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STATICIZATION AND ITERATED STATICIZATION*
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Abstract. Conservative dynamical systems propagate as stationary points of the action func-
tional. Using this representation, it has previously been demonstrated that one may obtain funda-
mental solutions for two-point boundary value problems for some classes of conservative systems via
a solution of an associated dynamic program. It is also known that the gravitational and Coulomb
potentials may be represented as stationary points of cubicly parameterized quadratic functionals.
Hence, stationary points of the action functional may be represented via iterated “staticization” of
polynomial functionals, where the staticization operator (introduced and discussed in [J. Differen-
tial Equations, 264 (2018), pp. 525-549] and [Automatica J. IFAC, 81 (2017), pp. 56—67]) maps a
function to the function value(s) at its stationary (i.e., critical) points. This leads to representations
through operations on sets of solutions of differential Riccati equations. A key step in this process
is the reordering of staticization operations. Conditions under which this reordering is allowed are
obtained, and it is shown that the conditions are satisfied for an astrodynamics problem.

Key words. dynamic programming, stationary action, staticization, two-point boundary value
problems, conservative dynamical systems

MSC codes. 49LXX, 93E20, 93C10, 60H10, 35G20, 35D40

DOI. 10.1137/19M1251278

1. Introduction. Staticization maps a function to its values at stationary points
(i.e., critical points). More specifically, the set-valued “stat” operator has as its range
the set of such values, and if there is such a unique value, then that value is the output
of the (single-valued) stat operator. This operator is obviously a generalization of
the minimization and maximization operators for appropriate classes of differentiable
functionals and is also valid for functions with a range other than the reals, including
complex-valued functionals. The stat operator is at the heart of a new approach to a
solution of two-point boundary value problems (TPBVPs) in conservative dynamical
systems [4, 5, 17, 18], as well as to a solution of the Schrodinger equation [13, 15, 16].
A key component in this development is the theory that allows one to reorder stat
operators under certain conditions, and that theory is the focus of the effort here. In
order to motivate the theory, first let us indicate application domains a bit further.

Recall that conservative dynamical systems propagate as stationary points of
the action functional over the possible paths of the system. This stationary-action
formulation has recently been found to be quite useful for generation of fundamental
solutions to TPBVPs for conservative dynamical systems; cf. [4, 5, 17, 18]. To obtain
a sense of this application domain, consider a finite-dimensional action functional
formulation of such a TPBVP. Let the path of the conservative system be denoted by
& for r € [0,t] with £ = Z, in which case the action functional, with an appended
terminal cost, may take the form

(11) J(t, 5 u) = / Tluy) — V(&) dr + 6(&).
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where € = u, u € U = Ly(0,t), T(-) denotes the kinetic energy associated to the
momentum (specifically taken to be T'(v) = %UTM’U further below, with M positive-
definite and symmetric), and V'(-) denotes a potential energy field. If, for example,
one takes ¢(x) = —v1 Mux, a stationary-action path satisfies the TPBVP with ¢y =
and ét = 7; if one takes ¢ to be a min-plus delta function centered at z, then a
stationary-action path satisfies the TPBVP with {; = Z and & = z; cf. [5]. In
the early work of Hamilton, it was formulated as the least-action principle [8], which
states that a conservative dynamical system follows the trajectory that minimizes the
action functional. However, this is typically only the case for relatively short-duration
cases; cf. [7] and the references therein. In such short-duration cases, optimization
methods and semiconvex duality are quite useful [4, 5, 18]. However, in order to
extend to indefinitely long duration problems, it becomes necessary to apply concepts
of stationarity [17].

It is worth noting that if one defines stat,cx ¢(x) to be the critical value of ¢ (de-
fined rigorously in section 2.1), then a gravitational potential given as V(z) = —u/|z|
for z # 0 and constant y > 0 has the representation V(z) = —(%)%ustata>o{a -

%}, where we note that the argument of the stat operator is polynomial [9, 18].
The Schrodinger equation in the context of a Coulomb potential may be similarly
addressed. In that case, it is particularly helpful to consider an extension of the
space variable to a vector space over the complex field, say, x € C" rather than
x € R™. More specifically, for x € C™, this representation takes a general form
V(z) = —(%)%,&stataeAR{a - %}7 where A ={a = r[cos(f) +isin(d)] € C|r >
0,0 € (5, 5]} [3, 13]. In the simple one-dimensional case, the resulting function
on C has a branch cut along the negative imaginary axis, and this generalizes to
higher-dimensional cases in the natural way.

Although stationarity-based representations for gravitational and Coulomb po-
tentials are inside the integral in (1.1), they may be moved outside through the in-
troduction of a-valued processes; cf. [9, 18]. In particular, not only does one seek
the stationary path for action J, but the action functional itself can be given as a
stationary value of an integral of a polynomial, leading to an iterated-stat problem
formulation for such TPBVPs. This may be exploited in the solution of TPBVPs in
such systems (cf. [9, 17, 18]), which will be discussed further in section 5.

It has also been demonstrated that this stationary-action approach may be ap-
plied to TPBVPs for infinite-dimensional conservative systems described by classes of
lossless wave equations; see, for example, [4, 5]. There, stat is used in the construction
of fundamental solution groups for these wave equations by appealing to stationarity
of action on longer horizons.

Lastly, it has recently been demonstrated that stationarity may be employed to
obtain a Feynman—Kac type of representation for solutions of the Schrodinger initial
value problem for certain classes of initial conditions and potentials [3, 16]. As with
the conservative system cases above, these representations are valid for indefinitely
long duration problems, whereas with only the minimization operation, such repre-
sentations are valid only on time intervals such that the action remains convex, which
is always a bounded duration and potentially zero.

In all of these examples, one obtains the stationary value of an action functional,
where the action functional itself takes the form of a stationary value of a functional
that is quadratic in the momentum (the u. input in (1.1)) and cubic in the newly
introduced potential energy parameterization variable (a time-dependent form of the
a parameter above). That is, the overall stationary value is obtained from iterated
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staticization operations, where the outer stat is over a variable in which the functional
is quadratic. Thus, if one can invert the order of the stat operations, then the inner
stat operation results in a functional that is obtained as a solution of a differential
Riceati equation (DRE). (It should be noted that this DRE must typically be propa-
gated through past escape times, where this propagation may be efficiently performed
through the use of what has been termed “stat duality”; cf. [14].) Hence, after in-
version of the order of the iterated stat operations, the problem may be reduced to
a single stat operation such that the argument takes the form of a linear functional
operating on a set of DRE solutions. Consequently, an issue of fundamental impor-
tance regards conditions under which one may invert the order of stat operations in
an iterated staticization.

In section 2, the stat operator will be rigorously defined, and a general problem
class along with some corresponding notation will be indicated. Then, in section
3, a somewhat general condition will be indicated. Further, it will be shown that
one may invert the order of staticization operations under that condition. This will
be demonstrated by obtaining an equivalence between iterated staticization and full
staticization over both variables together. Section 4 will present several classes of
problems for which the general condition of section 3 holds. Finally, in section 5, a
stationary-action application in astrodynamics will be discussed.

2. Problem and stationarity definitions. Before the issue to be studied can
be properly expressed, it is necessary to define stationarity and the stat operator.

2.1. Stationarity definitions. As noted above, the motivation for this effort is
the computation and propagation of stationary points of payoff functionals, which is
unusual in comparison to the standard classes of problems in optimization (although
one should note, for example, [6]). In analogy with the language for minimization
and maximization, we will refer to the search for stationary points as “staticization,”
with these points being statica, in analogy with minima/maxima, and a single such
point being a staticum in analogy with minimum/maximum. One might note here
that the term staticization is being derived from a Latin root, staticus (presumably
originating from the Greek statikds), in analogy with the Latin root maximus of
“maximization.” We note that Ekeland [6] employed the term “extremization” for
what is largely the same notion that is being referred to here as staticization but with
a very different focus. We make the following definitions. Let F denote either the
real or complex field. Suppose U is a normed vector space (over F) with A C U, and
suppose G : A — F. We will use the notation | - | for both modulus and appropriate
norm, where in particular we will not subscript the norm by the space when it can be
deduced from context. We say u € argstat,c 4 G(u) = argstat{G(u) |u € A} if u € A,
and either

(2.1) lim sup M =0
u—a,uc A\{a} ‘u - u|

or there exists 6 > 0 such that AN Bs(a) = {a} (where Bs(u) denotes the ball of
radius ¢ around @). If argstat{G(u)|u € A} # 0, we define the possibly set-valued
stat® operation by

(2.2) s;cg:c: G(u) = stat®{G(u) |u € A} = {G(u) | u € argstat{G(u) |u € A} }.

If argstat{G(u)|u € A} =0, then stat]_, G(u) is undefined. Where applicable, we
are also interested in a single-valued stat operation (note the absence of superscript s).
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In particular, if there exists a € F such that stat; . 4 G(u) = {a}, then stat,c 4 G(u) =
a; otherwise, stat,c4 G(u) is undefined. At times, we may abuse notation by writing
@ = argstat{G(u) |u € A} in the event that the argstat is the single point {@}.

In the case where U is a Banach space and A C U is an open set, G : A — F is
Fréchet differentiable at @ € A with continuous, linear DG (@) € L(U; F) if

(2.3) Jim |G(a + w) — G(a) — [DG(a)]w|
w—0, ut+weA\{u} ‘w|

=0.

The following is immediate from the above definitions.

LEMMA 2.1. Suppose U is a Banach space, with open set A C U, and that G
is Fréchet differentiable at © € A. Then, u € argstat{G(y) |y € A} if and only if
DG(u) = 0.

2.2. Problem definition. Throughout, let ¢/, V be Banach spaces. When U is
also Hilbert, let the inner product be denoted by (:,-);; and similarly for V. Let the
inner product on Y x V be denoted by (-, )yyxy. Let A C U and B C V be open.
Throughout, we assume

(A1) G e C*(Ax B;F).
Let
(2.4)
Dom(G') = {u € Al staBt G(u,v) exists }, Dom(G?) ={v € B| staﬁ G(u,v) exists },
ve ue
G (u) = steaéc G(u,v) Yu € Dom(Gh), G%(v) = S%a}‘G(u, v) Vv € Dom(G?),
Al (u) = argstat G(u,v), A%(v) = argstat G(u,v),
veB ucA
Al = argstat G (u), A% = argstat GZ(v).
u€Dom(G1) veEDom(G?2)

We will discuss conditions under which

(2.5) stat  G'(u) = stat G(u,v)= stat_ G?*(v).
u€Dom(G1) (u,v)EAXB veDom(G?2)

We will generally be concerned only with the left-hand equality in (2.5); obviously the
right-hand equality would be obtained analogously. We refer to the left-hand object
in (2.5) as an iterated stat operation, while the center object will be referred to as
a full stat operation. Although in some results, the existence of both the iterated
and full stat operations are obtained, many of the results will assume the existence
of one or both of these objects. We list the two potential assumptions below. In each
result to follow, we will indicate when one or both of these is utilized. The full stat
assumption is as follows:

(A.2f) Assume stat(, ,)eaxsG(u,v) exists.

Note that under assumption (A.2f), if (@,v) € argstat, ,yeaxp G(u,v), then
(2.6) o€ Al(a) and @€ A%(D).

The iterated stat assumption is as follows:

(A.2i) Assume statueDom((;l)Gl(u) exists.
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Note that under assumption (A.2i), if @ € A!, then

(2.7 there exists o € A*(7) and  stat_ G'(u) = G(u,).
u€Dom(G?1)

We will first obtain (2.5) under some general assumptions. After that, we will
demonstrate that these assumptions are satisfied under certain other sets of assump-
tions, where the latter sets describe more commonly noted classes of functions (specif-
ically, quadratic, semiquadratic, and Morse functions). Again, we mainly address only
the left-hand equality of (2.5); the right-hand equality is handled similarly.

3. The general case. Given C C V and ¢ € V, we let d(9,C) = inf,ec v — v|
and use this distance notation more generally throughout. In addition to (A.1), w
assume the following throughout this section.

If (A.2f) is satisfied, then for any (u,v) € argstat(, ,)caxp G(u,v), there
(A.3)  exist 0 = 6(u,0) > 0 and K = K(a,v) < oo such that d(v, A'(u)) <
K |t —u| ¥V u € Dom(G') N Bs().

We note that (A.3) is trivially satisfied in the case that there exists 6 > 0 such that
Bs(u) N Dom(Gt) = 0.

LEMMA 3.1. Assume (A.2f), and let (u,v) € argstat(, ,yeaxpG(u,v). If 4 €
Dom(G"), then u € A' and G(i,v) € stat® Gt (u).

Proof. Let (u,v) € argstat(, ,)caxp G(u,v), and let R =1A d((a, ), (A x B)°).
By assumption (A.3), there exist 6 € (0,R/2) and K < oo such that for all u €
Dom(G') N Bs(u) and all € € (0,1), there exists v € A*(u) such that

weDom(G1)

(3.1) v — 0] < (K +¢e)|u—1u| < (K +¢€)d.
Let u € Dom(G’l) N Bé/(K—&-l)(a)' By (2.6),

|stat G(a,v) — stat G(a,v)| = \steal;c G(u,v) — G(u,v)|,

and by (3.1), there exists 0 = v( ) € Bs(v) such that this is
(3.2) = |G(@,v) — G(u,v)|.

Let f € C*((—3/2,3/2); A x B) be given by f(\) = (@ + A(@ — @), v+ (0 — 7))
for all A € (—3/2,3/2). Define W°(\) = [G o f](A) for all A € (—3/2,3/2), and note
that by assumption (A.1) and standard results, W% € C?((—3/2,3/2); F). Similarly,
let WH(A) = [(Gu, Gy) © fI(A) = (Gu(f(N),Gu(f(N))). By assumption (A.1) and
standard results, W' e C! ((—3/2, 3/2);U’ x V’), where U’,V’ denote the dual spaces
of U,V. Then, by a version of the mean value theorem [1, Theorem 12.6] (which is
included in Appendix A for easy reference), there exists Ag € (0,1) such that

(Gl.) = Gla. )] = (1) = WO(0)] < | 222 (70| 00
= |(Guluo, v0), G (ug, vo))| (@ — u, o — v)|,

where (ug,vp) = f(N\o) and which, by (3.1),

(3.3) g](G (up,vg), Gy (ug, vo )|\/1+ (K +1)2|a — al.
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Again by the aforementioned mean value theorem, there exists A; € (0, \g) such
that

’(Gu(u071}0)a GU(UO>UO)) - (Gu(a7@)7 Gv(ﬁ,’TJ))’ = |W1()‘0) - Wl (0)|
d’G df d’G _ _
= ‘d(u,v)2(f(/\1))‘ ‘ﬁo\l)’ Al < ’d(u,v)Q(uhvl)’ (1 = @0 =),
where (u1,v1) = f(\1), and this is

2
T OMVIT (K + 12—l

d(u, 0)2

Recalling (u, v) € argstat(, ,yeax G(u,v), this implies

2
(34) |(Gu(7.t0, 'Uo), GU(UO,U()))| S ‘d(éi (j)Z (f()\l))‘\/ 1+ (K + 1)2|7_~l, — ﬂ‘

Combining (3.3) and (3.4) yields

d*G

d(u,v)”

6(,0) ~ 6@ D) < | == (FA)|[L + (K + 1) 2~ af

Let K7 = ]%(a, v)|. By (A.1), there exists 6 € (0,6/(K +1)) such that for all
2 —

(u,v) € B;(u,v), |ﬁ(u,v)‘ < Kj + 1. Hence, there exists C' < oo such that

(3.5) |G(a,0) — G(a,v)] < Cla—af> Ya € Dom(GY) N B g, 4 1)(@)-

Combining (3.2) and (3.5) and noting that @ € Dom(G") N Bj ;1 (@) was arbitrary,
one has |G"(u) = G'(@)|/Ju—a| < Clu—a] for all u € [Dom(G")N By, 1y (@)]\ {a},
which implies @ € A" by definition. The second assertion follows easily. ]

THEOREM 3.2. Assume (A.2f), and let (4, ) € argstat(, ,ycaxp G(u,v). Assume
(A.2i) and that @ € Dom(G'). Then

tat G (u) = G(u,0) = stat G .
UGDSOI?;(G'l) (U) (U7IU) (u,'uS)EaAXB (U,'U)

Proof. The assertions follow directly from the assumption, (A.2f), and Lemma

3.1. O

4. Some specific cases. We examine several classes of functionals that fit
within the general class above.

4.1. The quadratic case. Throughout this section, we take A =U and B =V,
where U,V are Hilbert. Let

G(U7U) = % + <w7u>u + <y7v>v + %<Blu7 U>u + <BQUa U>u + %<B3U7U>v
(4.1) = § + (w,u)y + (y,0)v + 3(Biu, wu + (Byu, v)y + 3(Bsv,v)y

for all uw € U and v € V, where By € L(U;U), By € L(V;U), Bs € L(V; V), w € U,
y €V, and ¢ € F, where L(-, ) generically denotes a space of bounded linear operators
and B, Bs are self-adjoint and closed. We present results under both the cases of
(A.2f) and (A.2i).
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4.1.1. When the full staticization is known to exist. We suppose (A.2f),
and let (u,v) € argstat, ,jcaxp G(u,v). This subcase is fully covered in [14], and
hence here, we will mainly only indicate an additional approach. We begin by noting
the following, which follows directly from (4.1) and Lemma 2.1.

LEMMA 4.1. Let i € A. Then © € A () if and only if Byt + Bzt +y = 0.

Under condition (A.2f), the following is obtained in [14, Section 4.2], and those
proofs are not repeated here. We note, however, that a proof of the second assertion
of Lemma 4.2 is a subcase of the proof of the first assertion of Lemma 4.8 below,
which covers a slightly more general class.

LEMMA 4.2. stat,cpom(cry G1 exists (i.e., (A.2i) is satisfied), and @ € Dom(G").

LEMMA 4.3. Assumption (A.3) is satisfied.

Proof. We suppose Dom(G') # {u}; otherwise the result is trivial. Let @ €
Dom(G')\ {u}. By Lemma 4.1, o € A'(a) if and only if B+ Bsi+y = 0. However,
by (2.6), v € A'(a), and hence by Lemma 4.1, Byt + Bt + y = 0. Combining these
two inequalities, we see that © € Al(a) if and only if By(a — @) + B3(d — v) = 0.
We take 0 = v — Bf Bj (4 — 1), where the # superscript indicates the Moore-Penrose
pseudoinverse, where existence follows by the closedness of Bs; cf. [2, 21]. Then
€ AY(a) and |0 — o] < |]§§#||Bé||ﬁ — 1, where the induced norms on the operators
are employed, which yields the desired assertion. ]

By Lemmas 4.2 and 4.3 and Theorem 3.2, one has the following.

THEOREM 4.4. Let (u,v) denote any element of argstat ,, e axp G(u,v), and as-
sume 4 € Dom(G'). Then

4.2 tat  Gl(u) = G(a,0) = stat G(u,v).
( ) uESog(C_r‘l) (u) (U U) (u,vb)Ea.AXB (u U)

4.1.2. When the iterated staticization is known to exist. We suppose
(A.2i), and let @ € A'. We will find that stat(y,0)eaxB G(u,v) exists and obtain the
equivalence between full and iterated staticization. We begin with a lemma (which is
similar to Lemma 10 of [14]).

LEMMA 4.5. Given any u € A, AL (@) is an affine subspace, and further, if @ €
Dom(G'), then A'(1) is nonempty.

Proof. By Lemma 4.1 v € A'(@) if and only if Bya + Bsv + y = 0, which yields
the assertions. ]

We remark that, by definition, for any @ € Dom(G*'), G(@,-) is constant on the
affine subspace A ().

THEOREM 4.6. Assume (A.2i), and suppose 4 € A'. Let v be as given in (2.7).
Then, stat(,vyeaxs G(u,v) ezists, and stateyeuxy G(u,v) = G(4,)
= statueDom(@) Gl (u)

Proof. Assume (A.2i), and let u € A'. Let v be as given in (2.7). First, note that
the assertion that G(u,v) = stat,cpom(a1) G*(u) will follow from the other assertions
and (2.7). By Lemma 4.1, v € A'(a) if and only if Bhu + Bsv +y = 0. For u €
Dom(G1), let

(4.3) 0(u) =0 — BY [Byu+y — (Byu+y)],
and note that
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(4.4) (1) = 0.
Let 0 = fo [B4i + y], and note that as ¥ and ¥ are both in A!(#), by Lemma 4.1,
(4.5) 0 = Byt — 0] = B3 [0+ BY (Bya +y)].
Then using (4.3) and (4.5), we see that for u € Dom(G'),

Bsd(u) + Byu+y = B3[0 — BY (Byu — Bya)] + Byu+y
= B3| — BY (Bhu+y)] + Bhu +y,

which, by definition of the pseudoinverse and the fact that Bhu + y € Range(B3) for

u € Dom(G1),
=0.

Hence, ¥(u) € A'(u) Yu € Dom(G?'), and consequently,
(4.6) G (u) = G(u,v(u)) Yu € Dom(Gh).
Then, by (A.2i) and the choice of @,

dG'
0= W(U)a
which by (4.6), (A.1) and the chain rule,
= Gu(u,0(w)) + Gy(, 0(u))—=(u),

which, by (4.4) and our choice of v,

From this and the choice of v, we see that

(4.7 (a,v) € argstat G(u,v) and G(@,7) € stat® G(u,v).
(u,v)EAXB (u,v)EAXB

Now suppose there exists (i, 9) € argstat(, ,)eaxp G(u,v) \{(@,v)}. This implies
(4.8) Gu(@,9) =0 and Gy(d,d) =0,

and consequently,

(4.9) e A'(a) and G*(a) = G(a, D).

Let

(4.10) ' (u) = 0 — BY [Byu+y — (Bya +y)] Yu € Dom(G'),
and note that

(4.11) v (1) = 0.

Let ¢ = fo(Béﬂer), and note that 0,9 € A!(a). Similar to the above, we see that

(4.12) 0= Bs(d — ) = Bs[o + Bf (Bha +y)].

>
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Then, again similar to the above, using (4.12), the definition of the pseudoinverse,
and Bju + y € Range(Bs), we see that

Byo'(u) + Byu+y = Bs[o — Bf (Byu+y — (Byi+y))] + Byu+y
= B[ — BY (Bhu+y)] + Bhu+y =0,
which implies that ¥/ (u) € A'(u) for all u € Dom(G'). Hence,
(4.13) G*(u) = G(u,v'(u)) Yu € Dom(G").
By (4.10), (4.13), (A.1), and the chain rule,
dG1 dv’
() = Gl () + G, () (),
which, by (4.8) and (4.11),
= Gl 8) + Gl )0 (i) = 0,

which implies that @ € A'. Using this, (4.9), and (A.2i), we see that G(4,9) =
G(u,v). As (4,0) € argstat(, ,)ceaxp G(u,v) \ {(4,0)} was arbitrary, we have the
desired result. O

4.2. The semiquadratic case. Throughout this section, we take A C U/ and
B =V, with V being Hilbert. Let

(4.14) G(u,v) = fi(u) + (fa(u), v)y + 5(Bs(u)v,v)y

forallu € Aand v € V, where f; € C%(A; F), fo € C?(A; V), and By € C?(A; L(V,V))
and Bs(u) is self-adjoint and closed for all u € A. For each u € A, let B¥ (u) =
[B3(u)]* denote the Moore-Penrose pseudoinverse of Bs(u) (where the existence of
such follows from the closedness of Bz(u)). Assume that there exists a constant D > 0
such that |B¥ (u)| < D for all u € Dom(G"). Similar to Lemma 4.1, the next lemma
follows directly from (4.14) and Lemma 2.1.

LEMMA 4.7. Let i € A. Then © € AY(4) if and only if f2(a) + Bs(a)d = 0.
4.2.1. When the full staticization is known to exist.

LEMMA 4.8. Assume (A.2f), and let (u,v) € argstat(, ,ycaxp G(u,v). Then u €
Dom(G"), and assumption (A.3) is satisfied.

Proof. We begin with the first assertion. Let (u,v) € argstat(, ,yeaxp G(u,v).
Then, by definition of stat,

(4.15) Bs(u)v + f2(u) = 0.
For any v € V,

G(a,v) — G(u,v) = (f2(t),v — B)y + 5(Bs(@)v,v)y — 3(Bs(a)
and by the self-adjointness of Bs(#%) and (4.15), one finds

= (fo(),v — 0)y + (Bs(@)v,v — 0)y + 2(Bs(a)(v — v),v — D)y
(4.16) = H(Bs(a)(v —v),v — V).

=1

76>V7

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/19/23 to 5.198.137.37 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

STATICIZATION AND ITERATED STATICIZATION 1849

Now suppose there exists © # o such that 0 € argstat,c,, G(t%,v). This implies
B3(u)d + fo(u) = 0, and similar to the case for v, one sees that for all v € V,

(4.17) G(1,v) — (11, 9) = L(Bs(a)(v — ), 0 — 0)y.

Taking v = ¢ in (4.16) and v = ¥ in (4.17) yields G(@,v) = G(u,0). As © € V was
arbitrary, we have the first assertion.

Next, suppose Dom(G') # {u}; otherwise the result is trivial. Choose any § > 0
such that Dom(C_v'l) ( s(@W)\{u}) # 0. Let @ € [Dom(G') N Bs(u)] \ {u}. Let
D=0— ( )fo() — ( )B3(0)v. Note that as fo() € Range(Bs (1)),

By(@)d + f>(@) = Bs(@)[v — B#(ﬂ)fg(ﬂ) - Bf (a)B (A)_] + f2(1)
= B3(@)v — fo(t) — Bs(@)v + fo(tt) =
Therefore, © € Al(4) by Lemma 4.7. We have
|6 — o = | BY (4) f2(2) + B (@) Bs(@)2],
and noting that by Lemma 4.7, B3(#)v + f2(%) = 0, this is
|B 0)[f2(0) — fo(@) — Bs()v + Bs ()|
< |BY (@)| |f2(@) — f2(w) + (Bs () — B(w))w],

and letting K = maxyejo, |42 (A + (1= \)a)| and K = maxyepo,) |49 (

(1-
)\)ﬂ)‘ and using the mean value theorem [1, Theorem 12.6] (see also Appendix A), we
see that this is
D[Ky|a — u| + Kplv||a — a],
which yields (A.3). |
THEOREM 4.9. Assume (A.2f), and let (u,v) € argstat(, ,jcaxpG(u,v). Also
assume (A.21). Then

tat G'(u) =G(u4,0) = stat  G(u,v).
uegor%(él) (U) (U7’U) (u,vS)EaAXB (U7’U)

Proof. This follows immediately from Lemma 4.8 and Theorem 3.2. ]

In order to remove the assumption in Theorem 4.9 that stat,cpom(G1) Gt (u) exists
(i.e., (A.21)), we will use an assumption that is more easily verified. The following
lemma and theorem perform that replacement.

~ LEMMA 4.10. Suppose fo(u) € Range[Bs(u)] for all u € Dom(G"). Suppose i €
A, and let © € AL (@). Then Gy (i, %) = 0.

Proof. By assumption and Lemma 4.7,

(4.18) G, (4,0) =0.
Suppose
(4.19) Gy (0, 0) # 0.

Then there exists € > 0, sequence {u, } with elements u,, € A\ {4} and u, — 4, and
7 = f(e) € N such that

(4.20) G (s, 8) — G (i1, 0)| > elup — @ Vn > i
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Let
(4.21) Un = 0 — BY (un)[fo(un) + Bs(uy)] Vn € N.

Then using Lemma 4.7,

vy, — 9] < ‘B?#(un)‘ |f2(un) + BS(UTL)@ — fo(@t) — Bz(1)0
which, by assumption,
(4.22) < D(|f2(un) = fo(@)] + | Bs(un) — Bs(@)][0]).

Now, by mean value theorem [1, Theorem 12.6] (see also Appendix A), for each
n € N, there exist A, A, € [0, 1] such that

|un 7u|7

d
[Falun) = 2(@)] < |2 Ot + (1= M)
dBs < S s

and hence by the smoothness of fy, B3 and (4.22), there exist K < oo and # € N such
that

By (un) — Ba(@)| < | w, — i,

(4.23) |vp, — 0] < DK (14 |0])|un, — 4| Yn > 1.
Also, using (4.21),
By (un)vn + fo(un) = Ba(un) [0 — BY (un) fo(un) = B (un)Bs(un)o] + fo(un),
which, by assumption and the properties of the pseudoinverse,
(4.24) = B3(un)0 — fa(un) — Bs(un)d + f2(us) = 0.
By (4.24) and Lemma 4.7, v, € A'(u,) for all n € N. Using this, recalling that we

took ¥ € A'(1), and noting the semiquadratic form, we see that
|G (un, vn) = G(4,9)| = |G (un) — G*(@)],
and by the assumption that @ € A", there exists 7 = n(e) such that for all n > 7,
< Shun =,
which implies
|G (tnyvr) — G(tn, 0) + G(up, 0) — G(4,0)| < =|u, — 4] Yn >n,
and hence
(4.25) |G, 8) — G (i1, 0)| < §|un — 4| + |G(tn, vn) — G(un, 8)| V1 > 7.
Now by (4.14),
G(unvﬁ) - G(unvvn) = <f2(un)a b — Un>V + %<B3(Un)@a'ﬁ>v - %<B3(un)vn,vn>1}a
which, by (4.21),
= <f2(un)7 B?(un)[fQ(un) + B?)(un)'abv + %<B3(un)ﬁvﬁ>v - %<B3(un)vna Un )V,
and by Lemma 4.7 and the self-adjointness of Bs, this is
= (= Bs(un)vn, Bf(un)BB(un)(ﬁ — vy + %<B3(“n)@v@>v - %<BB(un)vm Un)v,

(4.26)
= (Bs(un) (0 — vn), (0 — vn))v-
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Applying (4.23) in (4.26), we see that there exists K; < oo such that |G(u,,?) —
G(tn,v,)| < Ki|u, — @|? for all n > 7, and consequently, there exists n; = 71 (€) €
(7, 00) such that

(4.27) |Gt 8) — G, vn)| < %|un — 4| Yn > .
By (4.25) and (4.27),
(4.28) |G (tn, 0) — G(4,0)| < €lu, —a| Yn > aAfy.

However, (4.28) contradicts (4.20), and consequently, G, (4, 0) = 0. |

THEOREM 4.11. Assume (A.2f), and let (u,v) € argstat, ,)caxp G(u,v). Also
assume fa(u) € Range[Bs(u)] for all u € Dom(G'). Then
stat Gl(u) = G(a,0) = stat  G(u,v).
uEDbor?;(C_?l) (u) (u U) (u,vb)GaAXB (U U)
Proof. Suppose @ € A', and let © € A(4). Then G,(@,?) = 0, and by Lemma
4.10, Gy (@,9) = 0. These imply (4,0) € argstat(, ,jcaxy G(u,v), and hence, by
the assumption of the subsection, G(i,9) = G(u,v). By this and the choice of 9,

G(4) = G(u,v). As 4 € A' was arbitrary, stat, cpom(G1) G (u) exists. The assertion
then follows by Theorem 4.9. ]

4.2.2. When the iterated staticization is known to exist. The case where
the iterated staticization is known to exist appears to also require an additional as-
sumption.

THEOREM 4.12. Assume (A.2i), and let u € A'. Also assume that fa(u) €
Range[Bs(u)] for all uw € Dom(G'). Then stat(, eaxs G(u,v) exists, and

tat  G'(u) =G(u,v) = stat G .
uego:(él) (U) (U7IU) (u,vS)EaAXB (U7’U)

Proof. Note that by assumption and Lemma 4.7, Dom(G') = A. Let @ €

argstat, cpom(G1) G'(u), and let v be as in (2.7). By definition and Lemma 4.10,
G,(u,v) =0 and G, (4,v) = 0, which implies

(a,v) € argstat G(u,v) and G(u,v) € stat® G(u,v).
(u,v)EAXB (u,v)EAXB

Now suppose there exists (i, 9) € argstat(, ,)eaxs G(u,v)\{(4,v)}. This implies
(4.29)  Gu(a,0) =0, G, (1,) =0, v e AY(a), and G'(a) = G(a,9).
Let
(4.30) b(u) = 6 — BY (u) fo(u) — BY (u)Bs(u)d Yu € A,

and note that ¥(4) = ¥. Also note that by (4.30), the assumptions, and properties of
the pseudoinverse,

B3 (u)t(u) + fo(u) = B3(u)d — fa(u) — Bz(u)d + fo(u) =0,
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which implies that #(u) € Al(u) for all u € A. Hence, G'(u) = G(u,¥(u)) for all
u € A. Note that

|G (u) = G (@) = |G(u, b(u) = G, )| < [G(u, 8(u))— G(u, 0)|+]G(u, ) — G(it, D),
and note that by (4.29), given € > 0, there exists &, = 61 (e) > 0 such that, for all
lu— 4| < 61,
(4.31)

< Shu— il + |Glu, (w) = Glu, D).

Also, similar to the estimate in the proof of Lemma 4.10, we find that there exists
02 = d2(€) > 0 such that

|G, B(w)) — G(u,D)| < §|u —a| Yu—i| < b
Using this in (4.31), we see that
(4.32) G (u) — GH@)| < elu—a] V|u—a| < Ady.

Hence, %(ﬂ) = 0, which implies that @ € A'. Using this and (A.2i), we see that
G(i,0) = G(u,v). As (4,0) € argstat(, ,yeaxp G(u,v) \ {(4,0)} was arbitrary, we
have the desired result. |

4.3. The uniformly locally Morse case. Throughout this section, we will
assume that G is uniformly locally Morse in v in the following sense. We assume
that for all (4,0) € A x B such that G, (a,?) = 0, there exist € = &(t,0) > 0 and
K = K(@,0) < oo such that Gu,(u,v) is invertible with |[Gyy(u,v)]7!| < K for all
(u,v) € Be(i,0). We also assume that Gy, (u,v) is bounded on bounded sets.

4.3.1. When the full staticization is known to exist. We suppose (A.2f),
and let (@, ) € argstat(, ,)eaxs G(u,v). We will find that (A.3) holds and that
stat,cpom(at) G'(u) exists. We will then obtain the equivalence between full and
iterated staticization.

LEMMA 4.13. Assume (A.2f), and let (u,v) € argstat(, ,ycaxp G(u,v). There
ezist €,6 > 0 and ¥ € CY(B.(u); BN Bs(v)) such that 5(a) = v, Gy(u, 9(u)) =0, and

v -1
20 @ = = [Gou (@ 0)| ] Guo (V)]

for all u € B.(u).

Proof. The first two assertions are simply the implicit mapping theorem; cf. [12].
The final assertion then follows from an application of the chain rule; that is, noting
that G, (u, 9(u)) = 0 on B.(a),

_ dGy(u,v(u)) dv

0 T = G““(U7U)|(u7{;(u)) + Gm,(u,v)|(u)ﬁ(u))@(u) Vue B(u). p
By Lemma 4.13 and the definition of Dom(G'),
(4.33) G (u) = s’%al;cG(u,v) = G(u,%(u)) Yu € B.(a) N Dom(G').

Then, by (4.33), the chain rule, (A.1), and Lemma 4.13,
(4.34) G'(-) € CY(B.(@) N Dom(G"); F).
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LEMMA 4.14. Assume (A.2f), and let (u,v) € argstat(, , eaxpG(u,v). Then
(A.3) is satisfied. That is, there exists K < 0o and § € (0,¢€) such that [0(u) —v(u)| =
|9(u) — 0| < K|u— 1| for all u € Bs(a) N Dom(G?).

Proof. By Lemma 4.13, 95(.) is continuous on B.(@) N Dom(G'). Further, by
the final assertion of Lemma 4.13, the uniformly locally Morse assumption, and the
boundedness assumption of the lemma,

dv

%(u)’ = |[Gloo (1, v) 17! G (1, 0) | < KK,

(u,8(u)) (u,8(u))

where K is a bound on |G, (u, 0(w))| (u,5(u))| over Bs(u). Hence, by an application of
the mean value theorem, we obtain the asserted bound. 0

By Lemma 4.14, we see that one may apply Theorem 3.2 if @ € Dom(G*'). This
implies that the equivalence of stat and iterated stat holds under the assumption of
existence of the latter. We proceed to obtain this existence.

LEMMA 4.15. Assume (A.2f), and let (u,v) € argstat, ,eaxp G(u,v). Also as-
sume that i € Dom(G?'). Then statyepom(at) Gl (u) exists.

Proof. Note first that by (4.33), (4.34), and the chain rule,

d ., _d ) o o db
TGN w)] = G W), = Gula, (@) + Gula, (@) 5 (@),

which, by (A.2f) and Lemma 4.13,
=0.

Consequently,

(4.35) o€ argstat G'(u) and G'(u) € stat®  G'(u).
u€Dom(G1) u€Dom(G1)

Suppose @ € Dom(G*), with @ # @, is such that

(4.36) 4 € argstat G'(u).
u€Dom(G1)

Then, by (A.2f), there exists © € A!(4). Recalling that G is uniformly locally Morse
in v and applying the implicit mapping theorem again, we find that there exists € >0
and ¢/ € C*(Be(a); B) such that Be (@) C Dom(G') and

(4.37) 3'(6) =9 and Gy(u, ' (1)) =0 Yu € Bu (i) C Dom(G).

Then, by (4.36), another application of the chain rule, and (4.37),

7d71 _ ol Av/Ad'D/Ai A A
(4.38) 0= @G (u)|u:u = Gyu(a,0' (1)) + Gy (a, 0" (1)) T (1) = Gy (4, D).
By (4.37) and (4.38), (1,9) € argstat(, ,)c axp G(u,v), and hence by (A.2f),
(4.39) G(a,9) = G(a, o).

Recalling from (2.6) that © € argstat, .z G(u, v) and using (4.39), we have
G*(a) = G(1,0) = G(u, ).

As 4 € argstat, cpom(a) G1(u) \ {u} was arbitrary, we have the desired result. d
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THEOREM 4.16. Assume (A.2f), and let (4,v) € argstat, ,)eaxp G(u,v). Also
assume 4 € Dom(G*). Then statyepom(a) Gt(u) exists, and

stat_ G'(u) = G(4,0) = stat G(u,v).

u€Dom(G1) (u,v)EUXV

Proof. The assertion of the existence of stat,cpom(G1) G'(u) is simply Lemma
4.15. Then, noting that Lemma 4.14 implies that assumption (A.3) is satisfied, one
may apply Theorem 3.2 to obtain the second assertion of the theorem. ]

4.3.2. When the iterated staticization is known to exist. We suppose
(A.2i), and let @ € A'. We will find that stat(u,0)eaxB G(u,v) exists and obtain the
equivalence between full and iterated staticization.

LEMMA 4.17. Assume (A.2i), and let u € A'. Then stat(y,vyeaxn G(u,v) exists.

Proof. By (A.2i), (2.7), the uniform Morse property, and the implicit mapping
theorem, there exists § > 0 and ¥ € C(Bs(u); B) such that Bs C Dom(G1),

(4.40) 9(a) =v and Gy,(u,¥(u)) =0 Vu € Bs(a).
By the differentiability of ¥, (A.1), and the chain rule,

dGt L o, _ndo o __.dv,_
E(u) = Gu(a,0(a)) + Gy ,U(u))@(u) = Gy (a,v) + Gv(u,v)%(u).

Using (A.2i) and (2.7), this implies 0 = G.(@,v), and hence (@,v)
€ argstat(, ,yeaxp G(u,v).

Now suppose there exists (i, 0) € argstat, , e axs G(u, v)\{(#,?)}, which implies
(4.41) Gu(,8) =0 and Gy(a,) = 0.

By (4.41), (A.1), the uniform Morse property, and the implicit mapping theorem,
there exists & > 0 and ¥’ € C'(Bs/(11); B) such that B () C Dom(G1),

(4.42) 9 (0) =9 and Gy(u,¥'(u)) =0 Yu € Bg (@).
Further, combining the definition of Dom(G') and (4.42), we see that
(4.43) G (u) = stGaBg G(u,v) = G(u, v’ (u)) YuBs ().
Then, by (4.42), (4.43), (A.1), and the chain rule,

dG*(a) . . N Ay

" ) = a5 @) + Gl (0) D i)
which, by (4.41) and the definition of ¥’ (u),
=0;

that is, @ € argstat,cpom(Gi) G'(u), and using (A.2i), this implies G'(4) = G'(a).
Combining this with (4.42) and (4.43), we see that
G(a,0) = G*(a) = G*(u),
and then by the definition of G and (2.7), this is
= G(u,v).

>
(43
N

As (4,9) € argstat(, ,caxp Was arbitrary, G(4,0) = G(u,v) for all (
€ argstat(, ,yeaxn G(u,v). d
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By Lemma 4.17 and Theorem 4.16 we have the following.

THEOREM 4.18. Assume (A.2i), and let i € A'. Then argstat, ,)cax5 G(u,v)

exists, and
stat  G(u,v) = G(a,0) = stat_ G'(u).
(u,v)EUXV uw€Dom(G1)

5. Application to astrodynamics. As noted in the introduction, there are
two classes of problems in dynamical systems that have motivated the above de-
velopment. The first class consists of TPBVPs in astrodynamics, and we discuss
that here. Specifically, one may obtain fundamental solutions to TPBVPs in astro-
dynamics through a stationary-action—based approach [9, 10, 17, 18]. We briefly
recall the case of the n-body problem. In this case, the action functional with
an appended terminal cost (cf. [18]) takes the form indicated in (1.1), where now
z = ((aH7, (x2)T,...(x”)T)T, where each 2/ € R? denotes a generic position of
body j for j € N = {1,2,...n}, and £, u. of (1.1) are similarly constructed. The
kinetic-energy term is T'(u,) = Z?Zl m;|ul|?, where m; is the mass of the jth body.

Suppose 2 # 7 for all i # j. Then, the additive inverse of the potential is given
by

. . 3- 1:_ j2
V= Y I e S (@) rmm, [aamzﬂ@]

‘.’L‘i — l‘]‘ 7&€M(0,Qo) .

(1,5)€T> (i,)€TA
5.1 = max —f/a:,a =-V T, ),
G1) = e [~V(@a)]=-V(a

where T is the universal gravitational constant, Z® = {(i,j) € N?|j > i}, M(oq)
denotes the set of arrays indexed by (i,j) € Z» with elements in (0,a), and &; ; =
&, j(z) = [2/(3la" — xj|2)]1/2 for all (4,7) € Z®; see [18]. Recalling the discussion in
section 1, we note that solutions of stationary-action problems with these kinetic and
potential energy functions will yield solutions of TPBVPs for the n-body dynamics.
Letting U ) = Lg((O,t);R?’"), one finds that the problem becomes that of finding
the stationary-action value function given by

(5.2)
W(t,z) = stat JOt, z,u),
where
JO(t, x,u) = /Ot T(uy) — V(&) dr + ¢(&) = /Ot T(u,) + i [ = V(z,a)] dr
+ (&),
(5.3)

BC{uelponllé —&|+#0 V(i,j) €I r € 0,4}

Remark 5.1. Throughout the discussion to follow, we assume that W (t, z) given
by (5.2) exists. In particular, we assume that B is open and that there exists u € B
such that argstat,cz JO(t,z,u) = {#}. One may note that given u € B, there exists
§ > 0 such that |¢ — &/ > 6 for all (4,5) € Z» and r € [0,#], and consequently
there exists an open ball, Bs(u) C B, which implies that B has nonempty interior. In
the case where the problem corresponds to a TPBVP, these conditions amount to an
assumption that if there are multiple solutions to the TPBVP, then the solutions are
isolated; cf. [9, 10, 18].
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Let A?O,t) = C((0,t); M(0,a)) and .flg%,t) = C((0,t); M), where Mg denotes the
set of arrays indexed by (i,7) € T? with elements in R and where we note that the
former is a subset of the latter, which is a Banach space.

LEMMA 5.2. Let x € R*, t € (0,00), and B C U ). Then

W(t,z) = stat stat J(t,z,u,a),
ueB &GA?SJ)

where

(5.4) J(t, z,u,a) :/0 T(u,) — V(& &) dr + ¢(&).

Further, if A C A(Ogyt) is open and such that & € A, where &% = @ ;(&) for
all (i,5) € I and a.e. 7 € (0,t), where & = o+ Jy updp, then W(t,z) =

statyep statgea J(t, z,u, @) = staty,ep J (¢, x, u, &).

Proof. Let x € R3", t € (0,00), u € B C Uo,py, and A = A(()(?,t)' By [18,
Theorem 4.7], we find JO(t,z,u) = maxgea J(t,2,u, &), where J(t,z,u,&) is given
by (5.4). Noting that J(¢,z,u,-) is differentiable and strictly concave then yields
JO(t, z,u) = statae a4 J(t, x,u,&). Combining this with (5.2) yields the first assertion.
The second assertion then follows by noting the argmax of (5.1). 0

If one is able to reorder the stat operations, then the stat representation of Lemma
5.2 may be decomposed as

(5.5) W(t,x) = §t€aft‘ W(t,z,a),
(5.6) Wt ) = sat { [ T0) = V6 ar +o(e) |

Further, suppose ¢ is a quadratic form, say,
(5.7) $(a) = p(;2) = 5(x — 2)" Po(x — 2) + 0,

where z € R and P, is symmetric, positive-definite. Then, the argument of stat in
(5.6) will be quadratic in u, and we will have

(5.8) W(t,z,a) = 3(a" PPo+2"Qf 2+ 2" Qfw + 2" R 2 +1f"),

where P% Q% RY may be obtained from solution of a-indexed DREs, and ~¢ is
obtained from an integral [14, 18]. It will now be demonstrated that in the case of
quadratic ¢, we may reorder the stat operators.

Remark 5.3. We remark that different forms of ¢ may be used such that payoffs
(5.4) (which will be shown to be equivalent to (5.5)) correspond to different TPBVPs
for the n-body problem; see section 1 and [18]. The means by which this may be
utilized for efficient generation of fundamental solutions is indicated in [9, 10, 18].

Remark 5.4. Tt can be shown that for sufficiently short time intervals, JO(¢,x, )
is convex and coercive, and one then has W (¢, x) = min,ep maxaea J(t, z, u, &) for ap-
propriate A, B. In that case, one also finds that W (¢, 2) = maxge 4 mingeg J(t, , u, &),
and one proceeds similarly to the case here. That is, one again has (5.8), where the
coefficients satisfy DREs. See [18] for the details. Here, we will employ the reordering
of iterated stat operations to obtain W (¢, x) in a similar form, i.e., in the form (5.5).
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LEMMA 5.5. Let x € R3", t € (0,00), and & € A C fl‘(’g’t). Suppose ¢ has the

form (5.7). Then
J(t, x,u, &) = fi(a) + <f2(0~l),u>u(uyt) <B3( YU Widgy VU € Ut

where fi(&) € R, fa(a) € Z/I(O #)» and Bs(&) € L(Uo,1);Uo,r)). Further, if A C A((_lo,t)
with @ < oo, then for |Py | sufficiently small, Range[Bs(u)] = Ugo,t)-

Proof. Using (5.1) and (5.4), we see that

712 3 ~1,] ( :”J) |§’ZI’ - §£|2
J(t, x,u, @) Zmﬂu [+ Z 2) lem] I dr+¢(&).
(i,4)€T4

Note that for the kinetic-energy term, we have the Riesz representation
t n
(5.10) / LS gl Pdr = 1Quu, uhu
0 .
j=1

where the operator Q1 € L(Uo,1);U(o,1)) is given by [Qu], = Qiu, for all 7 > 0, and
@1 is the 3n x 3n block-diagonal matrix with blocks mq I3, mols, ... my1I3.

Let I' = (%)32 I'. Similarly, we find that the potential term in J may be decom-
posed as

Z mzmj/ [ _ \f’ §j|2]

(i,5)€TA
T oo T T pr S
=T Z mzmj/ l(&ﬁ:jf | Jo updpl® +1 Jo ui)dp|22—2(f0 updp)” Jg UJTdT] dr
(i,5)€T4
i NT (7 i i NT( (T ,]
+T Z —m;m; /t [(dfij)s 2 2V U v ;2@] sl u;,dp)] dr
(i,5)€TA 0
(5.11)
2 2 _ T,.j
+T me]/[ - |a:|+|a;|2 2t e dr
(i,5)€TA

= 3(Q2(@)u, u)yyy ,, + (Ra(@), Wi, + S2(@) Yu € Uy,

where we will obtain explicit expressions for Qa(&) € L(U+);Uo,r)), Ra(@) € U,
and Sp(@) € R. Counsidering a single generic component inside the first summation
on the right-hand side of (5.11), note that

/ (d?])g(/ “lpdp) / uldr dr
0 o ;
Tl i N3/, iNT
[ [ [ Fonotana) ) i dprar

where generically, Zo denotes the indicator function on set C, and this is

///IW Ve (0)(657)° (u) "l dr dpdr
:/O (u?) {/0 {/pw(a ) dr}ujdr}dp
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Combining all these generic terms and rearrangmg our choice of dummy variables, we
find that for all u € U(o 1), [@2(a)ul, = fo Q2(&)(r, 7)u, dr, where [Qa(&)](r, T) is
given as follows. For i,j €]1,n] such that i # 7, let

t
(Qa(@N(r 7y = Emam; [ (a2)" dor,
TVTr
and for i €]1,n[, let

[Qa(a)](r, Z [Qz(d)](n )i
nl, j

JjelL,

Then [Q2(&)](r, 7) = [Q2(&@)](r, 7)) ® Is, where ® denotes the Kronecker product here.
Proceeding similarly, we find that Ra(&) € U,y has the Riesz representation

A T

Ry(a) = (([R2(a)(M)]1)T, ([R2(@)(r)]2)", - .. ([R2(&)(1)])T)
where for ¢ €]1,n],
[Ry(& =Y mym; )3 dr (z* — 7).
S [ @

For the zeroth order in the expansion of the integral of the potential term, we have

' [? + |27 ]? — 2(a*) "

t
Sa(@) = 30 T, [ [0 = (@) ar ;

Now, we turn to the terminal cost. Recalling (5.7), we have

t T t t
o(&) = %(Ofupdp) P, (Ofupdp) + (:1: — z)TPO (gupdp> + %(z — z)TPO(x —2)+ 7%
= %<Q3u7u>u(0,t) + <R37U>U<o,t) + 53,

where Q3 € L(U0,4);U0,1)), B3 € Uoy), and S3 € R. In particular, we have [Qzu], =
Py fo u,dp and [Rg], = Py(z — z) for all r € (0,t) and S5 = 3(z — 2)T Py(z — 2) + .
Combining the terms, we have the asserted form for J(t, z,u, @), where

fi(@) = Sa(@) 4+ S3,  fo(@) = Ro(@) + Ry, and Bs(@) = Q1+ Qa2(a) + Qs.

That Bs(@) € L(U0,1):U0,1) and fa(d) € Uy is easily seen from the above ex-
pressions. The final assertion follows from the dominance of (3 when the minimal
eigenvalue of P, is sufficiently large. 0

THEOREM 5.6. Let t € (0,00) and x € R®". Suppose W (t,z) given by (5.2)
exists. Let &' € A?O y be as in Lemma 5.2 for some a < oo, and let D > \Bf(o:zﬂ.
Let A={a € A(o N |BY (@)| < D}. Then

W (t,x) = statstat J(t,z,u, &) =  stat  J(t,x,u, &) = stat stat J(¢, z, u, &).
ueEB acA (u,&)eEBXx.A acAueB

Proof. Note that for heuristic reasons, some technical derivative computations in
this proof are delayed to Appendix B.
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Fix t € (0,00) and = € R3". Note that by the conditions of Remark 5.1, BB is open.
By Lemma 5.5, B3(&) € L(Uo.1);U0,1)) for all & € A(o +)» Where this 1mp11es that all

such Bs(@) are closed operators, and hence [BY (a)] € L(U0,4);U0,1)) exists for all
a € A((_lo,t)' Let g : L(U0,¢);U0,)) — L(L{(o7t2; U,1)) be given by g(B) = B# for all
B € LU,+);Uo,t)). Let D be as given and D € (D, 00). Let the open ball of radius

D be denoted by Dp = {B € L(Uw,1);Uo,) | |Bl < D} and similarly for D. Let
Qp = g '(Dp) and Qp = g *(Dp), and noto that g is continuous on Qp [11, 20].
Hence, Qp is open, and as Bs(:) is continuous, we find that A = (B3)~'(Qp) is
open. The first asserted equality then follows from Lemma 5.2. Further, this implies
that assumption (A.2i) is satisfied by the expression on the right-hand side of the
first equality. Hence, if the conditions of section 4.3 are met, then Theorem 4.18 will
yield the second equality. In this case here, the Morse condition of section 4.3 is
that for all (&,u) € Ax B, D2J(t,z,u,&) € E(.A(O " Aat)) is invertible with locally
bounded inverse. From Lemma B.2, the differential D2 .J (¢, x,u, &)y for v € Afé,t) has
representation with components given by

[V2J(t, x,u, &)Y]% = —30mgm;atd|el — €12409 Y (i,5) € T, ae. r € (0,1).

As @bd gl — &l > 0 for all (i,j) € Z® and r € (0,t), one finds that operator
D2 J(t,z,u,@) is indeed invertible with locally bounded inverse for all (&, u) € A x B.
Lastly, noting the representation given in Lemma B.3, one may easily show that
Di aJ (t,z,u, &) is bounded on bounded sets. Hence, the conditions of section 4.3 are
met, and one may apply Theorem 4.18 to obtain the second equality.

Note that the second equality also implies that the expression on the right-hand
side of that equality satisfies assumption (A.2f). If the conditions of Theorem 4.9 are
satisfied, we will have the final equality. It is sufficient to show that, as a function of
(a,u) € Ax B, J(t,z,u,&) satisfies the conditions of section 4.2. That is, suppressing
the dependence on (¢, z), we must have

J(t’ T, u, 6‘) =f (6‘) + <f2 (6‘)7 u>u(0 t) + l<B3 (d)u’ u>u(0.t)

with f1, fa, Bjs satisfying the conditions indicated there. From Lemma 5.5, we see that
f1, f2, Bs are C? with Range[Bs(u)] = U4 and that B¥ (&) exists and is uniformly
bounded over A. The result follows from T heorem 4.9. 0

Remark 5.7. It should be noted that the assertions of Theorem 5.6 allow the
staticization problem of (5.2) to be reduced to staticization over the set of DRE solu-
tions and integrals, P = {(P%, Q¥, RY, %) | & € A}, as noted in (5.8). In cases where
the terminal cost, ¢ (indexed by z), has been constructed so that the staticization
problems correspond to TPBVPs, the set P provides a fundamental solution object
for a set of TPBVPs. One may see [9, 10, 18] for more detailed discussions regarding
the calculations.

Appendix A. A mean value theorem. For ease of reading, we recall a version
of the mean value theorem from [1, Theorem 12.6].

THEOREM A.1. LetU,V denote Banach spaces, and let f : D — V where D CU.
Suppose u1,uz € D are such that 4(A) = Aug + (1 — Nug € D for all X € [0,1].
Suppose [ is continuous at u for all u € {G(X)| A € [0,1]} and f is dzﬁerentmble atu
for all u € {a(\) |\ € (0,1)}. Then there ezists A € (0,1) such that | f(u') — f(ul)] <

[Df(a(N)] Ju! — u?|.
Appendix B. Calculation of derivatives. We begin by indicating some no-
tation and recalling standard results; cf. [1]. Let f : Uy x .Af%’t) — R satisfy
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fu,) e ()2(A(0t); R), f(-,&) € C*(Up,):R) for all u € Uy, and & € A(Ot)

Let Duf : Z/{w) X A(O,t) — E(Z/{(O)t ) and Daf UOt) X 'A(O t) — E(A(O t)’ )
denote the Fréchet derivatives with respect to u and @&, respectively. Note that
we have [Dyf(u,&@)]6, € R, [Dof(u,&)]ds € R Vo, € Z/{(O t), 0a € Ag),t)’ By the
Riesz representation theorem, for each @ € U ) and ae AB (0,4) there exists unique
Vo f (i, &) € U,z such that Dy f (i, @)5y = (3u, Ve, f(@,é))u(o)“ V6u € U,y

For L € Ls((0, t)'MR) and v € .,Zlg% #)» define the continuous, bilinear func-
tional (L,v)2 = (v, L)2 = > jjeza fo Lii~bidr. Note that Vaf(a,a) : U,y x
-’4(0 £ %Aﬂg),w is a representation of D, f(i, &)d e\ierywhere in ZZ[(O’t) X fig),t) if
(Vaf(it,&),08)2 = Dy f (i, @)d5 for all 84 € A(o " (4, ) € Uy ¥ .Af%vt).

Let D2f : Upyy X -A(o H E(.A (0.8)7 (A(o #)»R)) denote the second Fréchet
derivative with respect to &. Note that for each d5z € A(OJ) and pair (@, a), we have
D2 f (11, 2)d5 € C(A(O i R). Further, D2 f(d, &) is the second Fréchet derivative with
respect to & at (1, @) if D2 f(i, &) = Da[Daf](11,&). Analogous definitions hold for
second derivatives with respect to u.

We now proceed to obtain certain derivatives and Riesz representations employed
in the proof of Theorem 5.6. Let J : (0,t) x R®" x Ug ) X Ay be given by (5.4)
with quadratic terminal cost (5.7).

LEMMA B.1. For any t € (0,00), x € R, and u € Uo,py, J(t,x,u,-) is Fréchet
differentiable over AEBO t and the Fréchet derivative has Riesz representation
Vad(t,x,u, &), where Vg J(t, xz,u, &) acting on y € A(%,t) is given by (VaJ(t, z,u, @),
)2, and

Y (i,j) € I, r € (0,1).

i N\21ei gil2
(B1) [Vad(t,z,u,&)) = Tmm; [1 - 3(a17) \25 | ]

Proof. Let v € A%t), and let L denote the object indicated by the right-hand
side of (B.1). With a small amount of algebra, one finds

|J(t, z,u, d+’y)—J(t x,u, &) — (L, )2

— L [3617 (vi)” + ()]l - €l dr

(4,5) GIA
<f Yy T / (1+3a8)lg &P dr swp (i) + i),
(i)eT™ re@n

which, for appropriate choice of Ky(t,x,u,&) < oo and |y| < 1,

< Ko(t, T,u, d)|7|27
which implies that the Fréchet derivative DsJ(t, z,u, @) exists and has the indicated
Riesz representation. 0

LEMMA B.2. For any t € (0,00), z € R, and u € U1y, the second-order
Fréchet derivative D%J(t,z,u,a) exists for all & € Aqo,e), and the differential has

representation V2J(t, z,u, &)y, which, for all y € Ag)’t), is given by

[V2J(t, 2, u, @)Y]% = —30mymjaba|€l — €124 Y (i,5) € T, a.e. r € (0,1).
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Proof. Recalling the above discussion, we obtain the second-derivative representa-
tion by examining the Fréchet derivative of V& J(t, z, u, &); Let t, x, u be as specified,
and take & € Agy). Let v € AB (0,t)> and let [T = —3Tmymjaid|El — E)2~57 for
all i,j €]1,n[ and r € (0,1), Where € =2t + fOT u, dp. Note that

IVad(t,z,u,&+ ) — VaJ(t,z,u, &) — [T]|
t
-1 =

— [Vad(t, z,u, @)+ 30mm;ati|el — &|2y5

[VaJ(t,x, u,é—+ )5

(i,5)€T4

N

]

/\gmzmy[mﬂww )i - g

which, by (B.1),

:[p

(i,§)€T4

W=

+ 3mim; ;€ — &P

1

. 9 t iy ; 912 ]2

=0 w2l -]
(i.4)€TA 0

<y *mm /|£7 &l d?")QSHp i [* < Ky

(Za])EIA

for appropriate choice of K1 = K;(t,z,u) < 0o, and this yields the result. d

The following is obtained in a similar manner to Lemma B.1, and the proof is not
included.

LEMMA B.3. For any t € (0,00) and x € R®, J(t,x,-,-) : Upy) X AE’S@ —
R has a mized second partial Fréchet derivative, and this derivative, evaluated at
(u, @) € U1y X AT 4y D? 5 J(t,x,u, &), has a representation comprised of the Riesz

representations of the derivatives of [V aJ (, 2, u, &)]"? with respect to u for (i,5) € T2,
More specifically, for 6, € Uy and 65 € A(o .

[D2 4T (t, @, 1, 3)56] 60 = <Vivdj(t,:c,u,d)5d,6u>

(0,)

t
-y /0 [V2 5 (t2,u,3)55] [6,]% dp,

keN
where
t
(V2 ad(tw,u,6)05)) = Y / [[Vaud (t,,u,6)7] [06)07 dr k€ N,
(ij)eza 0
€ (0,1),

- —3me]( )&= ED T (p) i k=1,
[[Vaud (t,u,&)]37] 0= 8 30mumy (a09)2(6L — ) Tom(p)  if k=7,

0, otherwise

for all r,p € (0,t), k € N, and (i,7) € IT?, and we recall that T0,r () denotes the
indicator function on set (0,r).
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