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Abstract

Conservative dynamical systems propagate as stationary
points of the action functional. Using this representation,
it has previously been demonstrated that one may obtain
fundamental solutions for two-point boundary value prob-
lems for some classes of conservative systems via solution of
an associated dynamic program. It is also known that the
gravitational and Coulomb potentials may be represented as
stationary points of cubicly-parameterized quadratic func-
tionals. Hence, stationary points of the action functional
may be represented via iterated staticization of polynomial
functionals. This leads to representations through opera-
tions on sets of solutions of differential Riccati equations.
A key step in this process is the reordering of staticization

operations.

1 Introduction

Conservative dynamical systems propagate as station-
ary points of the action functional over the possible
paths of the system. This viewpoint appears partic-
ularly useful in some applications in modern physics,
including systems in the quantum domain, cf. [4]. The
stationary-action formulation has also recently been
found to be quite useful for generation of fundamental
solutions to two-point boundary-value problems (TPB-
VPs) for conservative dynamical systems, cf. [2, 15, 17].
In particular, one may address dynamical-systems ques-
tions such as these by control-theoretic methods.

To give a sense of this latter application domain,
consider a finite-dimensional action-functional formula-
tion of such a TPBVP. Let the path of the conservative
system be denoted by &, for r € [0,t] with {§, = Z, in
which case the action functional, with an appended ter-
minal cost, may take the form

t
L) Itz i/o T(ur) — V(&) dr + (&),
where £ = u, u € U = Ly(0,t), T(-) denotes the kinetic
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energy associated to the momentum (specifically taken
to be T(v) = 4v7 Muv throughout, with M positive-
definite and symmetric), and V(-) denotes a potential
energy field. If, for example, one takes ¢ (x) = —v7 Mz,
a stationary-action path satisfies the TPBVP with &y =
Z and ét = 7; if one takes ¥ to be a min-plus delta
function centered at z, then a stationary-action path
satisfies the TPBVP with & = Z and & = =z, cf.
[2]. In the early work of Hamilton, it was formulated
as the least-action principle [6], which states that a
conservative dynamical system follows the trajectory
that minimizes the action functional. However, this
is typically only the case for relatively short-duration
cases, cf. [2, 17] and the references therein. In
order to extend to longer-duration problems, it becomes
necessary to apply concepts of stationarity [15, 16].

It is worth noting that if one defines stat,cx ¢(z)
to be the critical value of ¢ (defined rigorously in
Section 2.1), then a gravitational potential given as
V(zx) u/|z| for & # 0 and constant p > 0, has the

: _ _(3)3/2 _ o7
representation V(z) = —(5)*“ustateso{a

=y,
where we note that the argument of the stat opeiator
is polynomial, [7, 17]. The Schrédinger equation in
the context of a Coulomb potential may be similarly
addressed. In that case, it is particularly helpful to
consider an extension of the space variable to a vector
space over the complex field, say x € C" rather than z €
R™. More specifically, for x € C", this representation
takes a general form V(z) = —(2)%?fstatyecan{a —
%}, where AF = {a = r[cos(#) + isin(d)] € C|r >
0,0 € (5]}, and for x € C", [z[Z = 37, 23, [11].
(We remark that notation |-|? is not intended to indicate
a squared norm; the range is complex.) In the simple
one-dimensional case, the resulting function on C has a
branch cut along the negative imaginary axis, and this
generalizes to the higher-dimensional case in the natural
way.

Although stationarity-based representations for
gravitational and Coulomb potentials are inside the in-
tegral in (1.1), they may be moved outside through the
introduction of a-valued processes, cf. [7, 17]. In par-
ticular, not only does one seek the stationary path for
action J, but the action functional itself can be given as



a stationary value of an integral of a polynomial, leading
to an iterated-stat problem formulation for such TPB-
VPs. This may be exploited in the solution of TPBVPs
in such systems, cf. [7, 15, 17].

It has recently been demonstrated that stationarity
may be employed to obtain a Feynman-Kac type of rep-
resentation for solutions of the Schrodinger initial value
problem (IVP) for certain classes of initial conditions
and potentials [14]. As with the conservative-system
cases above, these representations are valid for indefi-
nitely long duration problems, whereas with only the
minimization operation, such representations are valid
only on time intervals such that the action remains con-
vex.

In all of these examples, one obtains the station-
ary value of an action functional where the action func-
tional itself takes the form of a stationary value of a
functional that is quadratic in the momentum (the w.
in put in (1.1)) and cubic in the newly introduced poten-
tial energy parameterization variable (a time-dependent
form of the « parameter above). Thus, if one can invert
the order of the of the stat operations, then the inner
stat operation results in a functional that is obtained
as a solution of a differential Riccati equation (DRE).
(It should be noted that this DRE must typically be
propagated past escape times, where this propagation
may be efficiently performed through the use of what
has been termed “stat duality”, cf. [12].) Hence, after
inversion of the order of the iterated stat operations, the
problem may be reduced to a single stat operation such
that the argument takes the form of a linear functional
operating on a set of DRE solutions. Consequently, an
issue of fundamental importance regards conditions un-
der which one may invert the order of stat operations
in an iterated staticization.

In Section 2, the staticization operator will be
rigorously defined, and a general problem class along
with some corresponding notation will be indicated.
Then, in Section 3, a somewhat general condition will
be indicated, and it will shown that one may invert the
order of staticization operations under that condition.
Section 4 will present two classes of problems for which
the general condition of Section 3 holds. Finally, in
Section 5, the stationary-action application above will
be discussed.

2 Problem and Stationarity Definitions

2.1 Stationarity definitions As noted above, the
motivation for this effort is the computation and propa-
gation of stationary points of payoff functionals, which
is unusual in comparison to the standard classes of prob-
lems in optimization (although one should note for ex-
ample, [3]). In analogy with the language for minimiza-

tion and maximization, we will refer to the search for
stationary points as “staticization”, with these points
being statica, in analogy with minima/maxima, and a
single such point being a staticum in analogy with min-
imum/maximum. We make the following definitions.
Let F denote either the real or complex field. Suppose
U is a normed vector space (over F) with A C U, and
suppose G : A — F. We say @ € argstat, .4 G(u) =
argstat{G(u) |u € A} if @ € A and either

(2.2) lim sup M =0,
usaueA\{ay U — 1l

or there exists 6 > 0 such that AN Bs(a) = {a}
(where Bj(u) denotes the ball of radius § around @).
If argstat{G(u)|u € A} # 0, we define the possibly

set-valued stat® operation by
stat® G(u) = stat’{G(u) |u € A}

ucA

(2.3) = {G(u) | u € argstat{G(u) |u € A} }.

If argstat{G(u)|u € A} = 0, stat{_ , G(u) is unde-
fined. Where applicable, we are also interested in a
single-valued stat operation (note the absence of super-
script s). In particular, if there exists a € F such that
statc 4 G(u) = {a}, then stat,c 4 G(u) = a; otherwise,
statye 4 G(u) is undefined. At times, we may abuse no-
tation by writing @ = argstat{G(u) | u € A} in the event
that the argstat is the single point {a@}.

In the case where U is a Banach space and A C U
is an open set, G : A — F is Fréchet differentiable at
@ € A with continuous, linear DG(u) € L(U; F) if
(2.4)
|G (u+w) — G(u) — [DG(a)]w]

= 0.
|wl

lim
w—0, a+weA\{u}
The following is immediate from the above definitions.

LEMMA 2.1. Suppose U is a Banach space, with open
set A C U, and that G is Fréchet differentiable at
a € A. Then, u € argstat{G(y) |y € A} if and only
if DG(u) = 0.

2.2 Problem definition Let U,V be Hilbert spaces
with inner products and norms on U denoted by (-, )y
and | - |y, and similarly for V. Let the resulting inner
product and norm on U x V be denoted by (-, -)yyxy and
| - Jluxy. Let A C U and B C V be open. Throughout,
we assume

(A1) G € C*(A x B; F).

Then, for each u € A, let gb* € C?(B;F) be given
by gt%(v) = G(u,v) for all v € B. Similarly, for each
v € B, let g*v € C?(A; F) be given by ¢g*"(u) = G(u,v)



for all u € A. Further, let
- 1u :
Ag = {u € A’ %teal;cg (v) ex1sts} and
(2.5)

Bg = {veB] itgt\gz”(u) exists }.

Given u € Ag, let M*(u) = argstat, g g""(v).
ilarly, given v € Bg, let M?(v) = argstat,,c 4 g
Next, define G! : Ag — F and G? : Bg — F by

(v) Vu € Ag and

Sim-

Y (u).

G'(u) = stat g"*
(u) =statg

G*(v) = 22292’”@) Vv € Bg.

Finally, let

A = argstat G'(u) and Bg = argstat G2(v).
u€Ag vEBa

We will discuss conditions under which

AL() _ ~2
(2.6) usetith (u) = ( steatXBG(u,v) = vset%gG (v).

We will generally be concerned only with the left-
hand equality in (2.6); obviously the right-hand equality
would be obtained analogously. We refer to the left-
hand object in (2.6) as iterated stat operations, while
the center object will be referred to as a full stat
operation. Although in some results, the existence of
both the iterated and full stat operations are obtained,
many of the results will assume the existence of one
or both of these objects. We list the two potential
assumptions below. In each result to follow, we will
indicate when one or both of these is utilized. The full-
stat assumption is as follows.

(A.2f)

Note that under Assumption (A.2f),
(2.7) @€ Ag, ©€ Bg, ©€ M (a), and @ € M?(0).

Assume stat(y )eaxsG(u,v) exists, and let
(u,v) € argstat, ,ycaxs G(u,v).

The iterated-stat assumption is as follows.

Assume statye 4, G'(u) exists, and let @ €

Ac.
Note that under Assumption (A.2i),

(2.8) 3o € M(a), stat Gl(u)=g

(A.2i)

L) =

We will first obtain (2.6) under some general as-
sumptions.

G(u, 7).

3 The General Case
Given C CV and v € V, we let d(9,C) = inf,ec |v — 0],
and use this distance notation more generally through-
out. In addition to (A.1), we assume the following
throughout this section.

36 =46(a,v) >0and K = K(a,0) < o0
such that d(v, M (u)) < K |u — ul for all
u € Ag N Bs ().

We note that (A.3) is trivially satisfied in the case that
there exists ¢ > 0 such that Bs(a) N Ag = 0. It may
be helpful to also note that (A.3) is satisfied under
the possibly more heuristically appealing, following
assumption.

For every 4 € Ag and every © € M!(1),

36 =46(a,0) >0and K = K(4,0) < o0
such that d(9, M (u)) < K |@ — ul for all

u € Ag N Bs ().

(A.3)

(A.3)

LEMMA 3.1. Assume (A.2f). Then, @ € Ag and

G(u,0) € stati . 4. G'(u).
Proof. Let (4, v) be as in (A.2f). Let R = d((a,v), (Ax
B)°). By Assumption (A.3), there exist § € (0, R/2)
and K < oo such that for all u € Ag N Bs(@) and all
€ (0,1), there exists v € M!(u) such that
(3.9) [v—7| < (K +e€)|u—ua|l <(K+e)d.
Let . € Ag N Bé/(K+1)(a)- By (27),
[stat ' " (v) — stat g7 (v)] = [stat " (v) — G(w, 0)],
and by (3.9), there exists © € Bys(v) such that this is
(3.10) =|G(a,v) — G(u,v)|.

Let f € C>((—3/2,3/2); AxB) be given by f(\) =
(a+A(a—1u),v+A(0—0)) for all A € (—3/2,3/2). Define
WO\) = [G o f](\) for all X € (=3/2,3/2), and note
that by Assumption (A.1) and standard results, W° €
C?*((—3/2,3/2); F). Similarly, let W(X) = [(Gy,Gy) ©
710) = (Gu(f(V), Go(F(N)). By Assumption (A.1)
and standard results, W' € C'((—=3/2,3/2);U x V).
Then, by the Mean Value Theorem (cf. [1, Th. 12.6]),
there exists Ag € (0,1) such that

|G(a,v) -

G(u, )| = [W°(1) — W°(0)]

S (f O)Ha(/\o)‘

= (G

where (ug, vg) =

(u0,v0), Gy (uo, v0))| |(@ — @, — v)],
f(Xo), and which by (3.9),
(3.11)

< |(Gu Gy (uo,v0))| V14 (K + 1)%|a — al.

Similarly, there exists Ay € (0, A\g) such that
|(Gu(uo,v0), Gy (uo, v0)) —

= W' () = W' (0) < |

Uo, ”Uo

(Gu(u,v),Gy(u,0))|
d’G
d(u,v)?

fou| [ Lo nl



2
<’ d*G

(ul,vl)’ !(ul — 1,1 —17)|,

= ld(u,v)?
where (u1,v1) = f(A1), and this is
d*G I
< |- )|V (K + 1% — al.
d(u,v)
Recalling (u,v) € argstat, ,caxp G(u,v), this implies

(
|( u07U0) G (Uo,’l}o))|
<

f(A1) ‘\/1—1— (K +1)2|a —al.

Combining (3.11) and (3.12) yields

(3.12)

|G(ﬂ, ﬂ) -

d?G .
S A R L

G(u,v)|

al®.

Let Ky = |d o 2(@,)|. By (A.1), there exists 0 €
(0, 5/(K + 1)) such that for all (u,v) € Bj(u,v),
‘d (u v)| < Ki + 1. Hence, there exists C' < oo

such that
(3.13) i
|G(11,5) — G(a,0)| < Cla—ul* V (&, 8) € AgNBj i, 41)(W)-
Combmlng (3.10) and (3.13) one has [stat,ep g"™(v) —
statyep g% (v)] < Cla — 4|?, which upon recalling
that @ € Ag N B; /(K+1)(ﬂ) was arbitrary, yields the
assertions. W

THEOREM 3.1. Assume (A.2f) and (A.2i). Then
stat G'(u) = G(u,0) = stat G(u,v).
u€Ag (u,v)EAXB

Proof. The assertions follow directly from the assump-
tion, (A.2f) and Lemma 3.1. W

4 Some Specific Cases

4.1 The Semi-Quadratic Case Throughout this
section, we take A C U and B =V, and let

G(u,v) = fi(w) + (f2(u), v)v + 5(Bs(w)v, v)y,

for all uw € A and v € V, where f; € C?*(A;F),
fo € C?(A;V) and By € C*(A;L(V,V)), and Bs(u)
is self-adjoint for all v € A. For each u € A, let
B (u) = [Bs(u)]# denote the Moore-Penrose pseudo-
inverse of Bs(u), and there exists a constant D > 0
such that |B¥ (u)| < D for all u € Ag. The next lemma
follows directly from (4.14) and Lemma 2.1.

(4.14)

LEMMA 4.1. Let @ € A. Then © € M(4) if and only
if f2(@) + Bs(a)d = 0.

4.1.1 When the full staticization is known to
exist

LEMMA 4.2. Assume (A.2f).
is satisfied.

Then assumption (A.3)

Proof. The result is trivial for A = {a}. Suppose
Ac # {ua}. Choose an § > 0 such that Ag N
(Bs(w)\{z}) 7é (Z) Let @ € AG N Bs(w), and 4 # .
Let 0 = o — B ( )f2(4) — B ( )B3(0)v. Note that
Bs3(0)0 + fal@ ) = 0. By Lemma 4.1, o € M (a).
Letting Ky = maxy¢[o,1] |du M+ (1— )ﬁ)| and Kp =
maxjyepo,1], we have

|6 — o = | - {Bf (@) f2(a) + B (@) B(2)0}]
By Lemma 4.1, B3(@)v + fo(@) = 0,
= | = BY (a){fa(2) — fo(@) — Bs(@)v + B3()7}|

< D|Ky¢|t—u| + Kg|v||t — g

which yields (A.3). B

THEOREM 4.1. Assume (A.2f). Then statyca, G*(u)
exists, and statyea, G (u) = G(u,v) =
stat(y,vyeaxs G(u,v).

4.1.2 When the iterated staticization is known
to exist The case where the iterated staticization is
known to exist appears to require additional assump-
tions.

THEOREM 4.2. Assume (A.2i). Assume  that
f2(u) € Range[Bs(u)] for all u € Ag. Then
stat(y,vyeaxs G(u,v) erists, and stat,ca. Glu) =
G(ﬂa 1_}) =stat(y,v)eaxB G(ua U)'

Proof. Note that by assumption and Lemma 4.1, Ag =
A. Let uw € Ag, and let ¥ be as in (2.8), which implies

(4.15) Go(a,7) = 0.

Suppose G, (@, ) # 0. Then there exists € > 0 and
un, € A\ {@} with u, — @ such that given € > 0, there
exists n = n(e) € IN such that

(4.16)  |G(un,,7) — G(@,7)| > elup — a| ¥n > 7.

Let
(4.17) v, =0 — BY (un)[f2(un) + Bs(un)o] ¥n e IN.
Note that using Lemma 4.1,

[un — 0

<[ B (un)| | fo(un) + Ba(un)v — fo(@) — Ba(w)v),



which by assumption,

< D(|f2(un) = fo(@)| + | Bs(un) — Bs(@)][7]),
and by the Mean Value Theorem and the smoothness of
fa, Bs, there exists K < oo, and 7 € N such that this is

(4.18)
< DK(1+ [0])|un —u| V0 > f.

Also,

BS(Un)Un + fQ(Un)

= Bs(un) [0 = BY (un) fa(un) — BY (un) Bs(un)] + fo(un),
which by assumption and the properties of the pseudo-
inverse,

(4.19)

= Bs(un)v — fa2(un) — B3 (un)0 + f2(un) =0,

and hence, v,, € Mj(uy) for all n € IN.
By (A.2i), there exists i = 7i(e) such that for all
n>n

|G (tn, vn) — G0, 9)| = |G (un) — G (@)] < 5 |un —
which implies

|G (tn vn) = G(un, B) + Glun, 0) = (8, 9)] < Slun — 1,
and hence Vn >n
(4.20)

|G (un,0) — G(u,v)| <

5l = @l + |G un, vn) = Glun, )|

Now, by (4.14), for any v € B,

G(tn,v) — G(up, vy)

= (fa(un) + %33('“71)“7 v) — (fa(un) + %33(“n)vnvvn>a
which by Lemma 4.1, the choice of v, and the self-
adjointness of Bs(uy,),

= (—Bs3(un)v, + %Bg(un)v, v) + %(Bg(un)vn,vn>
(4.21)

= 5(Bs(un)(v —
Applying (4.18) in (4.21), we see that there exists K7 <
oo such that |G(up, ) — G(un, v,)| < Ki|u, —u|? for all

n € IN, and consequently, there exists 713 = 7i1(€) < 00
such that

Up)y U — Up).

(4.22) |G (un, D) — Gtn,v2)| < §|un —a| Yn > .

By (4.20) and (4.22),

(4.23) |G(un,?) — G(4,0)| < €lu, —a| Vn >a An.

However, (4.23) contradicts (4.16), and consequently,

(4.24) G (@, v) = 0.

By (4.15) and (4.24), (u,v) €argstat(, ,ycaxp G(u,v)
and G(u,0) € stat®(y vyeaxs G(u,v).

Now suppose 3(,0) € argstaty, ,jeaxsG(u,v) \
{(@,v)}. This implies

Gu(i,0) = 0, Gy(t,0) =0,
(4.25) b e MY (@), and G*(a) = G(a,0).
Similar to (4.17), let
B(u) =0 — BY (u) fo(u) — BY (u) Bs(u)d Vu € A,

and mnote that o(a) = 0. Also, similar to (4.19), we
see that Bs(u)v(u) + fa(u) = 0, which implies that

¥(u) € M (u) for all u € A. Hence, G (u) = G(u, (u))
for all u € A. Note that

G (w) = G'(@)] = |G (u, 5(u)) — G(a, )]

< G (ut, 5(u)) — Glan,0)| + G (s ) — Gl(a, ),

and note that by (4.25),
61 = 61(€) > 0 such that for all |u — 4| < dy,
(426) < Glu— il + |Glu, b(w) — C(u,0)].

given € > 0, there exists

Also, similar to the estimate (4.22), we also find that
there exists d2 = d2(€) > 0 such that

|G, B(w)) — G(u,d)| < §|u —a| Y|u—1a| < b,

Using this in (4.26), we see that

(4.27) |GM(u) — G (0)] < elu— 0| V]u— 0] < & A .

Hence, %( ) = 0, which implies that @& € Ag. Using
this and (A.27), we see that G(4,0) = G(a,v). As
(4,9) € argstat(, ,)caxp G(u,v)\{(,v)} was arbitrary,

we have the desired result. H

4.2 The Uniformly Locally Morse Case We as-
sume that for all (@, 9) € A x B such that G, (4,0) =0,
there exist € = (4, v) >0and K = K(u v) < oo such
that G, (u,v) is invertible with ‘ oo (U, )] 1| < K for
all (u,v) € Be(4,0). We also assume that Gy, (u,v)
is bounded on bounded sets. Under these assumptions
and (A.1), we will find that Assumption (A.3’) holds.
Hence, one may apply Theorem 3.1.

4.2.1 When the full staticization is known to
exist

LEMMA 4.3. Assume (A.2f). There exist €,6 > 0

and ¥ € CH(B.(u);B N Bs(v)) such that Be(u) C

Ag, 9(a) = v, Gy(u,9(uw)) = 0 and %(“) =
-1

—[Gw(u,v)](uﬁ(u))] Guv(u,v)|(u7ﬁ(u)) for all u €

B.(q).



LEMMA 4.4. Assume (A.2f).
oo and § € (0,€) such that |0(u) —
K\u7u| for all u € Bs(u) C Ag.

Then, there exists K <

o(a)] = [o(u) — 0] <

LEMMA 4.5. Assume (A.2f).
exists.

Then, statyea, G*(u)

THEOREM 4.3. Assume (A.2f).
exists, and statyeao GH(u) =
Stat(u,v)EUXV G(ua U) :

Then, statye 4, G*(u)
G(u,v) =

4.2.2 When the iterated staticization is known
to exist

LEMMA 4.6. Assume (A.2i). Then,
stat(y,v)eaxs G(u,v) exists.

THEOREM 4.4. Assume (A.29). Then,
argstat(, ,yeaxs G(u,v) exists, and
Stat(u,u)euxv G(ua U) = G(TL, 1_]) = statycaq Gl(u)

5 Applications to Astrodynamics and the

Schrédinger Equation

5.1 TPBVPs in Astrodynamics One may obtain
fundamental solutions to TPBVPs in astrodynamics
through a stationary-action based approach [7, 8, 15,
17]. We briefly recall the case of the n-body problem.
In this case, the action functional with an appended
terminal cost (cf. [17]) takes the form indicated in (1.1),

where now z = ((z')7, ()7, ... (x”)T)T, where each
2/ € R? denotes a generic position of body j € N =
{L,2,...n}, and &, u. are similarly constructed. The
kinetic-energy term is T'(u,) = %Z?:l mjlul|?, where
m; is the mass of the j'" body. The additive inverse of
the potential at any = € R3" is given by

Fmimj
-V = - -
(QZ‘) Z ‘IZ _ IE]|
(i,5)eTA
3 | il2
Q,; | T — X
= ,I/P/la'X (%)3/2Fmimj Q5 — 7ZJ| 2 |
FEHO) ( jreza
= O‘erf‘r/ll?(foo) [_ V(ZE, Ot)] = —V((L', a)7

where T' is the universal gravitational constant, 72 =
{(i,7) € N?|j > i}, M(g,) denotes the set of arrays
indexed by (i,j) € I? with elements in (0,00), and
i j = aij(z) = [2/@a’ — 272)]"* for all (i, j) € T
see [17]. Letting U ) = L2((0,%); R®™), one finds that
the problem becomes that of finding the stationary-
action value function given by

(5.28) W(t,x) = stat J(t, z,u),

ueB

V(fr) dr + ¢(€t> =
fo (uy —|—maxae/\/1(0 . [—V( z, )] dr+¢(&), BC {ue
Ul Y (i, 7) € T2, for a.e. 7 € (0,t),]&8 — €| # 0}
Let A i C((O,t); M(o,oo)) and A(o .
C((O,t);MR), where My denotes the set of arrays in-
dexed by (i,7) € T? with elements in R, and where we
note that the former is a subset of the latter, which is a

Banach space.

where JO(t,x, w)

fo o

LEMMA 5.1. Let #+ € R®*, t € (0,00) and B C
U,y Then, W (t,z) = statyes stataeA J(t T, u, &
where J(t,x,u, &) = fg Up) — (fr,ar)dT + ¢(§t
Further, if A C A(O ¢) s open and such that ahl e A
where & = @&; ;(&) for all (i,j) € I® and a.e.
r € (O,t), where & = = + forupdp, then W (t,z) =
statyep statgea J(t, z,u, &) = statyep J (¢, x, u, &@).

V\_/

If one is able to reorder the staticization operations, the
result may be decomposed as

W(t,x) = stat W(t,z, a
(t, ) = stat W(¢, 2, 4),

W t.0.0) = gag | [ 70) - Vigean)ar + o160

ueB

Suppose ¢ is a quadratic form, say ¢(z;z) = %(w -
2)T Py(z — 2) + 0. Then,

W(t,z,a) = L (T PPo+aTQf 2427 Qv+ 2T RE 2 4+17),

where P*, Q% RY may be obtained from solution of é&-
indexed differential Riccati equations (DREs), and ~{
is obtained from an integral. The means by which this
may be utilized for efficient generation of fundamental
solutions is indicated in the above-noted references. The
key is, of course, the ability to invert the order of the
staticization operators.

Noting that J is semi-quadratic in v and uniformly
Morse in @, one obtains the following.

THEOREM 5.1. Let t € (0,00) and x € R*". Suppose
W(t,x) given by (5.28) exists. Let & € Ao,y be
as in Lemma 5.1, and D > |B¥(&)|. Let A = {a e
Ajo||BY (@] < D}. Then,

W (t,z) = statstat J(t,z,u,&) =  stat  J(t, z,u, &)
ueB aeA (u,&)eBXA
= stat stat J (¢, z, u, &).
acAueB

5.2 Schrodinger IVPs We indicate that application
to Schrodinger IVPs. The general outline is similar to
that of the previous subsection, but where the dynamics
are now stochastic and complex-valued. In order to
simplify matters, in this case we consider only the



problem of a single particle in a central Coulomb field.
The Schrodinger IVP is

’(/}(Ovy) = ¢0(y)7 Yy e an

where m € (0,00) denotes particle mass, i denotes
the Planck constant, initial condition vy takes values
in C, V denotes the Coulomb potential function, A
denotes the Laplacian with respect to the space (second)
variable, D = (0,t) x R™, and subscript ¢ will denote
the derivative with respect to the time variable (the
first argument of ¢ here) regardless of the symbol being
used for time in the argument list. We consider what
is sometimes referred to as the Maslov dequantization
of the solution of the Schrédinger equation (cf. [10]),
which is S : D — C given by 9(s,y) = exp{£5(s,y)}.
We also extend the space from R™ to C™, and reverse
the time variable. The resulting transformed problem
is given by [11, 13, 14]

—(s,y)V(y), (s,y) €D,

(5.29) 0= Si(s,2) + 2L AS(s,z) + H(z, Sy (s, x)),
(s,x) € Dec = (0,t) x C",
(5.30) S(t,z) = ¢p(x), xe€C",

where H : C" x C* — C is the Hamiltonian given by
H(z,p) = =[5 [plZ + V()]

0\T 02
= stat {(”)'p+ g -

V(JC)},

where for z € C", |z|? = 27:1 xf (We remark that
notation |-|2 is not intended to indicate a squared norm;
the range is complex.) We fix ¢ € (0, 00), and allow s to
vary in (0, t].

Under certain conditions, the solution of this de-
quantized form of the Schrodinger IVP has a represen-
tation in the form of the value function of staticization
controlled diffusion equation [14]. In particular, we sup-
pose the solution satisfies |S,,| < C(1 + |x|??) for some
g € IN. We let (2, F, P) be a probability triple, where
Q) denotes a sample space, F denotes a o-algebra on (2,
and P denotes a probability measure on (2, F). Let
{Fs|s €10,t]} denote a filtration on (£, F, P), and let

B. denote an F.-adapted Brownian motion taking values
in R™. For s € [0,¢], let

Us ={u: [s,t] x Q@ = C"|u is F.-adapted, right-
continuous and such that
Efst|ur|m dr < ocoVm e IN }.

We supply U, with the norm =

MaX,,e (1, i1} [Efst|ur|m dr] Yo where M > 8.
We will be interested in diffusion processes given by

& =o o [Cudp /25 [ as,
S

= / updp—l—\/ 1""BA
S

where x € C", s € [0,t], u € Us, and B> = B, — B,
for r € [s,t]. For s € (0,t) and h € (0,1], we define
payoff J(s,-,-) : C" x Us — C and stationary value,
S : Dec—C by

J(s,,u) = ]E{/: 3 furl? — V(ér)dr+¢(§t)},

S(s,x) = st%[t J(s,x,u) ¥ (s,x) € De.
ue

The Coulomb potential generated by a point charge in
the central field takes the form of V(z) = —ji/|z|, Yz €
R™, where i is a constant. This may be extended to the
complex domain as (abusing notation)

r) = —fi/\/|x]2 = —¢ stat {a 3';‘3} VYeeC"

2 and A ={a = r[cos(#) + isin(9)] €
(55 5]

LEMMA 5.2. Let A= L*(Q; L?([s,t]; A®)). Then

t 3¢ 12
stat E {/ %|UT|§ + clar — L"Kﬂc
acA s

t
:]E{/ 2w, |2 + ¢ stat [@ —
s acAR

The problem of solving for S(s,z) then becomes that of
finding the stationary-action value function given by

|§2\2

where ¢ = (

2)3/
2
C|lr>0,0¢

]errd)(ft)}

S(s,x) = stat statE{/ m|uT|c-|-c —/==<1]dr

uEUs a€A

+6(6)} V(s,2) € De.

Again, the problem becomes that of interchanging the
order of the staticization operators, where we note that
the functional is semi-quadratic in w and uniformly
Morse in @. Once that is achieved, one has

S(t, @) = stat S(t, @, 6),
t
S(t,x, a) = sgat E {/ w2 — V(& o) dr + qﬁ(ft)}

where V(&) = —&lay, — %] As the S value
function is that of a linear-quadratic problem for each &,
it may be solved through solution of a set of associated
DREs. We specifically require the following.

THEOREM 5.2. The functional given by
B { [ luf? + cla, ~ HEE]ar 1 o)} i
Fréchet differentiable in o.

twice



For z and u taking values in R3, we have the
following results.

THEOREM 5.3. ]E{f: %|ur|2dr+f; Jﬁdr+¢(§t)}

1s differentiable with respect to u everywhere.
This theorem follows from the following lemmas.

LEMMA 5.3. There ezists a probability measure @Q such
that QQ and P are mutually absolutely continuous, and

dés = /& 1“st, where B. is a Q— Brownian motion.

Proof. This follows from the Girsanov Theorem. B

LEMMA 5.4. The function

o= J_ ).

is differentiable with respect to T.

Z2+2+22
\/Wal exp (— 55
V(T —2)2+y2 + 22

dxdydz

Proof. After changing to a spherical coordinates cen-
tered at Z, the result follows from an application of the
Leibniz rule for Lebesgue integrals. B

LEMMA 5.5. For each v € [s,t], f(r,u) = E{

1s differentiable with respect to u.

7

Proof. Without loss of generality, we consider x =
(2,0,0) € R3. After a change of measure as in lemma

EC{1/y/lz+4/2 1“B 12}. Let
Z = —z. By lemma 5.4, the chain rule, and noting that

x+ f: u,dp is an affine functional of u, we have f(r,u)
is differentiable in v. W

5.3, we have f(r,u) =

that

is C! in w.

Note that so far we’ve only proved
E{J! Bl + el — 2825 dr + 6(6))
Further work is needed in order to apply the results

that follow from (A.1), where the functional is C? in
both variables.
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