
Complexity Reduction, Cornices and Pruning

William M. McEneaney

Abstract. In max-plus based algorithms for curse-of-dimensionality-free so-
lution of Hamilton-Jacobi-Bellman partial differential equations, and in sen-
sor tasking algorithms, one is faced with a certain computational-complexity
growth that must be attenuated. At each step of these algorithms, the solu-
tions are represented as max-plus (or min-plus) sums of simple functions. Our
problem is: Given an approximate solution representation as a max-plus sum
of M functions, find the best approximation as a max-plus sum of N func-
tions (with N < M). The main result of the paper is that for certain classes
of problems, the optimal reduced-complexity representation is comprised of a
subset of the original set of functions.

1. Introduction

In the development of computationally efficient algorithms for curse-of-dimen-
sionality-free solution of HJB PDEs (Hamilton-Jacobi-Bellman partial differential
equations) [1], [2], [9], [12], [14], [15], and sensor tasking algorithms for battle-
field preparation [18], [19], one is faced with a certain computational-complexity
growth that must be attenuated. In particular, at each step of these algorithms,
the solutions are represented as max-plus (or min-plus) sums of simple functions.

These algorithms can be revolutionarily fast [9], [10], [12], [13]. However, the
number of functions in the representation grows extremely rapidly with each step of
the algorithm. The key to computational efficiency with these methods is through
attenuation of this complexity growth. At each step of the algorithm, one would
like to find a reduced-complexity representation of the solution. That is, one would
like a max-plus sum of a smaller set of elements as the solution approximation.

Our problem becomes: Given an approximate solution representation as a max-
plus sum of M functions, find the best approximation as a max-plus sum of N
functions (with N < M). The main result of the paper is that for certain classes of
problems, the optimal reduced-complexity representation is comprised of a subset
of the original set of functions; pruning yields the optimal solution. This follows
from the above nature of the problem, the fact that we are searching over max-plus
combinations from below, and from using a measure of value which is convex in
a certain sense. In particular, weighted L1 norms fall into the correct category of
such measures of value.
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2. General Problem

Let us describe the general problem class. Suppose one has a representation
for a function as

(2.1) f(x) =

M⊕

m=1

tm(x) = max
m∈]1,M [

tm(x) = max
m∈M

tm(x).

One is looking for {ai}N
i=1 with N < M such that

(2.2) g(x)
.
=

N⊕

i=1

ai(x) = max
i∈N

ai(x)

approximates f(x) from below. Throughout the paper, we will let M =]1, M [
.
=

{1, 2, . . .M} and N =]1, N [.
To set this in context, we recall that certain spaces are max-plus vector spaces

(also referred to as moduloids or idempotent semimodules) [3], [5], [6], [7], [8], [9],
and we will be specifically concerned with those that have countable max-plus bases
[9]. For example, the space of convex functions mapping IRn into IR− .

= IR∪{−∞}
is a max-plus vector space, and the linear functionals with rational coefficients form
a countable basis for it. Another example space is as follows. Let Dn be the set
of n × n symmetric, positive or negative definite matrices. We say φ is uniformly
semiconvex with (symmetric, definite matrix) constant β ∈ Dn if φ(x) + 1

2x′βx
is convex over IRn. Let Sβ = Sβ(IRn) be the set of functions mapping IRn into
IR− which are uniformly semiconvex with (symmetric, definite matrix) constant β.
Then Sβ is a max-plus vector space. Suppose C ∈ Dn with C + β < 0 (i.e., C + β
being negative definite), Then the set of bi(x) = 1

2 (x− xi)
T C(x− xi) with rational

xi form a countable max-plus basis for Sβ [6], [9]. Further, in this example, the tm
and ai above might have the general form ck ⊗ bk(x) = ck + bk(x). In particular,
one might view f as a truncated max-plus basis expansion, and g as another max-
plus basis approximation, but with fewer elements. Note that it is not necessarily
the case that a set of N elements from a basis expansion form the best set of N
functions from that class, according to a given measure of closeness.

We recall that these max-plus basis expansions may be obtained from semicon-
vex duality. In particular, in the case of Sβ , for any φ ∈ Sβ [9],

φ(x) =

∞⊕

k=1

ck ⊗ bk(x)

where
ck = − max

x∈IRn
{bk(x) − φ(x)} .

Note that for any K < ∞,
⊕K

k=1 ck ⊗ bk(x) ≤ φ(x) for all x ∈ IRn. Alternatively,

if for some K < ∞, there was an x ∈ IRn and ε > 0 such that
⊕K

k=1 ck ⊗ bk(x) >
φ(x) + ε, then this error could never be corrected, and the inequality would hold
for all larger values of K. Thus it is natural for max-plus basis expansions to be
approximations from below.
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Further, in some applications, such as the curse-of-dimensionality-free methods
for HJB PDEs, at each step, one has an approximation to the solution of the form

V
K

(x) =

MK⊕

m=1

tKm(x)

where the tKm are quadratic functions, and one wishes to find a reduced-size set

of quadratics that approximates V
K

. Further, one can guarantee convergence of
the algorithm if this further approximation is from below (along with additional
assumptions of course).

In general, we see that it is natural, and sometimes required, that the approxi-
mation (2.2) to (2.1) be from below. Therefore, we look for a good approximation,
subject to g(x) ≤ f(x) for all x ∈ IRn. This is equivalently specified as the set of
constraints ai(x) ≤ f(x) = maxm∈M tm(x) for all x ∈ IRn and all i ∈ N .

We will want a measure of the quality of the approximation of f by g which
is monotonic (in a sense to be defined below) and convex. Our canonical example
problem will be to maximize

(2.3) J({ai}) =

∫

G

[
max
i∈N

ai(x) − max
m∈M

tm(x)

]
w(x) dx

where w(·) may be some weighting function, and G is the relevant domain, subject
to constraints

(2.4) ai(x) ≤ max
m∈M

tm(x) ∀x ∈ IRn, ∀i ∈ N .

The are at least two specific examples of such problems. The first example is
the case of linear tj over the simplex

(2.5) G = SK =

{
x ∈ IRK

∣∣∣∣∣xk ∈ [0, 1] ∀k ∈]1, K[,
∑

k∈]1,K[

xk = 1

}
.

That example arises in the control of sensing assets in a military context [18], [19].
Another example will be the case where the tm are quadratic functions over IRn,
and this occurs in curse-of-dimensionality-free methods for HJB PDEs as indicated
above. There are specific difficulties with applying the following technique to this
latter case, and it may only be applicable in the case where all the quadratics have
the same (matrix) quadratic growth rate. Under that condition, the problem may
be reduced to sets of affine functions.

3. The Abstract Formulation

Here we describe a general problem class, which contains the above example
problems. This problem class has the very nice property that the solution, that is,
the approximation, is obtained by pruning. In other words, one can guarantee that
the optimal ai belong to {tm |m ∈ M} for all i ∈ N . This obviously represents a
huge reduction in the space of possible solutions.

Let Y be a (standard-sense) vector space with partial ordering �. Given p ∈ Y,
define the downward cone of p to be

(3.1) D(p) = {q ∈ Y | q � p}.
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Figure 1. Simple cornice for illustration

Given set P ⊆ Y, let 〈P 〉 represent the convex hull of P . Also, given set P ⊆ Y,
define the cornice of P to be

(3.2) C(P ) =
⋃

q∈〈P 〉

D(q).

We extend these definitions to product spaces. We define the inherited (com-
ponent-wise) partial order on YN as follows. Let P, Q ∈ YN , where P = {pi}N

i=1 and
Q = {qi}

N
i=1. Then Q � P if qi � pi for all i ∈]1, N [. We will be abusing notation

slightly by letting P ∈ YN also denote a set of N elements of Y (Otherwise, one
may define a mapping from elements of YN to subsets of Y of appropriate size.)
Given P ⊆ Y, define the N -dimensional outer-product cornice of P to be

(3.3) CN(P ) =
{
Q = {qi | i ∈]1, N [} ∈ YN | qi ∈ C(P )∀i ∈]1, N [

}
.

We say that J : YN → IR is monotonically increasing (relative to the inherited
partial order) if Q � P implies J(Q) ≤ J(P ). We now present the general result
which will be applied in different contexts further below.

Theorem 3.1. Let Y be a partially ordered vector space. Let P = {pm |m ∈
M} ⊂ Y. Suppose N < M . Suppose J : YN → IR is monotonically increasing and
convex on CN(P ). Then, there exists Q = {q̄i | i ∈ N} with q̄i ∈ P for all i such
that

J(Q) = J∗ .
= max{J(Q) |Q ∈ CN (P )}.

Proof. Let ε > 0. Let Q = {qi | i ∈ N} ∈ CN(P ) be such that J(Q) > J∗ − ε.
Since Q ∈ CN (P ), there exists Qu = {qu

i | i ∈ N} such that

(3.4) Qu ∈ 〈P 〉N

(the N − times outer product of 〈P 〉) and Q � Qu. Then, by the monotonicity of
J ,

(3.5) J(Qu) ≥ J(Q) ≥ J∗ − ε.
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We note the following standard result without proof:

Lemma 3.2. For any P ⊆ Y, 〈P 〉N = 〈PN 〉.

By (3.4) and Lemma 3.2, Qu ∈ 〈PN 〉. Consequently, there exists K < ∞,

{λk | k ∈]1, K[} ∈ SK (defined in (2.5)) and P̂k ∈ PN for k ∈]1, K[ such that

(3.6) Qu =
∑

k∈]1,K[

λkP̂k.

By (3.6), the convexity of J , and the fact that {λk | k ∈]1, K[} ∈ SK ,

(3.7) J(Qu) ≤
∑

k∈]1,K[

λkJ(P̂k) ≤ sup
bP∈P N

J(P̂ ).

Now, by (3.5) and (3.7),

sup
bP∈P N

J(P̂ ) ≥ J∗ − ε.

Since this is true for all ε > 0,

sup
bP∈P N

J(P̂ ) ≥ J∗

However, PN is a finite set. Therefore, the supremum is attained at some Q ∈ PN ,
and so J(Q) ≥ J∗. �

4. Linear Functions on a Simplex

Our main problem class arises in complexity reduction for a problem in task
assignment for sensing assets [18], [19]. In such problems, one is concerned with
functionals which represent cost as a function of information (or lack thereof).
This cost typically takes the form of a pointwise maximum of linear functionals
over simplex SK (where SK represents a space of probability distributions in this
case). In order to maintain computational feasibility, at each step of the algorithm
discussed in the references just above, one would like to reduce the complexity of this
pointwise maximum of linear functionals. Consequently, one wishes to approximate
f (given in (2.1)), by g (given in (2.2)), where the tm and ai are linear. Once again,
it is natural to look for an approximation from below.

More generally, note that the space of convex functions of SK (a max-plus
vector space) has a countable max-plus basis in terms of linear functionals [9]. For
the problem at hand, we will be attempting to approximate

(4.1) f(q) = max
m∈M

tm(q)
.
= max

m∈M
τm · q

over q ∈ SK by

(4.2) g(q) = max
i∈N

ai(q)
.
= max

i∈N
αi · q

where as usual, N < M .
One has freedom in the choice of metric by which we evaluate the quality of

the approximation. We choose a (standard-sense) integral measure, as this yields
the convexity property we desire. In particular, our problem is: Maximize

J̃(A)
.
=

∫

SK

max
i∈N

αi · q − max
m∈M

τm · q dq
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where A = {αi | i ∈ N}. However, the second term in the integral is independent
of A, and so one may equivalently maximize

(4.3) J(A)
.
=

∫

SK

max
i∈N

αi · q dq,

and we note that our constraints are

(4.4) αi · q ≤ max
m∈M

τm · q ∀ q ∈ SK , ∀i ∈ N .

Alternatively, one may rewrite constraints (4.4) as

(4.5) min
q∈SK

max
m∈M

[(τm − αi) · q] ≥ 0, ∀i ∈ N .

Let τ be the M × K matrix where the mth row is τT
m. One may reformulate

(4.5) through the following lemma.

Lemma 4.1. For any α ∈ IRK ,

(4.6) max
m∈M

[(τm − α) · q] = max
p∈SM

[(pT τ − αT )q].

Proof. The result is quite standard. In particular, note that (pT τ − αT )q is
linear in p. Since SM is the convex hull of the set of standard basis vectors in IRM ,
the maximum in the right-hand side of (4.6) occurs at one of the basis vectors, and
the maximum over the basis vectors of IRM is equivalent to the left-hand side. �

Using Lemma 4.1, one may reformulate (4.5) as

(4.7) min
q∈SK

max
p∈SM

[(pT τ − αT
i )q] ≥ 0 ∀ i ∈ N .

The following lemma, which is related to the existence of value in a game, will allow
one to reformulate (4.7) further.

Lemma 4.2.

(4.8) min
q∈SK

max
p∈SM

[(pT τ − αT
i )q] = max

p∈SM
min
q∈SK

[(pT τ − αT
i )q].

Proof. This result is also quite standard. In particular, let hi(p, q)
.
= (pT τ −

αT
i )q. Note that hi is convex in q and concave in p (actually simply bilinear).

Further, SK and SM are convex sets. Consequently, one has a saddle point, and
the result is immediate (c.f., [20]). �

Employing Lemma 4.2 on constraints (4.7), one finds that the problem takes
the form: Maximize

J(A)
.
=

∫

SK

max
i∈N

αi · q dq,(4.9)

subject to constraints
max
p∈SM

min
q∈SK

[(pT τ − αT
i )q] ≥ 0 ∀ i ∈ N .(4.10)

We now proceed to demonstrate that problem form (4.9),(4.10) may be trans-
formed into the form needed to apply general Theorem 3.1. Let T

.
= {τm |m ∈ M}.

Theorem 4.3.

max
p∈SM

min
q∈SK

[(pT τ − αT
i )q] ≥ 0 ∀ i ∈ N(4.11)

if and only if



COMPLEXITY REDUCTION, CORNICES AND PRUNING 7

A ∈ CN(T ).(4.12)

Proof. First, (4.11) holds if and only if there exists p ∈ SM such that

(4.13) min
q∈SK

[(pT τ − αT
i )q] ≥ 0 ∀ i ∈ N .

However, SK is the convex hull of the standard basis vectors E
.
= {ek | k ∈]1, K[} of

IRK , and (pT τ −αT
i )q is linear, and hence convex, in q. Consequently, the minimal

value is no more than the minimal value on E. Therefore, (4.13) is true if and only
if

(pT τ − αT
i )ek ≥ 0 ∀ k ∈]1, K[, ∀i ∈ N ,

or, in other words, if and only if all K components of (pT τ − αT
i ) are nonnegative,

that is, if and only if

[pT τ − αT
i ]k ≥ 0 ∀ k ∈]1, K[, ∀i ∈ N ,

that is,

(4.14) [αi]k ≤ [τT p]k ∀ k ∈]1, K[, ∀i ∈ N .

Let the partial ordering on IRK be given by a � b if ak ≤ bk for all k ∈]1, K[.
Then, (4.14) is

(4.15) αi � τT p ∀ i ∈ N .

However, note that the set of τT p such that p ∈ SM is 〈T 〉. Consequently, by the
definition of a cornice, (3.2), the existence of p ∈ SM such that (4.15) holds, is
equivalent to αi ∈ C(T ) for all i ∈ N . Since this is true for all i ∈ N , using (3.3)
and (4.13), we see that (4.11) is equivalent to A ∈ CN (T ). �

Using Theorem 4.3 and (4.9),(4.10), one sees that our problem may be written
in the form: Maximize

J(A)
.
=

∫

SK

max
i∈N

αi · q dq,(4.16)

subject to
A ∈ CN (T ).(4.17)

In order to be able to apply Theorem 3.1, one need only show that the J(·) of (4.16)
is convex and monotonically increasing (relative to the inherited partial ordering).
The proof of the following is straightforward, and so, is not included.

Lemma 4.4. J (given by (4.16)) is convex and monotonically increasing.

Theorem 4.5. Let J∗ be the optimal value of (4.3) subject to constraints (4.4).
There exists A∗ = {τmi

| i ∈ N} such that τmi
∈ T = {τm |m ∈ M} for all i, and

such that A∗ satisfies (4.4) and J(A∗) = J∗.

Proof. Let Y
.
= IRK , and let � be the component-wise partial order noted

above. Then, by Theorem 4.3, constraints (4.4) take the form A ∈ CN (T ). Fur-
ther, with the inherited partial order on YN , cost functional J is monotonically
increasing, as well as convex. The result now follows by application of Theorem
3.1. �
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5. Practical Considerations for Linear Functions on a Simplex

When M and N are small, Theorem 4.5 greatly reduces our problem, and
makes it quite tractable. For example, regardless of K, if M = 20 and N = 3, the
search for an optimal triple of linear functionals reduces to a quick search over

(
20
3

)

possibilities. However, for reasonably large problems, say M = 1000 and N = 10,
an exhaustive search is completely unfeasible.

5.1. A Simple Heuristic. One heuristic option which has been tested in
application [19] is as follows. An approximate “value” (referred to as the value for
the remainder of this subsection) is assigned to each of the τm. This value is given
by

H(m̄)
.
= max

q∈SK

{
max
m∈M

[τm · q] − max
m∈M\{m̄}

[τm · q]

}
.

One retains only the N functionals with the highest values. It is worth noting that
if H(m) ≤ 0, then that τm contributes nothing to the pointwise maximum, and
hence is useless.

The argument in favor of using H to guide the pruning process is that the
computation of H reduces to a simple linear program (LP). In short, the LP is

Minimize τ̂m̄ · x

subject to:
τ̂m · x ≥ 0 ∀m 6= m̄,

v1 · x = 1,

0 ≤ qk ≤ 1 ∀ k ∈ K
.
=]1, K[ ,

where x
.
= (qT , z)T with z ∈ IR, τ̂m

.
= (−τT

m, 1)T for all m, and v1 .
= (1, 1, . . . 1, 0)T .

Although, in practice, this heuristic performed reasonably well, it is subject to
arbitrarily poor performance as indicated by the following example. Let K = 2,
M = 3 and N = 1. Let τ1 = (1, 1)T , τ2 = (1 + δ, 1 − δ)T and τ3 = (−21, 1.5)T .
One obtains H(1) ≃ (39/41)δ, H(2) = δ, and H(3) = 1/2. Consequently, for small
δ > 0, the heuristic suggests pruning τ1 and τ2. However, J(τ3) ≃ −14, while
J(τ1) ≃ 1.4.

5.2. Full Problem Approaches. The above heuristic requires solution of M
linear programs, each with more than M constraints, and the criterion, H, is an
L∞ type of criterion, as opposed to our L1 type of true cost, J . Consequently, we
look to other approaches. As noted above, our earlier result (Theorem 4.5) reduces

the original problem to a search over
(
M

N

)
possibilities. We have studied the further

computational reduction of this search, and will indicate what has been learned.
Although our problem is reduced to a search for the best set of N linear func-

tionals from our set of M linear functionals, as noted above, an exhaustive search
can be prohibitively costly. Here, we seek to reduce the cost of this search. Let

DM,N =

{
r ∈ IRM

∣∣∣ ri ∈ {0, 1} ∀i ∈ M,
∑

i

ri = N

}
.

One sees immediately that the elements of DM,N are in one-to-one correspondence
with the possible pruned sets of τm. With a slight abuse of notation, we let J :
DM,N → IR be given by J(r) = J(Ar) where Ar = {τm | rm = 1}. One may
convexify the search space with SM,N .

= 〈DM,N 〉. There are multiple ways to extend
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the definition of J from DM,N to SM,N . For example, one may take J ′ : SM,N → IR
as

J ′(r)
.
=

∫

SK

max
p∈SM

pT τ rq dq

where [τ r]m,k = rmτm,k for all m ∈ M and k ∈ K. If J ′ possessed no superfluous
strict local maxima over SM,N , then the original exhaustive search over DM,N might
be greatly speeded up. However, that is not the case, as illustrated by the following
counterexample. Let M = 4, N = 2, K = 2, τ1 = (8, 0)T , τ2 = (0, 8 − δ)T ,
τ3 = (3, 7)T , and τ4 = (7 − δ, 3)T with δ << 1. Then A∗ = {τ1, τ3}, while
A = {τ2, τ4} is an isolated local maximum.

Lifting the problem to a sufficiently high dimension can result in a linear op-
timization criterion. Let dM,N = #DM,N and S = SdM,N . Also let EdM,N = {λ ∈
SdM,N |λi ∈ {0, 1},

∑
i λi = 1} (i.e., the set of standard basis vectors), so that

S = 〈EdM,N 〉. One has the obvious bijection, e, from EdM,N to DM,N , where each
element of DM,N corresponds to one of the standard basis vectors which comprise
EdM,N ; the particular pairing is irrelevant. On S, we define

(5.1) Ĵ(λ)
.
=

∑

i∈]1,dM,N [

λi

∫

SK

max
p∈SM

pT
[
τ e(i)

]
q dq,

and we see that Ĵ is linear on S. Consequently, Ĵ has only a single, convex argmax
over simplex S, and so, in principle, an exhaustive search could be avoided. How-
ever, one immediately notices that the dimension of the simplex is dM,N , thus
demonstrating the illusory nature of the apparent simplification.

However, one can use Ĵ to obtain an alternate extension of J to SM,N as follows.
Let L : S → SM,N be given by

L(λ) =
∑

i∈]1,dM,N [

λie(i),

where we note that this is onto, but not generally one-to-one. We define J̃ :
SM,N → IR by

J̃(r)
.
= max

λ∈L−1(r)
Ĵ(λ).

Noting, from (5.1), that

Ĵ(λ) ≥

∫

SK

max
p∈SM

pT




∑

i∈]1,dM,N [

λiτ
e(i)


 q dq,

one easily sees that J̃(r) ≥ J ′(r) for all r ∈ SM,N , and J̃(r) = J ′(r) = J(r) for all
r ∈ DM,N . We also easily find:

Theorem 5.1. J̃ is concave.

Proof. Let r1, r2 ∈ SM,N . There exist λ1, λ2 ∈ S such that r1 = L(λ1),

r2 = L(λ2), J̃(r1) = Ĵ(λ1) and J̃(r2) = Ĵ(λ2). Let µ ∈ [0, 1]. By the linearity of Ĵ ,

(5.2) Ĵ(µλ1 + (1 − µ)λ2) = µĴ(λ1) + (1 − µ)Ĵ(λ2) = µJ̃(r1) + (1 − µ)J̃(r2).

Further,

µr1 + (1 − µ)r2 = µL(λ1) + (1 − µ)L(λ2) = L(µλ1 + (1 − µ)λ2),
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which implies

J̃(µr1 + (1 − µ)r2) ≥ Ĵ(µλ1 + (1 − µ)λ2),

which by (5.2),

= µJ̃(r1) + (1 − µ)J̃(r2).

Since this is true for all r1, r2 ∈ SM,N , and all µ ∈ [0, 1], we are done. �

Consequently, we seek to maximize a concave function over a convex set, and
so there can be no isolated local maximizers.

Theorem 5.2. The vertices of the convex polytope argmax{J̃(r) | r ∈ SM,N}
belong to DM,N .

Proof. Suppose r̄ ∈ argmax{J̃(r) | r ∈ SM,N}. There exists λ̄ ∈ S such that

J̃(r̄) = Ĵ(λ̄)

which by (5.1),

=
∑

i∈]1,dM,N [

λ̄i

∫

SK

max
p∈SM

pT
[
τ e(i)

]
q dq.

This implies that the e(i) such that λ̄i 6= 0 must achieve the maximum. With a
little more work, the result follows. �

We now see that if we replace the exhaustive search over DM,N by a search for

the maximum of J̃ over SM,N ⊂ IRM , then we obtain the same maximum value.

Further, J̃ is concave, and DM,N∩argmax{J̃(r) | r ∈ SM,N} 6= ∅. It should be noted
that, although the reduction to a problem of maximization of a concave function
over a convex set in IRM appears to be an appealing reduction, the apparent sim-

plicity is somewhat misleading. Note that evaluation of J̃ at r ∈ SM,N requires a
determination of L−1(r), which could be highly nontrivial for large M, N . Further,
even evaluation of J at a point e ∈ DM,N is nontrivial. In particular, note that
this requires evaluation of the volume under the pointwise maximum of a set of N
linear functionals. By beginning with the volume under a single linear functional,
and then computing the added volume with each additional functional, the compu-
tation of the total volume can be reduced to the computation of the volumes of N
convex polytopes in IRK , which can be nontrivial. In summary, although the prob-
lem has been greatly reduced from the original statement, it is still computationally
demanding for reasonably large problems.

References

1. M. Akian, S. Gaubert and A. Lakhoua, The max-plus finite element method for solving

deterministic optimal control problems: basic properties and convergence analysis, SIAM J.
Control and Optim., 47 (2008), 817–848.

2. M. Akian, S. Gaubert and A. Lakhoua, A max-plus finite element method for solving fi-

nite horizon determinsitic optimal control problems, Proc. 16th International Symposium on
Mathematical Theory of Networks and Systems (2004).

3. F.L. Baccelli, G. Cohen, G.J. Olsder and J.-P. Quadrat, Synchronization and Linearity, John
Wiley, New York, 1992.

4. R.A. Cuninghame-Green, Minimax Algebra, Lecture Notes in Economics and Mathematical
Systems 166, Springer, New York, 1979.

5. G. Cohen, S. Gaubert and J.-P. Quadrat, Duality and Separation Theorems in Idempotent

Semimodules, Linear Algebra and Applications, 379 (2004), 395–422.



COMPLEXITY REDUCTION, CORNICES AND PRUNING 11

6. W.H. Fleming and W.M. McEneaney, A max-plus based algorithm for an HJB equation of

nonlinear filtering, SIAM J. Control and Optim., 38 (2000), 683–710.
7. V.N. Kolokoltsov and V.P. Maslov, Idempotent Analysis and Its Applications, Kluwer, 1997.
8. G.L. Litvinov, V.P. Maslov and G.B. Shpiz, Idempotent Functional Analysis: An Algebraic

Approach, Mathematical Notes, 69 (2001), 696–729.
9. W.M. McEneaney, Max-Plus Methods for Nonlinear Control and Estimation, Birkhauser,

Boston, 2006.
10. W.M. McEneaney, A. Deshpande, S. Gaubert, Curse-of-Complexity Attenuation in the Curse-

of-Dimensionality-Free Method for HJB PDEs, Proc. ACC 2008, Seattle (2008).
11. W.M. McEneaney and P.M. Dower, A max-plus affine power method for approximation of

a class of mixed l∞/l2 value functions, Proc. 42nd IEEE Conf. on Dec. and Control, Maui
(2003), 2573–2578.

12. W.M. McEneaney, “A Curse-of-Dimensionality-Free Numerical Method for Solution of Certain
HJB PDEs”, SIAM J. on Control and Optim., 46 (2007), 1239–1276.

13. W.M. McEneaney, “A Curse-of-Dimensionality-Free Numerical Method for a Class of HJB
PDEs”, Proc. 16th IFAC World Congress (2005).

14. G. Collins and W.M. McEneaney, “Min–Plus Eigenvector Methods for Nonlinear H∞ Prob-
lems with Active Control”, Optimal Control, Stabilization and Nonsmooth Analysis, LNCIS,
Vol. 301 Queiroz, Marcio S. de; Malisoff, Michael; Wolenski, Peter (Eds.), Springer (2004),

101–120.
15. W.M. McEneaney, Max–Plus Eigenvector Representations for Solution of Nonlinear

H∞ Problems: Error Analysis, SIAM J. Control and Optim., 43 (2004), 379–412.
16. W.M. McEneaney, Max–Plus Eigenvector Representations for Solution of Nonlinear

H∞ Problems: Basic Concepts, IEEE Trans. Auto. Control 48, (2003) 1150–1163.
17. W.M. McEneaney, Error Analysis of a Max-Plus Algorithm for a First-Order HJB equation,

Stochastic Theory and Control, Proceedings of a Workshop held in Lawrence, Kansas, October
18-20, 2001, Lecture Notes in Control and Information Sciences, Springer-Verlag, B.Pasik-
Duncan (Ed.) (2002), 335–352.

18. William M. McEneaney, Ali Oran and Andrew Cavender, Value-Based Control of the

Observation-Decision Process, Proc. American Control Conf., Seattle, (2008).
19. William M. McEneaney, Ali Oran and Andrew Cavender, Value-Based Tasking Controllers

for Sensing Assets, Proc. AIAA Guidance, Nav. and Control Conf., Honolulu, (2008).
20. M. Sion, On general minimax theorems, Pacific J. Math. 8 (1958), 171–176.

Dept. of Mechanical and Aerospace Engineering, University of California San

Diego, San Diego, CA 92093-0411, USA.

E-mail address: wmceneaney@ucsd.edu


