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Abstract. Two-point boundary value problems for conservative systems are studied in the con-
text of the least action principle. One obtains a fundamental solution, whereby two-point boundary
value problems are converted to initial value problems via an idempotent convolution of the funda-
mental solution with a cost function related to the terminal data. The classical mass-spring problem
is included as a simple example. The N-body problem under gravitation is also studied. There, the
least action principle optimal control problem is converted to a differential game, where an opposing
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1. Introduction. We suppose a conservative system follows a trajectory which
is a stationary point of the action functional, this being known as the principle of least
(more correctly, stationary) action or as Hamilton’s principle (c.f., [10, 11]). This
allows the dynamical model to be posed in terms of various optimal control problems.
Solution of these control problems allows one to convert two-point boundary value
problems (TPBVPs) for the dynamical system into initial value problems (IVPs).
For purposes of illustration, we will consider a simple mass-spring system, wherein
solution of an associated Riccati equation generates the fundamental solution, and
allows one to answer a variety of TPBVPs via a simple min-plus integral (equivalently,
a supremum). We will also consider the N-body problem in orbital mechanics. There,
the analysis becomes more technical. Nonetheless, one can construct machinery for
guaranteed solution of various TPBVPs.

1.1. Least action, optimal control, and TPBVPs. We begin with a some-
what formal discussion; specification of the exact assumptions will follow in the next
section. Suppose the position component of the state at time, ¢, is denoted by
&(t) € IR™, where also, we will use x € IR™ to denote generic positions. Let the
potential energy at € IR™ be denoted by V (x). The kinetic energy at time ¢ will be
denoted by T(£(t)) = %5’(t)M§(t) If £(t) is a point mass, M is simply ml, where
m is the mass of the body; in a multi-body system, this is generalized in the obvious
way. The action functional corresponding to {{(r)|r € [0,¢]} is

FE() = /0 —V (&) + T(E(r)) dr.

The original principle of least action stated that a system evolves so as to minimize
the action functional. More recently, it has been understood that systems evolve so
as to achieve a stationary point of the action functional (c.f., [11]).
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One can also interpret this in terms of the characteristic equations corresponding
to the Hamiltonian of the system. Let the initial position be £(0) = x € IR", and
let the dynamics be £(r) = u(r) for all r € (0,t), where u = u(-) € U™, with
Ut = £ ([s,t); IR™). Also let

U™ = {u: [0,00) = R" |ujg ) € U VE € [0,00)}, (1.1)

where g ;) denotes the restriction of the function to domain [0,#). Define the control
formulation payoff, J° : [0,00) x IR" x U*® — IRU {—00, +00}, as

t t
1Ot 2,u) = / “V(E(r) + T(u(r)) dr = / SV(E) + b (Y Mu(r)dr, (12)
0 0
where M is positive-definite symmetric, and the corresponding value function as
WO(t,x) = irg{f JO(t,z,u). (1.3)
ueU>

Clearly a solution of this problem yields an £(-) satisfying the least action principle,
and so is the trajectory of the conservative system under potential energy field V,
when the stationary action is the least.

Let D = (0,t) x IR", D = [0,#] x IR", and C* = C(D) N C*(D). Under quite
reasonable conditions on V', one can expect that W9 € C 1 and that on D, W0 satisfies

0= *%W(T, x) + uier%lgn {v-V,W(r,z)+ 3v'Mv} —V(z) (1.4)
= —%W(r, xz)—=V(x)— %[VmW(ﬁ ) MW (r, x)
= —IY(nx, %W(n x), VaW(r, x)) = —%W(nx) - H(n:r, V. W(r, x)) (1.5)

It is also well-established that under sufficiently strong conditions, first-order Hamil-
ton-Jacobi-Bellman (HJB) partial differential equations (PDEs) such as (1.5) can
be solved via the method of characteristics (c.f., [18]). The characteristic equations
associated with (1.5) are

dé -

d _ A .

df:) - Hq(?“,g,q,ﬁ) =1, dp - Hp(rvquvﬁ) = M_lﬁ(p) (1'6)
dg - s dp 2N -

d7p - HT(T7£7Q7P) - 07 dp - Hz(r,gaq,p) - vﬂ?v(g(p)) (17)

These have associated initial and terminal conditions

§t) ==z, r()=0, p0)=0, ¢(0)=-V(£(0)) - %(ﬁ(o))’/\/‘flﬁ(o) = =V (£(0)),

(1.8)
where p(0) = 0 follows from the lack of a terminal cost here. Because of (1.6), we may
take 7 = p. Noting (1.7) and (1.8), we see that ¢(r) = V(£(0)) for all . Also, in order

to return to forward time, we may take s =t —r, £(s) = £(t — s) and p(s) = p(t — s),
in which case we have

d§ -1 dp
% =-M p(s), % - VxV(f(S)), (1'9)
T MLV (), (110)



which of course, is the classical Newton’s second law formulation. Note that in the
above development, the trajectory was not fully specified, as only the initial position,
not the initial state (position and velocity), was given. Of course, (1.9) implies that
the additive inverse of the co-state p(r), is the momentum. (One might also note that
the optimal velocity in (1.4) is attained at v = — M~V W = —M~1p.) Given both
the initial position and initial velocity, forward integration of (1.9) is the classical IVP
form for the system dynamics.
Suppose however, that one attaches a terminal cost to JO yielding, say

J(t,z,u) = JO(t, z,u) + P(E(t)), (1.11)
Wi(t,z) = iEIZ}{fOO J(t,z,u), (1.12)

where U is given by (1.1). The dynamic programing equation (DPE) and charac-
teristic equations (1.9) remain unchanged. However, although the initial condition is
still £(0) = z, the terminal condition is defined by ¢. That is, we have a TPBVP
where we control the terminal condition.

TPBVPs are common in classical optimal control theory, where the above charac-
teristic equations appear in Calculus of Variations and Pontryagin Maximum Principle
approaches (c.f., [20]). There, one is required to solve the relevant TPBVP to obtain
the desired optimal control problem solution. Classical methods used a shooting ap-
proach, and more modern methods such as pseudo-spectral algorithms (c.f., [19]) have
greatly advanced the state of the art.

Here we have a slightly different goal; we desire to solve TPBVPs that are con-
strained by conservative dynamics, i.e. those dynamics that conserve the (instanta-
neous) total energy defined as the sum of the potential and kinetic energies V' and T.
For the trajectory £(-) of (1.9), this total energy at time s € IR is given by

V(E(s)) + T(E(s)) = H(s, &(s), ME(s))

where H is the Hamiltonian of (1.5). Noting that this Hamiltonian is invariant with
respect to its first argument, differentiation with respect to s along the trajectory £(-)
yields via (1.10) that

B H (5,6(5), ME(5)) = (Hy(5,6(s), ME(5)), E(5)) + (Hp(5,€(5), ME(s)), ME(s))

= (VaV(£(s)), £(s5)) + (£(s), =V V(£(5))) =0,

for all s € [0,¢]. That is, the conservative dynamics of interest here are precisely those
defined by (1.9), which in turn are defined by the characteristic equations (1.6) and
(1.7) associated with the optimal control problem (1.3). With the addition of terminal
cost 1) in this optimal control problem, the boundary conditions for (1.9), and hence
the conservative dynamics of interest, consist of initial and terminal conditions

€0) =2,  p(t) = Vo (E(t)). (1.13)
If one takes, for example, 1)(z) = —2’ M@ for some given ¥ € IR", then the terminal
condition in (1.13) becomes p(t) = —M@u. That is, one has boundary conditions
£0)==z and &(t) =a. (1.14)
Alternatively, if one takes z € IR™ and v(z) = ¢>(x) = §; (x — 2) where
% (v) = {(J)roo oltfhirjvi(:e (1.15)
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(i.e., the min-plus delta function, c.f., [17, 25]), then the solution of control problem
(1.12) yields solution of the conservative system (1.9) with boundary conditions

£0)==z and £&(t) ==z (1.16)
Clearly, other boundary conditions can be generated as well.

1.2. Fundamental solutions. The goal here will be the development of funda-
mental solutions for TPBVPs corresponding to conservative systems of the form (1.9).
For a problem involving dynamical systems, we use the term fundamental solution to
indicate an object which, once obtained for a specific time-horizon, yields the solution
of that problem for other input data via an operation on the object and the input
data, without re-propagation over time. For example, the operator e4t € L(IR™) de-
fined with respect to A € IR™*" is a fundamental solution for the finite-dimensional
linear initial value problem, £(s) = A&(s), £(0) = z € IR", s € [0,1], as we have
£(t) = eAtx for any specific initial data z € IR™. As a substep in the analysis to
follow, we will obtain a one-parameter semigroup of min-plus linear min-plus integral
operators {G¥(t) }ie k., that serves as a min-plus primal space fundamental solution
semigroup [5, 31] for the optimal control problem (1.11), (1.12), or equivalently, the
HJB PDE (1.5). As this optimal control problem is formulated to encapsulate the
least action principle, the fundamental solution semigroup {G®(¢)}+c k., can also be
used as a fundamental solution semigroup for TPBVPs constrained by the conserva-
tive dynamics (1.9). In particular, given any terminal data of the form £(t) = z or
£(t) = ¥ for these dynamics, {G®(t)}1er., can be used to evaluate the correspond-
ing value function W (t,z) of (1.12), and the hence solve the corresponding TPBVP
(with initial data £(0) = x € IR™). Also, in the case of the N-body problem, it will
shown that the fundamental solution can be interpreted in terms of a convex set,
E( ) C IR2N*+N +1 which can be used to generate the fundamental solution kernel
W (t,-,-).

A specific element G® (t) of the aforementioned min-plus primal space fundamental
solution semigroup {G®(¢)}:e Rz, s an operator that propagates any terminal payoff
through to the corresponding value function of the optimal control problem (1.11),
(1.12) at horizon t € IR>( via a (min-plus linear) min-plus integration (or convolution,
cf. [1, 12, 22, 24]). That is,

52

Wi(t,-)=G%t)y = - W™ (t,-,2) @ P(z)dz, (1.17)

in which the min-plus integral is defined in general by fg" f(z)dz = inf.cgn f(z) for
any functional f : IR" — IRU {oo}, and W™ (t,-,-) : IR" x IR* — IR U {co} denotes
the associated kernel. Existence of the min-plus primal-space fundamental solution
semigroup {G® () }+c R is guaranteed by dynamic programming, which requires that

W+, )=8t+7)9v=8(1)St), (1.18)
— @ —
SHv= | JUtxz,u) @9(ER))du, (1.19)
MOO
for all t,7 € IR for which the value is finite, where S(t) is the dynamic program-
ming evolution operator. Operator S(t) is itself a min-plus linear min-plus integral
operator, by definition (1.19). The dynamic programming principle, as stipulated by
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the right-hand equality of (1.18), defines a one-parameter semigroup of these min-
plus linear min-plus integral dynamic programming evolution operators {S(¢) }te r-,
for the optimal control problem (1.11), (1.12). (This is the so-called Laz-Oleinik
semigroup.) Consequently, as (1.17) and (1.18) imply that G® ()4 = S(t)¢ for any
horizon ¢ € IR>( and terminal payoff 1, it follows immediately that

Go(t+71)=6%()G%(1) (1.20)

for any t,7 € IRso for which the value function W(t + 7,-) is finite. That is,
{G®(t)}ter-, defines a one-parameter semigroup of min-plus linear min-plus inte-
gral operators as per (1.17). Furthermore, an explicit representation for the kernel
W™(t,-,-) of G2(t) follows by inspection of (1.17), (1.18), (1.19). In particular, the
identity 1 (z) = fgn 8o (v —2)®1)(z) dz, which holds for all z € IR™ given the min-plus
delta function ¢, of (1.15), the min-plus linearity of S(¢) evident by definition (1.19),
and the left-hand equality of (1.18), together imply that

53] @

W(t, ) =St =8t) | b (—2)@P(z)dz= / [S(t) 8y (- = 2)] @ P(2) dz,

RTI, n
so that by (1.17),

W™ (ta,2) = [S1) 6 (- — 2)](@). (1.21)

That is, the kernel Woo(t,x,z) of the min-plus primal-space fundamental solution
G®(t) is itself the value of an optimal control problem defined with respect to initial
and final states z, z € IR™ by (1.21).

REMARK 1.1. Using the notation of (1.17), (1.19), (1.20), it is important to note
that the Lax-Oleinik semigroup {S(¢)}tem., does not define a min-plus primal-space
fundamental solution semigroup, as its elements are defined as min-plus integral min-
plus linear operators over /*° rather than IR™. While this may seem to be a formal
detail, it is crucial from the point of view of computation. In particular, in applying
elements of {G%(t)}iem-,, as opposed to {S(t)}ier.,, minimization over a finite
dimensional (rather than infinite dimensional) space is required. o

1.3. Application. With regard to the specific optimal control problem (1.11),
(1.12), in the case where the potential energy T takes a linear-quadratic form, the
kernel Woo(t, -,+) of the min-plus primal space fundamental solution G®(t) can be
obtained through solution of an associated Riccati equation. Here, we will use only
a simple mass-spring example to demonstrate the concept, although a combination
of this approach with previously developed machinery for solution of certain infinite-
dimensional problems [6, 7, 8] has yielded corresponding min-plus primal-space fun-
damental solutions for certain TPBVPs for infinite-dimensional systems [5].

We will also apply the approach to N-body problems under the gravitational po-
tential. In that case, the potential does not take a linear-quadratic form. However,
we will see that one may take a dynamic game approach to gravitation, where the po-
tential is a linear-quadratic form in the position variable. This requires an additional
max-plus integral, over the opponent controls, beyond that which is required in the
purely linear-quadratic potential case.

In order to give a sense of the usefulness of the approach, two example problem
classes are considered. The first is a simple mass-spring oscillator, which should be
useful due to its simplicity, and this is discussed in Section 3. A deeper problem class,
that of N-body problems, is considered in Section 4.
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In the mass-spring case, one obtains an explicit solution for W in (3.10)(3.11).
Fix t > 0, sin(wt) # 0 (for more details, see Section 3). Suppose one has the funda-
mental solution in form (3.10)—(3.11). Then, for a TPBVP generated by initial and
terminals positions, say x and z in IR, the initial velocity solving the TPBVP is given
by

v=£(0) = M7 (QFx + Ri°2), (1.22)

where M is the mass. If instead, one is given a TPBVP generated by an initial
position, z and terminal velocity, v € IR, the corresponding initial velocity is given
by (1.22), but with z = z* = (Mv — Q¢°x)/R:°.

The N-body problem class is more challenging, and as noted above, the funda-
mental solution, W is represented as the finite-dimensional convex set, $(t). Given
a set of N initial positions as vector z € IR3" and a set of terminal positions as vector
z € IR*N (along with time-duration, ¢ € (0,f), with # satisfying (4.56), and body
masses and radii m;, R;, i € {1,2,... N}, where the radii are included for technical
modeling reasons indicated below), the initial velocities solving the TPBVP are given
by (4.106),(4.107). That is, once 3(t) is computed (more exactly, approximated), one
may repeatedly use i(t) for changing values of = and z. Specifically, in (4.100) for
any x,z pair, Woo(t,a:,z) is obtained as the supremum of a linear functional over
the finite-dimensional convex set i(t) The N-body case where initial position and
terminal velocity are given is a bit more complex, and discussed further in Section
4.7.

REMARK 1.2. It is worth noting that this is not the first instance in which
idempotent methods have been used to address problems in this class. Notably, [26]
takes a similar viewpoint on this topic, within a larger context. On another front,
other authors have found it useful to introduce a game-theoretic interpretation as an
aid in the study of dynamical systems, cf. [21]. o

2. General Theory. We now begin the rigorous development. As indicated
above, we consider conservative systems, and take the least-action approach. (That
is, in this paper, we concentrate on the case where the stationary action is least — see
Lemma 4.17 and [10, 11, 13] as well.)

2.1. Optimal control problem. We model the dynamics of position as
Er)=ulr),  &0)=wze R, (2.1)

with u € U>°. Let the potential and kinetic energy functions be denoted by V(z) and

T(y) = 3y’ My, respectively. Recalling (1.2), we now have

Tt 2,0) = /O L(EG), u(r)) dr = /O T(u(r)) — V(E(r)) dr. (2.2)

Throughout this section, we employ the following assumptions:

M is positive-definite and symmetric. (A.M)
There exists Dy < oo such that V(z) < Dy for all x € IR". (A V1)
There exists K, K} < oo such that |[V(z) — V(2)] < Kilz —

2|, and |V(@)| < K11+ e]). (4.V2)

(Of course, in (A.V2), the existence of such a K} follows from the existence of K.,
but we find it useful to introduce both constants.)
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REMARK 2.1. We note that (A.V1), (A.V2) are violated in the case of the ide-
alized harmonic oscillator given in Section 3. However, in that example one may
nonetheless obtain a closed-form solution. In the N-body application class of Sec-
tion 4, although (A.V2) is violated if one assumes point-mass bodies, it is satisfied if
one assumes the bodies have positive radius and bounded density. Such models are
discussed further in Section 4. o

For ¢ € [0,00), let ¥¢: IR™ x IR™ — [0, 00) be given by

¥e(x,2) = o — 22 (2.3)
Also let > : R™ x IR™ — [0, 00] (where [0, 00] = [0,00) U {+00}) be given by

V¥(@.0) = lim 05 (e,2) = 8 (@ =), (2.4

where d; is given in (1.15). Define the finite time-horizon payoffs J¢ : [0, 00) x IR" x
U*® - RU{—o00,+00} by

Tt x,u,2) = J0(t @, u) +90(E(L), 2), (2.5)

for ¢ € [0, ], where we specifically note that JO(t,z,u) = fg L(&(s), u(s))ds. Also,
for ¢ € [0, 0], we let

Wc(t,m,z) = inf J°(t,x,u, z). (2.6)

ueU>®

Value functions where one also notes dependence on terminal state components some-
times appear in the literature as “generating functions”, specifically in reference to
two-point boundary value problems (c.f., [14]). As in the introduction, for generic
terminal cost, ¥ € % (IR™; IR), we continue to let

J(t,x,u) = JO(t, z,u) +(E(t), and W(t,x) = ierzlfoo J(t,z,u). (2.7)

We begin with general theory; results specific to application in mass-spring and
N-body systems will follow in later sections.

LEMMA 2.2. Wc(t,x,z) > —Dyt for all x,z € IR™ and all t > 0. Also, suppose
there exists D, R < oo such that V(y) > —D for all y € Br(0). Then W'(t,z,z) <
Dt + 2 min{c, |[M||/t}|z — z|* < Dt + ¢°(z,z) for all z,z € Br(0) and t > 0. More
generally, for ) : IR" — IR, W (t,z) € IR for all t € (0,00) and all x € IR™. Lastly,

note that for ¢ > ¢, Wc(t,x, z) > Wc(t,x, z) for allt >0 and x,z € IR".
Proof. To obtain the first assertion, note that for any w € U, J°(t,x,u,z) >

fot —V(&(r))dr > —Dyt, where Dy is given in Assumption (A.V1). For the second

assertion, let @(s) = 0 for all s € (0,t). Then, J¢(t, x,4,z2) = fot —V(z)dr+¢°(z,2) <
Dt + 9¢(x, z), which implies W (t,2,2) < Dt 4+ ¢°(z, z). Alternatively, let @(r) =
1 N

+(z—x) for allr € (0,t). Then, the corresponding trajectory satisfies £(r) € Br(0) for

allr € [0,t], and we have J¢(¢, z, @, 2) = fg ﬁ(zf:c)'/\/l(zfx)f‘/(é(r)) dr+¢°(z,z) <
%|x—z|2+Dt, which implies W (¢, z, z) < % |z — 2|2+ Dt. For the third assertion,
simply take 4 = 0. The final assertion is immediate by the definition. O

One expects that W will be a viscosity solution on (0, 00) x IR™ of

0=—0,W(t,x,2)— H(t,z,V W (t,z,2))=—H(t,z,0.W (t,z,2), V. W(t,z,2)) (2.8)
W(0,z,z2) =9z, 2) xe€R", (2.9)



where we will find it handy to use the notation 9; to denote the partial derivative
with respect to the first variable throughout, and H, H are the Hamiltonians (1.5).
In fact, we have the following:

THEOREM 2.3. Given ¢ € [0,00) and z € IR", the value function W' (-,-,2) of
(2.7) is Lipschitz continuous on compact sets, and is the unique viscosity solution of
(2.8),(2.9).

Proof. This follows immediately from [3], where we specifically use Proposition
1.3 and Theorems 2.1, 2.2 and 3.2 there. O

2.2. A limit property. In order to characterize the fundamental solution to
the optimal control problem (2.7), it is useful to first demonstrate that a specific
limit property holds. In particular, it is demonstrated via a sequence of lemmas that
lime_yoo W =W . Lemmas 2.5 and 2.6 provide bounds on near-optimal trajectories
defined with respect to Wc7 leading to a sandwiching of w* using W™. The required
limit property is then stated via Theorem 2.7 and Corollary 2.8.

By the positive-definiteness of M, there exists m > 0 such that

T(v) > %|v|2, Yo € R™. (2.10)

Let t > 0. The “straight-line” control from z to z is given by uf = (1/t)[z — ] for
all r € [0,t], and we let the corresponding trajectory be denoted by £°. The resulting
cost is

We(t,z,2) = Jo(t,2,u®, 2) < KL(1+ || + |2])t + W,
which for an appropriate choice of Dy = D1 (t) < oo,
< DI+ |z]*+ 2], Vaz,ze€ R" (2.11)
REMARK 2.4. We have W™ (t,2,2) < W*(t,z,2) < D1(t)[1 + |z|* + |2|?] for all
t € (0,00) and all z, z € IR". S

LEMMA 2.5. There exists D = lA)(t) < 0o such that for any e-optimal trajectory,
& (i.e., any trajectory ¢ corresponding to an e-optimal input in the definition (2.6))
with € € (0,1], |€5(r)| < D[1 + |z| + |2|] for all 0 <r <t < 00 and x,z € R".

Proof. Let t > 0 and z, z € IR™. Let u® € U™ be e-optimal in the definition (2.6)
of W with e € (0,1], and let £ be the corresponding trajectory. Let

R = max{|°(r)||r € [0,t]}, 7 € argmax{|{(r)||r €[0,¢]}. (2.12)
Note that by Hoélder’s inequality,
R =[¢°(7)] < Vl[ul|Log0,m) + el < Vil Ly 0,0 + |- (2.13)

Now, using Assumption (A4.V2), (2.10) and (2.12),

t
m .
Jo(t @ ut,2) > / ~VI(EM) + T () dr > =K1 (1+ R)t + €17, 0.,
0
which by (2.13),

> _KL(1+R)t+ —

2t
Consequently, considering the quadratic inequality in R given by
2
Mz =P
2t

(R — |=])*.

—K}(L+ R}t + (R —al)? = [K} (1 +[a] + 2]}t +
8

| >0,



and solving the quadratic equality by classical methods, we see that there exists
D = D(t) < oo such that

W#—l > Wo(t,a,2)+1 > W (t,z,2) +e
if R > D[1 + |z| + |2|], which contradicts the e-optimality of u¢. Hence, R < D(1 +
|z| + |2]), completing the proof. O )
LEMMA 2.6. There ewists D = D(Ji) < oo such that for e-optimal controls,
u®e € U, with e € (0,1], [€9°(t) — 2| < W, forallc,t >0 and x,z € R™.
Proof. Let € € (0,1], ¢,t > 0 and z,z € IR™. By Assmp. (A.V2) and Lemma 2.5,

JE(t,z,us, 2) > Ki(l—«— |z|+|z])t+

Je(t, m,ue, 2) > —KL(1+ D[1+ [2] + |2]))t + §|§C’€(t) 22 (2.14)
On the other hand,
W (t, @, 2) > W (t,x,2) > J(t, x,uc, 2) — e > Jo(t, 2, u™c, 2) — 1. (2.15)
Combining (2.14) and (2.15) yields
SIE () = 2P < W™ (0, 2) + KL (1 + DL+ [o] + |=[))t

<W*(t,2,2) + Ki (14 D[1 + || + |2[))t,
which by (2.11),
< Di()[1+ |2)* + [2)*] + KL(1+ D[ + |2| + |2])t. O
THEOREM 2.7. There exists D = D(t) < oo such that

9

D —o0
[+ [ + [2[)* < W (t,2,2) < W (1,2, 2),
f
forallt € (0,00), z,2 € IR" and ¢ > 1.
Proof. Clearly, Wc(t,x,z) < Woo(t,m,z) for all t,c € (0,00) and z,z € IR". We
concentrate on the other bound. Let u®¢ be e-optimal for W (¢, z, z), with e € (0, 1],
and let £4¢ denote the corresponding trajectory. Also for r € [0,¢], let

WS (t,x,2) —

a4 (r) = u®(r) + (1/t)[z — £€2°(t)], which yields éc’e(t) =z (2.16)

Further, using Lemma 2.6, this implies

e - el = e - < PP v e
Next, note that
Fotat,2) = [ VIEE) 4 T ) dr 40 (0.2
<W'(t,z, 2 +e< Witz z)+1,

which implies

t
m N € i
S0 < [ VE )+ T 1
9



which by Assumption (A4.V2), (2.11) and Lemma 2.5
< KL(1+ D)L+ |2 + 2]t + Di()[1 + |z + |2)*] + 1

This implies there exists Dy = Do (t) < 0o such that

[l @O+ [a] + [=]]. (2.18)

Now, recalling that |a — b|> < |a — b|(|a| + |b|) for all a,b € IR™, one has

‘/ d“/o \<”MH/| () = @ (= ()] + [a(r)]) dr

which by the definition of 4¢,

< I e |/ (u(r)| + [a°(r)]) dr

HM”| §C€ |/ |:|Z_€c€( )| —|—2|’U,C€( )| dr

M ce C.€ C,€
Sﬂﬁﬂp,g,@wpfg’aﬂ+2JNU’hﬂwﬂ

(where the last bound follows by Holder’s inequality), which by Lemma 2.6 and (2.18),
< Ds®)[1 + || + |2
-_— \/E )

for all ,z € IR™ and all ¢ € [1,00) for proper choice of D3(t) < oco. Also, by
Assumption (A.V2),

’/ —V(E(r m-/ ~V(E<(r)) dr

which by (2.17),

(2.19)

<KL/ |€<(r) éc’e(r)‘dn

2

By (2.16), (2.19), (2.20) (and noting that ¢ > 0),

7 - Ds(H)[1 2 K,D[1 ¢
Tt ue, 2) — Jo(t 7, 00, 2) > — D3O el + =7 KiD[+ o] + 2]

Ve 2,/c
D)1+ |x] + |22

\/E )

for an appropriate choice of D(t) < 0o. This implies

>

D[ + || + |2[]?
\/E )

and since this is true for all € € (0,1], Wc(t,:mz) > Woo(t,x7z) — %\/W,

jc(t’x’ uc,e’ Z) Z Woo(ta €T, Z) -

which completes the proof. O
Of course, Theorem 2.7 immediately implies: o
COROLLARY 2.8. The value functions W° and W' of (2.6) satisfy the limit

property limg_, oo Wc(t, x,z) = Woo(t,x, z) for allt € (0,00), x,z € IR™.
10



REMARK 2.9. Note that

W(t,2,2) = inf {/OtL(f(s),u(s))ds+§|§(t)—z|2}

ueU>
: t
—inf {/0 L(E(s), uls)) ds + 0 (€(0), 9) + §ly — = [u e U, y € R}

= inf {W(t Sy — 2|2
yler}Rn{ (t,z,y) + §ly — 2},
which implies that Wc(t,x, -) is a Moreau envelope of Woo(t,x, -).  Consequently,
an alternative means for obtaining Corollary 2.8 is through verification of necessary

conditions for convergence of the Moreau envelope to w™ (t,z,-); see, for example,
[28], Theorem 1.25. S

2.3. Fundamental solution. A reachability problem of interest is defined via
the value function W : IR>g x IR" x IR" — IR, where

t
Witz = int { [ Lie).ut)as] ) = =}, (2.21)
where ¢ satisfies (2.1) with £(0) = 2. Using W of (2.21), it is convenient to define the
function W : IR>q x IR™ — IR by

Wit2) = inf {W(t,z,z) + 1/7(2)} . (2.22)

PROPOSITION 2.10. W (t,z) = W(t,x) forallt € R>¢ and x € IR™.
Proof. Fix t € IR>¢, x € IR". By (2.21) and (2.22),

W(t,z) = inf { inf [/OtL(g(s),u(s))ds‘f(t)zz}+w(z)}

z€lR™ L ucl>

— inf { /OtL(g(s),u(s))ds ) ‘u cU®, 2 e R", 2 = £(t) }

t
— in { / L), u(s) ds + 9(¢(0) [ue ™ } =Wito).
0
From Theorem 2.10, we see that W is a fundamental solution for optimal control
problem (2.1),(2.7). In particular, given a terminal cost function t(-), we have

o
Wi(t,z)= inf (W (t,z,2) +9(2)] = - W (t,z,2) © ¥(z) dz,

where in the last expression we use min-plus algebra notation (cf. [1, 22, 24]). We
next demonstrate the equivalence of W and W™, thereby showing that W™ is a
fundamental solution for (2.1),(2.7).

PROPOSITION 2.11. Woo(t,x, z) = W(t,x, z) for allt € R<g and x,z € IR™, and
Wi(t,z) = /W(t, 2) = infemn{W " (t,x,2) + ¥(2)} for allt € Rsq and x € R™.

Proof. Fix t € IR~ and z,z € IR". Considering control @(t) = }(z — ) as in the
proof of Lemma 2.2, we immediately see

W™ (t,z,2) < . (2.23)
11



By (2.4)—(2.7) (in the case ¢ = 00) and (2.23), we see
Woc(t,a:,z) 1nf{J°°txuz ‘UEUOO —z}
1nf{thu|u€U°°,§ )=z}= thz)

which yields the first assertion. The second assertion then follows from Proposition
2.10. O

3. Application: a simple mass-spring system.
3.1. Model. We consider the standard example: A mass M € (0, 00) is fixed to
a vertical wall via an elastic spring with spring constant K € (0, 00), with the mass

free to move horizontally. Friction is neglected. Newton’s second law implies that the
position £ satisfies the ordinary differential equation (ODE)

0=E(t) +w (1) (3.1)
where w = /K /M is the frequency of oscillation. The potential and kinetic energy
associated with the spring and mass respectively are given by

V()= Ka?, T =45 (3.2)

In this case, our Hamiltonian becomes
H(z,p) = 2x - 1nf {vp—l— p2} = %xQ‘ + ﬁp? (3.3)

As the potential energy for this idealized spring is quadratic (with potential energy
possibly going to +00), Assumptions (A.V'1) and (A.V2) are violated, and we cannot
employ Lemma 2.2 or Theorem 2.3. However, we will have an explicit solution of the
HJB PDE, and consequently, we will use the following instead.

THEOREM 3.1. Letc € (0,00), z € R", 0 <t < T < 0o. Suppose W € C([0,T) x
R™ x R"; IR) N C*((0,T) x R™ x R";IR) satisfies (2.8),(2.9). Then, W(t,x,z) <
Je(t,z,u,2) for all z € IR™, u € U®. Furthermore, W (t,x,z) = J°(t,z,u*,z) for
the input u*(s) = —M IV, W (t — 5,£*(s),2), s € [0,t], where £* is the solution of
dynamics (2.1), driven by u*. Consequently W (t,z,z) = Wc(t,x, z).

Proof. With z € IR™ fixed, let W denote a solution of (2.8), (2.9) as per the
theorem statement. Fix any ¢ € [0, f) and any u € U*°. Define w(v) =p-v+ %v'/\/lv,
p € IR", and note that by completion of squares that 7(v) > —%p’/\/l_lp. Select
v=a(s) and p =V, W (t—s,£(s), 2) at each s € [0, ], where £ denotes the trajectory
satisfying (2.1) corresponding to input @. Then,

VoW (t — s,&(s), 2) - u(s) + 5 u(s) Mau(s)
—3[VaW(t = 5,&(5), 2) MTIVL W (t = 5,£(s), 2)
so that (2.8) and (1.
0= Wt — 5,E(5), 2) — VIE(s)) — 5 [VaW(t — 5,E(5), ) MV, (1 — 5,E(5), 2)
< W (t—s,&(s 7Z)+V W(t —s,8(s), 2) - u(s) + 5 a(s)’ Mu(s) — V(£(s))
= W (t—s,&(s),2) + 3 u(s) Mau(s) — V(E(s)).

Integrating with respect to s over [0,¢] then yields (via the fundamental theorem of
calculus and (2.9)) that

5) imply that for all s € [0, ],

W(t,m,z)g/o L(E(s), 0(s)) ds + v°(E(t), 2) = (2,1, 2) (3.4)

12



proving the first assertion. To prove the second assertion, fix @ = u*, where u* is as
indicated in the theorem statement. Repeating the above argument yields equality in
(3.4), so that W (t,z, 2) = J¢(t, x,u*, z) = W (t,z, 2) as required. O

2. Fundamental solution of the mass-spring system. Analogues of The-
orems 2.7 and 2.10 and Proposition 2.11 provide a path for solution of the optimal
control problem with value function W of (2.7) associated with the principle of least
action. In particular, Theorem 2.10 provides a characterization of W in terms of W of
(2.21), which is in turn equivalent to W™ of (2.6) by Proposition 2.11. However, w™
may be obtained as the limit case of W° of (2.6) as ¢ — oo by Theorem 2.7, when
sufficiently smooth, where W° may be obtained by solving (2.8),(2. 9) To this end,
let T = 7/w, and define the time-indexed quadratic function W : [0, T) x R?— IR
by

W“(t,x,z):%Ptx2+thz+%th2, (3.5)
where P;, Q¢, R: € IR satisfy the IVPs on [0, f) given by

P =-K-LP?, Qr=—45 P Qu, Ry=-LQ7, (3.6)
PO =C, QO = C, RO = C. (37)

THEOREM 3.2. The value functzon w° of (2.6) and the ewplzczt function we of

(8.5) are equivalent. That is, W (t,z,z) = We(t,x,z) for all t € [0, T) z,z € R.
Proof. By inspection of (3 5), note that

OWe(t,m,z) =L P’ + Quoz+ 5 Ry 27, (3.8)
vﬂCVT/C(vaz):Ptl‘_'_QtZ'

By inspection of (3.6), (3.7), (3.8) and (3.9), observe that for all ¢ € (0,7) and
z,z € IR,

O:7[%Ptx2+thz+%Rt22+(§)x +( )(Pt:v+Qtz)]
= —OW(t,x,2) — H(x, W(t,z,2)),

where H is the Hamiltonian (3.3). That is, (2.8) holds for W. Also observe that
We(,z,z) = La? —cxz+ §2% = Y°(z,z), where ¥ is as per (2.3). That is, (2.9)
also holds for W. Hence, Theorem 3.1 yields the desired result. O

Theorem 3.2 and the unbounded-potential analogue of Corollary 2.8 may be used
to explore the limit case of W* of (2.6) as ¢ — oo. This limiting case can be approached
explicitly by solving (3.6), (3.7) for arbitrary fixed ¢ € IR~¢ followed by taking the
aforementioned limit. Applying Theorem 2.7 then yields W of (2.6), and hence W
of (2.21) by Proposition 2.11. By inspection of (3.6), first note that it is convenient
to compute the inverse of P, to facilitate computation of the limiting case. To this
end, define amy = P[17 or Pym = é, where a € IR~ is fixed. Differentiation yields
Ptﬂ't—FPtﬁ't :O, or
=aK (7rt2 +

ﬁt:*aﬂ'tpt’ﬂ't:*aﬂ't (*K*LPE)’]QZQKTF?‘F

1 1 )
M aM a2 KM) -

For convenience, select o = JI;W’ so that ( )wt =w. Let t € (0, T) Integra-

tion over the interval [0,t] yields tan~!m, |0 = wt, or m; = tan (tan_ 0 —l—wt) =
13



tan (wt + tan(-1)). As ¢ — oo, m — 75°, where 79° = tan(wt). Equivalently,

1 1
P — P = =
! t ar®  atan(wt)

as ¢ — 0o0. Similarly, one obtains

—c sintan™! (L -1
- 75‘“1) — Q@ =—F—— asc— o0,
sin (wt + tan™' (%)) asinwt

Q=

and

1 1 1
Ri=——=|+1(——=)cot (wt+tan~}(L R = ——
= () () e G = = oy

as ¢ — oo. Hence, in the case of the mass-spring system, Proposition 2.11 and
Theorem 3.2 and the unbounded-potential analogue of Corollary 2.8 imply that for
te (0,m/w),

Wi(t,w,z) =W (t,z,z) = 1P+ QF vz + 3 R 22, (3.10)
where P° = (L)cot(wt), Q@ =—(L)cosec(wt), R = (1)cot(wt). (3.11)

1
(03
3.3. Usage in a two-point boundary value problem. As an application of
Theorem 2.10, consider the case where the terminal velocity o is known. As the state
of (2.1) corresponds to the position of the mass, the additive inverse of the co-state
defined via the value function W of (2.7) corresponds to the momentum of the mass.
As the final co-state is V,1)(z(t)), knowledge of the final momentum M o implies that
V. (z(t)) = —M v, which in turn implies a terminal cost of

Y(z)=-Muvz. (3.12)
Let t € (0,7/w). Applying Theorem 2.10, and using (2.22), the terminal position
z*(t,x) € IR corresponding to initial position z € IR and terminal velocity v = &(t) is

2" (t,x,v) = argmin {W(t, z,2) — M7D z} (3.13)
z€R

=argmin {1 P°2® + Qzz+ L R 2> — Moz} .
z€IR

Hence, by inspection, 0 = Q° z + R z*(t, x,v) — M7, so that
Mv—-Qzx

R = (%) tan(wt) + sec(wt) x. (3.14)

2 (t,x,0) = z
In order to check (3.14), the dynamics of the mass-spring system may be integrated
explicitly. In particular, using general solution £(t) = Acos(wt) + Bsin(wt), and

solving for A, B from £(0) = z and £(t) = 7, one may check the above solution.

4. The N-body problem. Here, we address the solution of TPBVPs with N
bodies acting under gravitational acceleration. That is, we obtain a means for con-
version of TPBVPs into initial value problems. The key to application of the above
approach to this class of problems lies in a variation of convex duality, leading to an
interpretation of the least action principle as a zero-sum, differential game. Due to
the particular, simple form of this game, one may invert the order of the minimiza-
tion and maximization operations, after which the inner game problem is reduced to
solution of differential Riccati equations. This leads to a representation of W™ as a
maximization of a linear functional over a finite-dimensional, convex set.
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4.1. A representation for the gravitational potential energy. We begin
with a representation of the gravitational potential energy of the N-body problem as
a pointwise maximum of quadratic forms.

LEMMA 4.1. For p € (0,00), one has

1 3/2 2 3/2 2
- = <3) max a[l (ap) ] = <3) max a[l(ap)} .
p 2 ) ae(0,00) 2 2 a€0,4/2/3p~1] 2

Proof. Suppose f : (0,00) — IR is given by f(p) = p~'/2. By standard methods
of convex duality (c.f., [27, 28, 29]), one has the convex duality pair

F(5) = sup [Bp+a(B)] v e (0,00).
B<0
a(B) = —sup [B5 = £(5)] VB € (=o0,0).

p>0

Further, a(B) = _73(23)1/3 for all 3 € (—00,0). Next, letting 8 = — 3, this yields

e 3 . .
p1? = sup [2(25)”3 - Bp] ., Vp>0.
B>0

Letting a = \/g(2ﬁ)1/3 for 5 > 0, one finds

3\ 3/2 3\3/2 435
=12 = Y a—(2) L2, viso
’ i‘i%l(2> “ <2> T

Finally, letting p = p? for p > 0, one sees that this becomes

3/2 2
1: <3) supa{l(ap)], Vp > 0.

p 2) a>0 2

Lastly, note that the supremum is always attained, and does so at \/g %. 0

From Lemma 4.1, one immediately obtains the following.
LEMMA 4.2. Given any ¢ € (0,00) and any p € [§,00), one has

1 3/2 2
(3> ax a{l(af’)],
p 2) acon/2/35-1] 2

while for p € (0,9), one has

< (3>3/2 max ]a {1— (ap)Q] < L

2 a€l0,4/2/351

Recall that the gravitational potential energy due to two point masses of mass
m1 and mg, separated by distance p > 0, is given by

Grama(p) = Z,
p
15



where G is the universal gravitational constant. Of course, this is also valid for
spherically symmetric bodies when the distance is greater than the sum of the radii
of the bodies. Using Lemma 4.1, we see that this may be represented as

~ 2
_gml,m2 (p) — Gml maigo(algmz) |:1 _ (0[1’2/)):| ,

1,22 2

where the universal gravitational constant is replaced by G = (%)3/ ?G. In the case
of N bodies at locations z° € IR? for i € N =|1, N[ (where for integers i < j, we let
li, 7] denote {7,724+ 1,4+ 2,...j} throughout), the additive inverse of the potential is
given by

—V(z) = Z Gm; maxo(a,»7jmj) {1— W—z])} = Z Gmam; (4.1)

;> 2 xt — xd|’
(i,5)eTA 7= (i,5)€TA | |

where 7% = {(i,7) €]1,N[*|j > i} and x = {z*,2?,.. .2V} € R" = (R*)N. In view
of Lemma 4.2, we fix some § > 0, and use instead,

~ i ine
—V(z) = Z Gm; max (v jmy;) [1 - WQJD} . (42)
(i,4)€T4 @i j€[0,4/2/3571] 2

Throughout, we will largely suppress the dependence of V' on the body masses.

REMARK 4.3. The classical N-body problem formulation employs gravitational
potential energy models of the form (4.1). That is, it assumes the gravitational
potential model Gm/r. for a central body of mass m, where r. denotes the distance
from the body center. This model has beautiful simplicity, but is only exact in the
case of a point-mass, i.e., a body of zero radius and infinite density. Further, and
importantly, this model possesses an asymptote in the potential at » = 0, which is both
technically problematic and purely an artifact of the model. If one instead assumes
a spherical, positive-radius body of uniform density, the gravitational potential is
obtained as

—VP(z) = (4.3)

ﬁ—j@ if 7. € [Re, 00)
@md[l _ 0‘2} if ro € [0, R,

where & = [\/3/2R.]~! and R, denotes the body radius. (We note that this is also
correct for r € [R.,00) when the density is only spherically symmetric.) Note that
such potentials are not only more realistic for macroscopic bodies, but also eliminate
the vertical asymptote of the classical problem-definition model. The next result
demonstrates that for the realistic case where the bodies have positive radii, one may
choose § such that V and V yield identical solutions. In particular, if § is less than
the minimal sum of body radii, then both models are identical for any solution in
which the bodies do not collide. It is perhaps worth remarking that in the case of one
body of uniform density and a second body which is essentially a point-mass, then
model (4.2), being similar to (4.3), would be correct when the point-mass was within
the radius of the larger body. (This is not an entirely academic point, as gravitation
within diffuse bodies is relevant, for example, in the study of the motion of stars
within galaxies.) Allowing 0 to vary as a function of the pairs of bodies, one can go
a bit further along that line [15]. o

LEMMA 4.4. Suppose |z' — 27| > § for all (i,§) € I®. Then —V(z) = —V ().
Otherwise, —V (z) < =V (x).

The above lemma is immediate from Lemma 4.2, and we do not include a proof.
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4.2. The differential-game model. The above representation for the gravita-
tional potential, (4.2), will be used to create a zero-sum game representation of the
N-body least-action problem, where an additional player will maximize over time-
indexed functions taking values in A (defined in (4.4)).

A={a={oi}uzera | €[0,/2/301V(i,j) € T }, (4.4)

and note that A C IR’" where I® = #72. Then (4.2) may be written as

- - PN a; izt — 271])?
—V(x) = gleaic{—V(x, a)l, —V(z,a)= Z Gm;(a ymy) {1 - M
(i,5)€T
(4.5)
Let £(-) be a trajectory of the N-body system satisfying (2.1). The running cost
will again be

L(§(r),£(r)) = T(E(r) = V(£(r)), (4.6)
where now V' is given by (4.5). Also, let
M= diag(ml, mi, M1, Mo, Mo, M2, .. .mN) = diag(ml,mg, s ,mN) ® I3 (47)

(where ® denotes the Kronecker product, cf., [16]), m = min;cp m; > 0, and M =
max;cn m;. Note that we may write

T(y) = 3y’ My, Vye R". (4.8)

We also continue to take 1)¢ as given in Section 2.1 (i.e., by (2.3) and (2.4)) for
€ [0,00]. With these specific definitions, the least-action payoff, J¢ given by (2.5),
becomes

Tt x,u, 2) = /O T(u(r)) = V(&(r)) dr +¢°(8(1), 2) (4.9)
= [ Tty + ma-ViEr). (e @0

As in (2.6), we let the value be given by
We(t 2, 2) = 16111/{foc Jo(t, 2, u, 2). (4.11)

Let J¢: [0,00) x R" x U x R" — R and W : [0,00) x IR™ x R — IR be given by

Je(t, w0, 2) = /0 T(u(r)) = V(E(r)) dr + 97 (E(1), ), (4.12)
%C(t,m,z) = érbfx J:c(t,;c,u,z). (4.13)

Fix 6 > ¢, and let
D% = {z € R"||z' — 27| > 6, V(i,j) € T*}. (4.14)

Fixt>0and z,z € D% . We assume:
17



Je=c(t,x,z) < oo, € = €(t,x,z) > 0 such that V e-optimal u¢ € U in

(4.11) with € € (0, €], and with & denoting the corresponding trajectory, (A.N1)

we have [(£9)¥(r) — (€5)(r)| > 6 Vr € [0,8], ¥ (4,5) € TA.
We remark that Assumption (A.N1) is used only in Theorem 4.5 and Corollary 4.6,
which demonstrate that the two problem models just above are equivalent for problems
where collision is not possible for e-optimal approximate solutions.

THEOREM 4.5. Let t € (0,00) and x,z € D%. Let ¢ > &(t,z,2). Suppose
u* € U™ minimizes J¢(t,x,-,z). Then u* also minimizes J°(t,x,-, 2).

Proof. Fix t € [0,00) and z,z € IR". Let u* € U> minimize J(t,z,-,2). Let
U € U>®. By (4.10), (4.12), Lemma 4.4, and then by the choice of u*,

J:c(t,x,d, 2) > J(t, @, @, 2) > JO(t, z,u*, 2),
which by Assumption (A.N1) and Lemma 4.4,
= J:c(t,x,u*,z). 0

—~cC

COROLLARY 4.6. Let t € [0,00) and x,z € D%. Then, W (t,z,2) = W (t,z,2)
forallc>c(t,x, z).

Henceforth, we work only with V, J_C,WC, rather than ‘7, J:C,W . Let
A% = {a :10,00) = A|3IK < 00, {7k }rejo, k] such that 7o = 0, 7 = t, and
Tk—1) < Tk and Ar,_y,7) € C([Tk_l,Tk);.A) vk 6]1,K[}, (4.15)
A% = Loo([0,00); A), (4.16)

and we note that, of course, C([0,00);. 4) C A>® C A>®. Also, we replace the time-
independent potential energy function, V(+), with

(cvij(r)]a* — a7 ])?

—Ve(rz) = —V(z,a(r) = > Gmio,(r)m;) [1- 5 . (4.17)
(i,5)€TA
Let J¢:[0,00) x IR™ x U™ x A%® x IR™ — IR be given by
t
F(tnwa,s) = [ Tlr) - VARE) dr @) (@18)
0

THEOREM 4.7. Lett >0 and x,z € IR™. Then,

J(t, z,u, z) = max J(t,z,u,, 2) = max J(t,x,u,a,2), Yu e U™, (4.19)

aEA>® ac A®
and Wc(t,x,z) = inf max Jt,x,u,a,z) = inf  max J(¢,x,u,@,z). (4.20)
UEU® a-)EA® UEU> o) e A

Proof. Fix t > 0 and x,z € IR". Let u € U, and recall from (4.5) and (4.10)
that
7 i . e () — €0 ()2
J(t,x,u, 2) :/ T (u(r)) + max Z Gm;(a, ;m;j) {1 _ (@iyl8 (T)2 Sl dr
0

acA
(i,5)€Z4

+ (&), 2). (4.21)
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By (4.15), (4.16), (4.18) and (4.21), any a(r) is suboptimal in the maximization in
(4.21) for any r € [0,t] and any o € A>® DO A, and in particular,

Jo(t,z,u,2) > max JO(t,z,u,q,2) > max J(t,z,u,qz), (4.22)
a(-)eA> a()eA%

and we do not include the obvious details. o

Let a* : IR™ — A be given by a*(x) = {&] ;(z",27)}(; jyeza, where

(a]z" —27])?
2

O_‘zj(xi’xj) - argmax o |:]_ — :| R V(Z,]) c IA, Vr € R"
]

a€l0,4/2/361

(o]’ — a])?

= argmax @mi(amj) {1 - ] , V(i,j) e I?, z € R".

a€[0,4/2/361] 2
(4.23)
Let £ denote the state trajectory corresponding to u and £y = x. Let
a*(r) = a(r;u(’)) = {af)j(r) | (4,7) € IA} e A, (4.24)

where the (i,j)th element of a* is given by
i) =ai (€ (r), & (r), vrelo). (4.25)
Note that a* € A>°. Also note that by (4.23) and (4.25),

(afg'(r) — & (r)])?
2

«

*
1,3

(r) = argmax émi(amj) 1- V(i,§) € I®, r € [0,1).

a€[0,4/2/35-1]

o

(4.26)
Then, by (4.2), (4.17) and (4.26),

—VY (1, E(r)) = =V(E(r)) Vre[0,t). (4.27)
By (4.9), (4.18), and (4.27),

Jo(t,z,u, 2) = JO(t, z,u, 0%, 2) < Jnax J(t, x,u, , 2). (4.28)

By (4.22) and (4.28), we have (4.19). That, in turn, immediately implies (4.20). O
We specifically note that the problem of finding the fundamental solution of the
TPBVP for the N-body problem has been converted to a differential game. In a
heuristic sense, one may think of the problem now as not only a search over possible
world lines of the bodies, but as also including a search over negotiated potentials
between the bodies. Again heuristically, one may think of the potentials, not as fields
existing throughout space but as the opposing player in a game interpretation. The
first player minimizes the action at each moment, with immediate effect on the kinetic
term and integrated effect on the other terms, while the second player maximizes the
potential term at each moment. The analytical advantage obtained through the use

of this viewpoint is that one may express the potential energy as a quadratic form.
REMARK 4.8. We note that (4.20) is a non-standard form for dynamic games.
The inf / sup is neither in terms of non-anticipative strategies (c.f., [2, 9]), nor in terms
of state feedback controls. This is due to the very simple form of the maximizing

player, which is only a representation for the running cost. o
REMARK 4.9. Note that with V' given by (4.2) and M given by (4.7), V and M
satisfy conditions (A.M), (A.V1) and (A.V2) of Section 2.1. o
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4.3. Semiconvexity and the HIB PDE. We next proceed to obtain the ex-
pected relationship to the associated HJB PDE.

LEMMA 4.10. Wc(t,m,z) € [0, Dt + ¢(x,2)] for all t > 0 and all v,z € IR",
where D = (G/6) 3 ; jyeza mim;.

Proof. The result follows by Remark 4.9 and Lemma 2.2. O

LEMMA 4.11. Let € € (0,1]. Given e-optimal u® in the definition, (4.11), of
We(t, x, 2), we have ||ue||2L2(0’t) < 2(Dt+y(z, 2) + 1).

Proof. Let € € (0,1], and let u® be as per the lemma statement. Let the corre-
sponding trajectory be denoted by £¢. Then, using Lemma 4.10,

/0 T(u¢(r)) — V(& (r)) dr + ¥°(£°(t), 2) < Wc(t,x, 2)+1< Dt+9°(z,2) + 1.

Hence, noting the non-positivity of the potential, one has

t

/tT(uE(T)) dr < Dt +¢°(z,2) + 1 +/ V(€€(r))dr < Dt 4+ ¢°(z, 2) + 1.
0 0

That is, 1 g(ue)’(r){\/luf(r) dr < Dt + ¢°(x,z) + 1. This immediately implies that
112, 00, S (2/)(DE + 0 (, 2) + 1]. D

LEMMA 4.12. For any ty > 0, Wc(tx,z) is semiconcave in x, uniformly in
(t,x, z,¢) € [to,00) X IR™ x IR™ x [0, 00).

Proof. Let tg > 0, t € [tg, ), z,z € IR", ¢ € [0,00) and € € (0,1]. Let v € IR"™,
|v| < 6/4 where J,¢ are as in Assumption (A.N1). Let u be an e-optimal input in
the definition, (4.11), or Wc(t, x,z). We will obtain an upper bound on second-order
difference, [W(t, x4, 2) + W (t, x —~, 2) —2W (¢, 2, 2)] /7|2, where this implies the
asserted semiconcavity (c.f., [4, 24]). Let

() = {u(r) — %fy if r € [0, 0] and

e (r) = u(r) + %’y if r € [0, to)
u(r) if r € (to, 1),

u(r) if r € (to,1t).

(4.29)
By the e-optimality of u with respect to w* (t,z, z) and the suboptimality of u* with
respect to Wc(t, x =+, 2),

Wc(t, x+7,2)+ Wc(t,:c —v,2) — 2Wc(t,x, 2)
< J(t,x +vy,ut, 2) + Tt —y,u, 2) — 2J(t, 2, u, 2) + 2e. (4.30)

Let & €1 and ¢ be the trajectories resulting from these controls with £(0) = =,
£T(0) =z +~ and £ (0) = — v, and note that

€7 (r) =€) = €7 (r) = &) < Iyl,  Vr€[0,t0), (4.31)
§(r) =& (r)=€"(r), Vretot]. (4.32)

We see that (4.9) and (4.30) imply

Wtz +7,2) + W (t,x—,2) —2W (¢, z,2)

</ Tt (1) + T (7)) — 27r)) dr -+ / W (Er) - V(ET ) — VIE () dr
(R (8),2) + (T (1), 2) — 205(€(0), 2) + 2,
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which by (4.29) and (4.32),
_ /0 Tt (1)) + T(u=(r)) — 2T(u(r)) dr + /O W (E(r)) — V(ET(r)) — V(E~(r)) dr + 2.
(4.33)

We examine each of the second-order differences separately. A simple calculation
(and using notation (4.7)) verifies that T'(u™(r)) +T(u™(r)) — 2T (u(r)) = %V'MW <

t%]\’ﬂg. Integrating, this yields

i |

/ Tt (1) + T () — 2T(u(r)) dr < Ly 2. (4.34)

0 t

By the choice of controls, Assumption (A.N1), and the fact that |y| < §/4, for all
(i,7) € T%,

(€)= €YW) 2 €0) - )] = [|€) ) =€) + € () - € ()]
>6§/2, Vrelot], (4.35)
and similarly for £~. One may also show that there exists K, < oo such that

Vaee(y)| < Ko Yy € IR" such that |y* — y7| > §/2 for all (i,5) € Z». Then, us-
ing (4.31), (4.35) and a similar argument to that for T'(-), one finds that there exists
Ky < oo such that

/0 0 2V(E(r) = [V(E¥(r) + V(€ ()] dr < Kaly|*. (4.36)

Employing (4.34) and (4.36) in (4.33), one has
—c —c M 2
Wtz +~,2)+ W (t,x—7,2) —2W (t,x,2) < —|—K2 |v]* + 2e.

As this is true for all sufficiently small € > 0, we obtain the desired result. O
The HJB PDE associated with our problem here is

0=—-W(t,z,z)— H(z,V,W(t,z,2))
= -0 W(t,z,z)+ énf sup{v’/\/lv —V(z,0) + 'V, W(tx z)} (4.37)
veR™ neA

Note that the right-hand side of (4.37) is separated (and in fact, the Isaacs condition
is satisfied). Consequently, we may write (4.37) as

=-—-WW(tz,z)+ 12,5? {211 Muv + 'V W (t, z)} + sup{—V(z, )} (4.38)
acA

= W (tz,z) — (VW (t,a,2) ) MYV W (L2, 2) + sup{~V(z,a)}, (4.39)
acA

which by (4.5),
= W (t,z,2) — (VW (t,2,2) ) M7V, W(t,z,2) — V(). (4.40)
The initial conditions, indexed by z € IR™, corresponding to value function W¢ are

W(0,z,z2) =¢°(z,2), VYreR" (4.41)
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For ¢t > 0, let
D, = C([0,t] x R™) N C*((0,t) x IR™). (4.42)

THEOREM 4.13. Let ¢ € [0,00) and z € IR™. Value function Wc(',~,z) is Lip-
schitz continuous on compact sets, and is the unique viscosity solution of HIB PDE
(4.37) (equivalently, (4.38)—(4.40)) and initial condition (4.41). Lett > 0, and sup-
pose further that W (-, -, z) € D; and satisfies (4.37) (equivalently, (4.38)—(4.40)) and
ingtial condition (4.41). Let x € IR™, and let u* be given by u*(s) = u(s,&(s)) where
£(s) is generated by (2.1) with feedback (s, z) = —M 'V, W (t — s,z,2) and initial
condition £(0) = x. Then, W (t,x,2) = Jo(t,z,u*, z) = W (t,,2).

Proof. By Remark 4.9, conditions (A.M), (A.V1) and (A.V2) of Section 2.1 are
satisfied. Consequently, the first assertion follows directly from Theorem 2.3. (We
remark that the local Lipschitz assertion also follows from Lemma 4.12.)

We turn to the second assertion. Fix t > 0. Let C,Z,W(',',Z),U*,ﬁ,é be as
indicated. Let s € (0,t). Then,

VoW (t — 5,€(s),2) - u™(s) + 2 u*(s) Mu*(s)
= LV, W (t — 5,6(s), ) MOV W (t — 5, (s), 2) . (4.43)

From (4.39) and then (4.43),

0= - W(t—s,E(s),2) + sup{-V((s), )}

acA
- 3 [VaW(t - 5,E(s), 2) MV, W (t — 5,£(s), 2)
= _alw(t -5, g(s)’ Z) + Zgg{_v(é(s)7 Oé)}

+ VoW (t —5,E(s),2) - u*(s) + 2 u*(s) Mu*(s)
= FW(t = 5.8(s),2) + 3 () Mu™(s) + sup { = V(E(s), )}

Note that u* € U by definition of D;. Integrating with respect to s over [0,#] (noting
that the integrand is £1 by u* € U°, the form of —V, (4.8), and Assumption (A.N1))
yields

0=WwW(0,,(t),2) — W(t,z, 2) +/0 T(u*(s)) + 21613{—‘7(5(3),04)} ds

=W(0,&(t), 2) — W(t,z, 2) —|—/O T(u*(s)) — V(E(s)) ds, (4.44)

which, by applying (4.41), yields

W(t,z,2) = / Tt () = V(Es)) ds + 08 (E(t), 2) = Jo(t, 20" 2).

To obtain the last equality, note that by assumption and the definition of a viscosity
solution, W is also a viscosity solution of (4.37),(4.41). Therefore, by the uniqueness
obtained in the first assertion, W (t,z,z) = W' (t,z,z). O

We now proceed to consider the game where the order of infimum and supremum
are reversed. Due to the very simple form of this particular game, with the a controller
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acting only on the running cost and that being in a separated form, an unusual
equivalence can be obtained. Recalling (4.18), let

We(t,x,z) = sup inf J°(t, z,u,q,z). (4.45)
o Ao UEU

By the usual reordering inequality, (4.20) immediately implies that
We(t,x,z) < W (t,z,2) Y(t x 2) € 0,00) x R" x R". (4.46)
It will be helpful to introduce more notation. For ¢ € [0,00] and o € A>, we let

Wt x,z) = inf J(t,z,u,q,2). (4.47)

ueU>
The corresponding Hamiltonian is
H*(ryz,p) = V(r,z) + %p’M_lp. (4.48)
Of course, one immediately sees that
We(t,z,z) = SLin WeE(t,x,z) V(t,z,z) € [0,00) x R" x IR™. (4.49)
ag A=

In a similar fashion to verification Theorem 4.13, we have the following.
THEOREM 4.14. Let ¢ € (0,00), z € R™ and « € A*®. In particular, suppose
that o is piecewise continuous, with possible discontinuities only at 0 < 71 < 79 <
L Tr—1 < t with K < oco. Let 19 = 0, 7 = t and OF = UkG]O’Kfl[(Tk,TkH).
Suppose We(-,+,z) € C(IR>o x IR"; IR) N C*(O! x IR™; IR) satisfies
0=—-00Wr,z,2z) — H*(t — r,x, V. W (r,z, 2)), (r,r) € O' x R™, (4.50)
We(0,x,z) =¥z, 2), x € R"™. (4.51)
Then, W“(t r,2) < Jt,z,u,a,2) for all x € IR™, w € U®. Further, W*(t,x,z) =
Je(t, x,u*, o z) where u (s) = s, £(s)) with £(s) given by (2.1) with (s, x) =
folvzW(t —s,x,2) and §(0) = x. Consequently W< (t,z,z) = W(t,x, z).
Proof. Fixt >0, c € (0,00), z € R" and a € A®. Let W be as asserted, and let
@ € U*°. We use induction on k. Let k €]0, K — 1], and suppose W*(t — 7j41,2,2) <
J(t — Tpt1,2, U, , z) for all z € IR™, which is certainly true for k£ 4+ 1 = K. Define
m(v) =p-v+ %v’/\/lv, p € IR", and note that by completion of squares that 7(v) >
7%1)//\4711)‘ Select v = u(s) and p = V ,W*(t — 5,£(s), 2) at each s € (T, Tht1),
where £ denotes the trajectory satisfying (2.1) corresponding to input @. Then,
VoW (t — s,&(s), 2) - uls) + 5 u(s) Mu(s)
> —5[Va W (t = 5,€(5), 2)] MTIV Wt — 5,E(s), 2)
so that (4.48) and (4.50) imply that for all s € (7g, Tk+1),
0= -0 W(t—s,£(s),2) — Vs,£(s))
— 5 [VaWo(t = 5,6(5), ) MTIVL WAt = 5,€(s), 2)
W (t — 5,£(5),2) + V. Wt — s §( ),2)'u(s) + 3 a(s) Mu(s) — V(s,&(s))
= EWAt = 5,6(s), 2) + g uls) Ma(s) — V(s,€(s)).
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Integrating with respect to s over (7%, 7x+1) then yields that

0< Wt — Ths E(riga)s 2) — WOt — 7 &), 2) + / " (a(s) - ve(s E(s)) ds,

k
or equivalently,

Tk+1

WOt = 7, (), 2) < / T(a(s)) — V*(5.&(s)) ds + WOt — Tisr, E(magn). 2),

which by supposition,
Tk+4+1 _ _ _
S/T(ﬂ(s)) - Va(s7 E(S)) dS+Jc(t — Tk+1, g(Tk-‘rl)? u, o, Z) = Jc(t — Tk, g(Tk)v u, o, Z)
(4.52)

By induction, we have the first assertion. To prove the second assertion, fix o = u*,
where u* is as indicated in the theorem statement. Repeating the above argument
yields equality in (4.52), so that W*(t,z,2) = J(t,x,u*, z) = W*(t,x,2) as re-
quired. O

4.4. Interchange of the order of minimization and maximization. Due
to the particular, simple form of the game, the order of the minimization and maxi-
mization operations may be reversed. This will be key to the numerical approach to
follow.

LEMMA 4.15. Let t € (0,00) and x,z € IR™. Let u' € U™ be a critical point of
Je(t,x,-, 2) of (4.9), and let the corresponding state trajectory be denoted by &F. Let
a*(r) = a*(€(r)) for all v € [0,t) where &* is given by (4.23). Then, ul is a critical
point of Je(t,x,-, a*, z), where J¢ is given in (4.18).

Proof. Let v € U and § > 0. We examine differences in the direction v from uf.
In particular, by inspection of (4.17), (4.18) and (4.8),

Jé(t, x ul + 0v,a*, 2) — J¢(t,z,ul, a*, 2)
— / S[ut (1)) Mu(r) — 5[sz/(§f(r), a*(r))]/ /T v(p) dpdr
0 0

t

(Ve (1), )’ / v(r)dr + O(8?)

0

- / lut (1)) Mu(r) — 6]V, V(€ (), & (€T (1)) / o) dpdr
0 0
L S(Vae(el (1), 2)) /O V(r) dr + O(82). (4.53)

Now recall from (4.5) that —V(z) = maxaea [ — V(x, )], where the maximum is
uniquely attained at a*(z). Consequently, —V,V (z) = —V,V (z,a*(x)), and there-
fore with o*(r) = a*(£t(r)), we see that (4.53) becomes

Jé(t,z,ul + 0v, o, 2) — J(t,xz,ul, o, 2)
”

- / 5lul () Mu(r) — 5[V V(€ ()] / v(p) dpdr
0 0

+ 6(VI¢C(§T(1€), z))l/o v(r)dr + O(6?)

24



= J(t, z,ul + v, 2) — Jé(t, z,ul, 2) + O(6?),
and since u' is a critical point of J¢(¢,z, -, 2),
= 0(6%). (4.54)

That is, u' is a critical point of J¢(¢,x,-,a*, 2). O
Now let u* be an optimal control for our original problem (with potential energy
function, V(+)), that is, we let

u* € argmin J°(t, z, -, 2) (4.55)
ueU >
where J¢ is as per (2.5). As u* is a minimizer of J°(¢,x, -, z), Lemma 4.15 immediately
yields the following.
LEMMA 4.16. Lett € (0,00) and x,z € IR™. Then, u* given by (4.55) is a critical
point of Jé(t,x, -, a*, z).
LEMMA 4.17. Let

. 53
E=10) = \/G maxia]l,n[(2j>i m;)’ (4.56)

Let z,z € R™ and t € (0,t). Then J°(t,z,-, a*, z) is strictly convez, and further, u*
given by (4.55) is the minimizer of J°(t,x, -, a*, z).

Proof. Let & € (0,00) and @ € U™, and let u* be as per (4.55). Let £(-) denote the
trajectory of (2.1) corresponding to initial state € IR™ and input 4@ = u*+da € U.
Note that

£ (r) = x—|—/(:u*(s) ds

§(T):x—l—/oru*(s)+5a(s)ds:§*(r)+6£(r), é(r)i/orﬂ(s)ds. (4.57)

In order to demonstrate convexity of J¢(t,z,a*,-, z), it is convenient to represent
—V*(r,-) of (4.17) as an explicit quadratic function of the vector z € IR™ of all initial
states. To this end, let E* € R i €]1, N|, denote the i*" elementary basis vector
in RY, and define E*/ ¢ RN*N by

E% = (E' - EV) (E' — EY). (4.58)
Similarly, define the matrix £ € IR**" by
E'=FE'®Il;, 9= -&)E -&)=FEY®I;, (4.59)

in which ® denotes the Kronecker product. Using (4.59), define the quadratic function
Uhi . R — IR by

Thi(g) = %x’é’i’j r=1 |(EF = &0 x* = : |t — 27)?. (4.60)
Employing (4.60) in the definition (4.17) of —V(r,-) yields that
—Vera) = > Gmilai(r)my) [1— (a;(r)? O™ ()] . (4.61)
(4,4)€T4

It is evident by inspection of (4.8), (2.3), and (4.61) that the functions T, ¥°(-, z),

and V(r,-) are quadratic. In general, a quadratic function ¢ : IR™ — IR satisfies
U(@+h) = (@) + Vah(@) - h+ 5 (Veath(2) h) - h (4.62)
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for all z,h € IR™. Here, V.9 : R — IR™ and Vv : R" — IR™ ™ denote re-
spectively the derivative and Hessian of 1. The first inner-product term on the
right-hand side is the directional derivative of 1 at x € IR™ in direction h € IR™.
In the special case where ¢(z) = 12’/ Pz is a quadratic function with P € R"*",
Voth(z) = (P +P’)x and Vypih(z) = (P +P’). So, applying (4.62) to (4.8), (2.3),
(4.60),

2

T(u(r) + 6 0(r) = T(u"(r) + 8 (Mu(r) - a(r) + & (Ma(r) -a(r),  (4.63)
W (€ (r) + 6E(r) = W€ (1) + 6 (€99 €°(r)) - €r) + & (EWE(r) -E(r), (4.64)
VHE (1) + 0 (1), ) = UE(E7 (1), 2) + 0 (c(€7(1) — 2)) - €@ + S [E@)P. (4.65)
In particular, (4.61) and (4.64) imply that
— VAR E ) +EM) = Y Gmifais(r)my) 1= (@i ()2 €€ () + 6£()]
(i,9)€T4

= 3 Gmilaig(r)my) [1 = (aig ()2 (W9 (€ () +6 (€99 € (1) - £(r)

(i,9)€T4

+ 5 (€99 €(r)) - £)]
=-Vr,&(r)) — 0 Z Gm; mj (aiﬁj(r))?’ (BT £*(r)) 5(7")

(i,5)€T

S Gmimy (ai(r) (€99 €(r)) - E(r). (4.66)

(i,4)€TA
Hence, combining (4.18), (4.63), (4.65) and (4.66),

J(t, x, o ut +0u,z) — J(t,x, 0", u, z)

/5 (M (r))a(r) + 5 (Ma(r)a(r) =6 > Gmamg (ais(r)* (€7 € (r)'&(r)

(i,5)€ZA
S Gmimy (i (r)* (€99 E(r))E(r) dr
(i,7)€TA
O (c(E5(t) — 2)) - €(t) + < |E@) . (4.67)

The corresponding expression for J¢(¢, z, a*, u* —§ 4, z) — Jé(t, z, o, u*, z) follows by
substituting § with —¢ in (4.67). Adding the result of this substitution to (4.67) yields
the second difference of J¢(t,z, a*, -, z), namely,

J(t, x, " ut +0a,z) + J(t x, o ut — @, 2) — 2Tt &, 0", u”, 2) (4.68)
/ 82 (M) ar) -2 Y Gmamy (af,(n)° (€9 &)Y Er) dr + e [ED?
(i,5)€T»

It remains to bound this second difference from below. To this end, write a(r) =

[a'(r) - @) [and &) =[ &@) - V() ], in which @(r), &(r) €
IR? for each i €]1,n[ and r € [0,t]. So, recalling the definition of M,

/0 (Ma(r) Z ma 1 20,0 (4.69)
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Similarly, recalling the definition of £/ and the fact that o ;(r) € {O, 3 (%)%) by
Assumption (A.N1),
(af; (M) (EW E)Er) < 35 (3)1E(r) =€ ()P, Vre0,4). (4.70)

So, in order to bound the summation term in (4.68), note that by (4.57), Holder’s
inequality, and a reordering of the summations involved,

/t S mmy €)@ )Par<2 Y mim, /Ot(léi(r)zﬂéj(rﬁ) dr

O (ij)eza (i,j)eTA
2
) dr

=2 Z mim;j /;(/Orﬁi(s)ds /(:ﬁj(s)ds
§2(i7j)ZeIA mlmj/ ((/| |ds) +(/0 |ﬂj(s)|ds>>dr

<2 3 mm (/ rdr) (1120 + 18 12,10,

2
+

(i,5)ezA
N N
2 i i
=53 m X my (l@ 00+ 17 1%00)
1= J=1,j#i
N

N N N
~ 2 s s
= %Z ma (|72, 0.4 Zm] %Zmi ij 113,10, — ° me 1512, 0.4
N
Zmz [ ||$2[0 t] ij —t? Zmz @ Hg’z 0,t] = tQZml ||Ul||$2[0t Z mj .

J=1, j#i
(4.71)
Combining (4.69)—(4.71) in (4.68) (and noting there that ¢ € [0, x0)),

JO(t,x, " ut + 0w, 2) + J(t x, af ut — 00, 2) — 2Tt &, ut, 2)

20t [ Mae) i)~ [T Gmem, (03,00 €9 60) - E) i

(i,)ez”
N ~ N N
Z my ||ﬂi||=2272[0,t} - g% (%)% t° Zmi ||ﬂi|‘?z’2[0,t} Z m;j
i=1 i=1 j=1,j#i
N N
=Y i@ 0 (1= () Y my
i=1 j=1, 57
N N
>0 (1= (82 max D my | Ym0 >0 (4.72)
j=1,j5#i i=1

if 0 € (0,00), [|@]l 0,4y > 0, and t € (0,). That is, J(t,z,a*, -, 2) is strictly convex
if t € (0,%), as required. O
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THEOREM 4.18.  Suppose t € [0,t) where t is as per (4.56). Then one has
We(t,x,z) = Wc(t,x, 2) =SUPye g W¥C(t, z, 2) for all z,z € R".
Proof. Let x,z € IR™ and t € [0,7). By the choice of u*, viz., (4.55) and (4.28),

we have

Wc(tx,z) = J(t,x,u*, 2) = JO(t, z,u*, o, 2),
which by Lemma 4.17,

= min J(t, z,u,a”,z) < sup min J(¢, x,u,a,2) = W(t, x, 2).
u€U > aE Ao UEU™

On the other hand, by (4.46), W€(t,z, z) < Wc(t7 x, z), and consequently we have the
first equality. The second follows immediately from (4.49). O

4.5. The limit property. Recall that the fundamental solution of interest is
obtained in the ¢ — oo limit. Consequently, we note that we have:

THEOREM 4.19. W (t,2,2) = lime oo W' (t,2,2) = SUPce[0,00) We(t,x, 2),
where the convergence is uniform on compact subsets of [0,%) x RY x RN with
as per (4.56).

Proof. This follows directly from Remark 4.9, Theorem 2.7 and the monotonicity
of WE(t,x, z) with respect to ¢. O

THEOREM 4.20. Woo(t,ac,z) = SUPye foo WO (t,x,2) for all t € [0,1) and
x,z € IR", where t is as per (4.56).

Proof. Fix t € [0,%) and x,z € IR". By Theorems 4.18 and 4.19,

Woo(t,x,z) = sup sup W(t,z,z) = sup sup W(t,x,2). (4.73)
c€[0,00) ac A aEA> c€[0,00)
Now, J¢(t,x,u,a, 2) is monotonically increasing in ¢ for all (t,z,u,a,2) € [0,%) x
R™ x U>® x A x IR™. From this one easily sees that W*(t, x, z) is monotonically
increasing in c. (Take e-optimal controls, u.) Therefore,

WO (t,x,z) = lim WYC(t,x,2) = sup WYC(t,x, 2), (4.74)

¢ c€[0,00)

where we note that the finiteness of the supremum follows easily by using constant-
velocity trajectories from z to z, and we do not include the details. Combining (4.73)
and (4.74) yields the result. O

4.6. Fundamental solution as a set of Riccati solutions. We will find
that the fundamental solution may be given in terms of a set of solutions of Riccati
equations. We look for a solution, W<, of the form

Wee(r,a,2) = L@/ PCo+ 22’ QS 2+ 2 RE2 +5¢), re€0,t], (4.75)

where 15,?, vfn, Rﬁ, 5¢ € IR™*™ depend implicitly on the choice of a € A and satisfy

9

Pe=Piol;, Q=Q®L, Ri=R®ly, =9 (4.76)

Here, P¢ ® I3 denotes the Kronecker product of P¢ with the identity matrix on IR3,
with P¢, Q¢, RS € RN*N and ~¢ € IR satisfying the respective initial value problems
P = —P° M P +u,, P¢=cly, (4.77)
Q¢ = —P M1 Q°, Qs =—cly, (4.78)
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RS = —(Q) MZ*Q°, RS =cly, (4.79)

’Y: = +2 Z émi mj &5 (t - T) ) 78 =0, (480)
(i,5)eT”

in which P¢ and R¢ are self-adjoint, M, = diag({m;}},), M = M, ® I3, Iy denotes
the identity matrix on IRY,

=— 3" Gmim; (o (t —r)* B (4.81)
(i,5)eTA
and E% € RN is as per (4.58).

THEOREM 4.21. The value function W< of (4. 47) and the explicit function
W of (4.75) are equivalent. That is, W*(r,z, z) = W*<(r,z, z) for all r € [0,1],
x,z € R™, with t € [0,1).

Proof. 1t is sufficient to show that W€ satisfies the conditions of Theorem 4.14.
To this end, note by inspection of (4.75) that

DWW (r,m,2) = S o/ Pea+22" QS 2 + 2/ RSz + 3], (4.82)
VoW e(r, 2, 2) = PCa+ QS z. (4.83)

Recalling the form (4.61) of —V(r, x), in which the quadratic function ¥*J of (4.60)
is defined via matrix £%J € IR"*"™ of (4.59), the Hamiltonian H of (4.48) is given by

— H(t — 1,2, V V(1 2, 2))
=-V(t—raz) -1 (Ve W, 2, 2)) MYV W, 2)
Z Gmi (aij(t—r)ymy) [1 =L (ai(t —r)2a’ £ z]

(i,§)€TA
L@ PEMTI P 4 22" PEMTEQE 2 4 2 (QE) MTTQE 2] (4.84)
Hence, substituting (4.82) and (4.84) in the right-hand side of the DPE (4.50) yields

—%Vu\/""c(r, x,2) — H(t —r, 2,V W0 (r, 2, 2)) = 1 Xeax+2a'Y2+2 282+ ()

(4.85)

inwhich — X¢=—P— PEMT EE— S Gmamy (gt —1)P €9, (4.86)
(i,j)€TS

Ves—Qi - PEMTIGE, ZiE—Ri—(QOMTNQ,  (487)

(o= 58 +2 Z Gm; mjoy i(t—r). (4.88)

(3,)€TA
Standard properties of Kronecker products (c.f., [16]) applied to (4.76) and the various
terms in (4.86), (4.87) imply that
PEM™TPC = (PC® Is) (M @ Is) (PC ® 13) (PEM PO @ I3,
PEMTQy = (PEMIT Q) @5, (Q)) M Q7= (@M Q) @ls,  (4.90)

=Y Gmimg(ai(t—1)PEY == > Gmimj(aij(t—r)°EY | @14
(i,9)€T4 (i,j)€TA
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=, ®I3=1,, (4.91)

in which E% € RM*Y and v, are as per (4.58) and (4.81) respectively. In addition,
given any A, B € RNY*Y  note that A ® I3 = B ® I3 implies that A = B. Conse-
quently, substitution of (4.89), (4.90), (4.91) in (4.86), (4.87) yields that there exists
Xe,ve, Z¢ € RN*N such that

Xe=X@ls, Y=Y®I3, Z°=2Z°®Is, (4.92)
where X¢= P~ PMI'P¢ +v,, YS=-Q°—PM:'Q°, (4.93)
7= —Rf — (Q)M'Qs, (4.94)

in which v, is as per (4.81). However, definitions (4.77), (4.78), (4.79) of PS¢, Q¢, RS
imply via (4.93), (4.94) that 0 = X¢ =Y, = Z¢. Hence, (4.92) immediately implies
that 0 = X¢ = Y.¢ = Z¢. Similarly, definition (4.80) of ~¢, (4.76), and (4.88) imply
that 0 = C¢. Hence, DPE (4.85) holds as required. O

REMARK 4.22. Recalling that «; ; is defined for all (i,j) € Z%, it is useful to
define «; ; = «;; for each j €]1,% — 1[. Using this definition (and re-indexing using
k,l €]1, N[, k # 1), the square matrix v, of (4.77),(4.81) is equivalently given by

N N
v, = —3 G mymy (o (t —r))> EME. (4.95)

Contributions to the (i,7)!" entry of v, from the sum in (4.95) are limited to four
cases, namely where (i) k=i=j, (i) l=i=4, (iii) k=4, l=7, (iv) k=71 =1.
Rewriting (4.95) as a sum of these four cases (with terms appearing in order of (i) to

(iv)),

N N
Vf;’j = —% Gm; Z my (o, (t — 7“))3 li—j — % G Z my my (o 4 (t — 7‘))3 1i—;
I=1,1%i k=1, ksti

+ 5 Gmimy (aij(t—1))° Ligj + 5 Gmymi (0i(t — 1)) Ligg
in which 1, =1 if b holds (and 1, = 0 otherwise). Hence,

N —Gmi gy i (it — 1), i=7,
vl = R [ (4.96)
Jerl-mj (Ozi’j(tf’f‘))‘s, 27&]

Similarly, note that the initial value problem (4.80) may be rewritten as

N N
e :Z Z Gm;m;a, ;(t—r), 75 =0. (4.97)
i=1 j=1, ji

Now, note that by Theorem 4.20,

W™ (t,z,2) = sup WO(t,z,2) = sup lim WYC(t, z, 2)
A ag A 7
which by (4.75),
= sup lim 1 [as/ptc x4 22" Q%% + 2/ RS 2 + 7],
QGAOO c— 00
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= sup i [2/Pa+20/Q%z + 2 R° 2+ 7). (4.98)

agA>®

Let X(t) = X(t;mq, ma,...my) be given by X(t) = {(Ptoo,é?fo,éfo,vfo) |ae A}
We see that

W™ (t,x,2) = sup 3 [¢'Px+22'Qz 4+ 2Rz + 7], (4.99)
(P.Q,R,v)€X(t)

which by the linearity in (P, Q, R,~) of the expression inside the supremum,

= sup i [2'Pr+22'Qz 4+ 2Rz + 1], (4.100)
(P,Q,Ry)€E(t)

where S(t) = (2(t)) (i.e., the convex hull of X(t)). Consequently, we will see that
the set f](t) = i(t;ml,...mN) will represent the general solution of the N-body
TPBVP. With the symmetry of P, R, one can see that this set lies in RNV +N+1 4
finite-dimensional space.

Of course, one may be concerned about computation of the suprema in (4.98) and
(4.100). Specifically, one would like to know whether the object inside the supremum
in (4.98) is concave. In this regard, it is helpful to define

P=Pila) = <<5:> g) (4.101)

We will say that a matrix-valued function, say P : A% — L(IR*"; IR*") is concave if
its domain, A, is convex and P(a’+ &) —2P(a’) +P(a’ —da) < 0 for all o’ € A,
& € Loo([0,00); RIA) and § € IR such that a® 4+ §& € A>, where we find it useful to
include ¢ in this definition. Here, we use the standard partial order given by P < P
if and only if P—Pis non-negative definite.

LEMMA 4.23. P is a concave function ofa € A>.

Proof. Let o €fl°°,a€£ ([0, )]RI)besuChthata +a&,a —a e A®
and 6 € [-1,1]. Let o = a® + 6 Let v}/ be given by (4.96) with this o, where we
may then view v}/ as a function of 8. It is easy to see that

Pl [ = s 6Gmampa (= 1) (G (= 7))? i i = ], (4.102)
d52 6Gmimkai7j (t - 7‘)((3(1'7]' (t - ’I”))2 if ¢ 7é j, ’
where we note that this implies
d2 @, ) )
d52 >0, Vt>0, i#j. (4.103)

Now, for any y € IR™, using (4.102) and (4.103), we see that

& d?
d62 d(52 +Z Z Vtz YiY; = Z Z l/t yl + viy;)

zeNjeN\{z} ieN jeN\{i }
d2vp Y7 j A2l d?v}t
<3 Z t §+—’+—J)=§ > [ W v+ S - )
2 2 4 dd do
ieN jeN\{i } (4,5)€TA

:07
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2 i, 2. j,1
where the last inequality follows by noting that % = %. Consequently, % is

non-positive definite for all ¢ > 0. (It may be helpful to note that taking g; = 1 for

allie N, ¢ Cf;‘f; 7 =0, and so Ci;;t is never strictly negative definite.) Now let
-1 d d?
Iq; - <M Onxn) , Nt KN ( ﬁ Onxn) , and Nt KN <d51;t Oan> ,
0n><n Oan Oan Oan O’I’LXTL OnXTL

where 0,,x, denotes the n x n matrix with all entries zero. By the non-positive

definiteness of %, N, is non-positive definite for all » > 0. By (4.77)—(4.79) and
(4.101), and recalling from (4.91) that 7, = v, ® I,

PE = —PCLPE + i (4.104)

c 2pc
Let TI§ = dz; and of = dd;‘ . Differentiating (4.104) with respect to ¢, we find

I = —([¢) 2, Pf — PETITS + Ny,
6¢ = —(09) T, PE — PiTpof — 2(HE) LIS 4+ Ny = —(08) I, Pf — PeLo¢ + QF.

For 0 <r <t < oo, define ¢, = exp {— f: Pe dst}. We find that

t
of = / See(se,) dr. (4.105)
0

Note that by the non-positive definiteness of N,., €2¢ is non-positive definite for all
r > 0. This implies that S;,QF (Sﬁ’t)l is non-positive definite for all 0 < r <t < oo,
and consequently, by (4.105), o¢ is non-positive definite for all ¢ > 0. Finally, note

5 5
Pe(a’+ 5a) — 2PF(a’) + Pi(a’ — @) :/ 5 (a4 ra) dr —/ 5 (a’+ (r — 6)a) dr
0 0

6 T 3 0
= / {/ of(a® + sa) ds + Hf(ao)] dr — / [Hf(ao) - / of(a® + sa) ds] dr
o LJo 0 r—s
6 pr
z/ / Uf(a0+s&)dsd7‘50 vt > 0,
0 Jr—é

where the last ordering follows from the non-positive definiteness of of. O

THEOREM 4.24. For allt € [0,1), ¢ > 0 and x,z € IR", both W*(t,x,2) and
WxR(¢t, ., z) are concave in o.

Proof. First, as noted above, A is convex. Next, note that W®¢(t, x, z) is linear
in Py and ~;. Also note that 7, is linear in . Now, recall

W (t,,z) = 4 (j)/Pf(a) (ﬁ) +i(e).

Then, by Lemma 4.23, W*(t, x, z) is concave in a.
Next, let a¥ € A®, & € LOO((O,oo);JRIA) be such that o + &, a® — & € A and
§ € [-1,1]. Then,

Wa0+66z,oo<t7 2,72) — 2)/\%10,00(157 x,z) + Wao_(s&,oo(t, T, 2)

< lim sup WO‘OH‘S"C(L:E, z) — 2W°‘0’C(t, x,z) + W‘D‘O*M’C(t,x, z)| <0,

c—00

where the last inequality follows from the concavity of W*°(t, z, z). O
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4.7. Usage in a two-point boundary value problem. The fundamental so-
lution may be used to solve two-point boundary value problems in the same manner as
indicated in Section 3.3. However, the details of the significant complication induced
by the required optimization over o merit discussion. Recall that Wm(t,x, z) may
be used to solve a variety of TPBVPs where the initial position vector, x € IR3Y | is
specified, and some combination of terminal position and velocity data are also spec-
ified. The two obvious cases are where terminal position vector z € IR3YN is specified,
and where terminal velocity vector v € IR*" is specified.

We first consider the case where x and z are specified. The corresponding initial
velocity, vg = £(0), is obtained from vy = —M~ VW (t,z,z). Using (4.100), one
see that this is

vg = —M [Pz + Q*2], (4.106)
where
(P*, Q" R*,7") € argmax { § [+ Po + 20'Qz + 2'R'z + 7] | (P.Q, R,7) € S(1)},
(4.107)

where the linearity of the argument in (P, @, R, ), the convexity and finite-dimension-
ality of fl(t)7 and the finiteness of the maximum (guaranteed by the finiteness of w™
and (4.100)) guarantee the non-emptyness of the argmax. Regarding implementation,
we note that i(t) may be computed offline, and stored. If this is done in a brute force
manner, say computing quadruples (P9, Q5°, R, ~¢°) for a large set of piecewise
constant a € A%, one should store only those elements which are not obviously in
the interior of the convex hull of other such points. Obviously, methods for efficient
computation, storage and use of an approximation of X(t) would be a substantial
block of research, and is not considered here.

In the case where initial point vector, z, and terminal velocity vector, v, are
specified, additional effort is required. As in Section 3.3, one must obtain z* such
that the TPBVP for z, z* has £*(t) = o (where £*(-) is the solution trajectory from
x to z*). Asis (3.13), and using representation (4.100), one sees that the problem
becomes

2* = argmin max _ {% (' Pz +22'Qz + 2'Rz + 7] — T/Mz}.
z€R™ (P,Q,R,y)€X(t)

One should note that the minimization and maximization are both over finite-dimen-

sional spaces. Note also that for sufficiently small ¢ > 0 (depending on «), one

can expect R to be positive definite, and consequently, one has a convex/concave

argument. Although beyond the scope here, if one obtains conditions on the problem
data such that conditions for a unique saddle point are satisfied (cf., [30]), then

min max _ {% [#' Pz +22'Qz + 'Rz + 7] — E’Mz}
2€R" (P,Q,R)EX(t)

= max _ {4[e'Prty— (Mo - QYR (Mo - Q)] |,

(P.Q.R.7)ES()
and the desired initial velocity is vg = —M ™ [P*x + Q*2*] where z* = (R*)"}(Mv —
(Q")'x) and
(P*,Q*,R*,v*) € argmax {x/Px +y—(Mb—Q'z) R (Mo — Q’x)}
(P.Q.R7)ES()
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