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Abstract. A stochastic control representation for solution of the Schréodinger equation is ob-
tained, utilizing complex-valued diffusion processes. The Maslov dequantization is employed, where
the domain is complex-valued in the space variable. The notion of stationarity is utilized to relate
the Hamilton-Jacobi form of the dequantized Schrédinger equation to its stochastic control repre-
sentation. Convexity is not required, and consequently, there is no restriction on the duration of the
problem. Additionally, existence is reduced to a real-valued domain case.
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1. Introduction. Diffusion representations have long been utilized in the study
of Hamilton-Jacobi partial differential equations (HJ PDEs), cf. [6, 12, 16] among
many others. The bulk of such results apply to real-valued HJ PDEs, that is, to HJ
PDEs where the coefficients and solutions are real-valued. The Schrodinger equation
is complex-valued, although generally defined over a real-valued space domain, which
presents difficulties for the development of stochastic control representations. There
is substantial existing work on the relation of stochastic processes to the Schrédinger
equation, cf. [13, 18, 27, 28, 31]. The approach considered here is in the spirit of the
Feynman path-integral interpretation [7, 8], where in particular, one looks at a certain
action-based functional, S, where 1) = exp{%S } and % denotes Planck’s constant. One
seeks a representation for S in the form of a value function for a stochastic control
problem where the action functional is the payoff, cf. [2, 3, 7, 8, 11, 17, 21]. We
note that this latter approach is also sometimes employed in analysis of semiclassical
limits, cf. [1, 3, 11, 17].

An issue that arises in such approaches is that control has traditionally considered
classical optimization (minimization or maximization) of some payoff. Implicit in that
is an assumption that the payoff is real valued. In [4, 24, 26], the authors consider a
least-action approach to obtaining fundamental solutions to two-point boundary value
problems (TPBVPs) for conservative dynamical systems. However, that formulation,
which was in terms of minimization of the action, induced duration limits on the
problems which could be addressed, where those limits were also similar to duration
limits present in existing results on the Schrédinger equation representation in terms of
action, cf. [2, 3, 11]. We note that the duration limits are related to a loss of convexity
of the payoff as the time horizon is extended. While in [4, 24, 26], the least-action
principle was applied, the more generally applicable form is the stationary-action
principle, which coincides with the least-action principle when the action functional
is convex and coercive. Consequently and more recently, the notion of “staticization”
was introduced for such TPBVPs, in which case one seeks a stationary point of the
action over the space of control inputs. The extension to stationarity removes the
restriction on problem duration. This yields a dynamic program which takes the form
of an HJ PDE in the case of continuous-time/continuous-space processes, where these
were studied in the context of deterministic dynamics in [22, 23, 25].
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As staticization seeks points where the derivative of a functional is zero, as op-
posed to optimization of the functional, it is easily extended to the case of complex-
valued systems. The extension to stochastic dynamics is easily made as well. Also,
as staticization does not require the imposition of duration limits on the problems,
one can apply this new tool to the stochastic-control representation problem for the
dequantized Schrodinger equation, and that is the topic considered herein.

In order to clarify the details in the above, we recall the Schrodinger initial value
problem, given as

0= ilhe(s,y) + 1o Ap(s,y) — (s, 9)V(y), (s,) € D, (1.1)
1/}(07 y) = 1/’0(3/)7 (TS Rn’ (1'2)

where m € (0,00) denotes mass, initial condition v takes values in C, V' denotes a
known potential function, A denotes the Laplacian with respect to the space (second)
variable, D = (0,t) x R", and subscript ¢ will denote the derivative with respect to the
time variable (the first argument of ¢ here) regardless of the symbol being used for
time in the argument list. We also let D = (0,¢] x R™. We consider what is sometimes
referred to as the Maslov dequantization of the solution of the Schrodinger equation
(cf. [20]), which as noted above, is S : D — C given by 9(s,y) = exp{+5(s,y)}.
The Maslov dequantization is clearly similar to the logarithmic transform (cf. [9]),
but with a modification induced through multiplication by an imaginary constant.
Note that ¢y = %¢St, Py = %wSy and Ay = %wAS — %1/1|Sy|3 where for x € C",
|2 = 377, #7. (We remark that notation | - |2 is not intended to indicate a squared
norm; the range is complex.) We find that (1.1)—(1.2) become

O = *St(svy) + %AS(Say) + H(ya Sy(57y))a (Svy) € D’ (13)

S(0,y) =o(y), yeR", (1.4)
where H : R™ x C" — C is the Hamiltonian given by

H(y.p) = =[azple + V)] = stat {@")'p+ 3L -V)}  (15)

stat will be defined in the next section, and throughout, superscript T denotes trans-
pose. We look for solutions in the space

S={S:D—C|SeC*D)nC(D)}, (1.6)

where 6’1%72 denotes the space of functions which are continuously differentiable once in
time and twice in space, and which satisfy a polynomial-growth bound. We will find
it helpful to reverse the time variable, and hence we look instead, and equivalently,
at the Hamilton-Jacobi partial differential equation (HJ PDE) problem given by

0= St(sa y) + %AS(& y) + H(ya Sy(57y))7 (s,y) € Da (17)
S(ty) =o(y), yeR™ (1.8)
Working mainly with this last form, we will fix ¢ € (0,00), and allow s to vary in

(0, 1].

Recall that in semiclassical limit analysis, one views h as a small parameter, and
examines the limit as & | 0. Applying this in (1.7)—(1.8) yields an HJ PDE problem
of the form

0=S:(s,y) + H(y,5y(s,9)), (s,9) €D, (1.9)
Sty) =o(y), yeR™ (1.10)
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Recalling the above-noted recent work on least-action and stationary-action formula-
tions of certain TPBVPs [4, 22, 24, 26, 23, 25], it was found that the associated HJ
PDEs for such problems also take the form (1.9)—(1.10). This was the original motiva-
tion for the effort here, where we develop a stationary-action based representation for
the solution of (1.7)—(1.8) (and consequently (1.1)—(1.2)). Due to the complex multi-
plier on the Laplacian, this representation is in terms of a stationary-action stochastic
control problem with a complex-valued diffusion coefficient.

Again, a significant contribution of this effort is that the use of stationarity rather
than optimization allows for the extension of the stochastic representation to arbitrary
duration problems (Theorem 4.1). More specifically, we demonstrate that solutions of
(1.7)—(1.8) are given by (4.2), where J" and &. are given by (4.1) and (3.6), respectively.
Further, as this representation has a similar form to that of the stationary-action value
for the limit system, but where the latter lacks the input diffusion term, one has the
expectation that this will provide a new tool for the study of semiclassical limits.
One should also note that the results are obtained here under strong assumptions. In
particular, we assume the existence of a sufficiently smooth potential function, defined
over all of the complex space domain, which matches V' on R™. The assumptions allow
for the inclusion of the case of the quantum harmonic oscillator, when one takes the
potential to be a holomorphic quadratic over the complex domain. Potentials lacking
such smoothness are beyond the scope here, and it is expected that such problems
will be studied in a later effort.

In Section 2, we recall the definitions necessary for stationarity problems. In
Section 3, the underlying space domain is extended from a space over the real field
to a space over the complex field. This necessitates several other minor extensions,
which are covered in the subsections. In particular, some classical existence and
uniqueness results for stochastic differential equations (SDEs) are easily extended
to their complex-valued counterparts. In Section 4, the main result of the paper, a
stationarity-based stochastic-control value function representation for the dequantized
Schrédinger equation, is obtained. More specifically, a verification result is obtained
demonstrating that if a solution of the HJ PDE over the “complexified” domain exists,
then that solution has the indicated representation. Lastly, in Section 5, we indicate
a result about existence of solutions of the HJ PDE over the complexified domain.

2. Stationarity definitions. Recall that classical systems obey the stationary
action principle, where the path taken by the system is that which is a stationary
point of the action functional. For this and other reasons, as in the definition of
the Hamiltonian given in (1.5), we find it useful to develop additional notation and
nomenclature. Specifically, we will refer to the search for stationary points more
succinctly as staticization (in analogy with minimization, and similar to that, based
on the Latin “statica”). In particular, we make the following definitions. Suppose
(A,|-]) is a generic normed vector space over C with G C A, and suppose F : G — C.
We say a € argstat{F(a)|a € G} if @ € G and either limsup,_,4 aeq\(a} [F() —
F(a)|/lee — &| = 0, or there exists 6 > 0 such that G N Bs(@) = {a} (where Bs(@)
denotes the ball of radius § around &). If argstat{F(a)|a € G} # 0, we define the
possibly set-valued stat® operator by

si&extgs F(a) = stat*{F(a) |a € G} = {F(a)| & € argstat{F(a) |a € G} }.

If argstat{F(a)|a € G} = 0, stat]; F(a) is undefined. We will also be inter-
ested in a single-valued stat operation. In particular, if there exists a € C such that
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«
At times, we may abuse notation by writing @ = argstat{F(«a) |« € G} in the event

that the argstat is the single point {&}. The following is immediate from the above
definitions.

LEMMA 2.1. Suppose A is a Hilbert space, with open set G C A, and that
F : G — C is Fréchet differentiable at & € G with Riesz representation F,(a) € A
Then, & € argstat{F'(a) |a € G} if and only if F(&) = 0.

For further discussion, we refer the reader to [22, 25].

statycg F(a) = {a}, then statoeg F(a) = a; otherwise, statoeg F'(r) is undefined.

3. Extensions to the complex domain. Various details of extensions to the
complex domain must be considered prior to the development of the representation.

3.1. Extended problem and assumptions. Although (1.1)-(1.2), (1.3)—(1.4)
and (1.7)—(1.8) are typically given as HJ PDE problems over D, as in Doss et al.
[1, 2, 3] we will find it convenient to change the domain to one where the space
components lie over the complex field. We also extend the domain of the potential to
C™ ie., V:C" — C, and we will abuse notation by employing the same symbol for
the extended-domain functions. Throughout, for k € N, and 2 € C* or 2 € R¥, we let
|z| denote the Euclidean norm. Let D¢ = (0,¢) x C" and D¢ = (0,t] x C*, and define

Sc={S : Dc — C| S is continuous on D¢, continuously differentiable in time on D,

and holomorphic on C™ for all r € (0,¢] }, (3.1)
SE={S € S¢| S satisfies a polynomial growth condition in space,
uniformly on (0,] }. (3.2)

The extended-domain form of problem (1.7)—(1.8) is

0= S;(s,r) + %Ag(s,x) + H(x,S,(s,2)), (s,z) € Dc, (3.3)
S(t,x) = ¢(x), x€C" (3.4)

Throughout Sections 3—4, we will assume the following. In Section 5, existence will
be discussed under weaker assumptions.
For each h € (0, 1], there exists a solution, S = S" € SE to (3.3)—(3.4). (A.0)

V,¢ : C" — C are holomorphic on C". Further, there exists Cy < oo and

q € N such that [V, ()], |¢ze(x)] < Co(1 + |2|29) for all z € C". (A1)
For each h € (0,1], there exists C's = Ch < oo such that [S,(r,z)| <
Cs(1+ |z|) and [Sy(r,7)| < Cs(1 + |2|??) for all (r,z) € Dc. (4.2)

3.2. The underlying stochastic dynamics. We let (Q, F, P) be a probability
triple, where (2 denotes a sample space, F denotes a o-algebra on {2, and P denotes
a probability measure on (£, F). Let {Fs|s € [0,]} denote a filtration on (2, F, P),
and let B. denote an F.-adapted Brownian motion taking values in R™. For s € [0, ],
let

Us ={u: [s,8] x Q = C"|u is F.-adapted, right-continuous and such that
E['|u,|™ dr < 0o ¥m € N}. (3.5)

We supply Us with the norm ||ully, = max,,c [Efst|ur|m dr] 1/m, where M > 8¢,
and where throughout, for integer a < b, we define |a,b[= {a,a+1,...b}. We will be
4




interested in diffusion processes given by

57‘:57(,5’1):1.—’_/ updp+ ﬁl\}z/ dB —£C+/ ’prdp—f— / h 1+1BA )

where z € C", s € [0,], u € Us, and B> = B, — B, for r € [s,1]. We will also be
interested in the case where the control input is generated by a state-feedback. In
particular, we will consider

= grem 2t / (11800, E ) dp+ /125 B2, (37)

where presuming for now existence and uniqueness of a solution of (3.7), we may
define the resulting @* (%) e U, given by

ap (W) = a(r, & (W) = (51)8a(r &0 (W) Vrelst, we.  (3.8)
For s € [0, 1], we let

X ={&: [5,t] x Q@ — C"|¢ is F.-adapted, right-continuous and such that
E sup |&|™ < oo Vm e N} (3.9)

réE(s,t]

| ]1/m

We supply X with the norm [[{||x, = max,,c1 a1 [E SUPy¢ls,1] &

It is natural to work with complex-valued state processes in this problem domain.
However, in order to easily apply many of the existing results regarding existence,
uniqueness and moments, we will find it handy to use a “vectorized” real-valued
representation for the complex-valued state processes. We begin from the standard
mapping of the complex plane into R?, denoted here by Voo : C — R?, with Voo(x) =
(y,2)T, where y = Re(z) and z = Im(z). This immediately yields the mapping
Vo : C* — R given by Vo(y +iz) = (yT,27)T, where component-wise, (y;,2;)T =
Voo(z;) for all j €]1,n[. Also in the interests of a reduction of cumbersome notation,
we will henceforth frequently abuse notation by writing (y, z) in place of (yT,27)T
when the meaning is clear.

Given control process, u € Uy, we define its vectorized analog by the isometric
isomorphism, V : Uy — UY, where [V(u)], = (v!,wl)T and (v1,wl)T = Vy(u,) for
all 7 € [s,t] and w € Q, and where

U’ = {(v,w) : [s,1] x Q= R?" | (v,w) is F.-adapted, right-continuous and (3.10)
such that Ef;|vr|m + |w,|™ dr < oo Ym € N},

ulle = max [ESf o)™ + Jw, ™ dr} . (3.11)
me

s

Again abusing notation, we also define the isometric isomorphism, V : X5y — XY by
V()] = [V(n+iQ)]r = (nT, 5T for all r € [s,t] and w € 2, where

XY ={(n,0): [s,t] x Q@ — R*|(n,¢) is F.-adapted, right-continuous and  (3.12)
such that E sup [|n,|™ + |¢|™] < oo ¥Ym € N},
re|s,t

1/m

1. Q)

x» = max [E sup (|n-]™ + 1¢-]™) ]

3.13
me|L,M[ " re[s,i ( )



Under transformation by V, (3.6) becomes

(@)= [ (o) aosas(n)me o

We may decompose S € S¢ as

(R(Ta Vo(l‘)), T(Ta VO(x)))T = VOO(S(Tv l‘)), (315)

where R, T : Dy = (0,t] x R — R, and we also let Dy = (0,¢) x R?". For
later reference, it will be helpful to recall some standard relations between deriva-
tive components, which are induced by the Cauchy-Riemann equations. For all
(r,x) = (r,y +iz) € (0,t) x C" and all j,k,¢ €]1,n[, and suppressing the argu-
ments for reasons of space we have

Re[ij7 k] = Ry] Yk Rzngk = ngwyk = Tijzk’ (3.16)
Im[Swj, W = R 02k _sz,yk = _TZj7Zk = Tymym (3.17)
Re[‘gfrj»l’k#re] Ry17yk7yk = _Ry]‘,zk,ze = _szazkyye = _sz’yzmze

=T 25, Yk Yo 7T2J72k722 = Ty_j,zk7112 Tynyk E7%) (3.18)
Im[Sl'j,waz] = Ry;,y;mzz - _Ryj72k7yz = sz,zfmzz - _R2g7yk7yz

= Teyyrze = ~Tojzee = —Tyjzize = Tyjne (3.19)

One may also easily verify that with R, T given by (3.15) and (y, z) = Vo(z),

2 Z] 1 (’I’ Y,z ) jo(rvyvz)
VOO(|S (r,@)[z) = (Z 3 2Ryj (r,y, )sz(r’lhz))

— (Z;’l_l Tz%;(ra Y, Z) - ?yi (7'7 Y, Z))
Z?:l 2Ty7 (T.v Y, Z)Tz]' (T’, Y, Z) )

Further, given v’ € C", s € [0,¢] and = € C" with (y, 2) = Vo(z),

gt [ 38 10+ ] ) =0 (528,00

(3.20)

uleCn
. ( RR((r;/y,j)) a1 (:};y%:zg) , (3.21)

Using the above, we see that under transformation V, (3.7) becomes
77* Y " 1 R (Pﬂ? 7_ n><n A
Ir) = + L F’ dp + B
(&)= () [ 5 Calfe) oo Vi (i
Y " (p, 77 ) C* nxn A
= + - L dp + \/ B 3.22
(Z) / " (T (ps 115, €, ) Vs ( m) (3.22)
Throughout, concerning both real and complex stochastic differential equations, typ-
ically given in integral form such as in (3.22), solution refers to a strong solution,
unless specifically cited as a weak solution.
LEMMA 3.1. Let s € [0,t), z € C*, u € Us, (y,2) = Vo(x) and (v,w) =

There exists a unique solution, (n,() € XY, to (3.14), and a unique solution, (7j*,
XY, to (3.22).

(") €



Lemma 3.1 is easily obtained from well-known existing results. For completeness,
a brief proof is given in Appendix 6.

The following is straightforward, cf. [29].

LEMMA 3.2. Let s € [0,t), x € C", u € Us, (y,2) = Vo(x) and (v,w) = V(u).
§ € X, is a solution of (5.6) if and only if V(§) € XY is a solution of (3.14). Similarly,

& € Xy is a solution of (3.7) if and only if V(£*) € XY is a solution of (3.22).
Combining Lemmas 3.1 and 3.2, one has:

LEMMA 3.3. Let s € [0,t), x € C™ and w € Us. There exists a unique solution,
&€ Xy, to (3.6), and a unique solution, £* € Xy, to (3.7).

3.3. A relationship among the solutions. By the Cauchy-Riemann equa-
tions and (3.16)—(3.17),

and AS = ZTy —iR

Jj=1

37 1735 YisZ5° (323)

S.2 =) "Ry — R? +2iT, T.
j=1

Let

(VEMo(@)), VI (Vo(2))) " = Voo(V(2)) and (67 (Vo(x)), ¢ Vo(@)))" = Voo (6())
(3.24)
for all z € C™. Substituting (3.23)—(3.24) into (3.3), and separating the real and
imaginary parts, we have

0=Ri— 55> Ry~ a0 (Ry —R2) = V" V(sy2) €D2y  (325)
j=1 j=1
0=T,— LY T, ., — 3T, T. — V' VY(s,y,2) € Dy, (3.26)
j=1 j=1
on D5, and, of course,
R(t,y,2) = ¢"(y.2) V(y,2) € R, (3.27)
T(t,y,z) = ¢'(y,2) V(y,z) € R*". (3.28)

PROPOSITION 3.4. Let S € Sc and R, T satisfy (3.15) for all (r,x) € D
If S satisfies (3.3)-(3.4), then R, T satisfy (3.25)-(3.28). Alternatively, if R,T
C12(Dy; R) N C(Do; R) satisfy (3.25)-(5.28), and S € Sc is given by (3.15), the
satisfies (3.3)-(3.4).

In order to focus on the verification result of the next section, the proof of Propo-
sition 3.4 is delayed to Appendix 6.

S

4. The verification. We will obtain a verification result demonstrating that a
solution of (1.7)—(1.8) is the stationary value of the expectation of the action functional
on process paths satisfying (3.6).

For s € (0,t) and A € (0,1], we define payoff J"(s,-,-) : R* x Us — C by

e 2 - Vi) o)} (4.1)
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where ¢ satisfies (3.6) with input v € U and initial state x € R™. The stationary
value, S" : D — C, is given by

Sh(s,x) = stat J"(s,x,u) V(s,z) € D. (4.2)

u€Us

We assume throughout Section 4 that
argstat, ;. J"(s, x,u) is single-valued for all (s,z) € D. (A.3)

This is the last assumption. We remark that one may want to weaken this assumption
to uniqueness in some prespecified subset of D, but leave that additional complication
to a later effort. The main result of the section is:

THEOREM 4.1. Let h € (0,1]. Suppose S € SP. satisfies (3.3)-(3.4), and that
there exists Cs < 0o such that |Syas(r, )|, [Staa(r, )], [Seaae(r, )| < Cs(1 + |2[*7)
for all (s,z) € Dc. Then, S(s,z) = S(s,x) for all (s,z) € Dec.

We remark that the representation is proved for general i € (0, 1] in anticipation
of possible use in semiclassical limit results. We begin with two lemmas.

LEMMA 4.2. Let s € [0,t), z € C", h € (0,1] and u € Z/l Let & € X, be given by
(3.6). Suppose S € SE satisfies (3.3)-(3.4). Let u* = u* () & = &* (os0) be given
by (3.7)-(3.8). Then,

5,00 =5{ | L Sr6) — ST(r 6 Jur — S AS(E, ) dr + o6}

_ { / —&(né:)—sf(r,é:)a:—;ansv,f‘:mrw(s‘n}-

Proof. We prove only the second asserted representation; the proof of the first
is similar and somewhat simpler. Fix i € (0,1] and (s,z) € Dc. Let & = £5(57)
and @* = @*(®*) be given by (3.7)-(3.8). Let (y,2) = Vo(x), (7*,{*) = V(£),
(v*,w*) = V(u*), and (R(r,Vo(z)),T(r,Vo(x))) = Voo(S(r,z)) for all (r,z) € Dc.
Note that (7%, (*) satisfy (3.22). By Ité&’s formula,

~

t
E[R(t,7.5)] = Ris,y.> >+E{/ R, C0) + BE (ry 2, G0

n
=+ R?(Ta 777 ) % Z Y Yj + 2Rijzj + szyzj:l (Ta 77:’ C;) dT
Jj=1

+\/;/ V0G0 + R 60 B (1.3

where, in the interests of space we let [Ryj y; T 2Ry1 z T RZJ Z]](r n%,¢*) denote

Ry, y, (r,i5,C) + 2Ry, . (r, 75, (F) + R, 2, (r, 07, (), and use other similar notation
where helpful throughout.

Now, by Assumption (A.2) and the definition of R, T, there exists C's < co such
that

|Ry(r7y7z)|7 |Rz(7",y,2)| < OS(l + |y| + ‘ZD V(s,y,z) € D2~
8



Consequently, by Lemma 3.1 (noting that this implies (7*,(*) € XY), there exists
My = M;(t — s, |x|) < oo such that

/ |Ry (r, 7, CF)|? dr, IE/ |R.(r, 77, CH) > dr < M;. (4.4)
By (4.4) and standard results (cf. [10], Section V.3),
b 1T
B{ [ [Ryr. ) + Bl §) B} = (45)
Combining (4.3) and (4.5) yields
Ro.2) =B [ =R 6) — R 05.GOv: — RE0.Gm;
- % [Ryj)yj + 2Ryj7zj + sz7zj] (’r‘7 ,'7:’ 6:) d’r + R(t) ﬁ:’ Ct*)}' (46)
j=1

Then, by (3.27) and (4.6),
Rs,y,2) = {/ Ry 788 — ROt )0 — BT (0 Ot
h n

- Ry, 4, +2Ry, .. + R, . ] (r, nr, G dr + Re(gb(f;f))}. (4.7

j:1

Similarly,
t
(s, 2) = u«:{ | =T, 6) ~ T o G = T G

_h
4m

'Mﬁ

I
-

[Ty, + 2Ty, oy + oy 2 05, ) i Im(fb(EZ‘))}- (4.8)
J

Now, applying Vy' to (4.7),(4.8), one has
S(s,x) = R(s,y,z) +iT(s,y, z)

t
= ]E{/ _St(ra 5:) - [Ry(r7 ’F];ka C:) + iTy(T’ 77::7 C:)]TE::
— [T (ry 75, C) — iR (ry 17, )] Vi
n
% Z yJ,yj+ 2Ryj72j+ sz,zj+i(Tyj7yj+ 2Tyj72j+ sz,Zj )} (7"7 ﬁ:) C:) d’r
Jj=1
450 5;‘)},

and using the Cauchy-Riemann equations, this is

—E{ / 5 E) - 5T (r &

— =N [Ry, i+ 2Ry, o+ Rey ot i(Ty, 4 2Ty, o+ T, ) (75, GF) dr + S(E, g;)},
j=1
(4.9)
which by (3.16), (3.17),



- E{/ ~Sir.60) — STnE ) — FEASCE) dr + 51,

LEMMA 4.3. Let h E (0,1], and suppose that S € SE satisfies (3.3)-(5.4). Then,
S(s,xz) = JM (s, x,a2) for all (s,x) € D¢, where () is given by (3.7)-(3.8)
with S in place of S

Proof. Fix h € (0,1] and (s,2) € Dc. Let £ = €% and @* = "% be given
by (3.7)-(3.8) with S replacing S. From the second assertion of Lemma 4.2, we have

t
_ E{ / —Su(r,€5) — ST(r & )ur — L AS(r,€8) dr + 6(& >}’
which by (3.8),

:IE{/ —Si(r, &) + 118,(r, €2 — 2 AS(r 5T>dr+¢(£t>}
:E{ — Sy €) + 5 1S, (r &2 + VI(ED) — 25 AS(r, &) dr

which by (1.5) and (3.3),
=E{/ m|(21)5, (r, ) <:>dr+¢<sz‘>},

which by the choice of @* = @*(**) and (4.1),
= Jh(s,xﬂ*’(s’w)).

|
Proof. [proof of Theorem 4.1.] Fix (s,z) € Dc. Let L(z,u’) = m|u |2 V(z) for
all z,u® € C". For compactness of notation, let £* = £(5%) and @ x(s:2) By
Lemma 4.3,
- ¢
S(s.0) =B{ [ L& .ad)dr +0(§) } = /(5,000 (410)

It remains to be shown that @* is the argstat over U of J"(s,x,-).

Let u € Uy and § = u — u* € Us. Let £ € X5 be the trajectory generated by wu,
i.e., the solution of (3.6), and let A = & — £* € X,, where we note that A, = fsr 0pdp
for all (r,w) € [s,t] x Q. By (4.10),

Jh(s,x,a*) = S(s,z) = E{S(t,&)} + [S_’(s,x) — IE{S’(??,@)}]7
which by Lemma 4.2 and (3.4),

—5(5(t.e) +5{ [ 81 6) - ST EJur — £ AS(r ) ar
—E{p(&)} + E{ / L) dr}

+ E{/t —L(&r,up) dr — Sy(r, &) — ST (r, & ur — 3 AS(r,€;) dr}. (4.11)

10



Now, by (1.5), (3.3),
0= S;(r,x) + %t%t {Sf(r, z)u’ + 2’2 = V(2)} + 22 AS(r, 2).
u’eCm

Taking x = £ in this, and using (3.8) and Lemma 2.1, we have
0= S¢(r, &) + 53 (r, €y + Flay]2 — V(&) + 5 AS(r, €) (4.12)

for all (r,w) € (s,t) x . Combining (4.11), (4.12) and the definition of L from the
top of the proof, one has

(s, 0%) = E{/: L&, up) dr + ¢(£t>}
+e{ [ CLEL ) — (e ) + Sulr ) — S €,)
# ST E)T; — ST (& Jur + 4LIAS(ED) - AS(r6 ) ar
= Msr ] [ D65 - L) +50r.6) - S8
# 8T(RE)T — ST(r 6, + 5IAS( ) — AS(r 6 ) ar .

This implies
{Jh (s,2,0%) — J"(s, Ju)|
<2f [ 11665) ~ Lgnun) + 8:0.6) - Silr &) 119

t
+ S';,F(r, 5:)17: — S’f(r, & )uy + %[AS(T, 5_:) — AS(r, &) | dr} = E{/ }ET(UJ)| dr}.

Note that by Taylor’s Theorem, for z,Z,u’, @’ € C"* and r € (s,t), and using the
assumed bounds on derivatives and the definition of L,

]

‘L(m,uo) — L(7,8°) + 8y(r, ) — S¢(r,T) + ST (r, 2)u® — ST (r, T)
+ 2L [AS(r,2) — AS(r,7)]
<| - VI @)@ -2+ m@) @ - @) + 550w~ 7)

+ [See(r, 2)a°)" (. — z) + ST (r, 7) (u® — @°)

+ {ST(r,2)u’ — ST (r,2)a" — [Syu(r, 2)7°)" (z — 7) — ST (r,2) (u® — a°)}

+ 42 (A8)a(r,2) (= 3)| + Ky (L |o 4 | 2 — & + mlu® — a2, (4.14)

for appropriate Ky = K;(C, 55, h,m) < co. This implies

=, < [ = VIE)A +m(@)T6, + SLrEDA, + Suelr E)TITA, +57(r. 6,
+{ST (ry &) uy — ST (r, €AY — [Spu(r, )T A, — ST (1, £5)6 } (4.15)
+ 25 (AS)T(r, &) A, (L4 &2 + €2 | A +m|6. > ¥ (r,w) € (s,t) x Q.
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Now recall that @* = =1S,(r,&) = argstat,occn [2[u’? + Su(r,&)u’], and

m
consequently by Lemma 2.1,

muy + Sz (r, &) = 0. (4.16)

Substituting (4.16) into (4.15) yields

=] <[ = VI @)A, + SEEDA + [Sualr €T A, + {SL (& Jur
= 85 (1, &)y — [Sua (r, €)@ Ay — S7(1,65)0, } + 51 (AS); (r,€)A
K1+ J6 2+ E12) A2 4 mld ¥ (rw) € (5,1) x 2. (4.17)
Also, more generally, recalling definitions (3.8),

Sy (r,z) = argstat [L(z,u”) + ST (r,z)u’] V(r,z) € Dc. (4.18)

i(r,z) = =1 gt
u-eCn

Note that
— Vo (&) + Sta(r, ) + Seu(r, &)t + 22 (AS) 4 (r, £)
:i[ V() + 8u(r) + 57 (r,x)u + 428 (r, 1)

Oz o=, uO=i(rEx)

where the partial derivative notation indicates that the derivative is taken only over

explicitly appearing arguments, and this is
d

=+ [L(:E, u(r,x)) + Sy(r,x) + ST (r,@)a(r, ) + 228, (r, x)}

which by (4.18),
_ 4
dw

which by (3.3) and (4.18),

=2 =0 (4.19)

Substituting (4.19) into (4.17), we have

= <|Sa

(r, & ur — ST (r, £Vt — [Sau(r, E)u2]T A, — ST (r, g)
F K (1 |62+ [EPD) A +m|o 2 Y (rw) € (s,t) x

which implies
t t _
E/ | dr < m|3]2, + KiE / (1 167 + € 29) 1A > dr

t
+E [

Sa (1, & )ur — S5 (1, €07 — [Suw (r, €)@ 1T Ay — ST (r,67)0,| dr. (4.20)
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E / ST (r, 6y — ST (1, 8V — (S (r €V A, — 5T (r,E0)5,

t
_E/

Also, by Taylor’s Theorem and the assumptions,

(4.21)

[‘S_’z(ru gr) - ‘S_’:D(Ta g:)]T(ST—’_ [SZL’(T7 §T) - ‘gw (’I“, 7:) - §$$<r7 g:)AT] ur

|[S22) = Sur )] (W0 = )| < Cu(1+ [l + [221) fo — 7| |u® — @)

and

8alr,) = 50(r,7) = Sua(r, )z — 3)| < G (1+ a0 + |227) 2 — 32

for all z,z,u", 4’ € C" and r € (s,t). Applying these inequalities in (4.21), we have

t
g/

t
SE/ cs(1+|sr|2q+|5:|2q)|Ar||6T\dr+E/

S (1. &)uy — S (r, &)y — [Sau (r, )] Ay — S5 (r,7)6r

t

G (U I+ EPIA P [a7] dr
t t
<GE[(L+I6PTHIER)IO L dr+ G [ (L4161 +IEP)IA P dr
S S

~ t N
HGE [ (4 le P+ 1] A dr (122

Now, using Hoélder’s inequality,

' 2 Fx |2 2 b = 4 1/2
B [ (14 I+ 1€ 0 Par < {1+ 22 [ 161+ 16+ A prar] )
_ t 1/2
<ai{t+1g1% + [B [ 1anar] " Holk,. (423
for appropriate C; = C1(q) < co. Substituting (4.23) and (4.22) into (4.20) yields

B [ 2 lar < {mo+ = 1 1e + [5 [ 1anar) ] hiote

t
+ (K1 + GE / (14 (6,2 + [€220) | A, 2 dr

S

. t _
HGE [l 6P a8
S

which by the definition of @* and Assumption (A.2),

<{mrogfirier+ [z [ 1ama] ")

t
+OB [ (L4 IE 1+ 18+ AP, P,

for appropriate Cy = C3(Cy, Cs, 6’5, q) < oo, and this is
13



_ t 1/2
<{m+ gt igi + B [ o] "] s,
t
+ 03E/ (A + &AL + A 2772 dr, (4.24)

for appropriate C5 = C5(Cp, Cg, as,q) < 00.
Next one should note some simple estimates. First, using Holder’s inequality,

t r 2 t
E/ A, 2dr = E 5, ) drg(t—s)E/ 6,2 dp = (¢ — 8)]3]2

< (t =98]z, (4.25)

where we let ||- ||, denote the p-norm for p € [1,00). Similarly, with Holder’s inequality
and some simple calculations,

t 4042 r 4q+2 oo t roin
IE/ |A] 2 dr =K 0, dp dr < (t —s) q+ ]E/ 10,] q+ dp
= (t= )" I01g 45 < (6 — ) TR OYE (4.26)
and
t
B [ 18 < (=9 ol (127)
Next,

/KWMFW< /m@ /ﬂ/awdﬁ”

< (t- ) €1 \/5d4 SRS o AR

< (=) €N (4.28)
Substituting (4.25)—(4.28) into (4.24), one finds
t —
IE/ (50 dr < {m+ S€=[1 1 1E3 + oo ]}
+ Gl A LAl
< CufL+ 82 1 (14813 | AR B CE )

for appropriate choice of Cy = Cy4(Cy, Cs, 65, q) < 0. Substituting (4.29) into (4.13)
yields

|Jh(s,:r,ﬂ*) - Jh(s,x,u)| <

for ||6]js, < 1 and appropriate choice of C = C(t,z, Co, Cs, @., q) < co. By definition,
this implies that u* = argstat, ., J h(s,z,u), where uniqueness of the argstat is
guaranteed by Assumption (A.3). O

It may be worth noting the following, which reflects the uniqueness implied by
the above representation.
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COROLLARY 4.4. In addition to (A.0)—(A.3), assume the conditions of Theorem
4.1. There exists a unique solution S € SE to (3.3)-(3.4), where S = S"™. There
also exists a solution, S € S, to (1.7)-(1.8), given by S(r,y) = S"(r, Vi ((yT,0)T))
for all (r,y) € D. Lastly, any other solution in S to (1.7)-(1.8) cannot be extended
holomorphically to a solution of (3.8)—(5.4) in SE.

Proof. The existence of S follows from Assumption (A.0), and the uniqueness
follows from Theorem 4.1. Let S be as given in the corollary statement. Note that

Si(r,y) = Si(r,y +1i0) V(r,y) € D. (4.30)

Also, by the Cauchy-Riemann equations, for (r, y) € D, and the fact that S agrees
with S on D,

|Sa(r,y +i0)2 =Y [Ry — T, +2iR, T, ] =Y (R —To +2iR, T, ]|
j=1 j=1
= Z( ij (T7 y))2 = ‘gy(rv y)Ea (431)
j=1

where we take (R(r,Vo(2)),T(r,Vo(2)))" = Voo(S(r,x)) for all (r,z) € D¢ and
T7

(R(r,y), T(r, )" = Voo(S(r,y)) for all (r,y) € D. Similarly, using (3.16), (3.17),

n n

AS(r,y +i0) = ZS’M,I]. (r,y +140) = Z [Ry, .y, (r;y +i0) + T, 4. (r,y +i0)]
j=1 j=1
= I:Rllj’yj (r,y +1i0) + iTyjﬂj (ry+ ZO)] = AS(T7 Y) (4.32)
j=1

for all (r,y) € D. Then, by (3.3) and (4.30)—(4.32),

Si(r,y) + 5 AS(r,y) + H(y, 8y (r,y))
= Si(r,y +i0) + 2L AS(r,y + i0) + H(y + 0, Sy (r,y +140)) = 0 (4.33)
for all (r,y) € D. That S also satisfies the terminal condition is obvious, and we see
that S is a solution of (1.7)—(1.8).
Regarding the last assertion, recall that if two holomorphic functions on C" agree
on {z = y+iz € C"|z = 0}, then they agree on all of C" (cf. [14]). Noting the
uniqueness of S = S” yields the assertion. O

REMARK 4.5. The results concerning S in Corollary 4.4 also extend to (1.1)-
(1.2) and (1.3)-(1.4) in the obvious ways.

5. Existence. The results of Sections 3-4 were conditioned on an assumption of
existence of a solution to (3.3)—(3.4). However, for this class of systems, one can use
simple complex-analysis equivalences to reduce the question of existence of a solution
of the complex HJ PDE problem to that of existence of a solution of a real HJ PDE
problem. In this section, we drop the earlier assumptions.

THEOREM 5.1. Suppose V,¢ are holomorphic on C". Suppose also that R €
C13(D2) N C(Dy) satisfies (3.25)—(5.27). Then, there exists T € C13(Dy) N C(D2)
satisfying (3.26)—-(3.28) such that for each s € (0,t], T(s,-,-) is a harmonic conjugate
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of R(s,-,-). Further, letting S(s,z) = Vo' (R(s,Vo(z)), T(s,Vo(z))) for all (s,z) €
Dc, S satisfies (3.3)—(3.4).

Proof. Let T(t,-,-) = ¢!(-,+). Then, by (3.27), T(t,-,) is a complex conjugate
of R(t,-,-), and satisfies (3.28). Now we begin the construction of T for s € (0,t).
Recalling that there is a free constant in the harmonic conjugate, for each s € (0,t),
we let

t n
T(s,0,0) = T(t,0,0) —/ —%ZR% (p,0,0)R., (p,0,0)
s j=1

+ 5> "Ry, 4, (p,0,0) + V(0,0) dp

j=1
t n n
ﬁTmam—/[—iiﬁ%Rq+%§3&wﬁ4ﬂm&m@,ﬁw
s j=1 J=1

which implies that for all s € (0,1),

Ti(5,0,0) = | - %Z %Z Ry, +V1](5,0,0), (5.2)
which by the Cauchy-Riemann equations and (3.16)7(3.17),
= [% Z Ty, T + % Ty, 25 + VI} (5,0,0), (5.3)
=1 j=1

which implies that (3.26) is satisfied at (s,0,0) for all s € (0,¢).

By the Cauchy-Riemann equations and (6.2), for all (s,y,z) € Dy and all k €
J1,n],

Tiny = Riyy = 5 ZRyj,zj,yk 1 Z Ry, . — R Ry ] + V), (5.4)
which by the Cauchy-Riemann equations and (3.16)—(3.19),

- % ZTy.f-,Zjvzk Z Ty, o + Ty, Tz, 0] + VzIk
d n
= T{Lm ZT%»ZJ’ + o ZT%TZJ‘ + VI}' (5.5)
Zk J=1 j=1
For z; € R, let 21(21) = (21,0,0...0)7 € R", and note that for s € (0,t),

E@&?%DZEQQ®+AQEm@Q?@MQ (5.6)

which by (5.5),
16



n

21 d n A
— Ty(s,0,0) +/O M{[JHZT%ZJ+fn;TyJ,sz+VI}(S,0721(C))}dC

Jj=1

=Ty(5,0,0) + [ DT, o, + Z Ty + V1 (5,0,21 (1)
Jj=1

v

Il
-

T, T., + V'](5,0,0),

n
h 1
- [W ZTTJJ»ZJ + m
=1 J

5 3),

which by (

= & Xj: ;Zi: Ty, T, + V!](5,0,2' (1)),

which implies that (3.26) is satisfied at (s,0,2'(21)) for all s € (0,¢) and z; € R.
Proceeding from here similarly, first for zo and then z3 and so on, yields finally

T:(s,0,2) [sz iz T Z T +VI} $,0,2) Vse(0,t), z€ R"™.

We now proceed to integrate along the y-components. First, for k& €]1,n[, differ-
entiating (3.25) with respect to zx, we have

Rt,zk = %ZR?J]}Z]”ZI“ + %Z[Ryg Ryjazk - RZJ' sz7zk] + Vz}:? (5'7)
which by the Cauchy-Riemann equations and (3.16)—(3.19),

n
- __nh _ I
= sz :Tyj,zj-’yk m§ Ty + Ty Tz],yk] Vyk

= dyk { QmZ YjsZj %ZT.’!JTZJ + VI} (58)
j=1

By the Cauchy-Riemann equations and (5.8), we have

d n n
Tyy, = Rz = T{%ZT%%‘ + %ZTy]‘TZJ‘ + VI}' (5.9)
Yk L -
Jj=1 Jj=1
For y; € R, let §'(y1) = (y1,0,0...0)7 € R™, and note that for s € (0,¢) and z € R",

Y1
Ty(s,5' (), 2) = T(s,0,2) + / Ty (5,5 (1), 2) i,
0
which by (5.9),

=Tt(s,0,z>+/0yljyl{[ Z s ZT T+ V(5,94 (). 2) }

5 O Z |:27nz YjiZj + ’H'LZ TZ] +VI:| S y (yl) )

n

- [%ZTyj,zj +A5N°T, T+ v’} (5,0, 2),
j=1

j=1
which by (3.26),
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= [ Ty + B DT T + V(5,5 ), 2),
j=1

j=1

which implies that (3.26) is satisfied at (s,§'(y1),2) for all s € (0,t), y1 € R and
z € R™. Proceeding from this along each component of y, one finally obtains

n

Ti(s,y,2) = {%ZT%ZJ + %ZTijzj + VI} (s,y,2) V(s,y,2) € Dg, (5.10)
j=1

Jj=1

which is (3.26). By construction, T has the indicated smoothness. Lastly, by Propo-
sition 3.4, one obtains the assertions concerning S. O

REMARK 5.2. As S obtained in Theorem 5.1 is holomorphic in x for each s € (0, t]
(and hence C* in the space variable), noting that R, T are related to S by (3.15), one
immediately sees that R, T are C%*°(Dy) N C(Dy).

The analogous result to Theorem 5.1, where one supposes existence of a solution
to (3.26)—(3.28) rather than (3.25)—(3.27) is obtained similarly, and the redundant
proof is omitted. The result is as follows.

THEOREM 5.3. Suppose V,¢ are holomorphic on C™. Suppose also that T €
C13(Dy) N O(Dy) satisfies (3.26)-(3.28). Then, there exists R € C13(Dy) N C(Dy)
satisfying (3.25)—(3.27) such that for each s € (0,t], T(s,-,-) is a harmonic conjugate
of R(s,-,-). Further, letting S(s,z) = Vo' (R(s, Vo(x)), T (s, Vo())) for all (s,x) €
Dc, S satisfies (3.3)—(3.4).
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6. Appendix A.

Proof of Lemma 3.1. The case of (3.14) is trivial, and we consider only
(3.22). By Assumption (A.2) and standard results (cf. [19] Theorem II.6.1; [5]),
we have existence of a weak solution up to explosion time, 7 = 7(w) = inf {r €
[s, 1] ’ |7, )| € RQ”} Let such a weak solution be denoted as probablhty space
(Q, F, P), filtration {F,|r € [s,t]}, F-adapted Brownian motion B., and process
(7*,¢*). By (A.2) and standard results (cf. [19] Lemma I1.5.2 and Corollary I1.5.12;
[9] Section IIL.5 and Appendix D), there exists C; = C1(Cs,q) < oo such that
E{ SUpP,.e(s,¢ | (77 1?1} < Ci(1+ |(y, 2)[*?). Consequently, for almost every w € Q,
there exists Co = Cy(w, Cg,q) < oo such that

|5, GO < Co[l +|(y, 2)I*] V7 € [s,1], (6.1)

which implies 7 =t a.s.

Suppose there exist two weak solutions with the same probability space, filtration
and filtration-adapted Brownian motion, but possibly different state processes, say
(7*,¢*) and (ﬁ*,é*) Using (3.22) and Assumption (A.2), we find that there exists
Cs5 = C3(Cs,q) < oo such that
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(5, ) — (2, C))

< ¢ / (1 7512 + (G5 20+ |52+ ¢[29)

.S = (.6
and noting (6.1), we see that 3 Cy = Cy(w, Cs, q,|(y, z)|) < oo such that this is

< C’4/ ’ 77,); UpaC )

Applying Gronwall’s inequality to this, we find that (7*,C*) = (7*,(*) a.s., i.e., that
we have pathwise uniqueness. Then, by [15], Theorem IV.1.1, we see that there ex1sts
a unique strong solution. [

REMARK 6.1. Alternatively, one may apply [30] Theorem V.38, to imply existence
of a solution up to explosion time, T, and then use (6.1) to imply that 7 = t a.s.
However, [30] does not make use of the substantial structure evident in (3.22), and
with an eye to possible later efforts with less well-behaved drift terms but identical
diffusion coefficients, we have used the slightly longer approach of the above proof.

6.1. Proof of Proposition 3.4. The first assertion follows by simple algebraic
substitution, using the Cauchy-Riemann equations and (3.16)-(3.17). Now, suppose
R,T € C"?(Dy;R) N C(Dy;R) satisfy (3.25)-(3.28), and let S be given by (3.15).
We will show that R,T satisfy the Cauchy-Riemann relations, and hence that S €
Sc. After that, one may again use simple algebraic substitutions to verify the final
assertion.

Differentiating (3.25) with respect to yx, and (3.26) with respect to zj, yields

Rtﬁllk = i'rn, Z Yjs25:,Yk i Z (RU] Ryy‘,yk - RZJ RZJJ}k) + V’UI:’ (62)
=1 j=1
B n n B B
Tpop = o Z vieren T =Y (T, Ty o + Ty, Ty ) + VI (6.3)
J=1 j=1
Applying the Cauchy-Riemann equations and (3.16)—(3.19) in (6.3), one finds
Ttvzk = im Z Y25k T % Z Ry, yi sz sz’yk) + VyI:’
j=1 j=1
which by (6.2),
= Riy, V(s,y,2) € Do, Vk €]1,n]. (6.4)
Also note that as ¢ is holomorphic,
Ry, (ty,2) = 0y (y,2) = 01, (y,2) = To, (t,y,2) Vy,2 €R". (6.5)

By the Fundamental Theorem of Calculus,

t
Toy(5,y,2) = T (£, ) — / T, (0,9, 2) do,

which by (6.4),(6.5),
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= Ry, (s,y,2) V(s,y,2) € Dy, Yk €]1,n][.
Similarly, one obtains

Tyk(svyaz) = _Rzk (S7y,Z) V(s,y,z) € DQ; vk 6]17n['

By (6.6),(6.7), the Cauchy-Riemann conditions are satisfied.
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