Max-Plus Eigenvector Representations for Solution of Nonlinear H_∞ Problems: Basic Concepts

William M. McEneaney^∗ Dept. of Mathematics and Dept. of Mechanical and Aerospace Eng. University of California, San Diego La Jolla, CA 92093-0112, USA wmceneaney@ucsd.edu, http://www.math.ucsd.edu/~wmcenean/

March 15, 2002

Abstract

The H_∞ problem for a nonlinear system is considered. The corresponding dynamic programming equation is a fully nonlinear, first-order, steady-state partial differential equation (PDE), possessing a term which is quadratic in the gradient. The solutions are typically nonsmooth, and further, there is non-uniqueness among the class of viscosity solutions. In the case where one tests a feedback control to see if it yields an H_∞ controller, the PDE is a Hamilton-Jacobi-Bellman equation. In the case where the “optimal” feedback control is being determined as well, the problem takes the form of a differential game, and the PDE is, in general, an Isaacs equation. The computation of the solution of a nonlinear, steady-state, first-order PDE is typically quite difficult. In this paper, we develop an entirely new class of methods for the obtaining the “correct” solution of such PDEs. These methods are based on the linearity of the associated semi-group over the max-plus (or, in some cases, min-plus) algebra. In particular, solution of the PDE is reduced to solution of a max-plus (or min-plus) eigenvector problem for known unique eigenvalue 0 (the max-plus multiplicative identity). It is demonstrated that the eigenvector is unique, and that the power method converges to it. An example is included. Key words: Nonlinear H_∞ control, dynamic programming, numerical methods, partial differential equations, max-plus algebra.

∗Research partially supported by NSF grant DMS-9971546 and AFOSR grant F08671-98-0-1098.

1 Introduction

We consider the H_∞ problem for a nonlinear system. The corresponding dynamic programming equation (DPE) is a fully nonlinear, first-order, steady-state partial differential equation (PDE), possessing a term which is quadratic in the gradient (for background, see [1], [3], [19], [36] among many notable others). The solutions are typically nonsmooth, and further, there are multiple viscosity solutions – that is, one does not even have uniqueness among the class of viscosity solutions (cf. [30], [31]). In the (design) case where one tests a feedback control to see if it yields an H_∞ controller, the PDE is a Hamilton-Jacobi-Bellman (HJB) equation. In the case where the “optimal” feedback control is being determined as well, the problem takes the form of a differential game, and the PDE is, in general, an Isaacs equation. The computation of the solution of a nonlinear, steady-state, first-order PDE is typically quite difficult, and possibly even more so in the presence of the non-uniqueness mentioned above. Some previous works in the general area of numerical methods for these problems are [4], [8], [9], [16], [17], [22], and the references therein. In this paper, we take the first steps toward an entirely new class of methods for the solution of such PDEs. The methods will be based on the linearity of the associated semi-group over the max-plus (or, in some cases, min-plus) algebra.

The Robust/H_∞ filter ([29], [13], [15], see also [5], [21], [6]) has an associated timedependent, fully nonlinear, first-order PDE. The solution of this PDE is propagated forward in time by the associated semi-group. In [14], the linearity of this semi-group over the max-plus algebra was noted, and provided a key ingredient in the development of a numerical algorithm for this filter. This linearity had previously been noted in [23]. A second key ingredient was the development of an appropriate basis for the solution space over the max-plus algebra (i.e. with the max-plus algebra replacing the standard underlying field). This reduced the problem of propagation of the solution of the PDE forward in time to max-plus matrix-vector multiplication (with dimension being that of the number of basis functions being used).

Returning to the H_∞ problem, let us focus on the design case – where a feedback control and disturbance attenuation parameter are chosen, and the associated PDE is solved to determine whether this is indeed an H_∞ controller with that disturbance attenuation level. (If there is a non-negative, locally bounded solution which is zero at the origin, then it is such an H_∞ controller; see for instance [1], [35].) As noted above, the PDE is fully nonlinear, steady-state and first-order, possessing a term which is quadratic in the gradient. In fact, the Hamiltonian is concave in the gradient variable. For instance, the PDE might take the form 0 = H(x, ∇W ) = − [ 1 2γ^2 (∇W )^T a(x)∇W + (f(x))^T ∇W + l(x) ]

where the notation will be described further below. There are typically multiple solutions of such PDEs. In the linear-quadratic case, two of these solutions correspond to the stable and anti-stable manifolds associated with the Hamiltonian. The “correct” solution (i.e.

the one corresponding to the available storage or value) was characterized in [35] as the smallest, non-negative viscosity solution which is zero at the origin. In [31], [30], for the class of problems considered here, a specific quadratic growth bound was given which isolated this correct solution as the unique, non-negative solution satisfying 0 ≤ W (x) ≤ C|x|^2 for a specific C depending on the problem data.

In this paper, we will notice that the solutions of this PDE are fixed points of the associated semi-group, that is W = S_τ [W ] (1)

where S_τ is the semi-group with time-step τ. In fact, one can view the PDE as the infinitesimal version of this fixed-point equation.

The max-plus algebra is a commutative semi-field over R ∪ {−∞} with the addition and multiplication given by a ⊕ b = max{a, b}, a ⊗ b = a + b (2) where the operations are defined for −∞ in the obvious way. Note that −∞ is the additive identity, and 0 is the multiplicative identity. Note that it is not a field since the additive inverses are missing. Roughly speaking, it can be extended to include additive inverses [2], but we do not need that here. Note that since 0 is the multiplicative identity, we can rewrite (1) as 0 ⊗ W = S_τ [W ]. (3)

We will also show that S_τ is linear over the max-plus algebra. With this in mind, we can then think of W as an infinite-dimensional eigenvector (or eigenfunction) for S_τ corresponding to eigenvalue 0. If one approximates W by some finite-dimensional vector of coefficients in a max-plus basis expansion, then (3) can be re-cast as a finite-dimensional max-plus eigenvector equation (approximating the true solution). Thus, the nonlinear PDE problem is reduced to the solution of a (max-plus ) linear eigenvector problem. This will be the key result which will be demonstrated here. The more general result is as follows. One can take a finite number of basis functions and solve the above problem with this finite set. Further, one can show that as the number of basis functions used increases (in a reasonable way), the solutions of these finite approximate problems converge to the true value function, W . The technical arguments supporting this convergence result are quite substantial, and would make this paper overly long. Consequently, this analysis will be delayed to a later paper [28]; see also [25], [24] for the essential points.

We will also examine briefly, a sub-class of problems with active control, that is where the feedback is unknown. In this case, the problem takes the form of a differential game, and the corresponding PDE is, in general, an Isaacs equation. Here, we will consider the case where the controller dominates the disturbance in the sense that the Hamiltonian will be convex in the gradient variable. In this case, there will be an equivalent control formulation, and the semi-group will be linear over the min-plus algebra. (In this case, the maximization in (2) is replaced by minimization, and the algebra is defined over R ∪ {+∞}.) Analogous results to the max-plus case will hold.

The purpose of this paper is the rapid dissemination, in journal article form, of the main ideas in this new approach. Consequently, as discussed above, further results regarding details of the numerical methods, convergence proofs and error bounds are delayed to the forthcoming companion paper [28] (although one may note that [24], [25] contain the main points).

Portions of this paper have appeared previously in [18], [25], [26] and [27].

2 Background on existence and uniqueness

In this section, we define the system and provide some basic results which we will need in the main part of the paper. The results in this section are not the focus of the paper, but are simply some particular previous results that can be used as a precursor to the new material to follow in later sections.

We consider the system Ẋ = f(X) + σ(X)w X(0) = x (4)

where X is the state taking values in R^n, f represents the nominal dynamics, the disturbance w lies in W .= {w : [0, ∞) → R^m : w ∈ L_2[0, T ] ∀T < ∞}, and σ is an n × m matrix–valued multiplier on the disturbance.

We will make the following assumptions. These assumptions are not necessary but are sufficient for the results to follow. No attempt has been made at this point to formulate tight assumptions. In particular, in order to provide some clear sketches of proofs, we will assume that all the functions f, σ and l (given below) are smooth, although that is not required for the results. We will assume that there exist K, c, M ∈ (0, ∞) such that (x − y)^T (f(x) − f(y)) ≤ −c|x − y|^2 ∀ x, y ∈ R^n f(0) = 0 |f_x(x)| ≤ K ∀ x ∈ R^n (A1)

Note that this automatically implies the closed–loop stability criterion of H_∞ control. We assume that |σ(x)| ≤ M ∀ x ∈ R^n |σ^{−1}(x)| ≤ M ∀ x ∈ R^n |σ_x(x)| ≤ K ∀ x ∈ R^n (A2)

Here, we of course use σ^{−1} to indicate the Moore-Penrose pseudo-inverse, and it is implicit in the bound on σ^{−1}(x) that σ is uniformly nondegenerate.

Let l(x) be the running cost (to which the L_2–norm disturbance penalty will be added). We assume that there exist β, α < ∞ such that l_{xx}(x) ≤ β ∀ x ∈ R^n 0 ≤ l(x) ≤ α|x|^2 ∀ x ∈ R^n. (A3)

(There is a reason for allowing β to be greater than 2α, which one might notice; see [30].)

The system is said to satisfy an H_∞ attenuation bound (of γ) if there exists γ < ∞ and a locally bounded available storage function (again, also referred to as the value function in the sequel), W (x), such that

W (x) = sup_{w∈W} sup_{T <∞} ∫_T 0 l(X(t)) − γ^2 2 |w(t)|^2 dt. (5) The corresponding DPE is

0 = − sup_{w∈R}m { [f(x) + σ(x)w]^T ∇W + l(x) −^{γ2}_2 |w|^2 }

= − [_1

2γ^2 (∇W ) T σ(x)σ^T (x)∇W + f^T (x)∇W + l(x) ] . (6)

Since W itself does not appear in (6), one can always scale by an additive constant. It will be assumed throughout that we are looking for a solution satisfying W (0) = 0. We will also suppose that the above constants satisfy

γ^2 2M^2 > α c^2 . (A4) We note that there are examples where (A4) fails and the available storage is ∞. Then one has the following result ([31],[30]). The proof can be found in the references.

Theorem 2.1 There exists a unique continuous viscosity solution of (6) in the class 0 ≤ ~W (x) ≤ c (γ − δ)^2 2M^2

|x|^2 (7)

for sufficiently small δ > 0.

We also have the following. Consider the finite time horizon control problem with dynamics (4) and payoff and value given by J(T, x, w) = ∫_T 0 l(X(t)) −^{γ2}_2 |w(t)|^2 dt V (T, x) = sup_{w∈W} J(T, x, w). (8)

Theorem 2.2 The unique continuous viscosity solution of the previous theorem is given by W (x) = lim_{T →∞} V (T, x) (9)

= sup_{T <∞} V (T, x)

which is also equivalent to representation (5).

The proof of this can also be found in the references ([31], [30]).

3 Max–Plus linearity of the semi–group

We will show that W is a fixed point of the corresponding semi–group (solution operator). The semi–group is defined directly by the dynamic programming principle (DPP) for the finite time–horizon problem. We begin with the following lemma which is a statement of the DPP for this particular problem.

Lemma 3.1 Let V be given by (8). Then, V (T, x) = sup_{w∈W} {∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + V (T − τ, X(τ)) }

(where X satisfies (4)) for any 0 ≤ τ ≤ T < ∞ and any x ∈ R^n.

Since the proof of Lemma 3.1 is quite straight–forward, we do not include it. Similar proofs can be found in many of the standard references of the field. The particular proof in this case appears in [27].

Define the space of semi–convex functions, S, as the set of ψ : R^n → R such that for any R < ∞ there exists C_R < ∞ such that ψ(x) +^{CR}_2 |x|^2 is convex over B_R = {x ∈ R^n : |x| ≤ R}. We refer to such a C_R as a semi–convexity constant for ψ over B_R. Note that any ψ ∈ S is automatically locally Lipschitz [12].

Define the semi–group S_τ [W ] for W in the domain of S_τ , Dom[S_τ ] .= {W ∈ S : S_τ [W (·)](x) < ∞ ∀x ∈ R^n}, by S_τ [W (·)](x) = sup_{w∈W} { ∫_τ 0 l(X(t)) −^{γ2}_2 |w(t)|^2 dt + W (X(τ))} where X satisfies (4). We note that Dom[S_τ ] includes all semiconvex functions satisfying (7).

Theorem 3.2 For any τ ∈ [0, ∞), W given by (9) satisfies S_τ [W ] = W , and further, it is the unique solution in the class (7).

Proof. We begin with the first assertion. From (9), one has W (x) = lim_{T →∞} V (T, x). (10)

Let T_2 > T_1. Let w^ε be ε–optimal for (8) with time–horizon T_1. Let w be given by w(t) = { w^ε(t) if t ∈ [0, T_1] 0 if t ∈ (T_1, T_2] Then, using (A3) V (T_1, x) ≤ J(T_1, x, w^ε) + ε ≤ J(T_2, x, w) + ε ≤ V (T_2, x) + ε. Since ε > 0 was arbitrary, V (·, x) is monotonically increasing. Using this monotonicity and (10), one has W (x) = sup_{T <∞} V (T, x)

which by Lemma 3.1 = sup_{T <∞} sup_{w∈W}{ ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + V (T − τ, X(τ))} where X satisfies (4) = sup_{w∈W} sup_T { ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + V (T − τ, X(τ))} which by (10) again = sup_{w∈W}{ ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ))} = S_τ [W (·)](x).

The proof of uniqueness is nearly identical to the uniqueness proof of Theorem 2.5 in [30] (see also [31]), and so we only sketch the main points. Let W satisfy W = S_τ [W ]. One shows that W (x) ≤ W (x) and W (x) ≥ W (x) for all x ∈ R^n. The first of these two inequalities is more technical, and we address that first. To achieve the first inequality, one considers S^n_τ [W ](x) = S_{nτ} [W ](x) = sup_{w∈W} { ∫_{nτ} 0 l(X(t)) −^{γ2}_2 |w(t)|^2 dt + W (τ, X(τ))} for any n, and shows that for ε ∈ (0, 1), there is a bound on ε–optimal w^ε which is independent of n. The argument relies on the bounds in (7) and Assumption (A1). Then using Assumption (A1) again, one shows that one can find arbitrarily large terminal times, nτ, and corresponding w^ε such that the state at termination, X^ε(nτ) is arbitrarily close to the origin. Using (7) again, one sees that the terminal cost in these cases, W (X^ε(nτ)) is arbitrarily close to zero. Using this, one shows that W (x) ≤ sup_{w∈W} sup_{T <∞}{ ∫_T 0 l(X(t))− γ^2

2 |w(t)|^2 dt} = W (x). Again, we refer the reader to [30] for the details.

For the reverse inequality, note that for arbitrarily large integer n, V (nτ, x) = sup_{w∈W} {∫_{nτ} 0 l(X(t)) − γ^2 2 |w(t)|^2 dt }

≤ sup_{w∈W} {∫_{nτ} 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) }

= S_{nτ} [W ](x) = S^n_τ [W ](x) = W (x). (11) On the other hand, by Theorem 2.2, V (T, x) → W (x). (12) Then (11) and (12) imply W (x) ≥ W (x) (otherwise one obtains a contradiction). Thus, one has the two inequalities which imply that any solution of W = S_τ [W ] must be W .

Note that W is a fixed point of S_τ for any τ, which provides some freedom in the choice of problem we wish to solve. This is of interest in the actual construction of numerical algorithms, but we will not follow up on the point in this paper.

Now we will demonstrate that S_τ is linear in the max–plus algebra. Let ψ, ϕ ∈ Dom[S_τ ]. For c ∈ R, the proof that max–plus multiplication passes through the operator is trivial:

S_τ [c ⊗ ψ](x) = S_τ [c + ψ](x) = c + S_τ [ψ](x) = c ⊗ S_τ [ψ](x) (13) for all x ∈ R^n. In the case that c = −∞, one has S_τ [−∞ ⊗ ψ](x) = sup_{w∈W} {∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + ψ(X(τ)) − ∞ }

= sup_{w∈W}{−∞} = −∞ = −∞ ⊗ S_τ [ψ](x) for all x ∈ R^n. Now considering max–plus addition, we note that

S_τ [ϕ ⊕ ψ](x) = sup_{w∈W} { max[ϕ(X(τ)), ψ(X(τ))] + ∫_τ 0 l(X(r)) −^{γ2}_2 |w(r)|^2 dr }

≥ sup_{w∈W} { ϕ(X(τ)) + ∫_τ 0 l(X(r)) −^{γ2}_2 |w(r)|^2 dr }

= S_τ [ϕ](x)

(14)

By symmetry, one obtains an analogous inequality for ψ. Consequently, S_τ [ϕ ⊕ ψ](x) ≥ max{S_τ [ϕ](x), S_τ [ψ](x)} = S_τ [ϕ](x) ⊕ S_τ [ψ](x). (15) Now let w^ε be ε–optimal in the first equation of (14) (with corresponding X^ε). Then S_τ [ϕ ⊕ ψ](x) ≤ max[ϕ(X^ε(τ)), ψ(X^ε(τ))] + ∫_τ 0 l(X^ε(r)) − γ^2 2 |w^ε(r)|^2 dr + ε (16) and so, in the case where ϕ(X^ε(τ)) ≥ ψ(X^ε(τ))

S_τ [ϕ ⊕ ψ](x) ≤ ϕ(X^ε(τ)) + ∫_τ 0 l(X^ε(r)) −^{γ2}_2 |w^ε(r)|^2 dr + ε

≤ S_τ [ϕ](x) + ε

(17)

Considering also the case where ϕ(X^ε(τ)) < ψ(X^ε(τ)) and taking ε > 0 arbitrarily small, one obtains S_τ [ϕ ⊕ ψ](x) ≤ S_τ [ϕ](x) ⊕ S_τ [ψ](x). Combining this with (15) yields

S_τ [ϕ ⊕ ψ](x) = S_τ [ϕ](x) ⊕ S_τ [ψ](x). (18)

By (13) and (18), one has

Theorem 3.3 The semi–group, S_τ , is linear in the max–plus algebra.

4 Semi–convexity of the value and a max–plus basis

In this section, we first show that the value, W , lies in the space of semi–convex functions, and then we describe the max–plus basis for this space that we will use in the following sections. We need the following lemma; for a proof, see [30], [31].

Lemma 4.1 Given ε ∈ (0, 1), R < ∞, and |x| < R, let w^{ε,T} be ε–optimal for problem (8). Then, there exists M_R < ∞ (where this is independent of ε, |x| ≤ R and T ∈ (0, ∞)) such that ‖w^{ε,T} ‖_{L2(0,T )} ≤ M_R. Lemma 4.2 Given ε ∈ (0, 1), R < ∞, and |x| < R, let w^{ε,T} be ε–optimal for problem (8). Then, there exists D_R < ∞ (where this is independent of ε, |x| ≤ R and T ∈ (0, ∞)) such that |X(t)| ≤ D_R ∀ t ∈ [0, T ]. Proof. The proof follows directly from Lemma 4.1 and the assumptions, particularly the contractivity of f. Specifically, let X satisfy (4) with initial |X(0)| = |x| ≤ R and ε–optimal disturbance, w^{ε,T} . Then, d dt [|X(t)|^2] = 2X^T f(X) + 2X^T σ(X)w^{ε,T}

which by Assumptions (A1) and (A2)

≤ −2c|X|^2 + 2M|X||w^{ε,T} | ≤ −c|X|^2 + M^2 c |w^{ε,T} |^2. Integrating, one finds |X(t)|^2 ≤ |x|^2e^{−ct} + M^2 c ∫_t 0 e^{c(r−t)}|w^{ε,T} (r)|^2 dr which by Lemma 4.1 ≤ |x|^2 + M^2 c M^2_R

which yields the result with D_R .= [R^2 + (M^2/c)M^2_R]^{12} .

Theorem 4.3 V (T, x) is semi-convex with constants independent of T ∈ [0, ∞).

Proof. Let x ∈ B_R(0), u ∈ R^n and |u| = 1. It is sufficient to show that the second differences of V (T, ·) are bounded from below on any B_R(0) by some −C_R.

Let δ, ε ∈ (0, 1). Let w be ε–optimal for (8) with corresponding X_0(·) satisfying (4) with X_0(0) = x. Then V (T, x − δu) − 2V (T, x) + V (T, x + δu) ≥ J(T, x − δu, w + Δ) − 2J(T, x, w) +J(T, x + δu, w) − 2ε (19) where Δ will be given below. Let X_{−δ}, X_δ satisfy the dynamics of (4) with initial conditions X_{−δ}(0) = x − δu and X_δ(0) = x + δu. Also let the corresponding disturbance processes be w + Δ and w, respectively. Then, Ẋ_δ − Ẋ_0 = f(X_δ) − f(X_0) + (σ(X_δ) − σ(X_0))w, and Ẋ_0 − Ẋ_{−δ} = f(X_0) − f(X_{−δ}) + σ(X_0)w − σ(X_{−δ})(w + Δ).

Now we choose

Δ .= −σ^{−1}(X_{−δ}){f(X_δ) − f(X_0) + (σ(X_δ) − σ(X_0))w − (f(X_0) − f(X_{−δ})) −(σ(X_0) − σ(X_{−δ}))w} = −σ^{−1}(X_{−δ}){f(X_δ) − 2f(X_0) + f(X_{−δ}) + (σ(X_δ) − 2σ(X_0) + σ(X_{−δ}))w} (20) (Although Δ is defined by the above feedback formula, the corresponding Δ as a function of t is used.) By substitution, we see Ẋ_δ − Ẋ_0 = Ẋ_0 − Ẋ_{−δ}, and since X_δ(0) − X_0(0) = δu and X_0(0) − X_{−δ}(0) = δu, X_δ(t) − X_0(t) = X_0(t) − X_{−δ}(t) ∀ t ≥ 0. (21) Consequently, by (19) and (21) V (T, x − δu) − 2V (T, x) + V (T, x + δu) ≥ ∫_T 0 l(X_{−δ}) − 2l(X_0) + l(X_δ) dt − γ^2 2 ∫_T 0 |w + Δ|^2 − 2|w|^2 + |w|^2 dt − 2ε = ∫_T 0 l(X_0(t) − [X_δ(t) − X_0(t)]) − 2l(X_0) + l(X_0(t) + [X_δ(t) − X_0(t)]) dt − γ^2 2 ∫_T 0 2w^T Δ + |Δ|^2 dt − 2ε.

By Assumption (A3), the second differences in l are bounded, and so there exists Q_l < ∞ such that V (T, x − δu) − 2V (T, x) + V (T, x + δu) ≥ − ∫_T 0 Q_l|X_δ(t) − X_0(t)|^2 dt − γ^2 2 ∫_T 0 2w^T Δ + |Δ|^2 dt − 2ε. (22)

Now, d dt |X_δ(t) − X_0(t)|^2 = 2[X_δ(t) − X_0(t)]^T [Ẋ_δ(t) − Ẋ_0(t)] = 2[X_δ(t) − X_0(t)]^T [f(X_δ(t)) − f(X_0(t)) + (σ(X_δ(t)) − σ(X_0(t)))w(t)] which by (A1), (A2) (and using the general inequality 2ab ≤ ca^2 + b^2/c) ≤ −2c|X_δ(t) − X_0(t)|^2 + 2K|X_δ(t) − X_0(t)|^2|w(t)| ≤ |X_δ(t) − X_0(t)|^2 [ −c + K^2 c |w(t)|^2 ] . By separation of variables and Lemma 4.1, |X_δ(t) − X_0(t)|^2 ≤ |(x + δu) − x|^2e^{−ct+ K2c} ∫_t 0 |w|^2 dt ≤ δ^2e^{−ct}e^{K2c MR2} . Hence there exists c (independent of T ) such that |X_δ(t) − X_0(t)|^2 ≤ δ^2ce^{−ct}. (23) Substituting (23) into (22), we get V (T, x − δu) − 2V (T, x) + V (T, x + δu) ≥ − ∫_T 0 Q_lδ^2ce^{−ct} dt − γ^2 2 ∫_T 0 2w^T Δ + |Δ|^2 dt − 2ε. (24)

Now, by Lemma 4.2, |X_0(t)| ≤ D_R for all t ≥ 0, and so by the smoothness of f, σ, there exist Q_{f,R}, Q_{σ,R} < ∞ such that |f_{xx}(x)| ≤ Q_{f,R}, |σ_{xx}(x)| ≤ Q_{σ,R} on |x| ≤ D_R + δ. Thus, by (20), (21) and (A3), |Δ(t)| ≤ M { Q_{f,R}|X_δ(t) − X_0(t)|^2 + Q_{σ,R}|X_δ(t) − X_0(t)|^2|w(t)| } ∀ t ∈ [0, T ] where the bound is independent of T < ∞. Employing (23), this yields |Δ(t)| ≤ Mc̃_Rδ^2 [ e^{−ct}(1 + |w(t)|) ] ∀ 0 ≤ t ≤ T < ∞ (25) for appropriate choice of c̃_R dependent on R.

Substituting (25) into (24) yields V (T, x − δu) − 2V (T, x) + V (T, x + δu) ≥ − ∫_T 0 Q_lδ^2ce^{−ct} dt − γ^2 2 ∫_T 0 [ 2Mc̃_Rδ^2(|w(t)| + |w(t)|^2)e^{−ct} +2M^2c̃^2_Rδ^4(1 + |w(t)|^2)e^{−2ct} ] dt − 2ε ≥ − ^M_Rδ^2 − 2ε ∀ 0 ≤ t ≤ T < ∞ for appropriate choice of ^M_R. Since ε > 0 was arbitrary, this implies semi-convexity.

Remark 4.4 Note that if one supposes uniformly bounded second derivatives of f and σ, then the use of Lemma 4.2 (which requires the contractivity of f) can be avoided. However, one still needs bounded ‖w‖, and the proof of Lemma 4.1 also made use of the contractivity of f. Consequently, although the addition of assumptions of uniformly bounded second derivatives would shorten the proof, it is not clear that it would be useful unless one needed to obtain a tighter bound on the growth of ^M_R as a function of R.

Corollary 4.5 W (x) is semi-convex.

We now turn to the max–plus basis over S. The following theorem is a minor variant of the semi-convex duality result given in [14]. It is derived from convex duality [33], [34] in a straight–forward manner. Refer to [14] for a proof; the only change is the replacement of a constant c > C_R there by a symmetric matrix C such that C − C_RI > 0 where I is the (usual algebra) identity matrix. This replacement allows more freedom in the actual numerical implementation.

Theorem 4.6 Let ϕ ∈ S. Let C be a symmetric matrix such that C − C_RI > 0 where C_R > 0 is a semi–convexity constant for ϕ, and let L_R be the Lipschitz constant for ϕ over B_R(0). Then for all x ∈ B_R(0),

ϕ(x) = max ~x∈B_{LR/CR} [ − 1 2 (x − ~x)^T C(x − ~x) + a~_x ] = max ~x∈R^n [ − 1 2 (x − ~x)^T C(x − ~x) + a~_x ]

where a~_x = − max_{x∈BR} [ − 1 2 (x − ~x)^T C(x − ~x) − ϕ(x) ] .

Let ϕ ∈ S. Let {x_i} be a countable, dense set over B_{LR/CR} (0), and let symmetric C − C_RI > 0 where (again) C_R > 0 is a semi–convexity constant for ϕ over B_R(0). Define ψ_i(x) .= − 1 2 (x − x_i)^T C(x − x_i)

for each i. Then, using Theorem 4.6, one finds (see [14] for details) ϕ(x) = ∞⨁ i=1 [a_i ⊗ ψ_i(x)] ∀ x ∈ B_R (26)

where a_i .= − max_{x∈BR}[ψ_i(x) − ϕ(x)]. (27)

This is a countable max–plus basis expansion for ϕ. More generally, the set {ψ_i} forms a max–plus basis for the space of semi–convex functions over B_R(0) with semi–convexity constant, C_R, and one might denote this space as S_{R,CR} . We now have the following.

Theorem 4.7 Given R < ∞, there exists semi-convexity constant C_R < ∞ for W over B_R(0), and a corresponding Lipschitz constant, L_R. Let C − C_RI > 0 and {x_i} be dense over B_{LR/CR} (0), and define the basis {ψ_i} as above. Then

W (x) = ∞⨁ i=1 [a_i ⊗ ψ_i(x)] ∀ x ∈ B_R (28)

where a_i .= − max_{x∈BR}[ψ_i(x) − W (x)]. (29)

5 The eigenvector equation

In order to reduce complexity, we suppose throughout the next two sections that W has a max–plus basis expansion with a finite number of terms. Of course, one must consider the error introduced by truncating the expansion at a finite number of terms in the numerical computations. However, this requires a large number of technical estimates which would push this paper well beyond standard page limits. Consequently, this analysis is delayed to a second paper [28] (but see [25], [24] for the essential points).

Let W (x) = ⨁_n i=1 a_i ⊗ ψ_i, a^T = (a_1, a_2, · · · , a_n), and B be the matrix with entries B_{i,j} = − max_{x∈BR} (ψ_i(x) − S_τ (ψ_j (x))). Note that B actually depends on τ, but for this section we fix any value τ ≤ τ_R, and suppress the dependence in the notation, where

S_τ [ψ_i](x) is C^2 on [0, τ) × B_R(0) for all i. (See, for instance [11] for existence of τ_R.) Here, we also choose C such that the semi–convexity of the basis functions is increasing for small time; this ensures that the elements of B are finite. (In practice this is done by a pre-processing check using local Riccati equations.) By the semi–convexity preseving property of S_τ for the given choice of C, one notes that S_τ [ψ_j ](x) = n⨁ i=1 B_{i,j} ⊗ ψ_i(x) (30) where again we truncate the expansion, and postpone analysis of the errors introduced by truncation to the second paper.

We will use the notation B ⊗ a for max–plus multiplication of matrix B and vector a. Theorem 5.1

1. Suppose W is a solution to S_τ [W ] = W , and that any expansion

W (x) = ⨁_n i=1 a_i ⊗ ψ_i(x) on B_R(0) requires a_i > −∞ for ∀i. Then a = B ⊗ a.

2. Conversely, suppose a = B ⊗ a and that W (x) = ⨁_n i=1 a_i ⊗ ψ_i(x) on B_R(0). Then S_τ [W ] = W . on B_R(0) Proof.

We begin with the first assertion. We have n⨁ i=1 a_i ⊗ ψ_i(x) = W (x) which by assumption = S_τ [W (·)](x) = S_τ [^n⨁ i=1 a_i ⊗ ψ_i(·) ] (x), and then by Theorem 3.3 = n⨁ j=1 a_j ⊗ S_τ ψ_j (x)

which by (30) = n⨁ j=1 { a_j ⊗ [^n⨁ i=1 B_{i,j} ⊗ ψ_i(x) ]}

= n⨁ j=1 {^n⨁ i=1 (a_j ⊗ B_{i,j} ⊗ ψ_i(x)) }

= n⨁ i=1 {[^n⨁ j=1 (B_{i,j} ⊗ a_j ) ] ⊗ ψ_i(x) } .

But this implies that max{a_1 + ψ_1(x), · · · , a_n + ψ_n(x)} = max{(max_j (B_{1,j} + a_j ) + ψ_1(x)), · · · (31) · · · , (max_j (B_{n,j} + a_j) + ψ_n(x))}.

Since it is necessary that any particular a_{i0} > −∞ (i.e. that this term is needed in the expansion), there exists y_{i0} ∈ B_R(0) such that a_{i0} + ψ_{i0} (y_{i0} ) > a_j + ψ_j (y_{i0} ) for all j ≠ i_0. Then, by continuity, there exists a neighborhood B_δ(y_{i0} ) ⊂ B_R(0) such that the left–hand side of (31) is simply a_{i0} + ψ_{i0} (x) for all x ∈ B_δ(y_{i0} ). Consequently, a_{i0} + ψ_{i0} (x) = max_i {max_j [B_{i,j} + a_j] + ψ_i(x)} ∀ x ∈ B_δ(y_{i0} ). (32) However, the only way in which a maximum over a finite set of quadratics can be exactly identical to another quadratic over an open neighborhood is if one element of the set of quadratics is exactly the quadratic being matched. Consequently, (32) yields a_{i0} = max_j [B_{i0,j} + a_j ].

Since this must hold for any choice of i_0, one has a = B ⊗ a where a is the vector [a_i] and B is the matrix [B_{i,j}].

For the second assertion of the theorem, note that if a = B ⊗ a, then n⨁ i=1 a_i ⊗ ψ_i(x) = n⨁ i=1 {^n⨁ j=1 (B_{i,j} ⊗ a_j ) } ⊗ ψ_i(x) = n⨁ j=1 { a_j ⊗ n⨁ i=1 (B_{i,j} ⊗ ψ_i(x)) }

= n⨁ j=1 a_j ⊗ S_τ [ψ_j ](x) = S_τ [^n⨁ j=1 a_j ⊗ ψ_j ] (x). Now since W (x) = ⨁_n j=1 a_j ⊗ψ_j (x), one sees that this last expression is W (x) = S_τ [W ](x).

6 The power method

The goal then is to solve the eigenvector equation e = B ⊗ e, or, equivalently, 0 ⊗ e = B ⊗ e. (33)

There are two main steps. The first is to compute (an approximation to) B, and the second is to solve the eigenvector equation given B. We will address the latter step in this section; the former step will be discussed in the following section.

Note that since the eigenvalue is known, the solution of (33) reduces to the solution of a linear system. One obvious approach would be to solve this linear system directly. However, without the expansion of the max-plus algebra in some way so as to compensate for the lack of additive inverses (see [2]), one cannot proceed in that manner. Consequently, we instead have used the power method to obtain the eigenvector. Not only does this yield a numerical algorithm for the solution of (33), but interestingly, it has also led to a proof of the fact that in this special case, there is a unique eigenvector (corresponding to the unique eigenvalue of 0 – see [2] for the uniqueness of max-plus eigenvalues). Of course, this uniqueness is in marked contrast to the state of affairs over the usual field. To be more specific regarding the power method, note that it will be shown that the eigenvector may be computed via the iteration

e = lim_{m→∞} B^m ⊗ 0

where 0 represents the (usual) zero vector, and the B^m represents the max–plus product repeated m times. This method is referred to as the power method.

Let W be the available storage (given by (9)). For the remainder of the section, fix any τ ∈ (0, ∞). Define H(x, y) .= S_τ [W ](x) − sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } (34)

where X(0) = x and W_y = {w ∈ W : X(τ) = y}.

Lemma 6.1 There exist M_x, M_{x,y} < ∞ such that S_τ [W ](x) = sup_{w∈WMx} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) }

sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } = sup w∈W_{y,Mx,y} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } where W_{Mx} .= {w ∈ W : ‖w‖ ≤ M_x} and W_{y,Mx,y} .= {w ∈ W_y : ‖w‖ ≤ M_{x,y}}. More exactly, ε–optimal w (for ε ≤ 1) are bounded by M_x and M_{x,y} for each of the above problems, respectively.

Proof. The proof of the first assertion (for S_τ [W ]) can be found in [30].

For the second assertion, one has sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } = sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt } + W (y). As in [30], one finds (for proper choice of C_1, C_{2,γ} ) ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (y) ≤ C_1|x|^2 − C_{2,γ} ‖w‖^2 dt + W (y) which is ≤ −1 (35) if ‖w‖^2 ≥ (1/C_{2,γ} )[1 + C_1|x|^2 + W (y)] .= M_{x,y}. (36) On the other hand, taking w_0 .= 0 with corresponding trajectory X_0(·), one has ∫_τ 0 l(X_0(t)) − γ^2 2 |w_0(t)|^2 dt + W (y) = ∫_τ 0 l(X_0(t)) dt + W (y) ≥ 0. (37)

Comparing (35) and (37) yields the result.

The following lemma follows directly from the definition of H and Lemma 6.1, and so we do not include a proof.

Lemma 6.2 H is continuous.

Lemma 6.3 H(0, 0) = 0, and H(x, x) > 0 if x ≠ 0.

Proof. Noting that H(x, x) = sup_{w∈W} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) }

− sup_{w∈Wx} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } , (38)

it is obvious that H(x, x) ≥ 0 for any x. (It might be worthwhile to note that by the assumptions on the dynamics, W_y ≠ ∅ for any y ∈ R^n, and so H(x, x) < ∞.)

We consider the case x ≠ 0. To prove H(x, x) > 0, suppose H(x, x) ≤ 0. Then by (38) and Theorem 3.2, this implies W (x) − sup_{w∈Wx} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (x) } ≤ 0 or, sup_{w∈Wx} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt } ≥ 0. (39)

As in the proof of Lemma 4.2, one has d dt |X(t)|^2 ≤ −c|X(t)|^2 + M^2 c |w(t)|^2, which, using X(0) = x, and solving the differential inequality (as before) yields |X(t)|^2 ≤ |x|^2e^{−ct} + M^2 c ‖w‖^2_{L2(0,t)}. Since we require X(τ) = x (i.e. w ∈ W_x), this implies ‖w‖^2_{L2(0,τ )} ≥ c M^2 |x|^2(1 − e^{−cτ} ) ≥ c M^2

|x|^2. (40)

Now, by (A4), γ^2 >

2M^2α

c^2 .= γ2. Let δ .= γ^2 − γ^2, (41)

and let ε .= δc 8M^2

|x|^2. (42)

Let w^ε be ε–optimal for (39) with corresponding trajectory X^ε. Then X^ε(τ) = x and ∫_τ 0 l(X^ε(t)) − γ^2 2 |w^ε(t)|^2 dt ≥ −ε. (43) Let γ̃^2 .= γ^2 − δ 2 (44)

(so that γ̃^2 = γ^2 + δ/2 > γ^2). Then, ∫_τ 0 l(X^ε(t)) − γ̃^2 2 |w^ε(t)|^2 dt = ∫_τ 0 l(X^ε(t)) − γ^2 2 |w^ε(t)|^2 dt + ∫_τ 0 ( γ^2 − γ̃^2 2 ) |w^ε(t)|^2 dt which by (43) and (44) ≥ −ε + δ 4 ‖w^ε‖^2_{L2(0,τ )} which by (40) and (42) ≥ − δc 8M^2

|x|^2 + δc 4M^2

|x|^2 = δc 8M^2

|x|^2. (45)

Then, since X^ε(τ) = x, one may loop over this trajectory repeatedly by employing the disturbance ~w(t) .= w^ε(t − nτ) ∀ t ∈ [nτ, (n + 1)τ), ∀n ∈ {0, 1, 2, . . .}. Letting ~X be the corresponding trajectory, and employing (45), this yields ∫_{nτ} 0 l( ~X(t)) − γ̃^2 2 | ~w(t)|^2 dt ≥ n δc 8M^2 |x|^2. This implies that lim_{T →∞} sup_{w∈W} ∫_T 0 l(X(t)) − γ̃^2 2 |w(t)|^2 dt = +∞ which contradicts Theorems 2.1 and 2.2 (since γ̃ > γ). Therefore H(x, x) > 0.

Lastly, we turn to the proof that H(0, 0) = 0. Since H(0, 0) ≥ 0 was noted above, it is only required to show H(0, 0) ≤ 0. However, as in (38), H(0, 0) = − sup_{w∈W0} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt }

where X(0) = X(τ) = 0. But taking w ≡ 0 (and using l ≥ 0) implies that sup_{w∈W0} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt } ≥ 0. Consequently H(0, 0) ≤ 0.

The proof of convergence of the power method relies on the following two lemmas. Lemma 6.4 Let w ∈ W. ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt ≤ W (x) − W (X(τ)) − H(x, X(τ)) (46) where X(0) = x.

Proof. By (34) and the fact that W = S_τ [W ], W (x) = H(x, y) + sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } . (47)

Fix any w ∈ W, and let y = X(τ) where X(·) is the corresponding trajectory. Then W (x) = H(x, X(τ)) + sup_{w∈Wy} {∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + W (X(τ)) } . But w ∈ W_y, so the result follows.

Now let the {x_j } be such that x_1 = 0, that is ψ_1(x) = − 1 2 x^T Cx.

Lemma 6.5 B_{1,1} = 0. Also, there exists δ > 0 such that for all j ≠ 1, B_{j,j} ≤ −δ.

Proof. We prove the second assertion first. Let

x_j = argmax{ψ_j (x) − W (x)}, (48)

the existence and uniqueness of which follows from the choice of the {ψ_j} – in particular, the quadratic growth condition C − C_RI > 0. In fact, there exists K > 0 such that

W (x_j) − W (x) ≤ ψ_j (x_j ) − ψ_j (x) − K|x − x_j|^2 ∀ x ∈ R^n. (49)

Let w^ε be ε–optimal for S_τ [ψ_j ] with corresponding process X^ε. Then

S_τ [ψ_j ](x_j ) ≤ ∫_τ 0 l(X^ε(t)) − γ^2 2 |w^ε(t)|^2 dt + ψ_j (X^ε(τ)) + ε

which by Lemma 6.4, ≤ W (x_j ) − W (X^ε(τ)) + ψ_j (X^ε(τ)) − H(x_j, X^ε(τ)) + ε

which by (49), ≤ ψ_j (x_j) − K|X^ε(τ) − x_j|^2 − H(x_j , X^ε(τ)) + ε (50)

and so, by Lemmas 6.2 and 6.3, there exists δ_j > 0 such that ≤ ψ_j (x_j) − δ_j + ε

which yields the assertion (with δ .= min_{j≤n} δ_j ).

The proof of the first assertion is relatively straight-forward, and we simply sketch it. First we should perhaps note that in the case j = 1, one sees by the definition of ψ_1 and (7) that x_j = x_1 = 0, the origin. Also, w ≡ 0 is the optimal disturbance for problem S_τ [ψ_1](0), in which case, the state remains X(t) = 0 for all t ∈ [0, τ]. Consequently, S_τ [ψ_1](x_1) = ψ_1(x_1). This yields only B_{1,1} ≤ 0 rather than B_{1,1} ≤ −δ, so there is no contradiction. Now recall that ψ_1(x) is the basis function centered at the origin. One notes that W (0) = 0 and ∇W (0) = 0. Using the fact that S_τ [ψ_1] is smooth, one finds S_τ [ψ_1](0) = 0 and ∇{S_τ [ψ_1]}(0) = 0. Since S_τ [ψ_1] is semi–convex with constant C, one obtains S_τ [ψ_1](0) = ψ_1(0) and S_τ [ψ_1](x) ≥ ψ_1(x) for all x. This yields B_{1,1} = 0.

Theorem 6.6 Let N ∈ {1, 2, . . . , n}, {k_i}^{i=N+1}_{i=1} such that 1 ≤ k_i ≤ n for all i and k_{N+1} = k_1. Suppose we are not in the case k_i = 1 for all i. Then N∑ i=1 B_{ki,ki+1} ≤ −δ.

Proof. By Lemma 6.5, this is true for N = 1. We first prove the case N = 2. The proof of the general case will then be relatively clear, but we also will provide a sketch of the induction argument. First note the monotonicity of the semi–group in the sense that if g_1(x) ≤ g_2(x) for all x, then S_τ [g_1](x) ≤ S_τ [g_2](x) ∀ x ∈ R^n. (51) Suppose either i ≠ 1 or j ≠ 1. Without loss of generality, suppose i ≠ 0. By definition ψ_j (x) + B_{j,i} ≤ S_τ [ψ_i](x) for all x. Using (51), this implies S_τ [ψ_j + B_{j,i}] ≤ S_τ [S_τ [ψ_i]] = S_{2τ} [ψ_i], and by the max-plus linearity of S_τ , this yields S_τ [ψ_j ] + B_{j,i} ≤ S_{2τ} [ψ_i] which implies in particular that S_τ [ψ_j ](x_i) + B_{j,i} ≤ S_{2τ} [ψ_i](x_i) (52) where x_i is the argmax as given in (48).

On the other hand, by (50) (with X^ε generated by an ε–optimal w^ε) S_{2τ} [ψ_i](x_i) ≤ ψ_i(x_i) − K|X^ε(2τ) − x_i|^2 − H(x_i, X^ε(2τ)) + ε, and then by Lemmas 6.2, 6.3 (as in the proof of Lemma 6.5) ≤ ψ_i(x_i) − δ_i + ε. (53) (Note here that one may need to reduce the size of δ_i and δ to allow for the finite number of time horizons {τ, 2τ, . . . , nτ}.) Combining (52) and (53) yields S_τ [ψ_j ](x_i) − ψ_i(x_i) + B_{j,i} ≤ −δ_i + ε ≤ −δ + ε. (54) Then, using the definition of B_{i,j} , and letting ε ↓ 0 yields B_{i,j} + B_{j,i} ≤ −δ.

The case for N > 2 follows easily by induction, and we give only the main points. To obtain the result analogous to (52) for N > 2, suppose that for some N ≥ 2, one has S_τ [ψ_j ] + B_{j,k1} + N−2∑ l=1 B_{kl,kl+1} ≤ §_{Nτ} [ψ_{kN−1} ] (55) which we already have for N = 2, Then

S_τ [ψ_j ] + B_{j,k1} + N−2∑ l=1 B_{kl,kl+1} + B_{kN−1,i} ≤ §_{Nτ} [ψ_{kN−1} ] + B_{kN−1,i} = §_{Nτ} [ψ_{kN−1} + B_{kN−1,i}] ≤ §_{Nτ} [S_τ [ψ_i]] = §_{(N+1)τ} [ψ_i].

Consequently, an induction argument yields this for all N. The remainder of the proof follows analogously to that for the case of N = 2.

We should note that B has a unique eigenvalue, although possibly many eigenvectors corresponding to that eigenvalue [2]. By the above results, this eigenvalue must be zero (ignoring errors due to approximation).

Theorem 6.7 lim_{N→∞} B^N ⊗ 0 exists, converges in a finite number of steps, and satisfies e = B ⊗ e. Proof. Given the matrix B, one can associate a corresponding directed graph with n nodes (recall B is n × n) where the transition cost from node i to node j is B_{i,j}. Let us refer to the node corresponding to ψ_1 as the origin node. The elements of B^N ⊗ 0 correspond to the optimal costs of transition paths of length N, that is, [B^N ⊗ 0]_i is the maximum cost over all paths of length N starting at node i and ending at any node k. For instance,

[B^2 ⊗ 0]_i = ⨁ j ⨁ k [B_{i,j} ⊗ B_{j,k} ⊗ 0] = max_{j,k}[B_{i,j} + B_{j,k} + 0].

A loop will be defined to be any path (or segment of a larger path) which starts and ends at the same node. Since the graph has only n nodes, any path of length greater than n must contain at least one loop. Let l_i be the maximal cost of a path from node i to the origin node. By Theorem 6.6, any loop other than the trivial loop (the loop of length one from the origin node back to itself) must have negative cost to travel the loop. Thus, the path corresponding to cost l_i must not have any loops (except possibly trivial loops which we will ignore). Consequently, the length of the path corresponding to l_i might as well be assumed to be no longer than n and have no loops. Similarly, let l^0 be the maximal cost of a path from the origin node to any other node. By the same analysis as for l_i, one may assume without loss of generality that the path has no loops and has length no longer than n. Then l_i .= l_i + l^0 is the maximal cost of any path from node i through the origin node to any node k, and the maximal cost path will have no loops (ignoring trivial loops). This path has length ≤ 2n.

Let the maximum cost path from any node to any other node without loops be C_B .

Let N > 2n. Suppose a path from node i to some other node has length N. The path must contain at least one loop. In fact, defining M_N to be the largest integer less than N/n, a path from node i to the origin node of length N must contain at least M_N loops. Thus, by Theorem 6.6, the path must have cost at most C_B − M_N δ unless at least one of the loops is the trivial loop. Suppose N is sufficiently large that C_B − M_N δ < l_i. Suppose the path does not contain the trivial loop. Then, the path yielding cost l_i with the addition of trivial loops until the length becomes N (recall the path passed through the origin node) has cost l_i > C_B − M_N δ, and so has larger cost. Alternatively, suppose the path does contain at least one trivial loop and at least one other loop. Let the other loop have length m. Then the path cost may be increased by at least δ by elimination of this loop followed by the addition of m trivial loops (so as to maintain total path length N). Thus, we find that any path of length sufficiently large so that C_B − M_N /δ < l_i (and N > 2n) cannot be of maximal cost unless it is the loopless path of cost l_i with the addition of trivial loops until the length becomes N. Therefore, [B^N ⊗ 0]_i = l_i for all N such that C_B − M_N /δ < l_i and N > 2n.

Thus, we see that B^N ⊗ 0 converges in a finite number of steps. Denote the limit as e. Note that

e = lim_{N→∞} B^N ⊗ 0 = B ⊗ lim_{N→∞} B^{N−1} ⊗ 0 = B ⊗ lim_{M→∞} B^M ⊗ 0 = B ⊗ e, and so we see that e is a max-plus eigenvector corresponding to max-plus eigenvalue 0.

Not only is the max-plus eigenvalue unique [2], but one also obtains the following.

Corollary 6.8 There is a unique max-plus eigenvector, e up to a max–plus multiplicative constant, and of course, this is the output of the above power method.

Proof. Let e be the eigenvector given by the power method (i.e. e = lim_{N→∞} B^N ⊗ 0). Consider [B^N ⊗ e^′]_i when e^′ is any eigenvector and N will be taken sufficiently large. This is the maximal cost of any path of length N starting at node i and ending at any node k with terminal cost e^′_k. By a proof similar to that used in the proof of Theorem 6.7, for N sufficiently large, say N ≥ N, the maximal cost path will pass through the origin node, and the only loops will be trivial loops. Let l_i again be the maximal cost of a loopless path from node i to the origin node, and now let l̂^0_e′ be the maximal cost of a loopless path from the origin node to any node, k, with terminal cost e_k. Then, the maximal cost of the path of length N will be given by l_i + l̂^0_e′ independent of N ≥ N.

Since e^′ is an eigenvector, for each i ∈ {1, 2, . . . , n}

e^′_i = [ lim_{N→∞} B^N ⊗ e^′]_i = l_i + l̂^0_e′ = l_i + l^0 + (l̂^0_e′ − l^0)

(where l^0 is given in the proof of Theorem 6.7) = [ lim_{N→∞} B^N ⊗ 0]_i + (l̂^0_e′ − l^0)

= e_i + (l̂^0_e′ − l^0) = (l̂^0_e′ − l^0) ⊗ e_i.

Thus, e^′ = (l̂^0_e′ − l^0) ⊗ e which proves the result.

7 An approximation for B

As noted at the top of the previous section, the other main component of an algorithm based on the max-plus eigenvector representation is the computation, or more exactly approximation, of B. There are several possibilities for this computation. Again, a full discussion of these methods would lengthen the paper beyond acceptable page limits, and so we defer a full discussion to the later companion paper [28]. Instead, we outline one method here. However, it is perhaps interesting to at least note here that there are specific error tolerances for the computation of the elements of B beyond which one cannot guarantee convergence of the power method described above, and that these play a crucial role in the structure of the technical error analysis which appears in the companion paper [28].

Recall that (for any specific τ) B_{i,j} = − max_{x∈BR} { ψ_i(x) − sup_{w∈W} [∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt + ψ_j (X(τ)) ]} . (56)

where we suppress the dependence of B on τ to reduce notation. Also, recall that (see, for instance [11]) given any R < ∞, there exists a τ_R < ∞ such that V (τ, x) = S_τ [ψ_j ](x) is a C^2 solution of (6) on [0, τ_R) × B_R(0). Consequently, for τ ∈ (0, τ_R), one can use a first–order Taylor approximation. That is, B_{i,j} ≃ − max { ψ_i(x) − ψ_j (x) − τ [ 1 2γ^2 ∇ψ^T_j σ(x)σ^T (x)∇ψ_j + f^T (x)∇ψ_j + l(x) ]} . Of course, one can proceed to higher order terms and/or other approaches as well; these will be discussed in the later paper [28] (but see [24] for some indications).

8 Active control and the min–plus algebra

The analysis in the above sections concentrated on the case where one is testing some (presumably relatively simple) control which is already included in dynamics f(x) in order to determine the value function. (Recall that if this is locally bounded, then the system satisfies an H_∞ bound at that particular choice of disturbance attenuation parameter γ.)

Here we consider the case where one has not a priori chosen some particular control, but is instead attempting to compute the value function of the “active” control problem for some given value of disturbance attenuation parameter γ. In this case, the problem takes the form of a game. We specifically consider the case where the dynamics take the form Ẋ = A(X) + D(X)u + σ(X)w X(0) = x

(57) where we have now added the control, u(·), taking values in R^l, and D is an n × l matrix– valued multiplier on the control. In this section we will not include all of the details, but merely outline the manner in which one can use analogous ideas to those above in a specific class of problems. For more detail on the relation between the value function for this problem and the viscosity solution of the corresponding DPE, uniqueness proofs, and the corresponding assumptions, we refer the reader to [30]. Consider a payoff and value which now take the form J(T, x, u, w) = ∫_T 0 [l(X(t)) +^{η2}_2 |u(t)|^2 −^{γ2}_2 |w(t)|^2] dt

W (x) = inf_{λ∈Λ} sup_{T <∞} sup_{w∈W} J(T, x, λ[w], w)

(58)

where Λ is the set of non–anticipative strategies for the controller. More specifically, we define a non–anticipative strategy for the controller according to the Elliott–Kalton definition [10] as a mapping λ : W → U which is non–anticipative in the sense that if w(r) = ^w(r) for a.e. r ∈ [0, t], then λ[w](r) = λ[ ^w](r) for a.e. r ∈ [0, t] for all t > 0 where in particular, we have taken U = {u : [0, ∞) → R^l : u ∈ L_2[0, T ] ∀T < ∞}.

The corresponding DPE is 0 = −A(x) · ∇W + l(x) − inf_{u∈R}l [(D(x)u) · ∇W +^{η2}_2 |u|^2] − sup_{w∈R}m [(σ(x)w) · ∇W −^{γ2}_2 |w|^2] = − [ A(x) · ∇W + l(x) − (∇W )^T (_{DDT} 2η^2 − σσ^T 2γ^2 ) ∇W ] (59)

We will assume that the controller dominates the disturbance in that QQ^T 2 .= DD^T 2η^2 − σσ^T 2γ^2

is bounded and uniformly nondegenerate in the sense that there exist α_1, α_2 ∈ (0, ∞) such that α_1|ξ|^2 ≤ ξ^T Q(x)Q^T (x) 2 ξ ≤ α_2|ξ|^2 ∀ x, ξ ∈ R^n. Then DPE (59) also corresponds to the pure control (as opposed to game) problem Ẋ = A(x) + Q(x)v X(0) = 0 W (x) = inf_{v∈U} ∫_∞ 0 l(X) +^1_2 |v|^2 dt.

(60)

when the long–run average cost per unit time is zero.

As in the previous sections we find that W satisfies the steady–state DPP

W (x) = S_τ [W ](x)

= inf_{v∈U} {∫_τ 0 l(x) +^1_2 |v|^2 dt + W (X(τ))

} (61) for any τ > 0. In this case, S_τ is linear in the min–plus algebra, where this is the commutative semi–field defined by the operations a ⊕ b = min{a, b} a ⊗ b = a + b (62)

over R ∪ {+∞}.

By a proof analogous to that in the max-plus case, W is now semi–concave. There is also an analogous semi–concave basis, and we may write

W (x) = ∞⨁ i=1 a_i ⊗ ϕ_i(x) ≃ n⨁ i=1 a_i ⊗ ϕ_i(x) where ϕ_i(x) =^1_2 (x − x_i)^T C(x − x_i) for a dense set {x_i} and proper choice of matrix C. Then we again obtain a relation similar to Theorem 5.1 relating the solution of (61) to the min–plus eigenvector equation 0 ⊗ e = B ⊗ e where B is defined analogously.

9 Example

As an example, we consider the min–plus problem in two–dimensions with X(t) = (X_1(t), X_2(t))^T and dynamics d dt ( X_1 X_2 ) = ( X_2 (3/4) arctan(2X_1) ) + ( 0 1 ) u + ( 0 1 ) w. (63)

Let γ, η be such that the reduction of the previous section yields QQ^T 2 = [ 0 0 0 1/2 ] . Note that this example was chose so as to represent a second–order system of the form

ÿ = (3/4) arctan(2y) + u + w.

The running cost was simply l(x) = x^2_1 + x^2. One might note that the assumption of uniform non–degeneracy is violated in this example (although one still has controllability).

Use of the above approach yields the results depicted below. The computations were run at a coarseness level that allowed computation in less than 10 seconds on a Sun Ultra 10. Figure 1a depicts W . Figures 1b and 2a depict the partials of W ; note the non–smoothness. Figure 2b depicts the approximate error computed by taking first–order differences (probably too coarse a method) on the grid to approximate ∇W , and then plugging this back into the PDE. The resulting values were scaled by dividing by 1 + |x|^2. The purpose of this single, simple example is merely to indicate that the approach is feasible. A convergence study and error analysis, giving further insight into the choice of basis functions and time step, will appear in [28] (although the main points are discussed in [24], [25]).

Figure 1: W and partial with respect to x_1

Figure 2: Partial with respect to x_2 and errors

References

[1] T. Basar and P. Bernhard, H_∞ –Optimal Control and Related Minimax Design Problems, Birkhäuser (1991).

[2] F.L. Baccelli, G. Cohen, G.J. Olsder and J.-P. Quadrat, Synchronization and Linearity, John Wiley (1992).

[3] J.A. Ball and J.W. Helton, “H_∞ control for nonlinear plants: connections with differential games”, Proc. 28^{th} IEEE Conf. Dec. Control, Tampa FL (1989), 956–962.

[4] M. Bardi and I. Capuzzo-Dolcetta, “Optimal Control and Viscosity Solutions of Hamilton-Jacobi-Bellman Equations”, Birkhauser, Boston, 1997.

[5] R.K. Boel, M.R. James and I.R. Petersen, “Robustness and risk sensitive filtering”, Submitted to IEEE Trans. Auto. Control.

[6] G. Didinsky, T. Basar and P. Bernhard, “Structural properties of minimax policies of a class of differential games arising in nonlinear H_∞ –control and filtering” Proc. 32nd IEEE CDC (1993).

[7] B. de Schutter and B. de Moor, “The QR decomposition and the singular value decomposition in the symmetrized max–plus algebra”, SIAM J. Matrix Anal. Appl., 19 (1998) 378–406.

[8] P. Dupuis and M. Boué, Markov chain approximations for deterministic control problems with affine dynamics and quadratic cost in the control, SIAM J. on Numerical Analysis, 36 (1999), pp. 667–695.

[9] P. Dupuis and A. Szpiro, Convergence of the optimal feedback policies in a numerical method for a class of deterministic optimal control problems, to appear in SIAM J. Control and Optim.

[10] R. J. Elliott and N. J. Kalton, “The existence of value in differential games”, Memoirs of the Amer. Math. Society, 126 (1972).

[11] L.C. Evans, Partial Differential Equations, Amer. Math. Soc. Graduate Studies in Math. 19 (1998).

[12] W.H. Fleming, Functions of Several Variables, Springer–Verlag (1977).

[13] W.H. Fleming, “Deterministic nonlinear filtering”, Annali Scuola Normale Superiore Pisa, Cl. Scienze Fisiche e Matematiche, Ser. IV, 25 (1997), 435–454.

[14] W.H. Fleming and W.M. McEneaney, “A max–plus based algorithm for an HJB equation of nonlinear filtering”, SIAM J. Control and Optim., 38 (2000), 683–710.

[15] W.H. Fleming and W.M. McEneaney, “Robust limits of risk sensitive nonlinear filters”, Math. Control, Signals and Systems 14 (2001), 109–142.

[16] W.H. Fleming and H.M. Soner, “Controlled Markov Process and Viscosity Solutions”, Springer-Verlag, New York, 1993.

[17] M. Hardt, J.W. Helton and K. Kreutz-Delgado, “Numerical solution of nonlinear H_2 and H_∞ control problems with application to jet engine compressors”, Control Systems Technology 2000.

[18] M. Horton and W.M. McEneaney, “Computation of max–plus eigenvector representations for nonlinear H_∞ value functions”, 1999 American Control Conference, 1400–1404.

[19] M.R. James, “A partial differential inequality for dissipative nonlinear systems”, Systems and Control Letters, 21 (1993) 315–320.

[20] M.R. James and W.M. McEneaney, “Max–plus approximation methods in partially observed H_∞ control”, 38th IEEE Conf. on Decision and Control, 3011–3016.

[21] A.J. Krener, “Necessary and sufficient conditions for worst case (H_∞ ) control and estimation”, J. Math., Systems, Estimation and Control, 4 (1994), 485–488.

[22] H.J. Kushner and P. Dupuis, “Numerical methods for Stochastic Control Problems in Continuous Time”, Springer Verlag, New York, 1992.

[23] V.P. Maslov, “On a new principle of superposition for optimization problems”, Russian Math. Surveys, 42 (1987) 43–54.

[24] W.M. McEneaney, “Error Analysis of a Max–plus Algorithm for a First-Order HJB Equation”, Proceedings Workshop on Max-Plus Algebras, First Symposium on System Structure and Control, Prague, 2001.

[25] W.M. McEneaney, “Convergence and Error Analysis for a Max–plus Algorithm”, 39th IEEE Conf. on Decision and Control, Sydney (2000), 1194–1199.

[26] W.M. McEneaney, “The max–plus eigenvector algorithm for nonlinear H_∞ control”, Proc. American Control Conf. 2000.

[27] W.M. McEneaney and M. Horton, “Max–plus eigenvector representations for nonlinear H_∞ value functions”, 37th IEEE Conf. on Decision and Control (1998), 3506– 3511.

[28] W.M. McEneaney, “Max-Plus Eigenvector Representations for Solution of Nonlinear H_∞ Problems: Convergence and Error Analysis”, Sub. to SIAM J. Control and Optim.

[29] W.M. McEneaney, “Robust/H_∞ filtering for nonlinear systems”, Systems and Control Letters, 33 (1998) 315–325.

[30] W.M. McEneaney, “A Uniqueness result for the Isaacs equation corresponding to nonlinear H_∞ control”, Math. Controls, Signals and Systems, 11 (1998), 303–334.

[31] W.M. McEneaney, “Elimination of troublesome disturbances with application to representation results for H_∞ control DPEs”, Proc. Seventh International Symposium on Dynamic Games and Applications, Shonan Village, Japan (1996), 662–671.

[32] W.M. McEneaney, “Robust control and differential games on a finite time horizon”, Math. of Controls Signals and Systems, 8 (1995), 138–166.

[33] R.T. Rockafellar, Conjugate Duality and Optimization, Regional conference Series in Applied Mathematics 16, SIAM (1974).

[34] R.T. Rockafellar and R.J. Wets, Variational Analysis, Springer–Verlag (1997).

[35] P. Soravia, “H_∞ control of nonlinear systems: differential games and viscosity solutions”, SIAM J. Control and Optim., 34 (1996), 1071–1097.

[36] A.J. van der Schaft, “L_2–Gain analysis of nonlinear systems and nonlinear state feedback H_∞ control”, IEEE Trans. Auto. Control, 37 (1992) 770–784.