∫_{tl} t_l�_1 y^R(r) dr − h(x(t)) ]| | | | 2} dt | | | | | + M_3δ + 3ϵ 4 which for proper choice of ξ(t) ∈ B_R for all t,

< 2C^2_ρ N∑ l=1 ∫_{tl} t_l�_1 |ξ(t) − h(x(t))| | | | | 1 δ ∫_{tl} t_l�_1 (y^R (t) − y^R(r)) dr | | | | dt + M_3δ + 3ϵ 4 which for proper choice of M_4 = M_4(R, T ) < M_4 N∑ l=1 ∫_{tl} t_l�_1 | | | | | 1 δ ∫_{tl} t_l�_1 (y^R(t) − y^R(r)) dr | | | | | dt + M_3δ + 3ϵ 4 . (7.10)

Now let y^{R,ρ} be a C^∞ mollification of y^R such that ‖y^{R,ρ} − y^R‖_{L1[0,T ]} → 0 as

ρ ↓ 0. Rearranging (7.10) yields 2|J(T, x, w) − J^δ(T, x, w)| < M_4 N∑ l=1 ∫_{tl} t_l�_1 | | | | 1 δ ∫_{tl} t_l�_1 (y^{R,ρ}(t) − y^{R,ρ}(r)) dr | | | | dt

+ M_4 N∑ l=1 ∫_{tl} t_l�_1 | | | | | | | | | | 1 δ ∫_{tl} t_l�_1 (y^R(t) − y^R(r)) dr | | | | | − | | | | | 1 δ ∫_{tl} t_l�_1 (y^{R,ρ}(t) − y^{R,ρ} (r)) dr | | | | | | | | | | dt + M_3δ + 3ϵ 4 , and letting μ^ρ(·) be the modulus of continuity of y^{R,ρ}, and using the inequality | |a − b| − |c − d| | ≤ |a − c| + |b − d| on the second sum, one finds that this is

≤ M_4T μ^ρ(δ) + M_4 N∑ l=1 [∫_{tl} t_l�_1 |y^R(t) − y^{R,ρ}(t)| dt + ∫_{tl} t_l�_1 |y^R(r) − y^{R,ρ}(r)| dr ]

+ M_3δ + 3ϵ 4 , = M_4T μ^ρ(δ) + 2M_4‖y^R − y^{R,ρ}‖_{L1[0,T ]} + M_3δ + 3ϵ 4 , which for ρ sufficiently small

< M_4T μ^ρ(δ) + M_3δ + 7ϵ 8 , which for δ sufficiently small < ϵ.

Remark 7.4. In the case where y(·) is continuous, one can obtain an explicit

estimate of the convergence rate. Specifically, using only the bound ‖w‖_{L2[0,t]} ≤ M_{R,T} ,

for ϵ_0–optimal disturbances for both continuous and discrete–time problems with δ ≤

1, one can obtain an estimate of the form |P^δ(T, x) − P (T, x)| ≤ M[ √ δ + μ(δ)] where

μ(·) is the modulus of continuity for y. We expect that with additional effort, one

can obtain a uniform L_∞ bound on the optimal disturbances for the discrete–time

problems (in analogy with the continuous–time bound of Lemma 2.1). This would

SIAM MACRO EXAMPLE 27

lead to an estimate of the form |P^δ(T, x) − P (T, x)| ≤ M[δ + μ(δ)]. However, the effort would likely require more journal space than would seem appropriate for this initial exploration.

REFERENCES

[1] T. Başar and P. Bernhard, H1 –Optimal Control and Related Minimax Design Problems:

A Dynamic Game Approach, Second Edition, Birkhäuser, (1995).

[2] M. Bardi and F. Da Lio, On the Bellman equation for some unbounded control problems, Preprint No. 5, Dipartimento di Matematica, Universita degli Studi di Padova (1996).

[3] F.L. Baccelli, G. Cohen, G.J. Olsder and J.-P. Quadrat, Synchronization and Linearity, John Wiley and Sons, (1992).

[4] E.N. Barron and R. Jensen, Generalized viscosity solutions for Hamilton–Jacobi equations with time–measurable Hamiltonians, J. of Differential Eqs., 69 (1987), 10–21.

[5] R.K. Boel, M.R. James and I.R. Petersen, Robustness and risk–sensitive filtering, Submitted to IEEE TAC, 1997.

[6] M.H.A. Davis, Lectures on stochastic control and nonlinear filtering, Tata institute Lectures on Math. and Physics No. 75, Springer–Verlag, (1984).

[7] F. Da Lio and W.M. McEneaney, Finite time–horizon risk–sensitive control and the robust limit under a quadratic growth assumption, Submitted to SIAM J. Control and Optim., 1998.

[8] W.H. Fleming, Functions of Several Variables, Springer–Verlag (1977). [9] W.H. Fleming, Deterministic nonlinear filtering, to appear in DeGiorgi memorial volume of Annali Scuola Normale Superiore Pisa.

[10] W.H. Fleming and W.M. McEneaney, Risk sensitive and robust nonlinear filtering, 36th IEEE CDC, (1997), 1088–1093.

[11] W. H. Fleming and E. Pardoux, Optimal control of partially–observed diffusions, SIAM J.

Control and Optim., 20 (1982), 261–285.

[12] O.J. Hijab, Minimum energy estimation, University of California, Berkeley, PhD Thesis, 1980. [13] J.W. Helton and M.R. James, A Framework for Extending H1 Control to Nonlinear Systems, SIAM, (preprint).

[14] H. Ishii, Hamilton–Jacobi equations with discontinuous Hamiltonians on arbitrary open sets, Bull. Fac. Sci. Engrg. Chuo Univ. 28 (1985), 33-77.

[15] H. Ishii, Comparison results for Hamilton–Jacobi equations without a growth condition on solutions from above, preprint.

[16] K. Ito, Approximation of the Zakai equation for nonlinear filtering, SIAM J. Control and Optim., 34 (1996), 620–634.

[17] M.R. James and J.S. Baras, Partially observed differential games, infinite dimensional HJI equations, and nonlinear H1 control, SIAM J. Control and Optim., 34 (1996), 1342-1364.

[18] A.J. Krener and A. Duarte, A hybrid computational approach to nonlinear estimation, 35th IEEE CDC, (1996).

[19] H. Kunita, Stochastic partial differential equations connected with nonlinear filtering, Lecture Notes in Math. No. 972, Springer–Verlag (1982).

[20] G.L. Litvinov and V.P. Maslov, Correspondence principle for idempotent calculus and some computer applications, preprint.

[21] S. Lototsky, R. Mikulevicius and B.L. Rozovskii, Nonlinear filtering revisited: a spectral approach, SIAM J. Control and Optim., 35 (1997), 435–461.

[22] P.L. Lions and B. Perthame, Remarks on Hamilton–Jacobi equations with measurable time– dependent Hamiltonians, Nonlinear Analysis, Theory, Methods and Appls., 11 (1987), 613– 621.

[23] V.P. Maslov, On a new principle of superposition for optimization problems, Russian Math.

Surveys, 42 No. 3 (1987), 43–54.

[24] W.M. McEneaney, Robust/H1 filtering for nonlinear systems, Systems and Control Letters, 33 (1998), 315–325.

[25] W.M. McEneaney, Uniqueness for viscosity solutions of nonstationary HJB equations under some a priori conditions (with applications), SIAM J. Control and Optim., 33 (1995), 1560–1576.

28 WENDELL H. FLEMING AND WILLIAM M. M CENEANEY

[26] W. M. McEneaney, Robust control and differential games on a finite time horizon, Math. of Controls Signals and Systems, 8 (1995), 138–166.

[27] W.M. McEneaney and M.V. Day, Characteristic characterization of viscosity supersolutions corresponding to H1 control, Proceedings IFAC 13th World Congress, Vol. E, (1996), 401–406.

[28] S.K. Mitter, Lectures on nonlinear filtering and stochastic control, Lecture Notes in Math. No.

972, Springer–Verlag (1982).

[29] R.E. Mortensen, Maximum Likelihood Recursive Nonlinear Filtering, J. Optim. Theory Appl., 2 (1968) 386–394.

[30] R.T. Rockafellar, Conjugate Duality and Optimization, Regional conference Series in Applied Mathematics 16, SIAM (1974).

[31] R.T. Rockafellar and R.J. Wets, Variational Analysis, Springer–Verlag (1997). [32] P. Soravia, Evolution operators and viscosity solutions of Hamilton–Jacobi equations, Bolletino della Unione Matematica Italiana B 7 (1988), 571-600.

[33] S. Yuliar and M.R. James, On nonlinear H1 filtering, preprint.