Error Analysis of a Max-Plus Algorithm for a First-Order HJB Equation

William M. McEneaney^1

Abstract

We consider max-plus based algorithms for the solution of nonlinear H_∞ problems. This class of algorithms has been described for several problem types such as nonlinear H_∞ filtering, nonlinear H_∞ control and nonlinear H_∞ control under partial information. The corresponding error analysis is just beginning. In this paper, we both approach the error analysis for such an algorithm, and demonstrate convegence. The errors are due to both the truncation of the basis expansion and computation of the matrix whose eigenvector one computes.

1 Introduction

A class of max–plus algebra based algorithms has been proposed as a means for reducing computational costs in the solution of nonlinear H_∞ problems. It has been applied to nonlinear Robust/H_∞ filtering problems [4], [3] [10], nonlinear H_∞ control problems [12], [11], [9], and nonlinear H_∞ control under partial information [6]. We will concentrate on the nonlinear H_∞ control problem here as the application of the algorithm, although most of the material corresponds to the case of partial information as well. It has previously been shown that if the H_∞ value function had a max–plus basis expansion consisting of a finite number of basis functions, then the computation of the value function reduces to a max– plus eigenvector computation for a max–plus eigenvalue of zero It was also demonstrated that for the matrix corresponding to the H_∞ problem, there is only one eigenvalue (zero) and a unique eigenvector corresponding to this eigenvalue. Further, this unique eigenvector yields the “correct” viscosity solution of the HJB PDE (among many).

However, in reality, the value function would not have a finite max–plus expansion in any but the most unusual case. In the previous papers (with the exception of [6]), this point was not addressed since the main goal was to present this new class of algorithms. In [6], the

1Dept. of Mathematics, North Carolina State University, Raleigh, NC 27695–8205, USA, http://www4.ncsu.edu/~wmm/, wmm@eos.ncsu.edu, Research partially supported by DARPA grant F30602-99-2-0548, and NSF grant DMS-9971546.

question was addressed in a broad sense. In [8], it was shown that as the number of basis functions increased, the approximation obtained by the algorithm converged to the true value function (assuming perfect compuation of the matrix whose eigenvector one wants). We will now obtain some simple error estimates for the size of the errors introduced by this basis truncation. We will also consider errors introduced by the approximation of the elements of the matrix corresponding to the H_∞ problem. Finally, we consider the relative rates at which the spacing between the basis functions and the time discretization must go to zero together.

2 Review of the Max{Plus Based Algorithm

We will consider the infinite time–horizon H_∞ problem in the fixed–feedback case where the control is built into the choice of dynamics. The case of active control computation (i.e. the game case) is discussed in [9], [12], [12]. Consider the system

Ẋ = f(X) + σ(X)w, X(0) = x (1)

where X is the state taking values in R^n, f represents the nominal dynamics, the disturbance w lies in W .= {w : [0, ∞) → R^m : w ∈ L_2[0, T ] ∀T < ∞}, and σ is an n × m matrix–valued multiplier on the disturbance. Let l(x) be the running cost.

We will not waste space in the abstract with detailed assumptions. The following are sufficient. We will assume that all the functions f, σ and l (given below) are smooth. We assume f, σ are globally Lipschitz, and that σ is bounded. We will assume that l is locally Lipschitz, zero at the origin, and satisfies a quadratic growth bound. We will assume that there exist c ∈ (0, ∞) such that (x−y)^T (f(x)−f(y)) ≤ −c|x−y|^2 ∀ x, y ∈ R^n (A1) Note that this assumption automatically implies the closed–loop stability criterion of H_∞ control.

The system is said to satisfy an H_∞ attenuation bound (of γ) if there exists γ < ∞ and a locally bounded available storage function (the value function), W (x), such that

W (x) = sup_{w∈W} sup_{T <∞} ∫_T 0 l(X(t)) − γ^2 2 |w(t)|^2 dt. (2) The corresponding PDE is

0 = − [ 1 2γ^2 ∇W^T σ(x)σ^T (x)∇W + f^T (x)∇W + l(x) ] . (3) We are looking for a solution satisfying W (0) = 0. Under a certain assumption on the size of γ [12], one can show that there is a unique solution of the DPE in the class of (viscosity) solutions which do not grow faster than a certain rate. See [14].

One can show that W is a fixed point of the solution operator to the DPE, where this solution operator has the representation S_τ [W (·)](x) = sup_{w∈W} { ∫_τ 0 l(X(t)) − γ2 2 |w(t)|^2 dt + W (X(τ))}. More specifically, one obtains

Theorem 2.1 For any τ ∈ [0, ∞), W given by (2) satisfies S_τ [W ] = W , and further, it is the unique solution in the class mentioned above.

Note that we will not provide proofs for the results in this review section. The proofs can be found in the references given earlier.

Theorem 2.2 The solution operator, S_τ , is linear in the max–plus algebra.

A function ϕ is called semiconvex if for every R < ∞, there exists C_R such that ^ϕ(x) .= ϕ(x) + C^R 2 |x|^2 is convex on the ball B_R .= {x ∈ R^n : |x| ≤ R}. The infimum over such C_R will be known as the semiconvexity constant for ϕ over B_R. We denote the space of semiconvex functions by S, and the space of semiconvex functions which have semiconvexity constant C_R over B_R by S_{CR} Theorem 2.3 W lies in S.

The following max–plus basis can be derived from convex duality; see [4] for details. Let ϕ ∈ S. Let {x_i} be a countable, dense set over B_R, and let c > C_R. Define ψ_i(x) .= −c 2 |x − x_i|^2 (4)

for each i. Then, ϕ(x) = ∞⨁ i=1 [a_i ⊗ ψ_i(x)] ∀ x ∈ B_R (5) where a_i .= − max_{x∈BR} [ψ_i(x) − ϕ(x)]. This is a max– plus basis expansion.

For the remainder of the section, fix any τ ∈ (0, ∞). We assume throughout that one may choose the c > C_R such that S_τ [ψ_i] ∈ S_c for all i. (A2) We will not discuss this assumption here, but simply note that we have verified that this assumption holds for several problems where candidate values of c were obtained by requiring solution of a certain Riccati inequality everywhere in B_R.

Under the assumption that W had a max–plus basis expansion with a finite number of terms, we obtained the following result in the referenced papers. Let W (x) = ⨁_n i=1 a_i ⊗ ψ_i, a^T = (a_1 a_2 · · · a_n), and B_{j,i} = − max_{x∈BR} (ψ_j (x) − S_τ (ψ_i(x))). Note that B actually depends on τ, but for this section we fix any value τ, and suppress the dependence in the notation.

Theorem 2.4 S_τ [W ] = W if and only if a = B ⊗ a where B ⊗ a represents max–plus matrix multiplication.

Now, suppose that one has computed B (the construction of B will be discussed in a later section). Once one has an approximation to B, one must compute the max– plus eigenvector. We should note that B has a unique eigenvalue, although possibly many eigenvectors corresponding to that eigenvalue [2]. By the above results, this eigenvalue must be zero. We now show that one can compute the eigenvector via the power method; this has the added benefit that the convergence analysis to follow is performed in an analogous way. In the power method, one computes an eigenvector, a by

a = lim_{N→∞} B^N ⊗ ⃗0

where the power is to be understood in the max–plus sense and ⃗0 is the zero vector. Along the way, we will obtain a bound that will be needed in the error analysis to follow further below.

Define H(x, y) .= S_τ [W ](x) − sup_{w∈Wy} { ∫ τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt +W (X(τ)) } (6) where X(0) = 0 and W_y = {w ∈ W : X(τ) = y}.

Lemma 2.5 Let w ∈ W. ∫_τ 0 l(X(t)) − γ^2 2 |w(t)|^2 dt ≤ W (x) −W (X(τ)) −H(x, X(τ)) where X(0) = x.

Now let the {x_j } be such that x_1 = 0, i.e. so that the first basis function is centered at the origin. By a modification of the proof in [9], one obtains

Lemma 2.6 B_{1,1} = 0. Also, there exists M < ∞ such that for all j ≠ 1, B_{j,j} ≤ −M|x_j |^2τ^3.

Theorem 2.7 Let N ∈ N , {k_i}^{i=N+1}_{i=1} such that 1 ≤ k_i ≤ n for all i and k_{N+1} = k_1. Suppose we are not in the case N = 1, k_1 = k_2 = 1. Then N∑ i=1 B_{ki,ki+1} ≤ −M max_{ki} |x_{ki} |^2N^3τ^3.

Theorem 2.8 lim_{N→∞} B^N ⊗ 0 exists, converges in a finite number of steps, and satisfies e = B ⊗ e.

Not only is the eigenvalue unique, but one also has

Corollary 2.9 There is a unique eigenvector up to a max–plus multiplicative constant, and of course, this is the output of the above power method.

3 Convergence and Truncation Errors

In this section we consider the approximation due to using only a finite number of functions in the max–plus basis expansion. It will be shown that as the number of functions increases (in a reasonable way), the approximate solution obtained by the eigenvector computation of Section 2 converges from below to the value function, W . Error bounds will also be obtained.

First, we establish some notation. Let us have sets of basis functions indexed by n, that is the sets are indexed by n. Let the cardinality of the n^{th} set be I^{(n)}. For each n, let X^{(n)} .= {x^{(n)}_i }^{I(n)}_{i=1} and X^{(n)} ⊂ X^{(n+1)}. For instance, in the one–dimensional case, one might have X^{(1)} = {0}, X^{(2)} = {−1/2, 0, 1/2}, X^{(3)} = {−3/4, −1/2, −1/4, 0, 1/4, 1/2, 3/4}, and so on. Further, we will let the basis functions be given by ψ^{(n)}_i .=^{−c}_2 |x − x^{(n)}_i |^2, and consider the sets of basis functions Ψ^{(n)} .= {ψ^{(n)}_i : i ∈ I^{(n)}}. Then define the approximations to the semigroup operator, S_τ by

S^{(n)}_τ [ϕ](x) .= I^n⨁

i=1 a^{(n)}_i ⊗ ψ^{(n)}_i (x) (7)

where

a^{(n)}_i .= − max_x [ ψ^{(n)}_i (x) − S_τ [ϕ](x) ] . (8)

In other words, S^{(n)}τ is the result of the application of the S_τ followed by the truncation due to a finite number of basis functions.

Lastly, we use the notation S_τ^N to indicate repeated application of S_τ N times. (Of course, by the semigroup property, S_τ^N = S_{Nτ} .) Correspondingly, we use the notation S^{(n)}_τ^N to indicate the application of S^{(n)}_τ N times.

Define ϕ_0(x) ≡ 0 and ϕ^{(n)}_0 (x) .= ⨁_In i=1 a^{(n)}_i ⊗ ψ^{(n)}_i (x) with a^{(n)}_i .= − max_x [ ψ^{(n)}_i (x) − ϕ_0(x) ] . It is well-known that (see [11], [14] among many others) that lim N→∞ S_τ^N [ϕ_0] = W. (9)

Also, note that since X^{(n)} ⊂ X^{(n+1)}, one has

S^{(n)}_τ^N [ϕ^{(n)}_0 ](x) ≤ S_τ^{(n+1)N} [ϕ^{(n+1)}_0 ](x) ≤ S_τ^N [ϕ_0](x) (10) for all x ∈ B_R.

By Theorem 2.8, for each n, there exists N(n) such that

S^{(n)}_τ^N [ϕ^{(n)}_0 ] = S^{(n)}_τ^{N(n)}[ϕ^{(n)}_0 ] ∀ N ≥ N(n). (11)

Defining W^{(n)∞} .= S^{(n)}_τ^{N(n)}[ϕ^{(n)}_0 ], (12)

we further find that the limit is the fixed point. That is, S^{(n)}_τ [W^{(n)∞}] = W^{(n)∞}. (13)

Then, by (9), (10) and (12), we find that

W^{(n)∞} is monotonically increasing in n (14) and W^{(n)∞} ≤ W . (15)

Therefore, there exists W^{∞∞} ≤ W such that

W^{(n)∞} ↑ W^{∞∞}. (16)

Under Assumption (A2), it is not difficult to show that given ε > 0, there exists n_ε < ∞ such that

W^{(n)∞}(x) = S^{(n)}_τ [W^{(n)∞}](x) ≥ S_τ [W^{(n)∞}](x) − ε

for all x ∈ B_R. On the other hand, one always has

S^{(n)}_τ [ϕ] ≤ S_τ [ϕ].

Combining these last two inequalities, one obtains

W^{(n)∞} = S^{(n)}_τ [W^{(n)∞}] ≤ S_τ [W^{(n)∞}] ≤ S^{(n)}_τ [W^{(n)∞}] − ε = W^{(n)∞} − ε.

Combining this with (16), one finds

Theorem 3.1

W^{∞∞} = S_τ [W^{∞∞}], (17)

or in other words, W^{∞∞} is a fixed point of S_τ .

Then, with some more work (see [8]), one obtains a convergence theorem.

Theorem 3.2 W^{∞∞}(x) = W (x) ∀ x ∈ B_R. The previous theorem demonstrated convergence of the algorithm to the value function as the basis function density increased. Here we outline one approach to obtaining specific error estimates. The estimates may be rather conservative due to the form of the truncation error bound used; this question will become more clear below. Note that these are only the errors due to truncation to a finite number of basis functions; as noted above, analysis of the errors due to approximation of the entries in the B matrix is discussed further below. Recall that we choose the basis functions throughout such that x^{(n)}_1 = 0, or in other words, ψ^{(n)}_1 (x) =^{−c}_2 |x|^2 for all n.

We will use the notation

W^{(n)}_{N,τ} (x) .= S_τ^{(n)N} [ϕ^{(n)}_0 ](x)

where the N superscript indicates repeated application of the operator N times. We will not include the proof of the following which is essentially a statement about the nature of the truncation errors at each step.

Theorem 3.3 Given ε > 0, there exists n_ε < ∞ such that for all n ≥ n_ε, N < ∞ and x ∈ B_R, S_τ [W^{(n)}_{N,τ} (·)](x) − ε|x| ≤ S_τ^{(n)}[W^{(n)}_{N,τ} (·)](x) ≤ S_τ [W^{(n)}_{N,τ} (·)](x). Fix ε > 0 and choose n > n_ε so that one also has ϕ_0(x)− ε|x| ≤ ϕ^{(n)}_0 (x) ≤ ϕ_0(x).

Also fix ε > 0, and let w^{1,ε} be ε/2–optimal for S_τ [ϕ_0], and let X^{1,ε} be the corresponding trajectory. Then,

0 ≤ S_τ [ϕ_0](x) − S_τ [ϕ^{(n)}_0 ](x) ≤ ε|X^{1,ε}(τ)| + ε 2 . This implies

0 ≤ S_τ [ϕ_0](x) − S_τ^{(n)}[ϕ^{(n)}_0 ](x) ≤ ε ( |x| + |X^{1,ε}(τ)| ) + ε 2 . Repeating this process (with ε/2^j –optimal w^{j,ε} at the j^{th} step), one obtains the following result; we do not include the proof.

Theorem 3.4 For any x ∈ B_R and N < ∞,

0 ≤ S_τ^N [ϕ_0](x) − S_τ^{(n)N} [ϕ^{(n)}_0 ](x) ≤ ε [ |x| + N∑ j=1 |X^ε(jτ)| ] + ε

where X^ε is ε–optimal for S_{Nτ} [ϕ_0].

From [14], we can also obtain that there exist m, c ∈ (0, ∞) such that |X^ε(t)| ≤ |x|e^{m−ct} ∀ t ∈ [0, Nτ]. (18) Combining Theorem 3.4 and (18), one obtains

0 ≤ S_τ^N [ϕ_0](x) − S_τ^{(n)N} [ϕ^{(n)}_0 ](x) ≤ ε ( em 1 − e^{−cτ} ) |x| + ε. Noting that ε > 0 was arbitrary, this then yields our bound on the errors introduced by truncation.

Theorem 3.5 For n ≥ n_ε, 0 ≤ W (x) − W^{(n)∞}(x) ≤ ε ( em 1 − e^{−cτ} ) |x| for all x ∈ B_R.

Consider the case where ϕ_0 = 0. For simplicity, suppose the basis function centers are evenly distributed on a rectangular grid centered at the origin (still ordered so that x_1 is the origin), and contained within a ball of radius, R. (The even distribution across a square grid is almost certainly not optimal, but that issue is beyond this short paper.) Let there be m grid points per dimension, and so m^n grid points (basis functions) in total. Let the distance between grid points in each dimension be identical and denoted as Δ. Note that it is easily shown that ϕ_0(x) − KΔ|x| ≤ ϕ^{(n)}_0 (x) ≤ ϕ_0(x) where K depends on space dimension n and C. (Note here that one could obtain this same bound with basis function centers growing farter apart as one moves away from the origin.) Consequently, Theorem 3.5 implies 0 ≤ W (x) − W^{(n)∞}(x) ≤ KΔ ( em 1 − e^{−cτ} ) |x| which for τ sufficiently small ≤ K_1|x|(Δ/τ) where K_1 = 2Ke^m/c. Letting Δ = Kτ^2 (for some K > 0) yields 0 ≤ W (x) − W^{(n)∞}(x) ≤ K_1|x|τ. (19)

More generally, letting Δ = Kτ^ℓ (with ℓ > 1) yields

0 ≤ W (x) − W^{(n)∞}(x) ≤ K_1|x|τ^{ℓ−1}. (20)

These last two inequalities are error bounds for the error due to truncation of the basis expansion, and we see that we have (at least with the above arguments) the requirement that Δ = Kτ^ℓ for ℓ > 1, and we will concentrate for simplicity on the case ℓ = 2.

4 Approximation of B and Error Analysis

So far we have only considered the errors due to truncation while assuming that B and consequently, the eigenvector, e are computed exactly. Of course, the feasibility of the algorithm is dependent upon a feasible approximation algorithm for B. Here we begin a discussion of the errors in the approximation of B. This analysis has just begun. It is technical (at least by our methods), and so we do not include all steps.

One approach is a Taylor series (in t) approximation to S_t[ψ_i](x). More specifically, letting V (t, x) = S_t[ψ_i](x), so that V satisfies

V_t = f · ∇V + l + ∇V^T σσ^T ∇V (21) V (0, x) = ψ_i(x)

one may approximate V as

V (t, x) = V_0(x) + V_1(x)t + 1 2 V_2(x)t^2 + . . . . (22)

Here V_0(x) = ψ_i(x) and V_1 is the right hand side of (21) with ψ_i replacing V . The higher order terms are computed by differentiating (21), and we do not include them. Then

B_{j,i} = − max_x { ψ_j (x) − [V_0 + V_1τ + 1 2 V_2τ^2 + . . .](x) } . (23)

Note that the approximation of V via, say three terms, in the Taylor series at x out to time τ can be improved by reducing τ. However, the argmax moves off toward “∞” as τ ↓ 0, and one cannot show that the Taylor series approximation in τ converges. Consequently, one does not know that the approximation of B_{j,i} improves as τ ↓ 0. The problem requires that the spacing between the basis function centers decreases as τ decreases. However, as noted in the previous section, we will be taking the spacing as Δ = τ^2, and this will alleviate the problem. (In fact, Δ decreasing linearly with τ would be sufficient.)

In order to see this more clearly, replace ψ_j in (23) by a time dependent variation that agrees with ψ_j at time τ. Let ψ_j (t, x) = − 1 2 (x − ξ(t))^T [C + δ(1 − t/τ)I](x − ξ(t) (24) where ξ(t) = x_i + (t/τ)(x_j − x_i) and δ > 0.

Let V (t, x) be as above (with ψ_i as initial condition). Let X^τ (t) = argmax { ψ_j (t, x) − V (t, x) } . Note that

X^τ (τ) = argmax {ψ_j (x) − V (τ, x)}

which is the desired quantity. The replacement of ψ_j (·) by ψ_j (t, ·) prevents the argmax, X^τ , from “blowing up” at t ↓ 0, that is |X^τ | stays bounded as t ↓ 0. In fact, X^τ (t) → x_i as t ↓ 0. Further, the time derivative of X^τ also remains bounded as t ↓ 0. It is not difficult to show that X^τ satisfies Ẋ^τ = (ψ_{j xx} − V_{xx})−1[V_{tx} − ψ_{j tx}]. (25) Although, for each particular τ, these trajectories are well-behaved, the requirement is to obtain uniform boundedness of X^τ (tau) for small τ (which will again require the basis function discretization going to zero at the same time as τ).

We will make some additional assumptions which were not required for the above analysis, and repeat two (boundedness of f_x and l_{xx}) since they are particularly required here. We assume there exists M_1 < ∞ such that |f_x| ≤ M, |f_{xx}| ≤ M_1 1 + |x| , |l_{xx}| ≤ M_1 ∀x ∈ R^n (H1) and, for simplicity,

a = σσ^T constant. (H2)

Lastly, we will assume that there exists τ̂ > 0 such that all derivatives of V higher than first order in x are uniformly bounded over [0, τ̂] × B_R(0) for any R < ∞.

Note that V_{xxt}(0, x) = −f_xxC(x − x_i) − 2f_xC + l_{xx} + 1 2 CaC. Consequently, for C sufficiently large, there exists δ > 0 such that V_{xxt}(0, x) > 2δI for all x, and so there exists τ ∈ (0, τ̂] such that for t < τ, V_{xx}(t, x) ≥ −C +δtI. This yields (ψ_{j xx} − V_{xx}) ≥ min{δ, δτ}I on [0, τ]. To simplify the discussion here, let δτ ≤ δ so that (ψ_{j xx} − V_{xx})^{−1} ≤ 1 δτ I. (26)

Next, if one uses Δ ≤ Kτ^2 required for (19) (actually, Δ ≤ Kτ will do), and one restricts consideration to pairs x_i, x_j such that |x_i − x_j | ≤ K_2Δ (the sufficiency of using only this subset of B is not discussed here), one can obtain |V_{tx}(t, X^τ ) − ψ_{j tx}(t, X^τ )| ≤ K_3|X^τ | (27) for proper choice of K_3 < ∞. Combining (25), (26) and (27), we see that there exists R < ∞ such that

argmax {ψ_j (x) − V (τ, x)} = |X^τ (τ)| ≤ R (28)

for all τ ∈ (0, τ ) where we remind the reader that |x_i − x_j | ≤ K_2Δ ≤ Kτ^2. (There is some technical estimate here where one shows that for sufficiently small τ, this R may be the same that appears on the assumption of uniformly bounded derivatives of V above, which we do not discuss here.) Consequently, the Taylor series approximation (23) need only be considered on B_R(0). Taking m terms in the Taylor expansion, and denoting the approximate B by ^B^{(m)}, one obtains an error bound of the form |B_{j,i} − ^B^{(m)}_{j,i} | ≤ K_{K2,R}τ^{m+1}. Note that in order for the power method to work, and consequently for the results regarding the eigenvector and eigenvalue, one requires the result of Lemma 2.6 to also hold for the approximation ^B^{(m)}. Therefore, one has the contstraint

K_{K2,R}τ^{m+1} < MΔ^2τ^3 ≤ MKτ^5,

and so we require m ≥ 5.

Further, using the representation of the eigenvector elements, e_j , as the maximum cost paths from node j to node 1, one sees that this could require m^n steps, i.e. traversing the entire graph to get to the origin node. (However, this seems highly unlikely, and in fact, one supposes something closer to order m steps, but we do not have analysis to support this claim.) Note that m ≤ R_1/Δ for some R_1. Thus, the error in each component of the eigenvector e induced by the error in B could be bounded by

K_{K2,R}R_2τ^{m+1} ( R_1 Δ )_n ≤ K_4τ^{m+1−2n} for proper choice of K_4. Thus one would take m+1 > 2n (or if one required only order m steps, this would be reduced to m + 1 > 2).

In summary, choosing Δ = Kτ^2, m ≥ 5, the errors in B would be order τ^{m+1} with resulting errors in e of order (at worst) τ^{m+1−2n}. Also, recall that the additional errors due to basis truncation from the previous section were order τ.

References

[1] T. Basar and P. Bernhard, H_∞ {Optimal Control and Related Minimax Design Problems, Birkhäuser (1991).

[2] F.L. Baccelli, G. Cohen, G.J. Olsder and J.-P. Quadrat, Synchronization and Linearity, John Wiley (1992).

[3] W.H. Fleming and W.M. McEneaney, “Robust limits of risk sensitive filters”, Math. Control, Signals and Systems (to appear 2001).

[4] W.H. Fleming and W.M. McEneaney, “A max– plus based algorithm for an HJB equation of nonlinear filtering”, SIAM J. Control and Optim., 38 (2000), pp. 683–710.

[5] W. H. Fleming and W. M. McEneaney, “Risk sensitive and robust nonlinear filtering”, 36th IEEE Conf. on Decision and Control (1997), 1088–1093. [6] E. Gallestey, M.R. James and W.M. McEneaney, “Max–plus approximation methods in partially observed H_∞ control”, 38th IEEE Conf. on Decision and Control, 3011–3016.

[7] V.P. Maslov, “On a new principle of superposition for optimization problems”, Russian Math. Surveys, 42 (1987) 43–54.

[8] W.M. McEneaney, “Convergence and error analysis for a max–plus algorithm”, To appear: 39th IEEE Conf. on Decision and Control (2000).

[9] W.M. McEneaney, “The max–plus eigenvector algorithm for nonlinear H_∞ control”, American Control Conf. 2000.

[10] W.M. McEneaney, “Robust/game-theoretic methods in filtering and estimation”, Proc. Symposium on Advances in Enterprise Control (1999), 3–10. [11] M. Horton and W.M. McEneaney, “Computation of max–plus eigenvector representations for nonlinear H_∞ value functions”, 1999 American Control Conference, 1400–1404.

[12] W.M. McEneaney and M. Horton, “Max–plus eigenvector representations for nonlinear H_∞ value functions”, 37th IEEE Conf. on Decision and Control (1998), 3506–3511.

[13] W.M. McEneaney, “Robust/H_∞ filtering for nonlinear systems”, Systems and Control Letters, Vol. 33 (1998), 315–325.

[14] W.M. McEneaney, “A Uniqueness result for the Isaacs equation corresponding to nonlinear H_∞ control”, Math. Controls, Signals and Systems, Vol. 11 (1998), 303–334..

[15] P. Soravia, “H_∞ control of nonlinear systems: differential games and viscosity solutions”, SIAM J. Control and Optim., 34 (1996), 1071–1097.