CONVERGENCE RATE FOR A CURSE-OF-DIMENSIONALITY-FREE METHOD
FOR HJB PDES REPRESENTED AS MAXIMA OF QUADRATIC FORMS *
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Abstract. In previous work of the author and others, max-plus methods have been explored for solution of first-order,
nonlinear Hamilton-Jacobi-Bellman partial differential equations (HJB PDEs) and corresponding nonlinear control prob-
lems. Although max-plus basis expansion and max-plus finite-element methods provide computational-speed advantages,
they still generally suffer from the curse-of-dimensionality. Here we consider HJB PDEs where the Hamiltonian takes the
form of a (pointwise) maximum of linear/quadratic forms. The approach to solution will be rather general, but in or-
der to ground the work, we consider only constituent Hamiltonians corresponding to long-run average-cost-per-unit-time
optimal control problems for the development. We consider a previously obtained numerical method not subject to the
curse-of-dimensionality. The method is based on construction of the dual-space semigroup corresponding to the HJB PDE.
This dual-space semigroup is constructed from the dual-space semigroups corresponding to the constituent linear/quadratic
Hamiltonians. The dual-space semigroup is particularly useful due to its form as a max-plus integral operator with kernel
obtained from the originating semigroup. One employs repeated application of the dual-space semigroup to obtain the
solution. Here, we consider constituent Hamiltonians which contain linear and constant terms as well as purely quadratic
terms. This greatly expands the allowable class of problems. However, there are solution existence issues, and the error
bounds are more difficult.
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1. Introduction. The use of dynamic programming (DP) to solve nonlinear control problems leads
to the familiar DPE (dynamic programming equation). In the case of problems in continuous space/time
governed by finite-dimensional “deterministic” (or max-plus stochastic) dynamics, the DPE takes the
form of a Hamilton-Jacobi-Bellman partial differential equation (HJB PDE). In the infinite time-horizon
case, this is a PDE over a region in a space whose dimension is the dimension of the state variable in
the control problem. We remark that the solutions are generally nonsmooth, and the theory of viscosity
solutions yields the appropriate solution definition (c.f., [4], [10], [11], [12], [21]).

The difficulty lies in computing the solution of the HJB PDE. The most intuitive, and commonly
applied, approaches are grid-based (c.f., [4], [6], [14], [15], [16], [17], [21], [26] among many others), and
are subject to the curse-of-dimensionality (whereby the computational cost growth is very roughly on the
order of (2D)™ where D is the required number of grid points per dimension, and more importantly, n is
the space dimension.

A recent development is the discovery of the curse-of-dimensionality-free methods exploiting semicon-
vex dual operators and max-plus linearity [31], [32], [34]. This approach has, so far, only been developed
for problems over the entire space. (For other max-plus-based methods developed for larger classes of
problems, see [1], [2], [20], [34], [36], [37].) In particular, it deals with HJB PDEs of the form

(1.1) 0=—H(z,gradV) Vo € R"\ {0}, V(0)=0
where
(1.2) H(z,gradV) = max {H" (x, grad V)}

me

where M = {1,2... M}, and the H™ have computationally simpler forms. In particular, this has been
developed for long-run average-cost-per-unit-time problems where the H™ are quadratic forms.
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In [32], [34], the method was developed and the curse-of-dimensionality-free nature was made clear.
The H™ had the form

(1.3) H™(2,p) = (A™a)p+ 3o/ C™a + 1p/'S™p,

where the A™, C™ and ¥™ were n X n matrices meeting certain conditions which guaranteed existence
and uniqueness of a solution within a certain class of functions. We refer to the H™ as the constituent
Hamiltonians. In [31], the convergence rate for the algorithm was obtained. In particular, it was shown
that there were two parameters, 7 and T" = N7 such that the errors go to zero as T'= N7 — oo and
7 | 0. Further, a relation between the relative 7" and 7 rates was indicated. The errors in the solution
approximation are bounded in a form 0 <V — V@ < (1 + |x|?) where V is the true solution and V¢ is
the computed approximation. Additionally, we had T = N7 &< ¢! and 7 o« €2, and so N o £~3. The
computational cost growth with n is only on the order of n? (due to some matrix inverses). However, the
approach is subject to a curse-of-complexity, where the computational cost can grow like M. Various
strategies are outlined in [31] for greatly attenuating this growth. In [30], a convex programming approach
to attenuating the growth was employed, and a problem over IR® with M = 6 was solved in under an
hour on a typical desktop machine (with the more general H™ of (1.4) below). Nevertheless, this curse-
of-complexity attenuation remains an active research area.

It quickly became clear that the problem class given by (1.1), (1.2), (1.3) is quite restrictive. In
particular, the solutions are quadratic along lines through the origin. On the other hand, it is well-known
that any semiconvex function can be represented as a supremum of quadratic forms, and consequently,
approximated (although we do not use a specific metric here) by a maximum of quadratic forms. This
obviously holds true for Hamiltonians as well. However, the forms (1.3) are insufficient; we must expand
to H™ of the form

(1.4) H™(z,p) = 22/ D"z + $p'S"p+ (A™x) p+ (I7")'= + (13")'p+ ™,

where I7,15" € IR™ and o™ € IR. Although our interest here is on (numerical) solution of (1.1) with a
Hamiltonian given by (1.2), (1.4) for its own sake, the additional motivation that these will approximate
the very general class of HJB PDEs with semiconvex Hamiltonians, and so will eventually lead to approx-
imate solution of such, provides further motivation. (Initial results on the Hamiltonian approximation
question appear in [29].)

2. Problem class. In the general case, the consituent Hamiltonians, the H™, still have correspond-
ing HJB PDE problems which take the form

(2.1) 0=—H"(z,gradV) Vo € R"\ {0}, V(0)=0.

These constituent Hamiltonians are associated, at least formally, with the following control problems.
The dynamics of the problems are affine, and are given by

(2.2) Em = ATE™ LI 4 oM, € =3 € R"

where the nature of the (newly introduced) o™ is specified just below. Let w € W = L¥<([0, 00); IR¥), and

we recall that LY¢([0,00); R*) = {w : [0,00) — IRF : fOT |we|? dt < 0o VT < oo}. The cost functionals
are

T 2
e Tiw)= [ 1 - Lo dn,
0
T o2
(23) = [Caeryomer + aryer +am - L
0
The associated value functions (which might not be finite) would be

(2.4) V™ (z) = sup sup J"(z,T;w).
weW T'<oco
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Lastly, c™ and ~ are such that X" = 7—1207”(07”)’.

We remark that a generalization of the second term in the integrand of the cost functional (in both
cases) to %w’ C™w with C™ symmetric, positive definite is not needed since this is equivalent to a change
in 0™ in the dynamics (2.2).

Prior to introduction of the assumptions, some discussion is in order. In the purely quadratic case
(with constituent Hamiltonians given by (1.3)) considered in [31], [32], [34], each of the constituent
Hamiltonians is associated with a linear/quadratic problem with finite value, and solvable via a Riccati
equation. However, in this more-general quadratic case, some of the constituent Hamiltonians might
be associated with problems which might not be reasonable. For example, the nominal stable point of
the dynamics might correspond to a state with negative running cost. Nonetheless, they may make a
significant contribution to the originating Hamiltonian, H. To motivate the assumptions for this rather
general problem class, we return to the concept of H being constructed so as to resemble some given
nonlinear control problem which has a (finite) solution. That is, we think of H as being chosen to resemble

some given H. We suppose that problem

(2.5) 0= —ﬁ(m,grad V), V(©0)=0

has finite value, and that we are choosing H to approximate H.

We make the following block of assumptions which we will refer to as Assumption Block (A.m)
throughout.

Assume there exists unique viscosity solution, ‘N/, to (2.5) in Qg for some K € (0,00),
where Qg = {¢ : R" — IR| ¢ is semiconvex, and 0 < ®(z) < (K/2)|z|* Vz € R"}.

Assume that H(z,p) = max,ep H™(z,p) < H(z,p) for all z,p € IR™.

Assume there exists ¢4 € (0,00) such that 2’ A™z < —calz|? for all x € R™ and all
m € M.

Assume H!(z,p) has coefficients satisfying the following: 1§ = I3 = 0; o' = 0; D' is
positive definite, symmetric; and 7?/c2 > c¢p/c%, where cp is such that 2’ D'z < cp|z|?
Vo € R" and ¢, = |o!].

Assume that system (2.2) is controllable in the sense that given x,y € IR™ and T > 0,
there exist processes w € W and p measurable with range in M, such that & = y when
& = = and one applies controls w, p.

Note that the last assumption, the controllability assumption, is satisfied if there exists at least one
m € M such that 6" (c™)" (which is n X n) has n positive eigenvalues. We will be making an additional
assumption, and that is:

Assume there exist ¢1, ca < 0o such that for any e—optimal pair, u¢, w® for the H problem,
one has

(A.w)

[w®lI 0,77 < 1 + calzf?

for all e € (0,1], all T < 0o and all z € R™.

Note that the behavior specified in (A.w) is proved in the purely quadratic case (c.f., [34], [40]) under
reasonable assumptions on the constituent-Hamiltonian matrices, but in this more general case, we assume
it instead.

There are two more assumptions that were used in the error estimates. The first of these assumptions
is that

(A.o) c™=0 VYmeM.
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We do not use this assumption anywhere other than in the technical estimates of Section 6 (and, indirectly,
in the Combined Errors section, i.e. Section 8, that follows). The author was not able to show that the
assumption was necessary, but was unable to obtain the estimates of that section without it. Considering
this, we leave the m-dependence on ¢ in the other sections.

In the introduction, we note that one can approximate any semiconvex Hamiltonian arbitrarily well
by a pointwise maximum of quadratic “constituent” Hamiltonians. The restriction to m-independent o
does not prevent approximation of any semiconvex Hamiltonian with bounded semiconvexity constant,
as the quadratic growth terms in the approximating functions may always be taken to be constant (c.f.
[34]). However, although this is not a theoretical limitation, it does pose a practical limitation, and so
one would prefer not to need this seemingly technical assumption. It should be noted that we have not
found this assumption to be necessary in our, admittedly small, set of tests; one should note that in the
six-dimensional example in [30], o did depend on m.

There is one final technical assumption, this one is on the behavior of e-optimal trajectories of the
system, in the general class of coercivity-type assumptions. Since this assumption requires objects which
have not been defined yet, and is used only in Section 7, we delay presentation of the assumption to the
top of that section. There are no more assumptions.

In order to show that the conditions are not vacuous (in fact, they seem to be rather general relative
to problems that might have finite value), we include a simple, one-dimensional example satisfying all
the assumptions. Let M = 2 and

2 p?
H'(z,p) = > + PR

Given that ¥™ = 1/4 in both cases, we may take 0 = 1 and 42 = 4 (so that 02/(2¢y%) = 1/8). It is
obvious that Assumptions (A.m) and (A.c) are satisfied. We demonstrate that the other two are met.
Note that

T . ,72 T
| vt - FiPars [0 =2t o,

which by (11.1) (in the proof of Lemma 4.3 in Appendix A),
2 A2
< —+ —QHU’EHQLZ(O,T) - 2||U’5||2L2(0,T) =’ — HwE”%g(O,T)v
CA CA
for all T > 0 and z € IR". Comparing with w = 0, where the payoff is then nonnegative, we see that
if w® is e—optimal with ¢ € (0, 1], one must have Hw8||%2(0 <1+ x2. This yields (A.w). Lastly, by

this bound on w® and Lemma 4.3, noting that 3 = I3 = 0, one sees that fOT |€51? dt < 2 + 322 for all
T,x. This implies that for large time, the trajectory stays near the origin (in an Lop-sense), where H*
dominates. This yields (A.£) (of Section 7) with ¢3 = 1/4, and we do not include the details.

3. Overview of required development. The curse-of-dimensionality-free approach is as follows.
The solution to (1.1), (1.2), (1.4) is given by

lim §T [VQ]
T—o0

where §T is the associated semigroup, and V; is some initialization (where Vj = 0 is an acceptable
initialization). Fixing some time-discretization, 7, and considering T = N7 (for T such that N is
an integer), one may approximate §T by [S’T}N where the exponent indicates repeated composition
and S-[¢](z) = maxmem ST [¢](x) where S is the semigroup associated with constituent HJB PDE
0=H™(z,grad V).
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As noted above, the errors are due to the finiteness of T'= N7 and the time-discretization, 7. Now,
the key to the curse-of-dimensionality-free aspect of the computations is in the means of computing the
S, operator actions. The computational speed is achieved through the use of max-plus linearity and
semiconvex duality. We will not include those details which have been discussed elsewhere, but refer the
reader to [31], [32], [34] for such.

Instead, we briefly outline the concept. Suppose Vp is quadratic (or a max-plus sum of quadratics).
It has a semiconvex dual (defined in Section 9), ag, which is also a quadratic. In the case of quadratic
H™, the semiconvex dual operators of the S take the form of max-plus integral operators

D

B'(a](z) = BY'(z,) ®a(-) = - B (,y) @ aly) dy = max {B7"(z,y) +a(y)}

where the B™ are quadratic forms. Further, B,, the kernel of the semiconvex dual of S,, is the max-plus
sum of the B, i.e.,

B.(z,y) = P B(x,y).
meM

The dual of V; = S;[Vp] is

ay) = P B )oal)= P W)

m1EM m1EM

where each a7"! is a quadratic function (computed by analytical operations modulo a matrix inverse).

The dual of Vo = (S,)2[V], @2, has the form

wy)= P P ")

moEM myeEM

where

ay " (y)= By, ) © @y (),
and we see that each @y'""? is also a quadratic; and similarly obtained. The dual of Vv = (S,)V[Vq],
an, is obtained similarly. Details on the algorithm implementation and on methods for attenuating the
curse-of-complexity appear in [30], [31]. We will briefly describe the minor modifications in the algorithm
implementation due to the presence of the I7*, 15" = 0,a™ in Section 10.

There are four topics that must be addressed. First, we must obtain conditions under which we can
guarantee the solutions we seek to_compute actually exist, and this is done in Section 4. The second,
and main, topic is the proof that V — (S;)N[Vo] goes to zero as N — oo and 7 | 0. While doing that,
we will also obtain specific error bounds as functions of these parameters. In particular, under certain
assumptions, we show that given € > 0, there exist N, 7 such that the error is less than (1 + |z|?)
over IR™. This appears in Sections 5-8. Next, in Section 9, we briefly demonstrate that the curse-of-
dimensionality-free method outlined above may be used to compute (S,)™[Vy]. Lastly, as noted just
above, we indicate the minor changes in the algorithm (the basic algorithm being discussed more fully in
[32], [34]) necessary for the more general H™ considered here, and this appears in Section 10.

4. Existence and semigroup limits. In this general-quadratic constituent Hamiltonian problem
class, there are several technical issues, including specifically the question of existence of the solution.
Recall that the HIB PDE problem of interest is

0=—H(z,grad V) = — max H™(z,grad V) z € R"\ {0},
(4.1) V(0) = 0.
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The corresponding value function is

T 2
(4.2) V(z) = sup sup J(z,w,u) = sup sup sup/ L (&) — l|wt|2dt
WEW pEDoo WEW pEDwo T<o0 J 0 2

where

L (z) = s’ Dfa + (1) + o
Doo = {1 : [0,00) — M : measurable },

and & satisfies

(4.3) E=AME+ 1 + oMy, & =

Let’s first prove the finiteness of V (z).

THEOREM 4.1. For all x € IR™, 0 <V (z) < V(z). Consequently, V(z) lies in Q.

Proof. If one had 17(5,5) absolutely continuous with respect to time, then the following proof would
be greatly reduced. The central theme of the proof, neglecting this technical issue, is relatively straight-
forward once one uses the integral of the Hamiltonian as a tool. To handle the potential nonsmoothness

of ‘N/(ﬁf), we consider a mollified seqeunce of functions, V°® € C, approximating V. For § > 0, let
g° : IR™ — [0,00) be a one-parameter family of mollifiers, i.e., smooth functions such that g°(z) = 0 for
all # € Bs(0) and [p, ¢°(x)dx = 1 for all § > 0. In particular, we take ¢°(z) = 6~ "g(z/d) for some
appropriate g. Let

V(z) = [g°  V](x) = / P —y)V(y) dy.

n

We introduce the finite time-horizon value function

T 72
W(z,T) = sup Sup/ LM (&) — o |we|* dt
wEW n€D JO 2

with £ satisfying (4.3). Fix w® € W, u® € Dr which are e-optimal for ﬁ//(a:,T), and let &° be the
corresponding trajectory with initial state £°; = . We have

T 2
W )< [ 10 - DluiP d+e
0

T 2 € £
N /0 L (&) — 77|w§|2 +[AME + 15 + oM wf] - grad VO(€F)
—[AMEE 15+ ot wf] - grad VO(€) dt + e,
which by the definition of H

T T
g/ H(ﬁf,gradV‘s(gf))dt—/ [AFE €2 415t + oMiws] - grad VO(£5) dt + ¢
0 0

where, for clarity, we note that grad V? indicates the gradient of V° rather than the -mollification of
some grad V', and by (A.m)

T - T
< / H(€ grad VA (€5)) di — / € - grad V(€5 dt + <
0 0

T ~
(4.4) _ /O H (€5, qrad VO(£5)) dt + VO (z) — V(£5) + e.
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(Note that if V' could be replaced by \7, then the right-hand side would be less than 17(:17) + ¢ by noting

17(5%) > 0, and this would lead us to our goal below. Additional effort is required due to the fact that
we needed to work with V7 instead.)

Recalling that V is assumed semiconvex, and consequently locally Lipschitz (c.f., [19]), it is easy to
see that given R < oo and ¢ € (0, 1], there exists 0 > 0 such that

(4.5) Vo(y) —V(y)| <e, Yye Bg.

We now interject two lemmas. From [32], [34], we see that V! € Qg for K = K5 = (cay?/c2) —§ for
§ > 0 sufficiently small. Using this and Assumption (A.w), one obtains the following lemmas essentially
exactly as in [40] (see also [34]). For completeness, we include sketches of the proofs in Appendix A.

LEMMA 4.2. For any t < oo,

€2 < o4t a2 + 2 su Ilm|2+—2cgl\ |17
tl ¢ 5 Sup |io WLy (0,8)
CA m CA

LEMMA 4.3. For any t < oo,

ta2d<1 2 2 Im2 2c3 e 12
; €5 ] T_a|$| +gsip|2| H‘EHW 125 0,)-

From Lemma 4.2, we see that there exists R < oo such that & < R for all x € Bg, ¢ € (0,1] and
T < co. Combining this with (4.5), we see that

(4.6) Vo) - V(&) <e VaeBgee (0,1 and T < co.

Combining (4.4), (4.5) and (4.6), one finds that for § < §
T ~

W )< | H(&, grad VO(€0)) dt + V (2) — V(E5) + 3¢

for all z € Bg, ¢ € (0,1] and T < oo. Since V > 0, this yields

_ T~

(4.7) W, T)< | HE, grad VO(E5)) dt + V(x) + 3.
0

We now interject one more lemma. The proof of this lemma is given in Appendix B.

LEMMA 4.4. Given R < oo, & € (0,1], sequence 0 | 0 and finite set {y*}>_, C Bp, there exists a
subsequence, {0k, } such that for all k sufficiently large

inf ‘gradV‘;’m(y)‘)—z’ <& Vie{l,2,...A}
z€0V(y*)

Recall that, since V is a viscosity solution of 0 = —H (x, grad V) with boundary condition V(0) = 0,

(4.8) H(z,2) <0 VzedV(z),z 0.
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Note that, by the semiconvexity of 1% (which implies local Lipschitz behavior, c.f., [19]), there exists

R < oo such that |grad Vi(y)| < R for all y € By and all § € (0,1). By the continuity of H, given
R, R < 0o, there exists €5 > 0 such that

e
(49) H(yl,zl) — H(yg,ZQ) < ﬁ

for all y1,y2 € Bg and 21, 20 € Bp such that lyr — yo| < &z and |21 — 22| < €2. Also, by the compactness
of Br and Bp, there exists finite set Y = {y*}4_, C Bg and sequence ), | 0 such that

(4.10) R {rlnzin N [y — v + |grad VO (y) — grad VO (y)‘)H <&y Vyé€ Bg, VkeN.
e{1,2,...

By (4.9) and (4.10), we may choose Y such that given any y € Bg, there exists y* € Y such that

(4.11) H(y,grad Vo (y)) — H(y, grad Vo ()| < % Vk e N.

Now choose subsequence 5;% such that Lemma 4.4 holds with & = e5 and the finite set Y. Then, for any
y* €Y, there exists z* € V() such that

‘gradV‘;k“(y)‘) - ZA‘ < &9

for any k, which, by (4.9), implies

H(y grad Vo= (y)) — H(y*, 2*)| < — VreN.

(4.12) o7

Combining (4.11) and (4.12), one sees that given y € Bp, there exists 6 = &y, (actually any element of
the subsequence), y* € Y and 2* € 9V (y*) such that

= = = e
H(y,gradV°(y)) — H(y*, )| <

(4.13) -

Then, by (4.8) and (4.13), for all y € Bg

(4.14) H(y, grad V°(y)) <

o

Employing (4.14) in (4.7), one finds that

Wz, T) < V(zx)+ 4de.

Since this is true for all T' € (0, 00) and all € € (0, 1],

(4.15) V(z) = Fﬁgp W(z,T) < V().

On the other hand,

T 2
W(z,T) = sup sup / L (&) — L-Ju[? dt,
wWEW pu€Do JO 2

and by taking y=1and w=0
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T
> /0 L&) dt > 0.

Consequently,

V(z) = sup W(z,T) > 0.
T<oo

In analogy with the results of [31], we would like to know whether Sy [V](:) converges to XN/() as T
goes to infinity. Unfortunately we haven’t been able to establish this for arbitrary V' in Qg but only for
the V under V. We will however see that this is sufficient to prove the convergence of the algorithm.

THEOREM 4.5. V is the unique continuous solution of V.= Sy [V] in the class Qk for any T > 0. 1%
is also the unique viscosity solution of (4.1) in Qk. Further, given any V € Qi such that 0 <V < ‘7,
limy_.o0 Sp[V](z) = V(2) (uniformly on compact sets).

Proof. The first two assertions of the theorem are classical results of the theory of viscosity solutions,
and proofs can be found, respectively, in [34] and [40]. We turn to the last assertion.

_ T 2
V(xz) = sup sup sup / L (&) — l|wt|2 dt
WEW €D T<oo JO 2

= sup Sr[0](x).
T<oco

However,

§T+AT [0)()

St[Sar[0]()]()

T 2
sup sup {/ L (&) — %|wt|2dt
0

weW pneDr
T+Ar ) 72
+ sup sup / LFe(g)) — = wtl|2dt}
wIGW,LﬂGDAT T 2

where ¢! is driven by w! 1, u! 4 with initial condition &. = &r. By taking w! =0 and p' = 1 on [0, A7),
we see

T 2
> sup sup/ L#t(ft)_l|wt|2 dt
weW pneDr JO 2

= Sr[0)(x),

i.e., S7[0](z) is a monotonically increasing function of 7. Consequently, we have,

Jim Sr[0](z) = V(z).

Further, for all V such that 0 <V < V we find,
Vi(z) = Jlim Sy[0](z) < Jlim Sp[V](z) < Jlim Sp[V](z) = V(z),
which immediately yields the assertion. O

Now we would like to compute YN/(x) with a discrete-time approximation. The idea is of course to

apply an approximation of St to a function V' <V and to increase time towards infinity. We introduce
the approximating, discrete-time operator

T 2
S ol(o)= sup o | [" 27 - o+ 62 o)

weWw meEM

(4.16) = max S57'[¢](x)
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where £™ satisfies (2.2).

With 7 acting as a time-discretization step-size, let

DL, :{u : [0,00) — M | for each n € N U {0}, there exists m,, € M

(4.17) such that u(t) =m, Vt € [n7,(n+ 1)7) },

and for T' = n7 with 7 € N define D7, similarly but with domain [0,7) rather than [0,00). Let M"
denote the outer product of M, n times. Let T' = n7, and define

n—1
(4.18) Splole) = max L] s biel) = (5,)"()0)
{mi}ZyeM™ k=0
where the [] notation indicates operator composition, and the superscript in the last expression indicates
repeated application of S,, 7 times. We will be approximating V' = limr—,c S7[¢] by Sr[¢] for some
large T'. We will approximate St[¢] by S’; [¢] for some small 7.

Let V = limy_ o §JTVT [0](z), where 0 denotes the zero-function.

THEOREM 4.6. V satisfies
V =_58.[V], V(0)=0.

Further, 0 < VI <V < 17, and consequently, V € Q.

Neglecting trivial changes, the proof is identical to that provided in [32]. Now we need to know that
by applying S’;\,T to an initial V with N going to infinity, we converge to the solution V.

THEOREM 4.7. Given any V € Qg such that V <V we have, limy_, o §;VT[V] (r) = V(x) for all
x € R™ (uniformly on compact sets).

Proof. By definition,

V(z)= lim Sy [0](z)

N —o0

which by the monotonicity of S ;VT[] and our assumption, B
< Jim Sy, [V](@) < Jim Sy [V]()

which by Theorem 4.6, .
=V(x).

5. Error bounds and convergence. As indicated at the top of Section 3, there are two error
sources with this curse-of-dimensionality-free approach to solution of the HJB PDE. For concreteness, we

suppose that the algorithm is initialized with V' = V! (where V! is given by (2.4) with m = 1). Letting
T = Nt where N is the number of iterations, the first error source is Sy [VO} (x) — S_’; [VO} (). This
is the error due to the time-discretization of the p process over finite time-horizon T'. The second error
source is \7(:1:) —Sr [VO] (z). This is the error due to approximating the infinite time-horizon problem

by the finite-time horizon problem with horizon 7. The total error is obviously the sum of these. We
begin the error analysis with the former of the two error sources in Section 6. Then, in Section 7, we
consider the latter, and in Section 8, the two are combined.
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6 Errors from time-discretization. We now obtain a bound on the difference between the action
of S’T and that of Sy depending on the time-dscretization step-size, 7. Assumption (A.0) which was given
in Section 2 will be used in obtaining this bound. Again, the author was not able to determine whether
the assumption is necessary, but needed it for technical reasons in the long proof to follow.

THEOREM 6.1. There exists K13 < oo such that for sufficiently small T > 0,

0 < Sr[V(2) = Sp[VH(z) < Kis(M + D1+ |21 + T)r

for allz € R™ and T € (0,00).

Prior to proving this result, we will obtain a number of supporting results. Let ¢, w® be e-optimal
for S7[V](x), and again let £° be the corresponding trajectory. The main issue here is the size of the
error induced by the substitution of some i € D7, as an approximation of y° € Dr. Let EE be the
trajectory driven by & and w® (again with initial condition Eg = z). First, we indicate how we construct
n° from uf, and obtain a number of results about this approximation.

For any given 7 > 0, we build g from pS over [0, 7] in the following manner. Fix 7 > 0. Let N?
be the largest integer such that N'r < ¢. For any Lebesgue measurable subset of IR, Z, let £(Z) be the
measure of Z. For t € [0,T], m € M, let

mz{re[O,t)Mi:m}, T?Z{T‘E[O,t”ﬁf_:m}
N = LT, N = L@, (6-1)

At the end of any time step, n7, we pick one of the m € M with the largest (positive) error so far
committed and we correct it, i.e., let

(6.2) m € argmax{\,. — 5‘?};—1)7},
meM

and we set

(6.3) i =m Vte[ln—1)m,n7).

Finally, we simply set fi € argmax,,c o{A\" — A%} for all r € [N'r,#]. Obviously, ¥n € {1,---, N}
the sum of the errors in measure is null, that is,

Z(A?T_X?T): Z )‘?‘r_ Z 5‘?‘1’:7’”—_’”’7—:0'

meM meM meM

With this construction, we find the following two results. As the proofs are identical to those in [31], we
do not include them.

LEMMA 6.2. For any t € [0,T], and any m € M, one has \J* — \/* > —.
LEMMA 6.3. For any t € [0,T], and any m € M, one has \* — X" < (M — 1)7.

We now develop some more-delicate machinery, which will allow us to make fine estimates of the
difference between & and 5? For each m we divide Z;” into pieces Z," * of length 7 as follows. Let

K!, = max{k € NU{0}|3 integer n < t/7 s.t. A7 = kr}. Then, for k < Kf,, let n]"" = min{n €
NU{0} | \™ = k7} and f;n’t = (P =17, 0" 7). Let K&, =1, K! [ where for any integers m < n, |m, n|
denotes {m,m+1,...,n}. Loosely speaking, we will now let Z}T’t denote the subset of Z;" of measure T,

corresponding to f;n’ ' More specifically, we define 2" * as follows. Introduce the functions @Zl"t(r) which
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are monotonically increasing (hence measurable) functions (that will match Z," f= (" — 1)rsni'r]

with f;n ") given by

o7 (r)=inf {p € [0,¢] | \]' = (k — )7 + [r — (n"" — 1)7]}

=inf {p e (0.4 [N =7+ (k—n"")r},

where, in particular, we take ®;""(r) = t if there does not exist p € [0,#] such that At =1+ (k- nphr.
We note that the ®;"*(r) are translations by part. Then, (neglecting the point 7 = ¢ which has measure
zero anyway) I = @Z“t(fz%t).

We also define T}n’t as the last part of Z, , with length E(T?’t) < 7, and f}nt as the last part

of Z!" not corresponding to an interval of length 7 of Z, . That is, f}n’t =Im\ UkGKfn f;:’t and
Fm,t m Fm,t

If :It \UkeK;nIk :

Define
m,t : m,t m, . m,
oI (1) = {(I)k (r) if &' (r) 27, oI (1) = {q)k ey i @ (r) <
T otherwise, r otherwise.

We need to evaluate the distance |®}""(r) — 7| for 7 in [(n)"* —
also appear in [31], and so we do not include the proofs.

1)7,n"*r]. The following two lemmas

LEMMA 6.4. For all m € M, ®""*(r) < n;n+t27, + (r —n'r) for all v € [(ny"" — 1)7,n""'7] and
k€)1, Kt —2[, and O (r) > npthm - (r =) for allr € (0P 1)1, 0} ] and k €]M +1, K.

LEMMA 6.5. Suppose f(-) is nonnegative and integrable over [0,T]. For any t € [0,T] and any
m e M,

m,t

Z [/(”k g /TQZ"*(T) £(p) dpdr] < min{M,Z}T/Otf(T) dr.

t
kEK?, n;" -7

Now we demonstrate some results indicating simple forms for the matrizants corresponding to the
differential equations defining our dynamics. Consider first the linear, homogeneous systems

(6.4) € = AME,
(6.5) £ = AFiE,.

By the simple form of 7i° as constant on segments [k7, (k+1)7), we have that for any « € IR", the solution
of (6.5) with &, = = is

(6.6) Zt = exp [/Ot AP dr] x.

Let the solution of (6.4) with & = 2 be &. One has
(67) ét = \I’(t, O),T

where ¥ is the matrizant of the system. In Appendix C, we prove:

THEOREM 6.6. ¥(t,0) = exp Uot Al dr] for all t € [0,00), that is,

t
ét = exp [/ At dr] x
0



13

CONVERGENCE OF CURSE-OF-DIMENSIONALITY-FREE METHOD

forall0<t<T < o0 and all z € R™.
(14 [f*)

[\CITRON

Now, fix 0 > 0 (used in the definition of K5 — see the discussion just above Lemma 4.2). Fix any

T < oo and x € R™. Let e = (¢/2)(1 + |z|?). We have
~ T 72
SriVi) - [/ LA (€)= 5 hw P dt + Vl(&%)} <e=
0

(6.8)
where £° satisfies (4.3) with inputs w®, pc.
By (6.6), Theorem 6.6 and standard results for nonhomogeneous linear systems, one has

v (6.
t t t . t t .
(6.9) & = exp [/ At dr] x —l—/ exp [/ At dp} b dr —l—/ exp [/ Ate dp} otrws dr
0 0 T 0 T
. t_ t t_ . t t_. .
(6.10) & =exp [/ Abr dr] T —|—/ exp [/ Ate dp} 15 dr —|—/ exp [/ Ate dp} otrws dr.
0 0 T 0 T

THEOREM 6.7. |¢5 — &;| < K4(M +1)>\/T+ |z[27 for all 0 <t < T < oo, for proper choice of K4

independent of x € IR™, 7 € (0,1] and € € (0,1] (i.e., € € (0,2/(1 + |z|?)]).

||

Proof. First, using (A.c) in (6.9) and (6.10), one has
t t
exp [ / A dr] — exp [ / AP dr]
0 0
t t . t ¢ .
/ exp {/ At dp] 15 dr —/ exp {/ AF» dp] 157 dr
0 T 0 T

t Lo to_. 2 1/2
+{/ ‘GXP[/ A””dp}”—exp[/ AP dp)o] dr} 1"l 20,0
0 r r

& — €| <

_|_

= ‘Z AA™ — ZX?Am‘

t t
/ AP dr—/ AW dy
0 0
where A = max,,er |A™|. Using this bound and the Mean Value Theorem (on e®), we find that, for

t t
eo—exp[/o Aﬁidr—/o Ak dr]

(6.11)
Consider the first term on the right in (6.11). Using Lemmas 6.2 and 6.3, one finds
< DN = AT|AT] < M7,

7 € (0,1],
t -—E t €
(6.12) ’1 —exp [/ AP dr —/ AW dr} -
0 0
t i t = t i t 1=
(6.13) < / AP dr —/ At dr exp{ max / AP dr —/ At dr } <p!
0 0 tG[O,T] 0 0
where
(6.14) Bl = M2 max|A™| [exp{w max |Am|}] 7= MY [exp{M?4}]

independent of ¢ > 0.
Let y € IR™. Define Fy = exp [fst A dr]. Then, using Assumption block (A.m),

d

Sy FFy) = 2y’ [F/AY R y = 2(Fiy) A (Fuy) < ~2ealy'F{ Fuy).
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(t—s

Solving this ordinary differential inequality, one finds i/ F/ Fyy < |y|?e=2¢4(!=)_ Since this is true for all

y € IR", we have
t
exp [/ Ak dr} <e calt=5) > g>0.

(6.15)

By (6.13) and (6.15)

(6.16) < Blemealt=9) yi>5>0.

t € t €
exp [/ Abr dr] — exp [/ Abr dr]
We now turn to the third term on the right-hand side of (6.11). Note that

t 6 t 9 1/2
{/ exp[/ Ate dp}a—exp{/ At dp}a’ dr}
0 T T

t t t 2 1/2

< {/ exp [/ At dp} — exp [/ At dp} lo|? dr}
0 r r

which, by using (6.16),
(6.17) < Bleg(2e4)7 Y2,

Combining this with Assumption (A.w), we have

t 6 6 9 1/2
<6.18>{ [ feso] [ 4% dp|o = exo [ a7 dp]o] dr} [ a0y < Bleo(2e4)" V2 /e T ealaP.
0 r T
The second term on the right-hand side of (6.11) requires substantially more work. Clearly,
t t o ue e t t he —e t t us e —e
/ T —/ el AT Ao g, / el AT Aot iy gy
0 0 0

t t e t e _
[k atao L any g,

0

(6.19) <

_|_

First we note that, using (6.16), the second term on the right-hand side of (6.19) satisfies the bound

t t € t mE —
/ (ef’“ Alvdp efT A% dp)lgi dr

0

1
(6.20)

< I3y ==.
< max {Jiz"[} 5
Now we turn to the first term on the right-hand side of (6.19). The approach will be similar to

that used for some estimates in [31]. First, we introduce a shorthand notation which will also be helpful
conceptually. For any given ¢ € [0,T], let

(6.21) R A R A AL
Note that ¢ and ¢ satisfy terminal value problems

(6.22) (=Am¢, G=1I

and . L -

(6.23) ¢ = Abr(, G=1.

Using these, one sees that the first term on the right-hand side of (6.19) takes the form |A;| where

Clyt dr —/ Clytdr p .
" "

t e —€
(6.24) A= / G5 —ydr =Y

meM



CONVERGENCE OF CURSE-OF-DIMENSIONALITY-FREE METHOD

Using the earlier definitions, one finds that (6.24) becomes

(6.25) Ar= > AP

meM

where each

G dr — / ’ Iy dr}
keK?, w (ni" =17
/ G dr — /L G dr

n;cn‘t‘r
=y l /( gb?,t(r)—gdr]

very, o

[ i } ¢ dr
e !

n;:‘t‘r
(6.26) =y l / L Capgy —Grdr

kekt L/ (g =17

Ar=3 > Vf’" g

+I15

For ease of notation on the next few lines, in the case of b < a and any integrable f ()
denote [,' f(t)dt. Note that
ey
[ G
which by (6.21)

ertr)
(6.27) = / A¥oC, dp

C@;’”‘"(r) - CT

et
<A/l

However, by (6.21) and (6.15), |(,| < e~°4(*=?). Employing this in (6.27) yields

_ @ (r)
6.28 Comtiy — Cp| < Ae—cat e“AP dp| .
et (r)
Substituting (6.28) into (6.26) yields
W)
(6.29) |AP| < 1 [Aemeat | > / / AP dp| dr| +E™
kK, " )7 (Jr

Employing Lemma 6.5 on the sum on the right-hand side of (6.29), one finds
— ¢
A < 1 A=At min{ M, 2} / oo dr 1 £
0
(6.30) < Ky (M + 1%+ &P

for proper choice of K1 < oo independent of 0 <t < T < oo and m € M.

, we let f f@)

15

dt
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Now, let N; = max{n € N U {0}|n7 < t}. Then, note that by Lemma 6.3 one has A\ = <
AR+ (M —1)7, and so

)‘;n - 7%m’ < Mt

which implies E(f}”’t) < M. Also, by the definition of %}T»L’t, E(%}nt) <t — Ny7 < 7. Then, noting that

|¢r] <1 for all 0 < r <t one sees that
lgn /V Grdr — jL Grdr
It T’f””f

6.31 < (M +1
(6:31) < ma 1M + 1)

€=

for all m € M. Combining (6.25), (6.26), (6.30) and (6.31), one finds that there exists K < oo such that
(6.32) |Ai| < Kot

forall 0 <t < T < 0.
Then, combining (6.19), (6.20), the definition of .A; and (6.32), one finds that there exists K3 < oo
such that

(6.33) < Kst

t t 5 t t €
A“pd £ Aupd —E
/ efT i dr—/ efT P dr

0 0

for all 0 <t < T < co. Finally, by combining (6.11), (6.16), (6.18), (6.33) and Assumption (A.w), one
has

(6.34) €5 — &[] < BlJal + Kar + Bles(2c4) /2o + cala]?
which yields the desired result. O

Now that we have a bound on [£§ — Zi|, we turn to the main problem of the section, that of proving
Theorem 6.1. Note that

T 2
—e —€ Yy e —€
| @) - Gt e+ viED)

T 2
| o) - Tt e+ vies) -
0

0

T T =& —
=3 / §DVE; — G DI dt + / (€5 — () & at
0 0
T
(6.35) + / i — ¥ dt +1/2(63)' P'és — 1/2(€0) P'ér
0

where we use the fact that V1(z) = %x’ P'yx for appropriate positive definite P'. Note that the first
integral term on the right-hand side in (6.35) is

T e —c —e — —e—¢
|y (o - D7) g+ (€YD - €D
T T
(6.36) = [y (0 -0 ) g as [ €y DTG -8 ae

Now, with ¢p = max;,eam |D™,

T —& — =€ T —€ e =€
| +gypme - a < [ |@ g vy o -6)|
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T
gaD/ € — 12+ 2les)les — | dt
0
which by Theorem 6.7

T
<ép {Kf(M + DA+ 2T + 2K4(M +1)*V/1 + |3:|27'/ &5 dt}
0

which, by using a Holder inequality, Lemma 4.3 and Assumption (A.w),

_ _ 2
< ED{Kj(M + 1A+ |z)72T + 2K4(M + 1)2/1 + |z|? r\/f[,/c—m
A

2¢o
+— max |I5'|VT + Ve Vel + 02|x|2]}
cqA meM CA
(6.37) < Ks(M+ D1+ |2 +T)r

where K35 is independent of x € IR", T € [0,00), 7 € (0,1] and ¢ € (0, 1].

We have obtained a bound on the second integral term on the right-hand side of (6.36). Now we
turn to the first integral term on the right-hand side. This section of the proof, from here through (6.42),
is nearly identical to the analogous estimate in the proof of Theorem 6.1 of [31]. It is also very similar,
in technique, to the approach used to bound |£§ — Ei| just above (but with T replacing t). Due to this
redundancy, only the main steps will be indicated.

One first finds that

m,T

T n,oT
€\/ u; _ R € € ! ym ¢€ _ (cEY Yym e
|y (pvi - 07 ) arl < %{kZK /(n;nj_l);s@:m(t)w Eory — (D76 di
m EKT
(6.39) [ grpmga— [ gypmea b
Fm.T Zm’T
f f

However, note that

T (¢) . .
(o) DSaprg — @076 = | [ 2 DA 41 out)ar
t

where the ZS " term did not appear in the analogous estimate in [31]. Using Assumption Block (A.m),
this is
e
(6.39) <[ RalggP g+ 1] ar
t
where

Kg=¢ 24 +2,¢ 152
6 cDmax{ +2,¢ nrglg\)ﬂﬂ},

and we note that the only new term, as compared with the analogous inequality in the proof of Theorem
6.1 of [31], is the “+1” term in the integrand. Combining (6.38) and (6.39), one has

T N
| oy (o -0 g

n;n’TT @;Cn‘T(t) B
<> { > l/ /t Ko (|71 + [wi]* + 1) dr]

T (nT—1)r
meM \ keKT k
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_|_

/f;” rome - [ (&ypme i

f

b

which by Lemma 6.5,
T
< Muin{M2)Ks [ (&P + i 1) drr

3

0
5 \ /W@f) D7 dt jé,fn_ﬂsﬁ D di

meM

which by Assumption (A.w) and Lemma 4.3,

640) < Ko(M 4 12(+ 1)1+ T)r+ 3 ‘ L @yorga- [ (&yps i
meM Z}n, Iy

for proper choice of K7 independent of z € IR", T € [0,00) and 7 € [0,1). The last term in (6.40) is
handled in the same way as the corresponding term in the proof of Theorem 6.1 of [31], and we do not
repeat the details here. One obtains

T —
(6.41) /0 (& (D — D) & di| < Rs(M +12(1+ o) (1 + )

for proper choice of Ky independent of z € IR", T € [0,00) and 7 € [0,1). Combining (6.36), (6.37) and
(6.41) yields

T
(6.42) | @y Dri - € DRE dt < Ro(M + 11+ o)1 +T)r
0
for proper choice of Ko independent of z € IR", T € [0,00) and 7 € [0, 1).

We now have, in (6.42), a bound on the first integral term on the right-hand side of (6.35). Next, we
turn to the second integral term on the right-hand side. Note that

T [ —c —
/0 (Wi yes — () E at

T . T _. .
< / (1~ Feyes | + / Wy (e —€) dt
0 0

which using Theorem 6.7,

T € —
(6.43) < / (I = 10)€& dt| + max 7 Ka(M +1)2/1 + |22 T
0 m

The first term on the right-hand side of (6.43) may be treated in a similar manner to that used for
[ (&) (D#e — DFO)Es dt just above. That is,

T, o _\/ T
Hy Hy m\/
JRGEOET g}:{ > /(nm,T_l)Tal)(5;?,T(t)—§f>dt
m keKT k

+

2

m\/ ¢€ m\/ ¢€
/f}”al v [, e i

f

and by very similar steps, one finds that
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(6.44) < Kio(M +1)2(1 + |z[H (1 + T)7

for proper choice of Ko independent of x € IR", T € [0,00), 7 € (0,1] and ¢ € (0,1]. Combining (6.43)
and (6.44), one obtains

T € 7€ —e —
(6.45) |y = Y ] < R+ 0204 o) 0+ 1)
0

independent of x € IR™, T € [0,00), 7 € (0,1] and € € (0, 1].

We now have bounds on the first and second integral terms on the right-hand side of (6.35). For the
third integral term, one easily finds (using Lemmas 6.2 and 6.3)

T
| o =i at] = | e = 3 K
0 m m

(67) P&5 — (€)' P&y
< |P'| |16 — & +20¢5 &5 — &7 |

which, using Theorem 6.7, is
<[P [RROM + 1)1+ [oP)r? 4 2Ka(M + 12T T 2P lé5 ]

(6.46)

<M <Zm: Io/”|> T.

Lastly,

and by using Lemma 4.2 and Assumption (A.w), this is
< [P RHOM + 140+ Jaf)r?

_ 2 c
2 2 il m 7

F2K4(M +1)*/1+ |z|>7 (|:v| + oy max (15" + NG
which for proper choice of K9,
(6.47) < KM+ 1)1+ |21+ T)7

Combining (6.35), (6.42), (6.45), (6.46) and (6.47), one has

T 7 1 e AT 10z¢

| it - FuiP e vien - | [ 7€) - i e+ ViED)

(6.48) < Ki3(M +1)*(1 + |z[H (1 +T)7

for proper choice of K13 independent of x € IR", T € [0,00), 7 € (0,1] and ¢ € (0, 1].
Combining (4.16), (4.18), (6.8) and (6.48), one has

SrlVi(x) — Sp[V)(x) < & + Ki3(M + 1) (1 + [2*)(1 + T)7

Since it is true for all £ > 0 and since K13 is independent of & € (0, 1], we finally obtain
SrlVY(@) — SpV)(2) € Rus(M +1)*(1 + [2f2)(1 + T)r,
which completes the proof of Theorem 6.1.

Combining Theorems 4.5 and 6.1, we see that for sufficiently large T' < oo and sufficiently small
T >0, S‘; [V] approximates 1% arbitrarily well. However, this does not give us a specific error bound or
requisite relative rates for 7', 7. For this we will also need to consider the errors due to time truncation,
and we now address such.
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7. Finite-time truncation errors. We now know that by taking 7' large and 7 small, we can
approximate V(z) arbitrarily closely by g;[Vl](az), where the latter is obtained from the numerical
algorithm (see Section 10). However, we would like to know how large "= N7 must be, and how small
7 must be to achieve a desired accuracy. Further, we would like to know at what rate should one take
N — oo relative to the rate for 7 | 0 in order to obtain good convergence.

Given T = N7, Theorem 6.1 indicates an error bound on ‘5’; [V1] — Sp[V1]| as a function of T (as

well as T'). Now we would like an estimate of ‘§T[Vl] — XN/‘ as a function of 7. Unfortunately, this

estimate will require another assumption on the behavior of e—optimal trajectories of the system, in the
general class of coercivity-type assumptions. (One would prefer an assumption that only involves the

instantaneous structure of H or H, but we have, so far, been unable to obtain such.)

Assume there exist T, cs € (0,00) such that for all z € IR™, all € € (0,1], and all p, w®
which are e-optimal for V( ) (i.e., such that J(a: ue, we) > V( ) —¢€), one has

T T
(4.6) / Luf(gg)dt203/ P d vT>T
0 0

: e < e
where & = AHt &S + 15 + oFtws, €5 = .

This assumption is used only in this section, and indirectly, in the Combined Errors section that follows.
It is also worth noting that Assumption (A.m) is not needed in this section.

LEMMA 7.1. Assume (A.£) (as well as the assumptions of Section 2). Then, there exist ¢1,¢3 < 00
such that for any T € [T, ), € € (0,1], © € R™ and e—optimal p, w*, one has

T
[ 161 dr<e et
0

where

(7.1) € = fH(€5,wf) = A EE + 17+ oMl with & = .

Proof. Let 2 € R" and T € [T, ). Let R > |z|. Let €, € (0,1] and pf, w® be e-optimal for V(z).
By Assumption (A.w) and Lemma 4.2, there exists R = R(R) < oo such that |£5| < R for all ¢ € [0, 00).
Now, as in the proof of Theorem 4.1, we approximate 1% by a one-parameter family V% € C> where
Vo(z) = [g° * V]( fan (x —y) V( )dy with ¢g° as described there. In particular, using the same
analysis as that Wthh yielded (4.5) and (4.14), there exists 6 = 0(T, R, €) > 0 such that

(7.2) V(y)-V(y)| <¢
and N =
(7.3) H(y,grad V*(y)) < =

for all y € Bz(0).
Let 6 = 6(T, R, ) be such that (7.2),(7.3) hold. Then, by Assumption (A.£),

T 72 T
o [lgrde- T [ i
0 0
T . 72
< [ wie) - Fhui e

and using the fact that Vo € C*,
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T e '72 e T e
= [ 1) - i 1 ) amad VA€ e — [ (G ) - grad V()
0 0
which, using the definition of H and (7.1),
T T
< [ (G erad Vi)t~ [ & gad V(€
0 0

which by (7.3),
< Vo) - V) e

which by (7.2),
<Viz) - VI(&7) + 36,

and since V € Qxk by Theorem 4.1,
K o _

Rearranging this last statement, we have
T 2
¥ K _
o [ 16 dt < Tty + el + 32
which, using Assumption (A.w), implies that
T
/ &5 |7 dt < &1 + ) + 3¢,
0

2 2
where ¢, = yzc—c; and ¢ = 3‘;1—‘3”( Since this is true for all £ > 0, one has the asserted result. O

LEMMA 7.2. Assume (A.£) (as well as the assumptions of Section 2). Then, given T € [T, c), there
exists T € [T/2,T) such that

2 _
717 < = (&1 + ea|z)?] .

Proof. Suppose not. Then

T T T 9
/ |§f|2dt2/_/ |§f|2dt>/_ = [e1 + eafol?] dt = 1 + ool
0 T/2

T/2

which contradicts Lemma 7.1. 0

We now proceed to obtain the bound on |Sp[V1] — IN/‘ Let z € R", T € [T,0), ¢ € (0,1], and

115, w® be e-optimal for V(z) (with corresponding trajectory £9). For any T € [0, 00),
~ oo - /}/2
Vs [ 1) - DhuiPdi+e
0
T 72 0o 72
= [ ri) - DhuiPars [ 1) - Dol
0 T

T 2 ~
(7.4) < [ e - St ar+ Vier) +=
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Let T € [T/2,T) be as asserted in Lemma 7.2. Using the fact that V € Qg (by Theorem 4.1), (7.4)
implies

~ K
V(z) < Sr(0)(z) + S €71 + ¢
which by Lemma 7.2,
~ K
< S7[0)(z) + = (&1 + &2|z|?) + ¢
2T
Since this holds for all € € (0, 1], we have
~ ~ K,
(7.5) St[0](z) > V(x) — T (e1 + ealz]?) .

Suppose V € Q. Then V > 0, and so, by the monotonicity of §T[-], (7.5) implies

(7.6) V(@) - o= (e + clal?) < SelV)(o)

Suppose also that V < V. Then, the monotonicity of §T[] and Theorem 4.5 imply

(7.7) SrlV]< 8r[V]=V.
Combining (7.6) and (7.7), we have:

THEOREM 7.3. Assume (A.£) (as well as the assumptions of Section 2). Let V € Qk with V < V.
Then, there exists K5 < 0o such that for any T € [T, 00),

V()= 220 +1ae) < 5lV](@) < V(o)

8. Combined errors. We can now obtain an explicit estimate of the convergence of 5’; (V1] to 1%
as 7 | 0 and T — oo. Indeed, combining the results of Theorem 6.1 and Theorem 7.3, we have that for
all z € R™, all T € [T, 00), and all sufficiently small T > 0,

SrVY(z) < V() = Sr[V](z)

< Sp[V'(z) + %(1 + [2[?)

(8.1) < Sp[VH(z) + %(1 +|z?) + Ki3(M + D*A 4+ 7)1 + |z|*)r.

If we want 0 < V(z) — 5';[1/1](:10) < 2¢(1 + |z|?), we can, for example, choose T = Kj/e and
7 < e2/[K13(M + 1)*(1 + Ks)]. Consequently, one can get an approximation of the order e, with
N7 =T x et and 7 o €2, which implies N oc e73. Also, if the last term in (8.1) could be sharpened by
elimination of the (1+7T') term (which we believe might be true for a reasonable problem class, but have
been unable to prove), then one would have N oc =2 rather than N oc ¢73.

9. Propagation via dual operators. It remains to demonstrate that one can equivalently replace
the propagation by semigroup operator S, with the propagation in the semiconvex dual space by the

corresponding max-plus integral operator with kernel B, (-,-) (where B-(z,y) = €D,,c BT (,Y)).

Let Sg be the set of ¢ : IR™ — IR such that ¢(x)+ %:1:’6:1: is convex. It will be implicit throughout that
we consider only Sg spaces where the § are symmetric and definite (either positive definite or negative
definite).
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We briefly review semiconvex duality. Proofs of the next results may be found in [20], [34]. We will
employ certain transform kernel functions, 1 : IR"™ x IR™ — IR which take the form

b(w,2) = Mz — 2)Cla — 2)

with nonsingular, symmetric C satisfying C' + 5 < 0 (i.e., C + [ negative definite). The following
semiconvex duality result requires only a small modification of convex duality and Legendre/Fenchel
transform results; see Section 3 of [43], and more generally, [44].

THEOREM 9.1. Let ¢ € Sg. Let C and i) be as above. Then, for all z € IR",

(9.1) O(a)= max [(z, 2) +a(2)
(&)
(9.2) = [ w2 @a)ds = v, ) 0a()

where for all z € IR™

(9.3) a(z)= — max [¢(z, 2) — ¢(z)]
&b
(9-4) = | (#,2) ® [=¢(x)]dz = = {¢ (-, 2) © [-¢(-)]}

which using the notation of [8]

(9.5) ={v(2) 0 ()}

We will refer to a as the semiconvex dual of ¢ (with respect to ).

THEOREM 9.2. Let ¢ € Sg C S_¢ with semiconver dual denoted by a. There exist n,T > 0 such that
S2[8] € S_(cantr) for all T € [0,7]. Further, S™[¢](x) = d(a, ) © al, () where al,(y) = BY (y.-) @ al-),
a is the semiconvex dual of ¢ and

(9.6) BT (y,z) = =¢(,y) © [=57 (-, 2)] ()]

Proof. The proof of the first assertion is very similar to the proof of Theorem 3.7 in [32], where it is
demonstrated that S, [¥(-, 2)] € S_(c4nir)- One difference is that in S, the value of m is fixed rather
than the case in §7- where one is optimizing over p-processes, and so there is some simplification in that
respect here.

A second difference is that (-, z) is now replaced by ¢ € Sg. However, ¢ € Sy implies ¢(y) + 338y
is convex and so for any y, 6, € IR",

Dy — 6y) + 5(y — 6,) By — 8,) — 2[d(y) + 3y’ Byl + ¢y + 6,) + 3 (y +6,)' By +6,) >0

which implies

By — 0y) = 20(y) + d(y + dy)
> —3 [(y—06,) By —06,) — 20/ By + 3(y +6,)' By + 6,)]
= 0! 83,

(9.7) > 621051/ =y — 0y, 2) — 20(y, 2) + Y(y + 0y, 2)

for any z € IR™. This inequality will enable us to substitute (-, z) for ¢ below.
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Lastly, the running cost and dynamics have also been modified with the addition of linear and
constant terms in the cost and a constant term in the dynamics. However, these will have little impact
on the proof. We will begin the proof, and soon reach a point where we may refer to the remainder of
the proof of Theorem 3.7 in [32].

Fix any z,v € IR"™ with |v| =1 and any 6 > 0. Fix 7 > 0 (to be specified below), and let € > 0. Let
w® be e-optimal in S™[4](x). Let

~

T 2
99) ) = [ 1760 = Tlut P dr+ ofe?)

where £° satisfies (2.2) with input w®. Then,

(9.9) ST ¢l(x — ov) — 257[¢](x) + S [¢](x + ov)
> 7%z — v, 7, u°) — 22%(z, 7, w°) + I% (2 + Ov, 7, W) — 2e.
Let £579,¢50 ¢59 gatisfy (2.2) with input w® and initial conditions 58’76 =z — v, " = z, and

¢5° =z + 6v. Note that
(9.10) gt =g g vieloT),
and we denote this difference as A;. Substituting definition (9.8) in (9.9) yields
S ¢l(z — bv) = 257(¢)(x) + ST [¢](z + bv)
S A e e A
BT - 20" + (1) € dt
FO(E270) — 20(62°) + 6(62°) — 2,

and upon using (9.7) and (9.10), we see that this is

> / (AFYD™AF dt + (AFYOAF — 2z,
0

and we specifically note that the linear and constant terms in the payoff are irrelevant to this second
difference bound.

Now, note that A = A™(£2° —¢20) 415" — " = A A} with AT = dv. Consequently, the constant

term in the dynamics is irrelevant to the second-difference, and in particular,

A} = exp[A™t]6v.

The remainder of the proof of the first assertion is identical to the corresponding portion of the proof
of Theorem 3.7 of [32], and we do not repeat it here.

Lastly, we turn to the second assertion. This is essentially the same as the proof of Proposition 3.10
in [32] (with ST replacing S, there), and we do not repeat the steps here. O

The above theorem implies that one can propagate in the semiconvex dual space via the max-plus
integral operation with kernel B in place of propagation via S7". Next we use that result to show that
we may also replace propagation via S; with propagation in the semiconvex dual space.

THEOREM 9.3. Let ¢ € Sz C S_¢ with semiconver dual denoted by a. For T € [0,7], S-[¢](x) =
P(x, ) ©al(-) where a'(y) = B (y,-) ®a(-), a is the semiconvez dual of ¢, and

B.(y,2) = P By, 2).

meM
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Proof. Note that

S-[¢l(x)= P s7Ig)(x)

meM
which by Theorem 9.2
@
=P v ea) = P V(@ y) ® ay,(y) dy
meM mem ’B?
@
- @ [ vews|[ sruaed]a
mem /B R"

dydz.

:/ bz, y) ® /}Rnl@ABmy, a(z)

10. Modification of the algorithm. The algorithm was fully discussed in [32]. Also, some im-
portant comments appear in [30]. However, we now have the additional terms 7", [5* and ™. The only
change this induces in the actual implementation of the algorithm is that there are now some additional
terms in the quadratic functions B*(y, z). We now indicate the minor modifications necessary for the
generalization.

The computation of the B! is performed by solving some differential Riccati equations and linear
differential equations for each of the m systems. In particular, note that one may let ST [¢(-, 2)](z) take
the form

SIb(-, 2) () = L |(x — AT2) P (x — AT'2) + 2/ Rz + 2(L7) 2 + 2(K2) 2 + b7 |.

The P*, A7 and R" are n x n matrices, the L7" and K" are vectors of length n, and b is a scalar. At
t = 0, these time-dependent coefficients satisfy P{* = C, Aj' =1, Rj* =0, L§’ =0, K§* = 0 and b =
because they correspond to . They evolve according to

(Am) P™ 4 PTA™ 4 D™ 4 P pT
(A ) DmAm

L™ = [P™E™ 4 (A™Y]A™ 4+ 1 4 P,

Km — (Am)/[Pmlgn + })mEmLm]7

b™ = o™ + (L™)S™L™ + 2(L™) 1

The P, A, R, L K, b may be computed from these ordinary differential equations via a Runge-

T YT

Kutta algorlthm (or other technique) with initial time ¢ = 0 and terminal time ¢ = 7. We remark that
each of these need only be computed once.

Next, noting that each B is given by (9.6), one has
B (x,z) = 3 [¢/ M{" @ + 20’ M{y2 + 2/ M3z + 2(AT") @ 4+ 2(A5") 2 + 5™

where with shorthand notation D, = (P — C),
M, = -CD;'P"

M = CD; Pl AT
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Mg, = R — (A7) CDZ'PIAT,

N = —CD;tLm,

A= AmPpmpDIIL™ 4 KCm,

" = b7 — (L) DL
Note that each of these need only be computed once as well. Once one has these B*, the remainder of
the algorithm is identical to what is presented in [32], with the exception that the initialization of the

algorithm is with 7= vl

Acknowledgments. The author thanks L. Jonathan Kluberg for his contribution to certain esti-
mates appearing in Section 6.

11. Appendix A. The proofs of Lemmas 4.2 and 4.3 are nearly identical to the corresponding
development in [40]. For the purposes of completeness and self-containment, we sketch the proofs of
each.

Proof of Lemma 4.2: Using (4.3), one has

d £ & e
Zler 2= 2 { () AE + (&) |15 + o ui ],
which by Assumption (A.m),
< 2{—eale P + (&) [ + o*iwi ]},
: : : : la? | |6
which, using the general inequality a - b < 5~ + 5,

ca
<2 {—7|§f|2 +

|57 + ot g |
2cy

2max,, [I5*>  2c2|ws|?
S—CA|€;5E|2+ m|2| + a| t| )
ca ca
Solving this ordinary differential inequality with |£5|? = |z|?, one finds

2 t 2 t
52 < enfof? 4+ emen 2R L e gy 2o [Feente0pp
CA 0 €A Jo

which yields the result.

Proof of Lemma 4.3: This proof is similar in form to the proof just above. Let Q; = fot |€512 dr. Then,
following similar steps,

t
Q= 65 = ol + [ 2065y [47€ + 157 + o¥hu] dr
0
t t . .
<loP+2{-ca [lgPar+ [ (&) [1F +oug] ar}
0 0
9t 92 [t
<z —caQ + —/ max |15 dr + &/ |we |? dr.
CA 0 m CA 0
Solving the ordinary differential inequality, one finds

t t T
2
QtS/ ec*‘(r_t)|a:|2dr—|——/ ec*‘(r_t)/ max |15*|? dp dr
0 €A Jo o M
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2 2 t T
+&/ ec*‘(r_t)/ |w;|2 dp dr
€A Jo 0

1 2max,, |I5')?  2c2
11.1 < — o4+ 22 L 0w
( ) = CA|I| + 0124 + 0124 H’LU ||L2(0,t)

12. Appendix B. We prove Lemma 4.4. First, note that for any semiconvex function, the subdif-
ferential and the Clarke generalized gradient are identical. (To see this, consider any semiconvex function,
f:R" — R and z € R". Note that f(y) = f(y) + ¢,|ly — z|? is convex over a ball, B, = B,(0), for
appropriate c,, and has the same subdifferential as f at = in B,. The subdifferential of a convex function

is identical to the Clarke generalized gradient [7].) Let A be the set of points where grad YN/(x) exists
(whose complement has measure zero by Rademacher’s Theorem, c.f., [47]). For any set S C IR", let (S)
denote the convex hull of S. Then note, from Theorem 2.5.1 of [7], that

(12.1) OV (z) = <{1imgrad Vw) | 25 — , 2, € A, lim grad ﬁ(xi)3}> ,

where this indicates the convex hull of the set of limits points of grad ‘7(1:1) for sequences of points in A
approaching x such that the limit exists.

Now we proceed to the proof. Fix any p € (0,00). By the local Lipschitz behavior of semiconvex
functions (c.f., [19]), there exists R < co such that

(12.2) gradV(z) € B Vz e By NA.

Fix any zg € B,. Let N € N (the set of natural numbers), and let Ay = {—N,—(N—1),...N —1}. Let
A% = [An]™ where the superscript n on the right-hand side denotes outer product, that is A%, is the set
of vectors of length n of elements from Ay. The cardinality of A%, is My = (2N)™. For any ¢ € A%, let

(12.3) S; = % + [0, R/N]™,

where again the n superscript here indicates outer product. That is, the right-hand side is the cube with
corner at iR/N and side-length R/N. Note that these cover the cube of half-length R, centered at the
origin, and that that cube is chosen to cover Bg, which contains the gradients. Let 6 € (0,1]. For each
i€ AR, let

(12.4) D! = {x € Bs(o) N A, | grad 12}(90) €5}

Also, let L € N (with L to be chosen below), and let A} = {0,1/L,2/L,...1} Then, let @ denote a
vector of elements in AJLF, with entries, w;, indexed by i € AR;.

Apn = {w ‘wieAZ Vie AR, > wi=1}.
i€AT,
Fix any ¢ € (0,1]. Let [a denote the smallest integer greater than or equal to a. It is easy to see that for

anyLZf;i@: |'(2N)n

€ 3

(12.5) min Y |wi—pi|<e Vi€ RMY st Y pi=1and p; €[0,1] Vi€ AR
WEAL N . .
1EATY €AY,
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For any such p, define the mapping w° by

(12.6) @ (fi) € argmin Z |w; — il
WEAL, N Z‘EA%

Define

(12.7) 20 =2 (m) = / 9°(y) grad V (zo — y) dy
BsﬁAmO

where A,, is the set of points, y, such that grad V (zo —y) exists (and we note as before that m(A3) = 0),
and ¢° is the mollifier given at the top of the proof of Theorem 4.1. Note that

(12.8) 20 — [grad V]’ (z0),

i.e., 2% is the -mollification of grad V evaluated at zg, and we note that this exists for all ¢ € IR™. Here
we interject a lemma:

LEMMA 12.1. 2(z) = grad[f/é](az) for all z € R™ and all 6 > 0.

Proof. Let u € IR"™, |u| = 1. Let the directional derivative of any function, f, at point z¢ in direction
u be denoted by f,(x0). We have

u - grad[V'] (o) = [V"Ju(w0)

B~ =5
V (zo + hu) =V (x0)
m
h—0 h

=5
which by the definition of V'

= lim
h—>0 BémAmO h

and by the Bounded Convergence Theorem,

5 .
= g°(y) lim dy
/BaﬁAmO h—0 h

which, since the gradient exists for y € A,,,

= / 9’ (y) grad V(zo — y) - udy
Bgm.Azo

=u- / g‘s(y) grad IN/(:EO —y)dy = u - [grad 17]5(:60).
BsﬁAmO

Since this holds for all |u| =1, g € IR™ and 0 > 0, one has the desired result. O

Now, let pf = [

x

VDS g°(y) dy, and then let i’ denote the vector of elements ¢ indexed by i € AR

Next, let w° = °(ji%) where mapping w° is given by (12.6), and let the elements of 1° be w?. For each
i € A% such that w! > 0, choose any z¢ € D? N A. Define

(12.9) 2= " w) grad V(a)).

iEAT,
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(We will use the fact that this is a finite convex combination with rational weights with denominators
L.) It is helpful to note that zo —y € Df is equivalent to y € zg — ’Df . One now has

2% — 2| = /B 9°(y) grad V (wo — y) dy — Y w grad V(z?)
5(0)N(zo—Azg) i€An,

< / g‘s(y) grad 17(900 —y)dy — wf grad XN/(;vf)
iean, |/ leo=DiINA,
<4 g (y) dy — w? | |grad V(a?)
€A™ [ngDf]ﬂ.Azo
N

+/ 9°(y) |grad V(z?) — grad V(zo — y)‘ dy},
[zofo]ﬂ.Azo

which by (12.2), (12.5), (12.6) and the definition of @,

<eR+ Z/

ZEA” To— Do ]ﬁAmO

(v)

grad V( ) grad \7(3:0 - y)‘ dy,

which by (12.3) and the definition of the x¢
\/_ R
<eR+-— Z 9°(y) dy

’LGA" To— DI ]ﬁAmO

\/_R

=ecR+

\/ER/ ¢’ (y)dy =R+ Y—

B;s(0)N(zo— Az, )

which for N > N = [(y/n/e),
(12.10) < 2Re.

Note that (12.10) is true independent of 6 < 1, w°, # chosen as 20 € D N A and @’ = @°(ji?) for all
L>L.

Note that the weights w? depend on §. We would like to have constant weights, and so will choose all
weights to be 1/L, with possible duplication of the ¢ points. Consider any mapping i : {0,1,...L} —

A%, and let N;(j) = #{j €]0, L[] (4 ) = i}, where ]l k= {l,l+1,14+2,...,k} for any I,k € N with
Il < k. Now choose the mapping ¢ such that

N;(y

T(j) =w) Vie Ay,

Let x = :C for all j €{0,1,...L}. Then,

1 = . .
(12.11) Z 7 grad V(x?) =39,
J€l0, L]

Also, by (12.10),
1 =
(12.12) > 7 grad V(i) — 2°| < 2Re.
J€10,L[

Further, note that grad 17(5635) € By, for all j. Consider sequence 6 | 0. By the compactness of By, there
exists a subsequence, {8, } and {z;|j €]0, L[} C Bg such that

grad \N/(iﬂj’“) —z; Yj€lo,L]
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Consequently,

1 = ok |
Z ZgradV(:vj’“)H Z T4

J€l0,L] J€l0,L]

€ <{1imgrad1:/(a:i) |z; — z, x; € A}),

which by (12.1)
(12.13) = OV (z0).

We can now put the above together so as to obtain the desired result. Suppose we are given any
p € (0,00) and any zo € B,. Let R = R(p) € (0,00) be as in (12.2). Let § € (0,1). Fix any £ > 0, and
let e = . Let N =N = [(y/n/e), and let L =L = (@ Then, by Lemma 12.1, (12.11) and (12.12),
) 1 = _ . _
(12.14) grad[V ](zo) — Z I grad V(x?) =|2° — 29| < 2Re = &/2,
j€]0,L]

where this is independent of § € (0, 1) and sequence {x0} such that 20 € D? for all i € A%. However, by
(12.13), there exists Z € AV () and K < oo such that for & > K (i.e., 0k, < dgx), one has

(12.15) |20~ — 2| < /2.

Combining (12.14) and (12.15), we see that given & > 0, there exists Z € V (x9) and K < oo such that
for k > K, and letting ¢ < §j,,

=6

grad[V ](zo) — 2| < &.

Now, suppose that instead of a single point, o, we had a finite set, say X = {z | A € {0,1,...A} }.
Then, by taking further subsequences, we obtain set Z = {2’\ [Ae{0,1,...A} } and subsequence dy,. | 0
such that for all § < §i,, with x > K for some K < o0,

grad[V")(a}) - 2

<é€

for all A € {0,1,...A}, which completes the proof of Lemma 4.4.

13. Appendix C. In this appendix, we prove Theorem 6.6. In this proof, we will be letting 7 | 0
in homogeneous system (6.5). This limit is taken at this point merely to prove our theorem (Th. 6.6)
regarding the matrizant for the homogeneous system (6.4); it is not related to the argument for the proof
of the main result of Section 6, where we take a similar limit for the overall convergence result. To obtain
our result, we need the following intermediary theorem. The theorem is inequality (65) of [31], and so
no proof is included; to specialize to this case, one simply takes ¢™ = 0 for all m, in which case one can
take w = 0 as optimal.

THEOREM 13.1. There exists Ko < oo such that

€ — &, < Ko(1+ |2")r Vi€ [0,00), Vo € R".

Next, we include the following restatement of (6.16), which we note does not depend on anything not
proven before Theorem 6.6.
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t t
exp [ / Abr dr} — exp [ / AFr dr]

for all 0 < s <t < 0o, where A = max,,er |A™|.

Let

LEMMA 13.2.

< M?Z€M2Z—CA(t—S)T

t
(13.1) &) = exp [/ Abr dr] x Yte0,00), Vo € R™
0

LEMMA 13.3. There exists IA(O < 00 such that

€0 — €,| < Kolz|r Vte[0,00), Vo € R".

Proof. This follows immediately from (6.6), (13.1) and Lemma 13.2 0
Now we have the material necessary to prove Theorem 6.6, and this follows.

Proof.(proof of Th. 6.6) Fix any 7 > 0. Combining Theorem 13.1 and Lemma 13.3, we see that for
any t € [0,00) and any x € IR",

€& — &0 < Kon/1 + [22VT + Ko|z|r.

Since this is true for all 7 > 0, one has & = £0 for all ¢ € [0,00) and all z € IR". O
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