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Abstract

A representation of a fundamental solution group for a class of wave equations is
constructed by exploiting connections between stationary action and optimal control.
By using a Yosida approximation of the associated generator, an approximation of the
group of interest is represented for sufficiently short time horizons via an idempotent
convolution kernel that describes all possible solutions of a corresponding short time
horizon optimal control problem. It is shown that this representation of the approximate
group can be extended to longer horizons via a concatenation of such short horizon
optimal control problems, provided that the associated initial and terminal conditions
employed in concatenating trajectories are determined via a stationarity rather than
an optimality based condition. The construction is illustrated by its application to the
approximate solution of a two point boundary value problem.
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1 Introduction

The action principle [1,13—15,17] is a variational principle underpinning modern
physics that may be applied to a predefined notion of action to yield the equations
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of motion of a physical system and its underlying conservation laws. With a suitable
definition of this action, the action principle specializes to Hamilton’s action principle,
an important corollary of which states that

any trajectory of an energy conserving system renders the corresponding action
functional stationary in the calculus of variations sense.

Consequently, Hamilton’s action principle can be interpreted as providing a character-
ization of all solutions of an energy conserving or lossless system. This interpretation
motivates the development summarized in this work, with Hamilton’s action principle
applied via an optimal control representation to construct the fundamental solution
group corresponding to a lossless wave equation. The specific wave equation of inter-
est is given by

¥=-Ax, ey

where A is a linear, unbounded, positive, self-adjoint operator densely defined in an
£?-space 2, with a compact inverse A~' € £(.2"). The results presented generalize
the recent work [9] from the specific Laplacian case A = —3? to any unbounded
operator A satisfying the stated assumptions.

In order to apply Hamilton’s action principle in this development, compatible
notions of kinetic and potential energy are defined with respect to generalized notions
of velocity and position corresponding respectively to the input to and solution of an
abstract Cauchy problem [3,19]. This allows the integrated action to be rigorously
defined as a time horizon parameterized functional of the velocity input. Unlike the
finite dimensional case, this action functional is neither convex nor concave for any
time horizon, thereby preventing an immediate generalization of the optimal control
approach of [17] to its analysis. As a remedy, a corresponding approximate class of
wave equations is considered, in which the unbounded linear operator involved is
replaced by its (bounded) Yosida approximation. This yields a corresponding action
functional that is strictly concave for sufficiently short (but strictly positive) time hori-
zons. The integrated action is subsequently analysed using tools from optimal control
theory, semigroup theory, and idempotent analysis, see for example [3,5,9,16,19]. In
particular, an idempotent fundamental solution semigroup applicable on sufficiently
short horizons is used to represent the value function of the attendant optimal control
problem as an idempotent convolution of a bivariate kernel with a terminal cost. As the
characteristics associated with this optimal control problem correspond to solutions
of the approximate wave equation by stationary action, the idempotent fundamental
solution semigroup is subsequently used to construct a short horizon prototype for the
fundamental solution group for the aforementioned approximate wave equation. These
short horizon prototypes are pieced together into longer horizon prototypes using the
stat operation [18].

In terms of organization, exact and approximate fundamental solutions groups for
the lossless wave equation (1) are first established in Sect. 2. Independently, an optimal
control problem that encapsulates Hamilton’s action principle is introduced in Sect.
3. This control problem is then employed in Sect. 4 to recover the long-horizon group
representation of interest, via a concatenation of short horizon prototypes, thereby
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confirming the groups of Sect. 2. An application of this representation to approximately
solving a two point boundary value problem (TPBVP) is considered in Sect. 5. The
paper concludes with some brief remarks in Sect. 6. Throughout, R (Rx() denotes the
real (nonnegative) numbers, R = {£o00} denotes the extended reals, Q@ denotes the
rationals, and N denotes the natural numbers.

2 Exact and Approximate Fundamental Solution Groups

Operator A specifying the wave equation (1) is linear, unbounded, positive, and self-
adjoint, with domain .25 = dom (A) dense in an .#%>-space 2 . For example [9], for
alength L € R. ¢ vibrating string with Dirichlet boundary data, — A specializes to the
Laplacian, i.e. —A = 82, with (Sobolev) domain dom (A) = 25 = %’62((0, L); R)
densein 2" = 92”2((0, L); R). In general, and as per (1), A possesses a unique, linear,
unbounded, positive, and self-adjoint square-root, and this is denoted throughout by

A?. The domain of A2 defines a Hilbert space 21 C 2, with

1

27 =dom (A7), (x,£) = (AZx, ATE), )

forall x, & € Z7,inwhich (, ) represents the inner product on .2". The aforementioned
domains and spaces satisfy the relations 2> C 27 C 2, 2> = 21, and 2, = 2,
with the nominated closures being with respect to 27 and 2" respectively. With a view
to regularizing A, an operator Z,,, © € R, is defined via the resolvent R _ A(%) of
—A by

Ty = 5R-aGp) = T+ 2 07" 3)

Boundedness of Z, follows by the Hille-Yosida theorem [19], and in particular it may
be identified as an element of £(.Z"), L(Z]), or indeed L(Z"; Z1), etc.

Using definitions (2) and (3), wave equation (1) motivates consideration of the
linear generators

. 0 7 . )
A=(_AO), dom (A) = % = 25 x 2,
1 4
. 0 12 ) ) @
A* = A 1, domA*) =% = 21 x X,
—A2T; A2 0

in which % defines a Hilbert space with ((x, p), (§, 7))o = (x, &)1 + (p, 7) for all
(x, p), (§,m) € %, and % is dense in . As A in (1), (4) has a compact inverse, the
spectral theorem (see for example, [3, Theorem A.4.25, p.619]) implies that A has the
representations
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AE=D "Ik @)1 G, E€ 20,
n=1

o0 Q)
An=2kn(n, On)p, mwEXL,

n=1

on 271 and Z respectively. Here, the set of all eigenvalues {1, 1 ,en of compact
A~ defines a strictly positive and non-increasing sequence in R- ¢ satisfying 0 =
lim, 00 A, ! while {@n}neN, {¢nlnen denote respectively the corresponding sets of
orthonormal eigenvectors in .27, 2, with ¢, = /A, @n.

Operators (A IM)% and A7, = Az m A?, defined using Z,, of (3), naturally
inherit the spectral form (5) of A, see for example the proof of Lemma 5 later. Both
operators reside in £(27), with the former also residing in £(%2"), and their corre-
sponding eigenvalues are given by

A
ot =k, A= " neN. (6)
n

Theorem 1 Given . € R., operators A and A* of (4) satisfy the following:

(i) A is unbounded, closed, and densely defined on %, C %/, with Y =Y
(i1) A generates a strongly continuous group of bounded linear operators {U; };er C
L),
(iii) A* € L(¥);
(iv) A" generates a uniformly continuous group of bounded linear operators
U Yier C LX), with

L <[U,”]11 (U 112

=expit A"), t € R,
(U 1o [%”]22)

(N
in which [U/'111 € L(21), U2 € L(Z; 20), U1 € L(Z1; X)), and
U 2n € L(Z) are given by

U116 = cos@ 1) (&, )t Gue (U T2 =Y sin(@ft 1) (. @) G

n=1 n=1

(U o1 & = =) sin(@f 1) (€, Gu)1 gu, [Uf T =) cos(el 1) (T, ¢n) @,
n=1 n=I1

®)

forallE € Z1, m € Z'. Moreover, there exist M, w € Rx( independent of
such that ||Usﬂ||c(,0}/) < M exp(ws) forall s € R;
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(v) A* converges strongly to A on % as jp — 0, i.e. lim, o |[A* y — Ayllgy =0
forall y € #;

(vi) U converges strongly to U;, uniformly in t on compact intervals, i.e.
lim, g Uy — Uy yllar =0 forall y € %, uniformly int € 2 compact.

Proof The proof of assertions (i)—(v) exploit basic properties of generators and semi-
groups, see for example [19, Theorem 1.2, p.2, Theorem 2.2, p.4], while the proof
of assertion (vi) applies the Trotter—Kato theorem, see for example [12, Theorem 4.8,
p-209]. The details follow the proofs of [9, Lemma 16, p.2185] and [9, Theorem 17,
p.2188], and are omitted. O

Theorem 1 and [19, Theorem 1.3, p.102] imply that there exist unique solutions of
the respective abstract Cauchy problems defined via (4) by

(G)=4(n) (B)=(2) e
Ps Ps T s
(x0, po) = (x, p) € 4, o, mo) =¢, m) e,
&)

and that these solutions are continuously differentiable when the initial data is in the
domain of the respective generators. Consequently, X and & exist by inspection of
(4), (9), and respectively satisfy (1) and

E,=—-AT,&, seR (10)

That is, (1) holds, as does its approximation (10), obtained from (1) by replacing — A
with its Yosida approximation —A Z,,, see [19, p.9]. Given the groups {U}scr and
UM ser generated by A and A" as per Theorem 1, these solutions necessarily satisfy

()-u() (e en o

The purpose of the analysis that follows is to verify these groups via a construction
founded on connections between Hamilton’s action principle and optimal control.

Remark 1 In an optimal control setting, the term verification refers to the identification
of the value function and a feedback representation for the optimal control via solution
of the associated Hamilton—Jacobi—Bellman (HJB) partial differential equation (PDE),
subject to boundary data determined by the terminal cost. Here, verification is intended
to inherit this meaning, i.e. the fundamental solution groups of interest are constructed
from controls that are verified as optimal in an associated optimal control problem,
via a suitable verification theorem (see Theorem 2 and Lemma 7 later).

3 Hamilton's Action Principle as an Optimal Control Problem
The action associated with Hamilton’s action principle is defined as the integrated

Lagrangian, see for example [17]. Here, a sign change is assumed without loss of
generality, as per [9], with the action given by
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t
f Vixs) = T (x5)ds , 12)
0

in which V(xy) and T (xy) denote the potential and kinetic energies corresponding
to a (generalized) position x; and velocity Xy, evaluated at time s € Rxg. Explicitly,
V:Zi— Rspand T : & — R are defined by

. . _1
V) =Lxlf, T =314 2w|f =1 wl?, (13)

forall x € 23, w € 2, in which |w|® = (w, w), and A~2 € L(Z; 27), as A~
is bounded. Stationarity of (12) may be encapsulated via an optimal control problem
as per [6,7,9].

3.1 Optimal Control Problem

The action (12) motivates definition of payoff J; : 2 x #[0, t] — R for an optimal
control problem defined on a horizon ¢t € R~¢, with

t
Ji(x,w) = S [ylx, w) = /0 Vi(xs) — T(ws)ds + ¥ (x;), (14)

N
xsix(x,w)six+f wedo . xe2i. sel0.1], (15)
0

in which w € #0,¢] = £2([0,¢]; Z) is (via an abuse of notation) the velocity
as a function of time, ¥ : 2~ — R is a terminal payoff to be selected later, and
X Z x W0, t] — C([0, t]; Z°) is the state trajectory map. In view of (12), (14),
the zero terminal payoff vy : 21 — R is explicitly defined by

Yo(x) =0, xe€ 2. (16)

Unlike finite dimensional problems [17], it may be shown that J;[¥/](x, -) need
not be concave for any time horizon r € R. o, see Lemma 1 below. Consequently,
an approximation of (14) that is concave for sufficiently short, strictly positive, time
horizons is first considered. This approximation, denoted by J,“ 21 <m0, 1] —> R,
t € Rop, n € R., is defined subject to (15) by

t
I e w) = I, w) = /O V(xg) — TH(ws) ds + 9 (x;) 17)

forall x € 27, w € #[0, 1] = Z%([0, t]; 27), with T* : 27 — R>¢ approximat-
ing 7 in (13), (14) by

. 2 _1
THw) = 3 lw|* + & [wlf = 3 1(AZ) "2 wllf, (18)
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for all w € £, in which Z,, € £(Z7) is as per (3). Note in particular the increase
in regularity of the domain, from 2" to 2. Note further by the asserted properties
of A, (AZ,)~! = A=! + u? T is bounded, positive and self-adjoint on 27, and so
has a unique bounded positive self-adjoint square-root as per (18). Similarly, unique

1
Z; € L(Z)) exists and commutes with A on 2. Note also that 70 = T..

Lemma 1 Given i € Rog, horizon t* = u~/2, and a concave terminal payoff y :
21 — R, the approximate payoff J,“[lﬁ](x, ) #1100, t] = Rxo of (17) is concave
forallt € [0, t*), and strongly concave for all t € (0, t*). Alternatively, given u = 0,
zero terminal payoff Yo of (16), and anyt € R, there existsw € #1(0,t] C #[0, t]
such that the restriction n +— J,O[w()](x, nw) € C(R; R) defined via the exact payoff
(14) is strongly convex.

Proof The concavity and convexity assertions are demonstrated consecutively.

Concavity assertion: Fix arbitrary u© € R.g, t € [0,1%), x € 2], w, h,h €
#4110, t], and any concave terminal payoff ¥ : 27 — R. Given the zero terminal
payoff ¥y of (16), observe by (17) that

JH e, w) = TG, w) = T ol w) + ¥ (x (x, w),), (19)

in which x is as per (15). As v is concave and w +— x(x,w); is affine, see
(15), it follows immediately that w +— ¥ (x(x, w);) is concave. Meanwhile, fol-
lowing analogous arguments to [8, Theorem 3.6], the map w +> Jt” [Vol(x, w)
is twice continuously Fréchet differentiable on #1[0, t]. In particular, the first
Fréchet derivative is Dy, J/ [Yol(x, w)h = (Vi J/ [Wol(x, w), h)yi[0., in which
Vo [Wol(x, w) € #4[0,1] is its Riesz representation, and the second Fréchet
derivative is D2 J/ [Yol(x,w)hh = (DyVyJ [¥0l(x, w) ht, h)yif0., in which
D,V J,“ [Vol(x, w) € L]0, t]). Some straightforward calculations yield

t
T ol (x, w) = / V(xs) — TH(wy) ds,
0
t
[VthM[I/IO](xs w)ls = / x(x, w)ydo — (AI/L)il Wy ,

t
[Dw Vu J{ [Yol(x, w) hls = /0 (t = Vs)hgdo —(AT) " hy, (20)

in which o vV s = max(o, s). In view of (20), it is useful to define and subsequently
bound a functional Iy : #1[0, t] — R, using Cauchy-Schwartz, Young’s, and Holder’s
inequalities, by

t t
Iv(h)i/ <hs, / (t—(a\/s))h(,d0> ds
0 0 1

1 N t
Sfo (Y [(t—S)/O IIha||1d0+/ (t—o0) ||ha||1d0'i|ds
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/Ilh Il S)«/_+f(t—S)2]dS 12 ll110,

3
(/ [(t_s)x/_Jr (f_s)z] ds) 110, < 5 1 1A 00,01
21

Similarly, define and bound a functional I’; : 710, t] — Rvia (3), (5), (6) by

1 t
R A R /o<h ZAM (hs, ¢n>1¢n> ds

1

t 0
—/0 > e lths, GahiPds < — inf b /ZWlw @il ds
n=1 =1

meN *

t
—p’ f sl ds = —u? 17115 0.0 (22)
0
Recalling (20), (21), (22) subsequently yields

(h, DwVu I Yol G, w) h).y i = Tv () + I (h)

= =3[@? =i, @3

By inspection, as 7 € [0, %) and w, h € #1[0, t] are arbitrary, the second Fréchet
derivative D,,V,, Jt“ [Y¥0](x, w) is a non-positive operator, so that the map w >
Jt“ [Y0](x, w) is concave. Recalling that w +— ¥ () (x, w);) is also concave, it follows
immediately that w +— J,“ (x, w) is also concave. Moreover, if t € (0, t*), the second
Fréchet derivative above is a negative operator, so that the stated strongly concave
assertion follows.

Convexity assertion: Fix any t € R., and let o = 2: Define o : [0,7] > R
by oy = cos(ws), s € [0, t]. Fix an arbitrary m € N and define w3, € #1[0, t] by
[wS ]y = o5 @ forall s € [0, t], with ¢, € Z7 as per (5). Note that

t
2 205 112 2 1
w51 10.01 =/0 lots|” 1 @mlIT ds = Nl 0 70y = 27

For convenience, let w?, € #[0, t] be defined by

t s t
[wy]s = / (t—oVvs)|wrledo = (t — s)/ [wy 1o do + / (t —o)w,lsdo
0 0 s

s t
:[(Z_S)/(; OlgdG—‘r/ (t_a)aadai|¢m:ﬁas(ﬁm:ﬁ[wz]sa
s
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forall s € [0, 7], in which the second last equality follows by integration by parts and
the definition of «. Hence, recalling (21),

t t
Iv(w,‘ii)=/ <[w,‘§‘1]s, / (t—oVvs) [w,‘ii]ad0> ds
0 0 1
t
=/0 [wely, 8101 ds = L Twi 13 0 = 1.

Fix € R>. Recalling (22),

t t
1’T‘<w;‘,z)=/0 (AR E A [wf:,]s)lds=—/0 D5l G @il ds
n=1

1 2 _ 1
Y ”“”ﬂqo,rl;ﬂ«) - T 2F L.

Consequently, recalling (23),

2
(Wi DuwVu ol Ge w) wiy)y o o = Iv(wp) + 17 () = 5 (¢ = Z)e

2
= 5@ -TW+ it

With © € Rog and t < t* < (3) i, the right-hand side is strictly negative, and
concavity is guaranteed. However, with u = 0 and ¢ € R (, observe that there exists
an i, € N such that for any m > iy,

0 1.3
(wfh. Du Vol wyusy) = i >0,

with [Jwyy [l410.] = % t. That is, there exists w = w2 € #1[0, t] such that the map
n Jlo[wo](x, nw) is strongly convex. O

The concavity property provided by the first assertion of Lemma 1 implies that the
value function W,” 1 21 — R corresponding to (17) is well-defined for © € R. ¢ and
short horizons ¢ € [0, #) by

Wi E) = sup JYIE w), (24)
weH1[0,t]

for all & € Z7. As a linear choice for the terminal payoff ¥ (i.e. lacking strong
concavity) will ultimately be of some interest, see (59), itis important to emphasize that
the Yosida approximation and positivity of the associated approximation parameter
W are essential, by the second assertion of Lemma 1. The optimal control problem
defined by (24) naturally admits a verification theorem, posed with respect to an
attendant Hamilton—Jacobi—Bellman (HJB) partial differential equation (PDE); see
also [9, Theorem 6] for a special case.
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Theorem 2 Given any u € Rog and t € (0, "), suppose there exists a functional
(s, %) > Wi(x) € C([0, 1] x 21: R)NCY((0, 1) x 27; R) such that

oW,
0=- S (x) + H(x, Vi Wi (x)), Wolx) =v(x), (25)

0

foralls € (0,1), x € 21, where V, Ws(x) € 21 denotes the Riesz representation of
the Fréchet derivative of x +— Wi (x), defined with respect to the inner product (-, -)1
on 21, and H : 21 x Z1 — R is the Hamiltonian

. Lo
H(x, p) = 5 IxIIf + 3 11T A% pl} (26)
forall x, p € 2. Then, W;(x) > J/'(x, w) for all w € #1[0, t]. Furthermore, if
there exists a solution s +— & of (15) with
S
= [ ugdo wp =k, @7)
0
1
kf,"t(y) ilﬁ Eu VXW,lia(y), o €[0,s], se[0,t], ye 27,
1 1
Eu= ATT] AT € L(23: 2), T € L(273 20, (28)

such that ¥ € 21 for all s € [0, t], then Wy(x) = Ji'(x, w*) = Wi (x) for all
s €[0,¢], x € Z7.

Proof Fix i € R-q, t € (0,1*), and let (s,x) — W;(x) € C([0,1] x Z1;R) N
C'((0,1) x 21;R) satisfy (25). Fix x € 21, w € #,[0,1], and let s — & €
C([0, t]; Z71) denote the solution (15) with éo =x and w = w. With s € [0, ¢], let
Ps = VW, _s(&) € 21. By (18) and completion of squares,

- - 1
(P w)1 = TH(w) = {ps, w1 — 3 (AT 2wl
= LA} 5ol = L IAZ)  [w — T2 & pull < LIZE A% B2 (29
=3 Il u) ps”l 5 II( p.) [w m ;Lps]”] =5 I m ps”]- (29)
Consequently, applying the chain rule and (25), (26),

;_S[Wtfs(és)] = _%Wtfs(és) + <VXW173(§S)7 Wy )1
= [_(’?_SWI—S(%_-S) + H(és’ Vth—x(és)] + (Ps, Ws)1 — % ”é?”%

Ly
— 1zz A2 B
- = I _ -
= (ps, W1 — 3 I&IT — 3172 A2 Pyl < TH@wy) — VE),

in which the final inequality follows by application of (29) with w = w;. Integrating
with respect to s € [0, ¢] and recalling the initial condition in (25),

t t
VE) - W) = fo LW,y (E)]ds < /0 T (w,) — V(&) ds
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t
= W)= /0 V(&) — TH W) ds + (&) = J' (x, w). (30)

Asx € Z1 and w € /[0, t] are arbitrary, the first assertion follows. Moreover, if w*
exists as per (27), selecting wy = w} yields equality in (29), (30), yielding the second
assertion. O

Verification Theorem 2 is particularly useful in establishing an idempotent con-
volution representation for the value function (24), and in providing a feedback
characterization of the optimal control considered in Sect. 4.

3.2 Idempotent Convolution Representation for (24)

As illustrated in [4,9,10,17], the value function of an optimal control problem can be
expressed as an idempotent convolution of an element of the attendant idempotent
fundamental solution semigroup with the terminal payoff of interest. In the specific
case of optimal control problem (24) for u© € R., this yields the value function
representation

W/ (&) = sup {GI'(€.0) + v ()}, 31)
teZi

forallt € (0,1"),& € 27,in which G : 271 x 2] — R is the bivariate idempotent
convolution kernel associated with the max-plus primal space fundamental solution
semigroup corresponding to the optimal control problem (24), see for example [9,
Theorem 2] or [4, Theorem 6]. Given any ¢ € (0, 7*), this kernel is defined via an
optimal TPBVP by

t
Gl E 0= sup {/O V(xs) — TH(wy) ds

we 10,1

onsa x[:é-}v (32)

for all £, ¢ € 2. As anticipated by the special case described by [9, Theorem 11],
this kernel also has a quadratic representation.

Theorem 3 Given any p € (0, 1] and t € (0, t*), the idempotent convolution kernel
G+ 21 x 21 — Rof (31), (32) has the quadratic representation

IRV S AW YAYE;

forall&, ¢ e 2y, inwhich ((x,2), (§,0)): = (x, &)1+ (z, ¢)1 forall (x,2), (§,¢) €
21x 21, and PV, QI € L(21) are self-adjoint operators. Moreover, these operators
also have the spectral form (5), with

P“s—Z[p, (€. @n)1 Gn - Q“s—Z[q, E G)idgn. (34
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forall £ € 2, in which the respective eigenvalues [p!'1,, [q} 1, are defined by

[Pl = [/, = (35)

ol tan(wh 1)’ ol sin(wl 1)’

foralln € N.

Proof of a special case [9, Theorem 11] of Theorem 3 employs a homotopy argument to
verify the corresponding quadratic representation analogous to (33). Here, motivated
by [11, Theorem 2] and [4, Theorem 6], an alternative approach to the proof of Theorem
3 is developed by exploiting semiconvex duality. This development commences with
the definition of a parameterized terminal cost ¢ : 2] x 2] — R by

P(x.2) =5 (x—z, M(x—2) (36)

forall x, z € 27, in which M € L£(Z)) is a negative self-adjoint operator of spectral
form (5), with

o
Mgzzmn (Ea @n)l‘ﬁnv my S [—I’l_’l, _m]’ O< ﬁtanﬁ<ﬂ§m<00,
1

n=1
(37)
for all £ € Z7. Observe by (6) that, for all u© € (0, 1], n € N,
1 -1 1 1
w%fu)’ffu)ﬁfu)&:—, O<g< m << ,
w m wy My W m tan +/2 (38)

wy My

—1 1
49#£tan‘1< m ), O<9,’1‘<tan_l( ):z—ﬁ.
Note by definition of 7* and (38) that
. b4
e 1], re@© = w,’ft+9,’fe(0, 5) VieN.  (39)

Given o € (0, 11,7 € (0, t*), and with ¢ as per (36), it is useful to define an auxiliary
optimal control problem with value function S! : 27 x 2] — R by

StE o= sup  JeC O1E w) (40)
we#1[0,t]

forall &, ¢ € Z7, in which Jt“ is as per (17).

Lemma2 Given u € (0, 1], t € (0, "), the value function SI' : 21 x Z1 — R of
(40) has the explicit quadratic representation

SEE O =5 Al e +E Yo+ 2 o) (41)
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forall £, ¢ € 2, in which X,“, y,“, Z,” € L(Z7) are bounded linear operators of
the spectral form (5), with respective eigenvalues given by

1 1
[xtu]n = —— cot (CU# 14 +9#) , [th]n = +— COSQ# csc(a)ﬁft+ 9#),
Wn wy,
1 (42)
[2}']n = ——5 cos” 0/ [ tan 0} + cot(wl t +6/) ],
Whp

forall n € N, and satisfying X", y,“ Zl“ € L(Z2Y).

Proof Fix pu € (0,11, ¢ € (0, 1*). Let X/, Y, Z!* be linear operators of the spectral
form (5) with eigenvalues (42), as per (41), and note that

1
[x/ 10 = mu + — [ cot 6} — cot(wl 1t +6}) ],
@n

1
i 1y = —my — — cos6)f [ cscOl — csc(wlit +61) ],
n

1
[ = ma + — cos® 0 [ cot 01 — cot(wl t + 61 ], (43)

n

for all n € N. Bounds (38), (39) imply that the corresponding eigenvalue sequences
are bounded. Moreover, elements of these eigenvalue sequences are differentiable with
respect to ¢, and satisfy

[xzﬂ n=1 +)“;"lL [xt#]%: [xtu]n = Z)LZL [xzﬂ]n [xzﬂ]nv [x(l)L]n = mpy,

[yzﬂ]n = )\'f'lL [x}u]n [y;“]n, [ytu]n = )\ZL ([xtﬂ]n [ytu]n + [xtﬂ]n [ytﬂ]n)» [yg]n = —hy,
(200 = A [F12, 20 =200 [ Tn [ s (2510 = M,
(44)

so that the sequences of corresponding derivatives are also bounded. Hence, the linear
operators A, " y,“ , Zt“ are bounded and Fréchet differentiable with bounded deriva-
tives X/, VI, 2/ That is, X, VI, 2, XM, V! 21 € L£(27), as asserted. By
inspection of (5), (6), (44), note further that these operators satisfy the respective
Cauchy problems

XIMZZ'FXIHA%I“A% Xt,u, yIMZX[MA%IMA%yIMa

. 45)
B YEAYT, ATV, Xl =M= 2 Y= M,

in which Z € L£(2]) denotes the identity. Define :S'\,“ : 21 x 21 — R as per the
quadratic form in the lemma statement, i.e.

SME O =LE Aty + Vo + A 2 (46)
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for all £,¢ € Z7. Observe that ¢t +— St“ (&, ¢) is Fréchet differentiable, as is & +—
S (&, ¢), with derivatives given via their Riesz representation by

0

S - . :
8—;(5,0 =3 (& X EN+E DO+ 2 on,
VeSIE, O =Xl e+ Ve,

(47)

for all &, ¢ € 2. Consequently, applying (45), (47) in (25), (26) yields
33\# K 1 /L i 1 S
- W(E’ ;‘) + H(E’ V%'St (Ea C)) = -2 (Ev X[ E)l - <$’ y[ C)l -2 (é" Zt ;)1
1 1
+ 3 IENT + 5 (X E+ Y ¢ AT, AT (X E+ D ¢
. 1 1
=3 X+ T+ X AT, A2 &),
. 1 1
+ (& (VI + X AT, A2 YN o)
1 S woak Ly _
+5(¢ (27 + A2L, A2 Y7) )1 =0.
Meanwhile, the initial data in (45), along with (36), (46), yield

SHE D =L e ME) — (5, MO+ L, ME) =0, 0).

That is, :S'\t“(-, ) Z1 = R, ¢ € 2], satisfies the HIB PDE (25), (26). Moreover,
(unique) solution s — £ of (27) may also be shown to exist, with & € 27 for all
s € [0, t], using a fixed point argument. The details parallel [9, Theorem 13], and are
omitted. Hence, the conditions of verification Theorem 2 are satisfied, so that 3‘\,“ -, %)
of (46) is the value of an optimal control problem of the form (24) with terminal cost

¥ = (- ). That is, recalling (40), S} (¢, ¢) = sup,cp;j0. J le( OIE w) =
S,”(E, ¢)forallé, ¢ € 27 and ¢ € (0, t*), as required. O

Coercivity of Z!* — M is useful in preparing for the proof of Theorem 3.

Lemma3 Given u € (0, 1], ¢ € (0, %), the operator Z,“ —M e L(Z]) of (41), (42)
is coercive.

Proof Fix u € (0, 1], ¢ € (0, t*). The asserted boundedness, i.e. Z,“ - M e L(Z),
is immediate by (37) and Lemma 2, see (42), (43). Moreover, this operator has the
spectral form (5), with

e¢]

(€ ' =My =D (2 —ma) 1€ guhi P (48)

n=1

Recalling the last equality in (43), [z/], — m, = [cos?O}] f1'(¢), with cos? 6 >
cos? (g _ ﬁ) = sin® V2 > 0, (1) = delcot 6} — cot(wl 1 + /9], £10) =0,

and (£ (t) = csc?(w) t + 6}') > 1for all n € N. Hence, [z/'], — m, > 1 sin®> /2
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for all n € N, so that by (48), (¢, (2 — M)¢) = 302 1 sin® V2 (¢, @)1l =
t sin? /2 ¢ ||2, for all ¢ € 2. That is, Zl“ — M is coercive, as required. O

In continuing the preparations for the proof of Theorem 3, some definitions relating
to semiconvex duality are required. In particular, a function ¥ : 27 — R is convex if
its epigraph {(x, @) € 271 x R| ¥ (x) < &} is convex. It is lower closed if ¥ = cl™ ¢,
in which the lower closure cl™ is

Isc ¥ (x), Iscy¥(x) > —oo forall x € 27,
—00, otherwise,

cmyx) = {

for all x € 27, and Isc is the lower semicontinuous envelope, see [20]. Following
[4,5], uniformly semiconvex and semiconcave extended real valued function spaces
y;M and .7~ M are defined with respect to M of (36), (37) by

y;M - {1// 2 >R ‘ v+ % (-, —M )1 convex, lower closed} ,

y:Mﬁwz,%—@‘—wey;M}. (49)

Semiconvex duality is a duality between the spaces of (49), defined via the semiconvex
transform. The semiconvex transform is a generalization of the Legendre-Fenchel
transform, in which convexity is weakened to semiconvexity by relaxing affine support
to quadratic support. The quadratic support functions involved are defined here via
the bivariate quadratic basis function ¢ : 2] x 21 — R of (36). The semiconvex
transform and its inverse, denoted by D, : YJ:M — "M and D(; L =M

yJ:M, are given by [4,5]

Dy =— sup {p(¢.)—¥(&}. D,'a= sup {p(.2)+aR@}. (50)
£e2 ze]

forall ¥ € YJ:M anda € ./~ M Tt is also useful to define

0 &2l =0, 51

5 ¢.O= { —00 [l — ¢ll1 #0,

forall&,¢ € 2.
These definitions and concepts may now be used to establish a representation for
the convolution kernel G of (31).

Lemma4 Given p € (0, 1], t € (0, t*), the auxiliary value function S;‘ of (40), (41)
and the convolution kernel Gﬁ‘ of (31), (32) satisfy

StE e sTM GHME ©) =D, SIE, DI (52)

forall &£,¢ € 21, in which Dy, is the semiconvex dual operation (50).
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Proof Fix u € (0,1],¢ € (0,1*), and &, ¢ € 2. Applying (36) and Lemma 2,
SPE D+ 5 — MO =5 E X e+ E VN O+ 5 (B =M.

As ZI* — M is coercive by Lemma 3, it follows immediately that ¢ — S/ (&, ¢) +
% (¢, =M ¢)y is convex. Hence, S/ (&, ) € YJ:M by (49), yielding the first assertion
in (52).

For the remaining assertion in (52), note by (17), (36), (40), (50) that

t
SIE ) = sup JTeC, O1E, w) = sup {/ V(&)—T“(ws)dsw(st,c)}
we#1[0,t] we#1[0,:1 LJ0

t
= sup :/ V(&) — T*(wy)ds + sup {a(s,,y)w(y,z)}}
we#1[0,t] 0 veZi

t
= sup { sup {/0 V(Ss)—T“(ws)ds+5_(§t,y)} +§0(y,§)}

ye2i |we?1[0,1]
= sup {G/'¢¢.y) + 0, 0} = sup {@(, y) + G, v}

yeZi yeZi
=D, GI'(. )1,

in which 8~ is as per (51), and the second last equality follows by symmetry of ¢, i.e.
0(&,¢) = (¢, £). Hence, by semiconvex duality and the first assertion,

Gl 0) = [Dﬂ?;l Gy (&, )1(¢) = [Dy S/ (£, )1(Q),

yielding the second assertion. O

It remains to prove Theorem 3, using Lemma 4.
Proof [Theorem 3] Fix u € (0, 1], ¢ € (0,1%), &, ¢ € 27. Applying (50),
Gi'(£.0) =Dy, S/ (5. )1(0) = inf {S/'(5.y) —e(y.0)}

yeZi
= inf GE X an+EV M+50, 2 -3 -6 MGy -0}
yEL]
=3 (& Xl E) -3 (¢ M)
+ inf. {0, Y e+ M)+ 3 (v, @ = M)yn}.
1

Applying Lemma 3, Z/* — M is coercive and so boundedly invertible. Hence, the
infimum is achieved at y = y* € 27, with y* = —(Z" — M)~ [(QF) & + M¢].
By substitution,

GI'(E. Q) = $ (&, X&) — 3 (¢, MO+ O, Y &+ M)
+ 0% (2 - M)y
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TeE =yt - M7 E - E VR EE - M Mo
+1g M= M2 - M) M),

o A 29
JEXEO+EI O +5C Zon = %<<§> ((j}f‘)/ 2\?‘) <§)>n

(53)

in which X, Y, Z" € £(2)) are defined by

X=Xl - yhEt - TN, V=t Et - MyTIM,
- M—-ME - MM,
and the inner product (-, -)1 is as per the theorem statement. Recalling (37), (42), these

operators are necessarily also of the spectral form (5), with their respective eigenvalues
given by inspection by

12 n
(£, = 1y — — 2l ey e Dl
t in — t in " ) t In — " 3
[Z[ In —my [Zz In —my,
2
m
/\M .
o I —
[z 1In — my

for all n € N. After applying (42), (43), sum-of-angle manipulations yield
[xAtﬂ]n = [Pft]n, [)A’tﬂ]n = [qt'u]nv [2#]n = [Pft]n, (54)

foralln € N, where [ pf‘ 1ns [q,“ ] are as per (35). For example, for the second equality,

oy . D lamy my cos 6y csc(wy 1+ 64)
L = _[z?]n —my -  cos20X [cot 6 — cot(w t + 611
1 csc(wh t + 6/
- w_if(w,f’]n ) cos ) [cot @) — cot(wh t +64)]
1 o 1
- ol sin(wl 1 + 6 cos 6 — cos(@ t + 6/ sin o
- ! =lg{'In

T ol sin(@! 1)

for all n € N. The other equalities in (54) follow similarly. Hence, QE“ =Pl = Z"
and Y = QI = (QV) by (34), (54), so that (33) follows by (53). ]

Remark 2 The Hessian of the idempotent convolution kernel (33) may also be inter-
preted as the solution of an operator differential Riccati equation [5] that arises in an
optimal control problem of the form (24) with Y = § (-, ¢), i.e. the optimal TPBVP
(32), where § is as per (51). O
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Some useful properties of the operators £, and P}, Q¥ of (28) and (34) follow by
generalizing results from [9, Appendix B]. These properties find application in the
group constructions to follow.

Lemma5 Given u € (0,1], t € (0, t*), operators Ew Pt“, Qﬁ‘ of (28), (34) are
bounded and boundedly invertible, i.e.

EpeL(21:2), E e L2 2, PO PHTL @ e L(2).

Moreover, given ol as per (6),

EnE =) ol (€ §u)1 ¢n,

n=1
00

(P e ==Y off tan(w 1) (&, )1 §n»

n=1

00
571 T = ZL[L (7, (pn>¢ns

Wy
n=1
00

Q)7 e ="l sin(@f 1) (&, Gu)1 §n

n=1

—(Q) ' PlE = cos(@l ) (€, §u)1 Gn

n=1

Q™M EMH T =) sin(@ 1) (T, 9a) G s

n=1
—£, 9 T —UQH ' PITYE == sin(@f 1) (€, Gu)10n,
n=1
—Eu P QN E ! = cos(@ff 1) (. @u) @ s (55)
n=1

forall¢ € 2, m € 2.

Proof The first and last equalities in (55) and associated boundedness properties are
demonstrated below. The remaining equalities and bounds follow using analogous
arguments.

First equality in (55): Fix u € (0,11, € (0, %), & € 21,7 € 2. By (3), (5), (6),
1 1
(28),A% 2> X1 X~ 21, and I AT 21 — 27 satisfy

o0

ATE =Y in (. G Gn =Y (& Gudi g
n=1

n=1

@ Springer



Applied Mathematics & Optimization (2021) 84:1923-1958 1941

1 o0 1 o0

Lin=) e (T, @) n = 3 O AT, ) B s

M X:: 1+M2A, n n 112:; n n n
1 . '] ) y [e%e] 5 5
TRATE=) W (ATE @) Gu=Y ol (5 Gu)1 Gn

n=1

3
I

1
Hence, £, = A2 T A2 20 — X satisfies

TR S N
EnE =AY (T ADE =) (T A2E, Gn)ign
n=1
o o
Z<Zw;: & @ B ¢n> on=) ol (€ Gdign,  (56)
=1 \k=1 1 n=1
as per the first equality in (55). Note by inspection that [|E, || £(27: 27) < SUP,en lwh| =
1
4 < o0.
0

Last equality in (55): Fix u € (O 1], t € (0, #*). By inspection of (6), (34), (35),
note that |([q, 107 = |k | | sin(wl 1)] < 1 for all n € N. Consequently, a bounded
linear operator of the spectral form (5) is deﬁned by

(0.¢]
RICE=D (g!'1) " €. @1 @
n=1
for all £ € 27, with | RV Iz < ﬁ Fix any € € 27,7 € 2 . Recalling (34),

Ry Q'E =Z<[q,“]n) 1<Z Tk (€ @i P <pn> n

5

n=1 k=1

o0

al .
ke e, g0 e, gun Z £ Gn)i Gn =&,
[g; 1n ot
so that (@J,”)_1 = 7%;‘ € L(Z1). Similarly, recalling (56),

21
=Y — (T o) fn s (57)
n

n=1 @,

and 1€, 22 27) < supen 1/lwy| = 1/|0)| < oo. Applying (34), (35), (56),

(57), and the definition of Rf‘ = (Qf‘ )~ above, analogous calculations yield

w Ay —1 o—1 — [P:L]n 1
&P () & T =— Za),’f 0] oF (7T, @n) on
t In n

n=1
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>, sin(wl 1) >
— n — 12
= — (T, = cos(w! t) (m, s
E tan(wt,‘t)< ®n) ¢n E () 1) {7, @n) ¢n
n=1 n=1
as per the last equality in (55), and || — £, P} (Q)) "' € I za) < 1. O

Remark 3 By inspection of (34), (35), along with Lemma 5, the respective eigenvalues
of operators Pt“ , (771“ )*1, Qﬁ‘ € L(Z1) experience finite escape behaviour, with

lim |[pflal=00= lim |lgl.l.  lim o =00, njeN
t—)(ﬂ) [_)(ﬂ) (]_%)T[ Prln
w{f wff 1—( CULL )
(58)

The first of these escape times is inf, <y ﬁ = (%@) t* ~ 1.11 t*, which is accom-
n

panied by an anticipated loss of concavity of J/(, -) for horizons beyond #*, for any
Ee 2. O

4 Group Construction via Optimal Control

Hamilton’s action principle suggests that the characteristic system associated with
the optimal control problem (24) may be used to represent all solutions of the wave
equation (1) via its approximation (10). This motivates the construction and validation
of a prototype fundamental solution group for (10). As per the special case documented
in [9, Section 4.2], the finite escape behaviour identified in Remark 3 indicates that
this construction is limited to short horizons, see Lemma 1. However, propagation
to longer horizons can proceed via the temporal concatenation of sufficiently many
sufficiently short horizons using the aforementioned short horizon prototype [9].

4.1 Short Horizon Prototype

With u € (0, 1], a prototype element of the fundamental solution group {i/},cr for
the approximate wave equation (10) may be constructed [6,7] on a short horizon via a
special case of the optimal control problem (24), using the idempotent representation
(31), (33). In particular, a fixed short horizon ¢ € (0, *) and specific terminal payoff
v =Y, 21 — Rare considered in (24), with

V&) =€) = (€ & o). &€, (59)

forany a priori fixedv € 27, in which &/ Ve £(2°; 21) is as per Lemma 5. Recalling
31), as G;L(~, 2), Gﬁl (&, ), and ¥ = vy, are Fréchet differentiable for any &, ¢ € 27,
the supremum in (31) must be achieved where the Riesz representation of the Fréchet
derivative of G/ (&, -) + ¥, (-) is zero. That is,

¢ € argmax(Gy (5, £) + Yo (0))
e
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= 0=VAGIE O+ V@lmgy = A E+PIE+E v, (60)

and {5‘ € 2 is the terminal state achieved, given the initial state £ € .27. As P! is
boundedly invertible for ¢ € (0, t*) by Lemma 5, ;g‘ is defined uniquely by (60), and
a representation of W/ (£) subsequently follows. In particular,

(=P (Qe e ), WO =GlE D+, 6D

forall § € 2. With a view to computing a candidate optimal trajectory via (27), note
by (31), (60) and the chain rule that

Ve W () = ViIGr (5, ) + Yo (¢)]
= VG (€. Ole=gr + (D) Vel Gl (6, O + Yo (©)le=gz = VeGr' (6, o=z

inwhich Dg £ = —(P")~1 Q¥ € L£(27) is the Frechet derivative of the map & ¢l
& € 21, see (61), and the final equality follows by (60). Hence, recalling (31), (33),
(61),

VoW E) =PlE+ Qg = (P =t (P QY E - O (P E .

Motivated by (27), and again recalling (61), define

fo=¢,

E=g=-PH ' ode—PHE M,

Ro = E VaW/ &) =& (Pl —QF (P O E— €, 9 (P E v,

e = E VW (68 = Eu Vi (6 = £, € v =, (62)

inwhich &, & € 2 denote the initial and terminal states of a trajectory corresponding
1 1

to a candidate optimal control s > Wy satisfying Wy = Z;; 7 and W, = Z;; ;. By
inspection, eliminating £ and v in (62) yields

~

E=-PH ' Q- P EN A

. . . el (63)
o =& (P = O (PIY™' Q) &0 — £, & (P17

By exploiting invertibility of the operators involved, see Lemma 5, and some straight-
forward manipulations, see Remark 4 below, it follows by (63) that

~ & s 4"
(%t):ZZM(‘?O)’ @Mg(wf In [LA{I ]12>’ (64)
b 70 (U o1 |[U 122
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with elements [U'111 € L(20), Uiz € L(273 20, Uy € L(215 2), and
[U"1 € L(Z) given for t € (0, 74) by

U = —(@H™' P, 0 = (@H7' e

_ _ (65)

1 = —€, Q (T Q@O PIT) . [ = —EuPL Q7' €

Remark 4 Manipulating the second equation in (63) to solve for 7, yields
A= =& P QYT Q (PHTIQ — PG — Eu P T E ! 7o

==& Q) =P Q)Y PYE — £, P QT E ! Ao
=& T -1QH P& — P (@ E Ao
= [/ o + 1 12 7o, (66)

which is as per (64), (65). A similar manipulation of the first equation in (63) via (66)
completes the calculation of (64), (65). O

Lemma6 Given u € (0,1], 1 € (0, t*), the operators Z/{,’L,ZZ’L e L) of (7), (8)
and (64), (65) are equivalent, i.e. ut = L{,“.

Proof Fix © € (0,11, t € (0,t%), § € 21, m € 2 . The assertion follows by
comparing (7), (8) with (64), (65), via Lemma 5. O

The candidate optimal control w alluded to in the prototype group construction above
can be represented explicitly via Lemma 6, and subsequently confirmed to be optimal.
This confirmation can proceed via Theorem 2, or directly by substitution using (17),
(24), or alternatively by substitution using (31), (32). The last approach is formalized
as follows. With &, ¢ € 27 fixed as the initial and terminal states of the candidate
optimal trajectory, observe by (64), (65), i.e. (63), and Lemma 6, that ¢ = é, =
(U 111 & + (U] N12 7o, or

o = 70§, ¢) = UM (¢ — UM 6), (67)

in which the inverse involved exists by inspection of (65). Again applying Lemma
6, the candidate optimal control w € #1[0, ¢t] and corresponding trajectory & €
C([0, t]; Z1) are defined by

A ) A és - X(éa {)S - S
woeziocon (5)=(168) 2w (nee) @

for all s € [0, t], in which the form of s — w; follows from the generator .A* of the
group {U!},cr, see (4) and Theorem 1.

Lemma7 Givenp € (0,1], ¢ € (0, "), and &, ¢ € 21, the candidate optimal control
1

W =T} 0(&, ¢) of (68) is optimal in the definition (32) of G (€, ¢), and & = 3 (€, 2)
of (68) is the corresponding optimal trajectory satisfying (15).
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1 1
Proof Fix p € Roq,t € (0,i*), and &,¢ € 27, and let & = I} 7 = I} 0(§,¢)
and é = (&, ¢) be the candidate optimal control and trajectory as per (68). Note in
particular that & = & and & = ¢ by definition, i.e. (67), (68), while W, £ satisfies (15)
by inspection of (9), (68). Hence, the candidate optimal control and trajectory satisfy
the constraints in (32), and in particular

G (€.0) = J/'I87 (. OIE, ) = I/ [ol(§, )
t
=/0 VUG = L 14,12 ds > —oc
by inspection of (17), (18), (51), (68). Moreover, Theorem 1, (4), (9), (10), (28), (68),
and the chain rule together imply that
A . A A I O A A L o
HEIT = 171 = s & — (T * I A 7 = (&, &)1 — (T3 7, £ A
= (&, —E A+ G = A = L =& Ao

_1
in which the second equality follows by identifying the adjoint of Z,, * with &L !

_1
ie. (Z,%y, z) = (y, 5111 Z) forally € 27,z € 2, see (28). Consequently, by
integration and (65), (67), (68),

P8¢ O1E D) = T Yol (€, b)
t
/0 L, =& Ads = (0 =€ A — S (€. - Aol
(€. =& (U o1 & + U 2 7)) — 5 (€. =€, Aoh
(€ =& (UM & + U T [T (@ — U T )
1
{

I
8=

1
2
1
2
— 3E=EUTE € = U T N
TE -E U U ENn 4 S =& U e U oh
+1, [([u"];z‘)/é‘,;] = & U o+ & U2 T 0 | €
<

=3 & PrEN+ 56 Ploh+5(6.2Q ¢eh
=G, 0),
thereby yielding the claimed optimality. O

Lemma 6 confirms that the one parameter family of prototypes {ZZH }te(0.71y constructed
from the candidate optimal control (68), yielding (64), (65), corresponds to a subset
of the fundamental solution group {//},cr for the approximate wave equation (10).
Lemma 7 demonstrates that this candidate optimal control is indeed optimal in the
required sense.
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Remark 5 Given any terminal payoff i and any initial state £ € .27, if the correspond-
ing terminal state {5* € arg maxZGf%{Gf(é, ¢) + ¥ (¢)} exists, then the candidate
optimal control (68) is likewise optimal in the definition of the corresponding value
function (24). That is,

1
W€ = sup  JPYIE w) = T TYWIGE D), b =T 0, &)
we#[0,1]

4.2 Longer Horizons

The correspondence between stationary action and optimal control can break down
for longer time horizons due to a loss of concavity of the payoff (14), see Lemma 1
and the finite escape property (58) associated with the idempotent representation (31),
(33), (34), (35). Consequently, for longer horizons, a modified approach is required. In
particular, by directly replacing the sup operation in (24), (31) with a stzat operation [9,
17,18], a value function corresponding to a stationary payoff may be defined, without
the need to assume that stationarity is achieved at a maximum. Less generally, by
retaining the sup operation in (24) on shorter horizons, longer time horizons may be
accumulated by concatenating these short horizons, with the stat operation used to
relax the constraints associated with the intermediate states joining adjacent horizons,
via a generalization of G in (31), (33). This latter approach is considered here. An
appropriate definition of the stat operation given by

stat F(¢) = {F(E) = argstatF(g“)}, F: 2 — R,
e e

argstat F(¢) ﬁ{{ e 2 ‘0: limw}. (69)

ce y—=¢ |y —=2¢lh

With a view to formalizing the aforementioned concatenation approach, with p €
(0,1] and x € 27 fixed, consider any longer horizon ¢ € [f*, c0) of interest for
which the payoff J/(x, -) of (17) may not be concave. The key idea is to select a
sufficiently large number n; € N of shorter horizons © = t/n, € (0, t*) such that
concavity of JE ¢k, +) is retained on every subinterval [(k—1) 7, kt],k € [1, n;]NN,
where ¢ = &, € 27 denotes an intermediate state.

In further formalizing this approach, a candidate generalization of the value function
W} of (24) is proposed, via a corresponding generalization of (31), that is applicable
on longer horizons. Note by Remark 3 that finite escape times must be avoided. To
this end, fix an arbitrary horizon ## satisfying

= on Iz I
teR\ &, BF= (] )0 tho i) (70)
n,j,keN
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in which
wooojemy o 1 dNE o1 2y
Wik =% gr op =GP =G0,
N e 1
too’j’k_k(z)u'a n?]akeN’

and note that this is always possible, as Z# is a countable subset of R . Define an
unbounded set of longer horizons with respect to this r** by

QF={y "y € Qs0o}. (71)

Lemma8 2% of (71) is a countable and dense subset of R>g, and closed under
addition and rational multiplication.

Proof Immediate, by (71) and the corresponding properties of Q- . O

In view of representations (32), (33) of the short horizon bivariate convolution
kernel G/ for t € O, "), and (71), define a corresponding long horizon bivariate
convolution kernel Gf‘ 21 x Z1 — Rby

- DU AU
o= (D FDEL

forall t € 21, in which P/, O/ are defined analogously to (34) by

PLE =" 11 In (& §u)t Gn.
n=1

Ol'e = [/ 1n E.Gu)1 G, 1 €Q" &€, (73)

n=1
in which the respective eigenvalues are defined analogously to (35) by

—1 1

(5t ln = [ 10 = (74)

ol tan(wh 1)’ ol sin(wh 1)’
foralln € N, t € 2. Given (33), (72), note that for i € (0, 1], ¢ € (0, t*) N 2,

Gl'(6,0) =Gl (€,0) YE e 2. (75)

Lemma9 Givenany u € (0, 1], t € 2", there exists an LfL € R. ¢ such that

max([5f 1al, 114/ Tl, 1151 Tnl ™" 1131 a1 ™1 < LY < 00 (76)

@ Springer



1948 Applied Mathematics & Optimization (2021) 84:1923-1958

foralln € N, with [ ;‘]n, [c},“],, € R as per (74). Consequently, ﬁ“, éfL e L(Z1)
and (P, (O~ e (2.

Proof Fixany u € (0, 1],¢ € £2*. Recalling (6), {a)n }neN 18 a positive non-decreasing
convergent sequence with why =1im,_ o 0 = ﬁ. Recalling (70), whot #j ( ) #
oyt foralln € N, j € Zso. Let €/ = Jinfjez, lwhot — j (5)], and note that
e,” € (0, 7).By definition of wk, there exists an N,“ € Nsuchthat |of t—ols t]| < ef
for all n > N/*. Moreover, by the triangle inequality,

inf inf |wfit—j ()= 1nf |a)oot—J( ) — sup |whyt — o 1]
J€Z>0 n>N}"* J€L=0 n>N!

>2el —el' =€ >0.

Meanwhile, &' = minjez_, min, ¢y y#jaw l@h £ — j (5)] > 0, so that
|t t—j( )|>6t—m1n(e,,e,)>0 77
. ut - 2ht
foralln €N, j € Z>o. Let j, = = =2~ € Z>0, and note that

tan(wh t — ji ( ), Jja! even,
t “ty = 2 78
anten 1) { cot(l t — ji (). ji" odd, (78)

in which w) t — ji' () € (0, 3). With f(€) = tan?(¢), g(€) = cot?(¢), € € (0, %),
let f®, ¢™ denote the fourth derivatives, and note that £ (¢), g™ (¢) € R>o for
alle € (0, %). By Taylor’s theorem,

m

fOo=+5 /Y@ =&,
g =€-27+ 8@ (-5 > (-2,

€(,¢),

€ (€, %),

M™>

forall € € (0, %). In particular, as o) 1 — j}' (5) € (0, %),

tan® (@l t — jioT (3) = |l t — i (3P = (@7, 79
cot? (@l t — ji(Z)) = ol t — G+ 1D (D) = (€47,

in which the final inequalities follow by (77), irrespective of whether j/' 1 s odd
or even. Hence, by (78), (79), tanz(wn 1) > (¢ "2 cot?(wl 1) > (¢ "2 and so
tan? (o}, 1), cotz(wn 1) € [(eM?, (, (35) yields

(E’M >2 < 1P = ! !
o) = @l 1) @ )

with |[p;i 1n172 likewise bounded, uniformly in n € N. Note further by (35) that
G117 = - M)z + [pF1,1%, so that |[G/],)? and |[§}*],|? are similarly bounded,
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uniformly inn € N. Existence of LI < oo subsequently follows, as per the hypothesis,
and P/', 01, (P, (91" e L(2). 0

In order to apply éﬁl , it is crucial to show that the operators ﬁ,“ , @f can be propa-
gated to arbitrary longer horizons in £2/* via concatenations of horizons. This can be
achieved using standard Schur complement operations.

Lemma 10 Given any u € (0, 1], s,0 € 24,

pr, P (P Or B (O e L), (80)
[Pl + PHI~1 OF, [PH + PRI OF € £(2Y),
Pl =Pr— QEPr 4P O, O = —OR PP O (81)

Proof Fix u € (0, 1], s, 0 € £2*, and note that s + o € £2* by Lemma 8.
Boundedness assertions (80): Lemma 9 immediately yields that

Pl PY Ple, (PO OF O O, (@97 e L2
Recall by definition of s, 0, s + 0 € 2" that
wy s #j(5), wyo #Fj(5), o) (s+o)#j(3), n jeN, (82)
so that for any n, j € N,

| sec(wh s)| < 0o, |csc(wh s)| < oo, |cot(wl s)| < oo, |tan(w! o)| < oo,
tan(w! s) + tan(w} o) = tan(w! (s + o) — ! o) + tan(w o)
# tan(j m — ol o) + tan(w! o) = 0. (83)

Define
= UM+ (O PR € L(20), (84)

in which [U"]11 € E(%) is as per (7), (8), and P H_J, (Qﬁ‘) I e £(2)) as demon-
strated above. Note that Q s.c may be represented in the form (5), with

ané _Z[QSJ (&, Pud1 On, (85)

n=1

in which [§4', 1, is well-defined via (8), (73) by
[G% 5 1n = cos(@l s) + ([31n) " [Pligln- (86)
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Observe by (74) and standard trigonometric identities (including sum-of-angles for
tan) that

-1
ol tan(wh (s + 0))
-1 1 tan(w! s) tan(w! o)

= + , 87
ol tan(wh s) o sinz(wff ) tan(wh ) + tan(w) o) 87)

[Phioln =

in which all terms are finite by (82), (83). Substituting (87) in (86) yields

[GF 10 = cos(@lf 5) + ol sin(w} 5) [Piyqln
sec(wly s) tan(wh o) _ (5 1n

 tan(w) s) +tan(wh o) [pE 1+ [Ph e

in wl}i\ch all terms are again finite by (82), (83). Hence, recalling (84), (85), it follows
that Qf ; = —[Py' + Py 17" O, so that — [P} + Py 17! Qf, [Py + P5171 Qf €
L(Z1). Therefore, (80) holds.

Semigroup properties (81): Observe by (73), (74), (84), (85) that

(Pl — QU [PE+ P Qe = (Pl — Ol Ql ) E =) [Pl o TnlE. @)t Bn -
n=1

(88)

where [ﬁéﬂ,]n e R, n € N, is well-defined via (82), (83), (87) by

(51w — (@ 1 ((pF 1 + [P 1) ™!
—1 1 tan(wl s) tan(w’ o)

= + = [stoln-
ol tan(wh s) ! sin?(ol 5) tan(w) s) + tan(wl o) st

Hence, recalling (73), (74), (88) yields the first equality in (81). A similar calculation
(via sum-of-angles for sin) yields the second equality in (81). O

Lemma 11 Given u € (0, 1], and any s, o € 2+,

GY (8, 0) = stat [GX (&, ) + G (1, 0)} (89)
neZi

forall &, ¢ € 2, in which 5;: is as per (72). Furthermore,
't = =[P+ PAT Qe+ Ok o) (90)
is well-defined and satisfies

n* € arg stat{éf(f’ n) + 5&(77, O} oD
nei
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Proof Given u € (0, 1], fix any s, o0 € £2*. Applying Lemma 10,
[Pr+PLITTQE. 1P+ PEIT O € L(20),
so that n* is well-defined by (90), given any &, ¢ € Z]. By inspection of (72),
Vo (Gl ) + Gln, )y = [P+ Prin+ Ol e + Ol ¢
forall &, 9, ¢ € 27, so that 0 = V, (G (&, n) + GL (1, 0}, Hence, n* of (90)

also satisfies (91), and (89) subsequently follows by definition (69). O

The above lemmas, culminating in Lemma 11, allow the proposed long horizon
bivariate convolution kernel éﬁ‘ defined by (72) to be represented as an idempotent
convolution of corresponding short horizon bivariate convolution kernels, i.e. via G%
of (32), (33) for a sufficiently small horizon T € (0, t#).

Theorem 4 Given any u € (0, 1], t € 2% N [t*, 00), and n; € N sufficiently large
such that T = t/n; € (0, "), the long horizon extension G# of GY, see (72), (33),
satisfies

n—1
Gl )= st JGEE )+ Y GEm1,m) + G (—1,0) ¢ (92)
ne(Zm—! =

forall&, ¢ € 21, inwhich (271)" ™" denotes the product space 21 x - - x 21, n; — 1
times. Furthermore,

Gie.0) = st (Gl e+ G,y 00.0)]
1
=Gl E )+ Gl (i 0), keNg,, (93)

in which the stat is achieved at n,*; € 2, where

=& 0 =[P+ Pl iy 1O E+ D 0, keNL,.  (94)
Proof Fix u € (0,1],t € 2* N [t*, 00), and n; € N, t € (0, *) as per the theorem
statement. By Lemma 8, k7 € £/ for all k € N. Hence, given k € [2,n,] NN,

applying Lemma 11 with s = (k — 1) t and o = t yields

G & 0= stat (G, & m-1)+Glm1, )

n—1€21

= staelf%{Gfk,l)t(E, Me—1) + G (1, £)}
Nk—1 1

= st {5&,2),(57 Mk—2) + G (nk—2, mk—1) + G4 (nk—1, )},
Nk—1,Nk—2€A1

which yields (92) by induction, for k = n;. Alternatively, applying Lemma 11 with
s =kt,0 = (n; — k)t for k € N, subsequently yields (93), (94). O
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In view of (31), (69), (72), (75), and Theorem 4, the optimal control problem with
value function W“ of (24), (31) may be relaxed to a stationary control problem with
value function W“ 21 — R defined for r € 2" by

W) = ;tg&{@?‘@v )+ v ()} (95)
€21

for all £ € 2. With ¢ = , as per (59), selecting n; € N as indicated in Theorem
4, and generalizing (61), note that the stat in (95) is achieved at

tr=—PH Qe+ & ). (96)

Theorem 4 and Lemma 7 subsequently imply the existence of a sequence of interme-
diate states 0 = n; (&, g“g‘) € 21, defined for k € N_,, by (94), and optimal controls
w; € #1[0, t] and corresponding trajectories é‘,:‘ e C([0, t]; Z71), defined via (68)
and Lemma 7 for k € N<,,, such that

1 0(5 771) k:17 R 2(&7”?)7 kle
WE =T, 3 Omi_ynp), kel2on —1, E =m0, kel2.n —1],
U(’?n[,1 é‘s) k:nl‘v )2(77;;[71’ {;)vk:ntv
GH (€810, [EF10) = JEI8™ G, [EF101UE o, ) (97)

for all k € N,,. These optimal controls and trajectories may be pieced together
in time to yield a concatenated control w* € %0, t] and corresponding trajectories
&% e C([0,1]; Z1) and n* € C([0,t]; Z°), defined on the longer horizon [0, 7]
by

wy = [ﬁ)zs]s—(ks—l)r’ £ = [Sli]sf(kr])r’
ks = min(n,, [£]+1), se[0,1]. (98)

As every constituent short horizon control is optimal with respect to its corresponding
payoff, see (97), each renders that payoff stationary. Furthermore, as the intermediate
states (94) are selected to achieve stationarity in the idempotent convolution (92), see
Theorem 4, the concatenated control w* € #1[0, t] of (98) must render the longer
horizon action J/*[v](&, -) of (17) stationary.

By construction, the concatenated trajectory (98) also satisfies the boundary con-
ditions £§ = £ and & = {5‘ via (96). Fix any k € N_,, and, in an abuse of notation
in (94), let ng = &, n,, = ;g‘. Recalling Theorems 3 and 4, i.e. (33), (92), note by
inspection that n;_, ny, ng ., satisfy

0 = Vg[GY (n;_y, B) + GF (B, me )] p=yp = = Ol iy + 2Pl i + Ol iy,
so that by (65), (67), and Lemma 6,
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—&u (Qr My + P )
= & OF iy — [—(OH TV PRI i) = UM (nf gy — UR T )
= 0 (Ngs Nigr) -

With 7 I w for all s € [0, ], subsequently observe by (68), (98) that

M1 " M1
ut| . U -
. <7To(77k L )) i ([u#h; (n,i‘—[ué‘]nn,i‘_l)>

U
( [Us' 1 — Uﬂ]zz [UM]U U N nf_y + Uz 122 [U“]lz le>

- (. M
< —&u (Qr nk 1+,P# 77;)) <7T0(77;:a TIZH))'

Hence, the concatenated trajectory (98) also describes a solution of the approximate
wave equation (10) on the longer horizon, by Theorem 1. Moreover, the boundary
conditions involved also follow via (94), with

== _[P + P(n,—l)‘r] I(Qﬂs + Q(n,—l)r é-g*) )

so that by (67),

o = 7o (1. 1}) = R }) = UL, (of — [UF1 &)
=&, O (-1Pr 4P, 7 Qe+ B 8+ (@7 Pre)
=&, (Pl — QL [Pr+ Pl | 17 QM
= & QEIPE 4 P, 117 Q1 8 ©9)
=& (PleE+ Qe = (Pl = O (P Qe -6, 00 (P &

in which the second last and last equalities follow by Lemma 10 and (94), (96),
and 7, = [U ] M+ U1 7%0(17;7], ;) = v, following similar steps. By
inspection, the obtained relationship between boundary conditions is of exactly the
same form as (63).

In this way, the short horizon prototype Z/],” of (64), (65) extends to all longer
horizons in §£2*, which is dense in R ¢. Explicitly, the elements of the corresponding
long horizon prototype {U!};cqn are
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N - [ 1 |1
(‘5’) — (EO), ar = (%#) rer, (100)
T 0 U 11 [TU 120

in which [U"111 € L(20), U 12 € L2 20), U € L(20; 2), UM €
L(Z) are given by

[y, = —(QH~' P, U = (@7 e,
- - - - - o (101)
0 = =60 (T- @Y PIP), ' = —&, P (@71

for all + € £2". Recalling (73), (74), the corresponding long horizon extension of
Lemma 5 implies that these operators exhibit the spectral representation (5), with
corresponding eigenvalues given by

(i) T ]n = —[ﬁy]" =cos(w 1), [li} T12]n = sin(o¥ t)
! [ 1n me " (102)
([} 12110 = — sin(w/* 1), ([} 12210 = cos(wl* 1).

The prototype (101) is extended to negative horizons ¢, that is —¢ € £2#, via
~ o~ (LA TR (2T
u,“ﬁuﬁ‘,=< ) e on
U™ o1 [IU" 122

Theorem 5 Given any v € (0, 1], the set of prototypes {L”it“},em U{Ziu {ﬁﬁ,},egu
populated via (100), (101) defines a uniformly continuous group, and is equivalent to
the subgroup {L{,“},egu u{Zju {U}_Lt}legu populated via (7), (8) that is generated by
A% of (4).

Proof Immediate by comparison of (7), (8) with (100), (101), (102). O

5 Application to Solving a TPBVP

Given u € (0, 1], x,z € 271, and ¢ € 2, consider the TPBVPs defined with respect
to (¢, x, z) and the exact and approximate wave equations (1), (10) by

Find py = xp € 2 s.t. (1) holds
with xg = x, x; = z.

_1,
(TPBVP-1) Find JT(I; =1, 2 E(;L € % s.t. (10) holds
with &' = x, &' = z.

(TPBVP)
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These TPBVPs are reminiscent of mass transport and Schrodinger bridge problems
[1,2] insofar as solutions define a continuous evolution between elements of an infinite
dimensional function space, via an underlying PDE. The associated groups {U; };con,
{U"};e0n generated by A, A* explicitly propagate solutions of (1), (10) for any initial
data, see (4), (7), (11). These groups can be used to facilitate solution of (TPBVP) and
(TPBVP-w). In particular, the latter solution follows from (99), by setting £ = x and
replacing the achieved terminal state ;s* with the desired terminal state z, i.e.

ml =& (Pl x + Ol 2). (103)

The spectral representation (73) further implies the equivalent form

o0

An _ ) i s
= T WP e a4 1 (20 a0 ] 6 (104)

n=1

in which A} I and ¢, are the eigenvalues and eigenvectors of Al e £(Z). The
solution of the approximate wave equation (10) subsequently follows by applying
Theorem 1 and (11) to the initial conditions (x, n(’f ). In particular,

<5su>:ﬁu<x> s €(0,1)NRH (105)
i s\#) ) ' '

Together, (103), (104), (105) solve (TPBVP-u), and so approximately solve (TPBVP).
As an illustration, consider the specific problem defined with respect to (1), evolving
in two spatial dimensions, by

X =[0,11>cR? 2 =Z2%X;R),

) 5 5 ) ) (106)

A =—0{ —0;, dom(A) =2 = (X;R),
in which 9; and 9, denote partial derivatives with respect to the first and second
spatial variables, and — A is the Laplacian operator on X. As required, A is linear,
unbounded, positive, self-adjoint, and possesses a compact inverse. The eigenvalues
and eigenvectors of this compact inverse are Ay, }n € Rop and @,y € 21, with
Anm = (0> +m?) 7% and @y (X1, X2) = (2//An.m) sin(n 7 x1) sin(m 7 x7) for all
n,m € N, (x1,x2) € X. These eigenvalues and eigenvectors may be enumerated
as per (5), yielding {A,},en and {@y}nen, With the latter defining an orthonormal
basis for .27 . The corresponding eigenvalues {[ p} 1, }nen and {[G} 1 }nen required for
computation of né‘ using (104) follow from (6), (74).

For illustration, an initial state x € 2 is chosen (arbitrarily) to be the zero function
on X, while the terminal state z € 27 is as per Fig. 1. With approximation parameter
w =103 fixed, a (long) horizontr = (n/S)% € 2%, t > t*,is selected so as to avoid
finite escape times as per (70), (71). The solution 716’“ € 4 of (TPBVP-u) is given
by (103), (104). For computational purposes, and without an error analysis, the sum
involved is truncated to the first 400 terms. This yields an approximation of the solution
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0.25

x2 0 0 ml

Fig. 1 Desired terminal state z € 27 for all (x1, x2) € X for (TPBVP), (106)

Z9 0 o 1

Fig.2 Computed solution 7'[(’; € % of (104) for (TPBVP-u), (106)

né‘ € Z of (TPBVP-u) that is illustrated in Fig. 2. By propagating (x, né‘ ) forward in
time, using the corresponding truncated representation of the exact group {Us}ser via
(11), itis observed in Fig. 3 that the desired terminal state z is approximately achieved.
That is, (103), (104) provides an approximate solution to (TPBVP), (106).

All computations were performed using MATLAB (R2018a, 64-bit) on a MacBook
Pro (2017, 2.9GHz Intel Core i7, MacOS High Sierra 10.13.6). The approximate
solution was computed in 20 s, and all plots rendered in 6 s.
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s/t=1.0050 s/t=1.0075 ~ s/t=1.0100

Fig.3 Propagated solution of (1), from (x, 77(’)‘) ats = 0tos/t € [0.98,1.02]

6 Conclusions

A representation for the fundamental solution group for a class of wave equations is
constructed via Hamilton’s action principle and an optimal control problem. In partic-
ular, solutions of a wave equation in the class of interest are identified as rendering a
corresponding action functional stationary. By encapsulating this action functional in
an optimal control problem, these solutions are expressed as the corresponding opti-
mal dynamics involved. By employing a idempotent convolution kernel to equivalently
represent the value of the optimal control problem, a prototype of an approximation of
the fundamental solution group involved is obtained. However, as the action functional
loses concavity (in this case) for longer time horizons, the prototype fundamental solu-
tion group is restricted to short time horizons. This restriction is subsequently avoided
via a relaxation of the optimal control problem to include stationary (rather than exclu-
sively optimal) payoffs. The approximate fundamental solution group obtained, and
its limit, are verified via the Trotter—Kato theorem to correspond to that of the class of
approximating wave equations, and the exact wave equation respectively, of interest.
They are applied in posing and solving a TPBVP.
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