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Abstract

We consider a two-point boundary value problem (TPBVP) in orbital mechanics involving a small
body (e.g., a spacecraft or asteroid) and N larger bodies. The least action principle TPBVP formulation
is converted into an initial value problem via the addition of an appropriate terminal cost to the action
functional. The latter formulation is used to obtain a fundamental solution, which may be used to solve
the TPBVP for a variety of boundary conditions within a certain class. In particular, the method of
convex duality allows one to interpret the least action principle as a differential game, where an opposing
player maximizes over an indexed set of quadratics to yield the gravitational potential. In the case where
the time duration is less than a specific bound, there exists a unique critical point for the resulting
differential game, which yields the fundamental solution given in terms of the solutions of associated
Riccati equations.

Keywords Least action, two-point boundary value problem, differential game, Hamilton-Jacobi, optimal
control.
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1 Introduction

We examine the motion of a single body under the influence of the gravitational potential generated by N
other celestial bodies, where the mass of the first body is negligible relative to the masses of the other bodies,
and we suppose that the IV large bodies are on known trajectories. The single, small body follows a trajectory
satisfying the principle of stationary action (cf., [3, 4]), where under certain conditions, the stationary-action
trajectory coincides with the least-action trajectory. This allows such problems in dynamics to be posed,
instead, in terms of optimal control problems with vastly simplified dynamics. Here, we are specifically
interested in two-point boundary value problems (TPBVPs). From the solution of certain optimal control
problems, we will obtain fundamental solutions for classes of TPBVPs.

In the case of a quadratic potential function, the control problem takes a linear-quadratic form. Al-
though the gravitational potential is not quadratic, one may take a dynamic game approach, where an inner
optimization problem is posed in a linear-quadratic form. In particular, the non-quadratic control problem
is converted into a differential game where the minimizing, outer player controls the velocity, and the max-
imizing, inner player controls the potential energy term (cf., [1, 2]). It will be demonstrated that for the
case where the time duration is less than a specified bound, the action functional is strictly convex in the
velocity control. The action functional is naturally concave in the potential-energy control. We will find
that because of the very special form of this problem, one can invert the order of minimum and maximum
so that the maximizing player is the outer player For any potential-energy (outer player) control, the min-
imizing trajectory is the unique stationary point of a quadratic functional, and the least action is obtained
by solution of associated Riccati equations. This leaves only a control problem for the outer player. We use
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a numerical method to maximize this concave function. As an aid in this maximization, we also obtain the
derivative of the Riccati-equation solution with respect to the potential-energy control.

In Section 2, we define the orbital mechanics problem of interest, and develop its relevant least action
principle. In Sections 3 and 4, the problem is reformulated into the aforementioned equivalent differential
game in a linear-quadratic form. We provide a bound on the duration that guarantees the existence and
uniqueness of the solution. Then, in next two sections, we examine two subproblems of the differential game,
separately. Specifically, in Section 5, we demonstrate that the minimizing subproblem in the differential game
is solved via associated Riccati equations, and in Section 6, the derivative of the solution of Riccaiti equations
with respect to the maximizing player is examined. Further, an approximate subproblem is introduced, and
corresponding first-order necessary conditions are obtained, where these are used in the numerical method.
An error analysis is also provided. Lastly, in Section 7, an example is given.

2 Problem statement and Fundamental solution

We consider a small body, moving among a set of N other bodies in JR3. The only forces to be considered
are gravitational. The single body has negligible mass in relation to the masses of the other bodies, and
consequently has no effect on their motion. In particular, we suppose that the IV bodies are moving along
already-known trajectories. We will obtain fundamental solutions of TPBVPs for the motion of the small
body. Note that, for a problem involving dynamical systems, we use the term fundamental solution to indicate
an object, which once obtained for a specific time-horizon, allows solution of the problem for varying input
data by an operation on the object and given specific data that does not require re-propagation over time.
(See [13] for further discussion.) The concept will become more clear further below.

The set of N bodies may be indexed as N =]1, N[= {1,2,--- , N}. Throughout, for integers a < b, we
will use ]a, b[ to denote {a,a+1,--- ,b—1,b}. We assume that the larger bodies are spherical with spherically
symmetric densities. As for a given total mass, the specific radial density profiles of the bodies do not affect
the resulting trajectories (for small-body paths not intersecting the larger bodies), we may, without loss of
generality assume that the larger bodies each have uniform density. For ¢ € N, let p; and R; denote the
(uniform) density and radius of larger body . Obviously, the mass of each body is given by m; = %ﬂ'piR?.

Let ¢! = ¢*(r) denote the position of the center of body i at time 7 > 0. We suppose that ¢ = {(*}ien €
Z = {{¢hien | ¢ € C(]0,00); IR3) Vi € N}, where Z will be equipped with the usual (supremum) norm.
Assuming that collision between bodies does not occur, we define the subset of zZ given by Z = {( €
Z||¢i— ¢l > Ri+R; ¥r>0,Vi#j €N}

For simplicity, the small body is considered as a point particle with mass m. Suppose that the position of
the small body at time 7 is denoted by &, where also, we will use 2 € IR? to denote generic position values.
We model the dynamics of the small body position as

g."“ = Uy, 50 =, (1)
where u = u. € U™ = {u : [0,00) = R*|upy € L2([0,t); R®) V¢t € [0,00)} where ujg) denotes the
restriction of the function to domain [0, ).

The kinetic energy, T', for generic velocity, v, is given by
T() = imp> Yoe R
Let Y = {{y'}ien | ' € R3 Vi € N'}. Giveni € N and Y € Y, the potential energy between the small body
at x and body i at ¥, V;(x,y?), is given by

2 2
= . Gmym 2Byl it o € By, ¥,
Te—y7] if ¢ Br,(y"),
where G is the universal gravitational constant. We define the total potential energy V : IR® x ) — IR as
V(z,Y) =Y ,cn Vi(z,y"). We remark that we include the gravitational potential here within the extended



bodies as the finiteness and smoothness of the potential are relevant at technical points in the theory, in
spite of the infeasibility of small body trajectories that pass through the other bodies.

We remind the reader that we will obtain fundamental solutions for the TPBVPs through a game-theoretic
formulation. The game will appear through application of a generalization of convex duality to a control-
problem formulation. With that in mind, we define the action functional J° : [0,00) x IR® x U>® x Z — IR
as

JOt, 2, u, ) = / T(u.) — V (&, &) dr, (3)
0

where

V=V/m, V;,=V:/m and T = T/m, (4)

and & satisfies (1).
Adding a terminal cost to J° will yield a control problem equivalent to a TPBVP, where we can manipulate
the terminal condition in the TPBVP by adjusting the terminal cost, and we will have initial condition £, = x.

For background on this approach to TPBVPs for conservative systems, see [5, 13, 14]. Given generic terminal
cost 1 : R® = IR, let

J(t,z,u,¢) = It w,u, Q) + (&), Wtz () = inf _J(t,2,u,0). ()

For the development of the fundamental solution, it is useful to introduce a terminal cost that takes

the form of a min-plus delta-function. Let > : IR® x IR® — [0,00] (where throughout we let [0,00] =
[0,00) U {+00}) be given by

0o - .0 ify=g
VR 2) =0y —2) = { 00 otﬁerwise
where 6~ denotes the min-plus “delta-function” (cf., [12]). We define the finite time-horizon payoff J> :
[0,00) x R3 x U>® x Z x IR — IRU {oo} by

T¥(t w0, z) = TO(t 2,0, Q) + 9™ (&, 2), (6)
and the corresponding value function as
Wt w,C,2) = inf J*(t 2,0, 2), (7)

where ¢ satisfies (1). The proof of the following is nearly identical to that of Proposition 2.11 in [13], and so
is not included.

Theorem 2.1. For allt >0, z € IR3 and ¢ € Z,

W>e(t,z,¢,2) = uierglfoo{JO(t,:v,u,Q & =2}, and W(t,z,() = zler}g'* {Woo(t,x,c,z) + 1/1(2)} :

__ Itisseen that the value function W of (5) for terminal cost ) can be evaluated from WOO, and consequently,
W™ may be regarded as a fundamental solution.

3 Optimal control problem

The development in this section and the next is similar to that in [13, 14], where the n-body problem was
considered. In this case the state-dimension is substantially reduced, but the presence of the large bodies
on known trajectories leads to time-dependent input processes. Because of the time-dependent inputs the
results of [13, 14] are not applicable. Nonetheless, the overall structure of the development is formally similar,
and where reasonable to do so, the material is condensed.



We will find it helpful to define a value function W* with quadratic terminal cost 1€, and demonstrate
that the limit property, lim,_,oo W° = W~ holds. For ¢ € [0,00), let ¢¢ : IR? x IR® — [0, 00) be given by

¥e(e,2) = 5o — 27,

We define the finite time-horizon payoff, J¢ : [0,00) x IR x U® x Z x IR® — IR, by

Tt @, u, ¢, 2) = Ot xu, Q) + 90 (&, 2), (8)
where JY is given by (3), and corresponding value function,
Wit 2,¢,2) = inf Jo(t2,u,C, 2). 9)

Lemma 3.1. The potential energy V(x,Y) is globally Lipschitz continuous in x, i.e., for any Y = {y'}ien €
Y, there exists K, = K1, ({m, Ri}ienr) < 00 such that

V(2,Y) -V (2,Y)| < Kplz — 2| Va,# € R®. (10)
Also, there exists Dy = Dy ({mi, R;}ien’) < 0o such that
0<-V(z,Y)< Dy VzeR} VY e (11)

Proof. The second assertion is immediate from the definition of V;, and so we address only the first. Given
y' € IR3, in the cases where x,% € Bg,(y") and z,4 ¢ Bg,(y"), by (2), (4) and the mean value theorem, we

have
G m;
R2

Lastly, suppose without loss of generality that x ¢ Bg,(y') and # € Bg, (y°). Let 2* = x(\) = Az + (1 — \)#
for A € [0,1]. Then, there exists f € (0, 1] such that |27 —y*| = R;. Note that for such 2T € IR?, the potential
is given by

Vilz,y") = Vi(@,y")] < z— . (12)

3RZ — |zt —¢|? _ Gmy

~Vi(z" y") = Gm; = _. 13
Therefore, by the triangle inequality,
which by using the results of two previous cases with (13),

Gm; “ Gm; N
< S Lo —all+lal - al] = 5o - 4 (14)

where the last equality is obtained since z' is a point on the straight-line between x and #. Given both (12)
and (14), one has the first assertion. O
Theorem 3.2.

WS (t,2,¢,2) = lim W(t,2,(,2) = sup W (t,z,¢,2).

¢—0o0 c€[0,00)
where the convergence is uniform on By x B x Z x B for any compact By C [0,00) and compact B C IR3.

Proof. Let t > 0. Suppose that given z,z € IR?, the “straight-line control” from z to z is given by
us = (1/t)[z — ] for all r € [0,t], and we let the corresponding trajectory be denoted by £°. Noting
that & = z, for ¢ € [0, 00),

jc(t7 x? u57<, Z) = Jo(t7 x? u57<),
which by the definition of u® and Lemma 3.1



< &z — 2| + Dyt < Di(1+ |z + |2[%), (15)

for an appropriate choice of Dy = D1 (t) < oo.
On the other hand, by definition, given ¢ € (0,00) and ¢ € (0, 1], there exists u®* € U such that

Je(t 2, u®, (2) SW (12,6, 2) + e (16)
Let £%° be the trajectory corresponding to u®°. By the non-negativity of 7" and —V and (16),
SIS — 2 <W (k¢ 2) +e,
which by the suboptimality of u® with respect to Wc,
S jc(t’ I, ’LLS, C? Z) + 57

which by (15), 5
< D1+ [a]* + |2*) + 1 < 5 [DA + 2] + 2], (17)

for an appropriate choice of D = D(t) < co. This implies that

¢ D(1 +|a| +2))
g —of 2L ED, (18)
Let
G = et + Lo — 6], vre [0,4) (19)
which yields £ = z where £¢ denotes the trajectory corresponding to 4. Then, by (18) and (19),
- 1 /" rD(1 + |z| + |2|)
CE _ fCE| « _ Cvfd < 20
e~ < 7 [ - gtiap < L (20)
for all » € [0,¢]. By (10) and (20),
t t -
— — 2 )y Ki;D(1 t
J A T e o R (1)
0 0 2y/c
Now, by (3), (8) and (16),
t = =
/ T(up®) = V(EE, &) dr +9°(§7%,2) S W (¢, 2,(,2) +e.
0
By the definition of 7" and the non-negativity of —V and %°, this implies
0 0y < V27 (6, 2) + 2 < D(1+Ja] + [z, (22
where the last inequality follows by (17). Noting that ||a|? — [b|?| < |a — b| [|a| + |b]] for a,b € IR?,
t 1t
| rten - i <5 [ e - ag g + o) o
0 0
which by (19) and the triangle inequality,
1 C ¢ c 1 C
< gl =] [ 2l gle— 6 an
which by applying Holder’s inequality, (18) and (22),
1 ¢ ¢ c D)(L + || +2|)?
< gele = €01 [2VE a0 + |2 — 7] < PO g




for all z,z € IR® and all ¢ € [1,00), for an appropriate choice of D = D(t) < oc. Therefore, by (21), (23)
and the non-negativity of ¥¢, we have

2
jC(t7x7uc,€, Cv Z) _ jc(t7x7ac,€7 C, Z) > _DQ(t)(l —|\—/|_(E| + |Z|)
C

for proper choice of Da(t) < co. The suboptimality of 4“* with respect to W™ combined with (24) yields

(24)

Dy (t)(1 + |2| +2])*
NG

where the last inequality follows by (16). Since this is true for all € € (0, 1],

Woo(t,x,c,z) — < J(t x,ut ¢ 2) < Wc(t,x,g,z) +e

D (t)(1 + |a| +|2)?
7 .
Next, we examine the monotonicity of W* with respect to ¢. Given t > 0; z,z € IR3; u € U™ and (e Z,

note that for ¢; < cp < 00, by the definitions of J> of (6) and J¢ of (8), J (¢, x,u,(,2) < J(t,z,u,(, 2),
which easily yields

(25)

Wit 2, ¢, 2) 2 W (t,2,¢,2) —

Wcl(t,:v,c,z) < Wc2(t,:v,c,z) Vep < g < o0.
Combining this with (25) implies

Do(t)(1 + |=] +]2])°
e

forall z,z € IR®,( € Z,t >0 and c € [1,00). O

Woo(tv‘Tvaz) - SWC(t,x,C,Z) SWOO(taxa<uz)

4 Differential game formulation

Recall that in the case where the potential energy does take a quadratic form, the fundamental solution
may be obtained through the solution of associated differential Riccati equations (DREs) [13, 14]. In order
to exploit that Riccati-solution form, we will take a duality-based approach to gravitation. That is, we will
express the additive inverse of the gravitational potential as the pointwise maximum over an indexed set
of quadratics. Extending this to time-dependent trajectories, the action functional will take the form of
a max-plus integral, over potential-energy controls, of quadratic action functionals. We will find that the
control problem is converted to a zero-sum differential game where the velocity controller is the minimizing
player, and the potential-energy controller is an opposing, maximizing player. Although at first this may
appear to lead to additional complications, the ability to exploit the DRE solution form yields significant
benefits.
By [13], Lemma 4.1, (see also [14]),

_ , . &3 ;
—Vi(z,y') = sup i la 5 lz-y 4 (26)
a€(0,4/2/3R; 1]

for all x,y* € IR3 such that |z — 4| > R;, where u; = Gm; (%)3/2. Now, let & = \/ngl and |z — 3| < R;.
Recalling (2), and performing a small calculation yields

dS

3R — |z —y')?
2

_V. 1) — . N 02
Vily') = Gmi— = o = Slo - 2. (27)

Further,

(=}



for & < /2/3|z — y’|~'. Consequently, noting R; ' < |z — y?|~!, we see that pu;[a — %523|:E

—y'|?] is

monotonically increasing on (0, /2/3R;']. Therefore, using (27), we see that for |z — y’| < R;, we also

obtain (26). That is, we have the following.

Theorem 4.1. Let u; = Gm; (%)3/2. For all z,y" € IR?,

— . .o )
Viwy) = el oy,
&€(0,4/2/3R; 1] 2

4.1 Revisiting the payoff

Let
A={a={a%ien|a" €(0,0/2/3R;] Vie N}.

Then, using Theorem 4.1, the potential energy —V may be represented by
= - Vi ) h = _‘7 7K ¢
> Vilwy') = max{-V(,Y,a)}

iEN
where

=Y w o= -yl

iEN

Further, the payoff (8) may be written as

t
jc(taxau7<az) :/ T(UT)+mgj({_v(€7“a<ﬂd)}dr+wc(§tvz)
0 (o7
Given t > 0, let
Al = C([0,1); A) and A" = Lo ([0,t]; A).
Also, for a € A, r € [0,t], v € R3 and Y € Y, let

3 .
—V¥r,z,Y)=-V(z,Y,a,) = Z”l [a - —>| —y' 7.
ieN

Given ¢ € [0, 00], let J¢: [0,00) x IR? x U x A* x Z x IR> — IR be given by

t
Jc(tv'rvuao‘a<7z) = /O T(UT) - Va(Ta gTaCT) dr + 1/10(51552) = jo(t,x,u,a,() + 1/10(&,2)-

Let a* : IR3 x R™ — A be given by a*(z,Y) = {[@*]'(z, y*) }senr where

. . /\3 . .
@) = argmax |- Solo—yP| = VEBmin{R o - 1)
&€(0,4/2/3R; 1] 2
for all z,9* € IR and all i € . Let
ay =o' (ru, ) ={la;)| i €N}, o) =[a'](&¢) Vre(0,t],

where & =z + [ u, dp.

(32)



Theorem 4.2. Lett > 0; c € [0,00); z,2 € IR®; and { € Z. For any u € U,

Jc(t7 x? u’c? Z) = max Jc(t’x’u7 a? C’Z) = ma}( Jc(t7 x? u5a5<7 Z) = Jc(t’x’u7 a*7<5z)’ (36>
ac At ac At
where o, depending on u, is given by (35). Further,
Wt = inf Je(t = inf Je(t : 37
(t,2,¢,2) = inf max Jt,z,u,0,(,2) Juf, max (t,z,u,0,¢,2) (37)

Proof. As (37) is immediate from (36), we need only prove the latter. Fix ¢t > 0, z,z € IR® and ( € Z.
Given u € U™, let £ denote the state trajectory corresponding to u with £y = z. By (31) and (32), given
any a € A, . is suboptimal in the maximization in (30) at each r € [0,¢], and in particular,

t
jc(t,$,u7<,z) > / T(U’T) - V(&‘a@‘aar) dr + wc(gtvz) = Jc(t7x7u7a7C7z)'
0

As this is true for all o € A?,

Jc(tv'rvuaC?Z) > mé}4x Jc(t,I,u,O[,C,Z). (38)
ac At
By (25). (32). (34) and (35).

V(& G) = -V (r&,¢) Vre o,
and then by (30), (33), this implies

Jc(t,{lj7u,c72) = Jc(tu‘ruuva*7<uz) < sup Jc(t7x7u,04,c72). (39)
acAt

Consequently, combining (38) and (39) yields the first equality of (36).

Forr € [0,t] and i € N, let ' = |¢,—(!|. Fix s € [0,¢] and 4 > 0. By the continuity of ¢ and £ (the latter
being guaranteed by u € U), there exists d; > 0 such that for all i € A and all r € (s — 84,5+ d4) N[0, ],
|di — di| < eq4. Using (34) and (35), one easily sees that this implies |[a}]" — [a}]!| < eq/R? for all r €
(s — 84,5 + 84) N [0,1]. Consequently, a* € A, which implies the second equality of (36). O

Note that the non-quadratic control problem has been converted into a differential game that has a
linear-quadratic form of the potential energy.

4.2 Existence and uniqueness of optimal controls: ¢ < oo

We will see that J¢(t, z, -, -, C, z) is strictly convex-concave over the velocity and potential energy control sets
within a certain time-horizon bound, and that there exists a unique minimax point over > x A!.

We first study the question of existence of optimal velocity controls by examining the smoothness, con-
vexity and coercivity of the payoff. We will obtain a bound on the time duration which will be sufficient to
guarantee the convexity and coercivity of the payoff J¢ and the uniqueness of the stationary-action trajectory.

Let t > 0. We define a linear operator B : Ly(0,t) — L2(0,t) as

[Bv](r) = /OT vpdp Vre|0,t]. (40)

Moreover,

t T t T
156800 = [ | [ voan| ar< [] [ 1ol
0 0 0 0

where the last bound follows by applying Holder’s inequality to the inner integral.

2 2

t 2
t
ar< [Crarolen = e, @D




Let ,2 € R% c €[0,00); a € A', and ¢ € Z. Let u € U and £ be the corresponding trajectory. Then,
using (40), we may rewrite (32) as

t t L .
| veeecar =3 ot =35 [+ (Bulr) - G ar

0 ien 70 =
= S(a) = Y U'(u,a,,0) (42)
iEN

where %, = x for all € [0,¢]. Letting
[Biul(r) = p;? () / “updp = u (a2 Bul(r),
0
we also note that
(B B ooy = [ mlad B0

which since ol € (0,+/2/3R; '] for all r € [0, 1],

Gmi ¢ sz
< G5t [ B ar < SRR 0, (43)
where the last inequality follows by (41). Then, for i € N/, we have
' - 1/ i\3 |5 i 12 ' i\3( 5 ' e i\3 2
Uusad¢) =5 [ e, = GRar+ [ a(ad)@, - ) (Bul)dr+ 5 [ (ad)?Bul) ar
0 0 0

= 2w, w') 0,0 + (W', Bhu) 1,00 + 5(Bhu, Bou) 1,00

where w!. = wi (o, ,() = ug/2(ai)3/2(5£r — () for alli € N and r € [0,]. For v = {v*}ien, 0 = {D }ien C
L2(0,t), define the inner product (with associated norm)

(VD) a0, = Z v, ﬁi>L2(o,t)- (44)
i€EN

Then, letting w = {w'};en and Bou = {Biu}icnr, we may rewrite (42) as

¢
/ —V(r, &, ) dr = S(a) — $(w, ) 10,6y — (W, Bat) 1,00.4) — 5{Batt, Baw) 1, (0.1),
0

so that JO given in (33) may be rewritten as
jo(tu z,u,«, ) = %<U, u>L2(O,t) + §(Oé) - <’LU, Bau>L2(O,t) - %<Bau7 Bau>L2(0,t)7 (45)
where S(a) = S(o; #,¢) = S(a) — ${w, w) 1,0+ Further, by (40),

V(& 2) = §lv — 2+ [Bul(t),
which by letting 2, = z for all r € [0, ],
= §lo — 2* + (c(@ = £),w) (0.0 + §I[Bul(t)*. (46)

Theorem 4.3. Let t > 0; ¢ € [0,00); ,2 € R3; o € A', and ¢ € Z. Then, JO(t,z,u,a,() and
J(t, z,u, o, (, 2) are Fréchet differentiable with respect to w.



Proof. Let u,v € U°. Then, by (33), (45) and (46),
Jc(t7$7u+vao‘a<7z)_Jc(tv'rvuaaa<7z) (47)
= (U, V) 1,(0,6) T 5V, V) Ly (0,) — (W, Ba®) £y0,6) — (Batt, Bav) Ly (0,) — 3 (Bav, Bav) 1,y(0,1)
+e(w + [Bul(t) = 2,0) 100 + §1Bo (B,
which by letting B be the adjoint of B, (cf., [9]),
= (c(& — 2) — Biw + (I — BLBa)u,v) 1,00, + 3 [(0,0) 15(0,6) — (Bav, Bav) 1,(0,4) + ¢|[BY](£)[?] ;
where I denotes the identity operator. This implies that letting DJS (u) = ¢(& — 2) — Biw + (I — BXBy,)u,

[Ttz u+v,0,(, 2) = Tt z,u, 0, (, 2) — (DG (1), 0) £o(0,6)]
< 4{(v,0) 15(0,) — (Bav, Ba®) 1, 0,4) + ¢|[Bv] ()| < Ou|\v||%2(o,t)

for proper choice of C,, = C,(¢,%) < co. Since this is true for all u,v € U, J¢ is Fréchet differentiable with
Fréchet derivative representation D.J¢. Similarly, using (45), one easily sees that J is Fréchet differentiable
with Fréchet derivative representation DJ2(u) = (I — B Ba)u — Biw. O

We also have the following, and do not include the obvious proof.

Lemma 4.4. Let t > 0; 2,z € R*; ( € Z; a € A', and ¢ € [0,00). J(t,z,-,(), JO(t, z, -, a,C),
Je(t,x,-, ¢, 2), and J°(t,x,-, «, (,z) are continuous on U™ .

Theorem 4.5. Let

> jﬁ/ (18)

Let ©,2 € IR3; ¢ € [0,00), and ¢ € Z. Ift € (0,1), then JO(t,z,u, o, ¢) and J¢(t,x,u,a,C,2) are strictly
convex quadratic and coercive in u for any o € At.

Proof. Considering the quadratic terms in u in the definition (45) of J, by (43) and (44),

Gmi

2
oRe !

[l 40,6y > O (49)

1
Hu,w) 0.0 — 5 (Batts Bat) r,00.0) = 5 [1 _ Z
1EN

ift<t= (X2 Gmi)fl/z. That is, JO(t,z,-,a,() is coercive and strictly convex if ¢ € (0,). Further,

ieN 2R?
from (46), we note that (&, z) is convex quadratic in u. Consequently, the strict convexity and coercivity
of J¢(t,x,-,a, (, z) are guaranteed for ¢ € (0,1). O

Remark 4.6. The condition (48) in Theorem 4.5 may be overly restrictive. If one can assume a greater
minimum distance from the bodies than their respective R;, say d; > R; for i €]1, N[, then this could be
relaxed, replacing the R; with the d;. Also, we mention that the condition allows one to seek minima rather
than stationary points; consideration of the stationary-point case is an area for future research.

Henceforth, throughout the paper, ¢ is used to denote the time upper bound given by (48).
By Theorems 4.2 and 4.5, we have:

Corollary 4.7. Let x,z € IR*; c € [0,00), and { € Z. Fort € (0,t), J°(t,x,u,(,2) is strictly convex in u.
Lemma 4.8. Let v,z € IR?; ¢ € [0,00), and ¢ € Z. Then, fort >0, J(t,x,-,(, z) is coercive in U™,

Proof. For any u € U™, by the non-negativity of —V and ¢, J¢(t,z,u,(,z) > %||u||2L2(O £
the coercivity of J¢(t,x,-,(, 2). O

which implies
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Combining Theorem 4.5, Corollary 4.7, Lemmas 4.4 and 4.8 immediately yields the following uniqueness
property (cf., [8]).

Theorem 4.9. Let t < t; x,2 € IR®; ¢ € [0,00). Then, there exists a unique optimal velocity control
in the definition (9) of W' (t,x,(,z). For any a € A', there exists a unique optimal velocity control of
Jc(tu z,-,Q, Cv Z)

Next we will examine the concavity of J°(¢,z,u,-,(,z), which guarantees the existence of a unique
potential energy control in the maximization in (36).

Lemma 4.10. For allt > 0; c € [0,00); 2,2 € R*; ( € Z and u € U, J°(t,x,u, o, (, 2) and JO(t, z,u, a, )
are strictly concave in o.

Proof. Let t > 0; ¢ € [0,00); 7,2 € IR? and ( € Z. Given a € A, let & € Lo ([0,]; IR3) be such that
at+ae At and § € [—1,1]. Then, for any u € U™, using (29),

Jc(t’ I’ u? o + 5d’ C? Z) + Jc(t’ I’ u? o — 5d7 C’ Z) - 2JC(t’ I’ u7 a? C’ Z)

t
= / V(& Cryar + 66,) — V (&0, Gy — 882) + 2V (Er, Gy )

0
t t
= [ D[ (@l +661)° — (ap — 6640) +2(al)?] & — GP/2dr = —352/ > mel(@))? |6 — G dr,
0 jen 0 jeN

which completes the proof. o
Theorem 4.11. Let t € (0,00); x,z € IR?; ¢ € [0,00) and ( € Z. Let ut € U, and let the corresponding
trajectory be denoted by 7. Let af = o (ryx,ul C) = a* (€, ¢) for all v € [0,t] where &* is given in (34).
Then, u' is a stationary point of J°(t,x,-,(, 2) if and only if u' is a stationary point of J¢(t,z, -, a*,(, 2).

Proof. Let v € U™ and 6 > 0. Letting £™¥ denote the trajectory corresponding to uj + dv. We examine
differences in the direction v from u'. Recall from (28) that —V(z,Y) = maxaea{—V (z,Y,&)} where the
maximum is uniquely attained at @*(z,Y). Consequently,

V. V(z,Y) = -V, V(z,Y,a" (z,Y)),
and with this, the first-order difference in the potential-energy term is
V(Y G o) +VEL G af) = =0V V(gL G af) - (€1 =€) + 0(6%)

= =0V V(€ G ai(el, ¢) - (€l — &) + 0(82) = =6V V (], &) - (68 — &) + 0(6?)
= -V, G+ V(EL G) + 0(8%). (50)

Now,

Jc(t,:v,uT +ov,a",(,z) — Jc(t,x,uT,a*,C,z)

t
= / T(uf +6vy) = T(uf) = V(M Graf) + VI(EL Gy af) dr + 970, 2) = v°(E], 2),
0
which by (50),
=J(t, zul + 6, ¢, 2) — Tt @, ul, ¢ 2) + O(6?). (51)
By (51), we have the desired result. O

Theorem 4.12. Given t < t; 1,z € R3;, ¢ € Z and ¢ € [0,00), let uS* be the unique minimizer of
J(t,x, -, (,z) over U, and £* be the corresponding trajectory. Let o = a*(£9*, () for all r € [0,t] where
a* is given in (34). Then,
Wc(t, I, <7 Z) = Jc(t’ I’ uc)*’a*7<, Z) = min max Jc(t7 'r7 u’ a, C? Z)
UEU> ae At

= i JC t’ ) ) ) ) i Wa7c t? ) ) * 52
max min J%(t,z,u, @, (,2) = max (t ¢, 2) (52)
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Further,

u®* = argmin max J(t,z,u, o, ¢, 2) and o =argmax min J(¢, x,u, o, (, 2). (53)

weye acAt ac At uEU®

Proof. Let t,x, z,(, c be as indicated in the theorem statement. Note that min,eye J(¢, 2, u, o, ¢, z) and
maxgeat J(t, 2, u, o, (, 2) exist for all u € U and o € A! by Theorems 4.2 and 4.9 and Lemma 4.10. By
Lemma 4.4 and Theorem 4.11, u®* is a stationary point of J¢(¢, z, -, @*, {, z). Further, by the uniqueness given
in Theorem 4.9, u®* = argmin, ., J(t, z,u,a*,(, z). Also, note that by Theorem 4.5, J°(¢,z,-, o, (, 2) is
strictly convex in u for all a € A?, which implies that max,e 4t J¢(¢, , u, @, (, 2) is strictly convex in u, which
yields the first assertion of (53). Similarly, using Lemma 4.10, one obtains the second assertion of (53).

By Lemma 4.10 and Theorem 4.2, o* = argmax, ¢ 4+ J°(t, z, u®*, o, (, z), which implies that

max JO(t, z,u*, o, ¢, z) = J(t, x,u®",a*,(,2z) = min J(t, x,u,a",(, 2),
ac At uEU>
which implies
JO(t < Jt “* ot < Je(t 54
Jnin max J°(t, 2, u, 0, 2) (t,2,u%%, 07, ¢, 2) < max min J*(t,2,u, @, 2). (54)

Also, by the usual reordering inequality, one has

J(t ) < J(t , 55
max min J(¢, ,u,0,( 2) < min max J(t, z,u,a,(,2). (55)

Combining (54) and (55), one has

min max J(¢, x,u, o, = Jt, z,u", a* = max min J°(¢,z,u, o,
ueum aeAt ( C’ ) ( ) ) ) ’<7 ) aeAt uel/{oo ( C’ )

Combining this with (36) completes the proof. O

4.3 Existence and uniqueness of optimal controls: ¢ = oo

Remark 4.13. Recall that the TPBVP corresponds to the case ¢ = co. Given z,z € IR? and t > 0, let
utzz_ {Ueuoo‘ fou'r‘ T—Z—x} By Theorem 2.1,

Woo(t,:v,c,z): inf  JO(t, 2,u, ).
weU

t,x,z

Also, by Lemma 4.4 and Theorem 4.5, J°(¢, z,u, () is continuous, coercive and strictly convex in u € ﬁf‘;z
if + < t, which implies that there exists unique optimal velocity control u* € U, . C U™ in the definition
(7) of W™ (t,2,¢, 2) (cf., [8]), ie.,

u* = argmin J>(t, x,u,(, 2) = argmin J>®(t,z,u,(, 2), (56)
ueU> ueUss,

t,x,z

where the corresponding trajectory, £*, is the solution of the TPBVP. In an analogous fashion to the proof
of Theorem 4.11, u* is a stationary point of JO(t,z,-,&*, () over U, . where & = a* (&, ¢,) for all r € [0,1].

Further, we may represent the fundamental solution in terms of W% ¢ with a limit property.

Theorem 4.14. Lett <t. Foru e U®; a € A*; z,2 € R?, and ( € Z, let

J> (tIUOZ,C, )—J(tIU07C)+7/J (ft,z)- (57)
Then,
_Oot _ . 00 (¢ - Q00 (4 .
W (2,6, 2) = max min J(t, z,u,a,(, 2) = max W*(t,z,¢,2) (58)
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Further, given o € A?,

W (t, z, ¢, z) = lim W*(t,xz,(, z) = sup W*(t, z,(, 2)
c—00 >0

where the convergence is uniform on B x Z x B for any compact B C IR>.

Proof. Let u* € LN{;";“ be as per (56), and £* be the corresponding trajectory. Let & = a*(&%,(,) for all
r € [0,¢]. Then, by the definitions of ﬁf‘;z and J,

inf J®(t,z,u,a*,(,2) = inf JO(t,x,u, &, ),
ue> ueldss

which by Theorem 4.5 and Lemma 4.4,

= min JO(t,z,u,d&",¢) = JO(t, z,u*, &, ). (59)
ueU

t,x,z

where the last equality follows by Remark 4.13. Noting that the terminal state §; = z corresponding to all
uw € U, ., by Theorem 4.2, we may have

t,x,z2?

Ot 2,0, ¢) = max St u,0,0) = Tt 2, w07, () Yu €U, . (60)
acAt Ty

where o = a*(&,., () for r € [0,] and & denotes the trajectory corresponding to u. Noting & = z, by (57),
(59) and (60),

ma)% Joo(t7$7U*ua7C7z) = Joo(t7$7U*7d*7<72) = Hlln Joo(tvxauud*7<72)u
acA ueU

which yields in an analogous fashion to the proof of Theorem 4.12 that

min max J®(t, z,u, o, (,2) = max min J*(t, z,u,q,(, 2), (61)
ueldpe, €A aC A yerfpe

toa,z

and (u*, @) is the unique solution of (61) over U2 . x Af. Consequently, by Remark 4.13 and (60),

t,x,z

Wm(t,x,g,z) = min Jt,z,u,{) = min max J(t, z,u,aq,(),
ueU u€US, ac At

which by the definitions of U=

t,x,z

t,x,z

and J* and (61),

= min max J*(t, z,u,a,(, 2),= max min J*(t, z,u,q,(,2),
ueldys, | *€A! aC A yedee

2 t,x,z
which since J*®(t, z,u, o, (, z) = oo for all u € UOO\LN{E‘;J and any o € A?,
= max min J™(t, z,u,q,(,2),
ac At uel>
which completes the first assertion.
Regarding the last assertion, similar to Theorem 3.2, we have monotonicity of W% in ¢, and we do not
include the analogous proof. O

Recall from Theorem 3.2 that as ¢ — oo, Wc(t, x,(, z) approaches Woo(t, z,(,z). The following lemma
shows that the optimal velocity controls for ¢ < oo also approach those for ¢ = 00 as ¢ = oo

Theorem 4.15. Let t < t and ¢ € [0,00). Let z,2 € IR® and ( € Z. Let u* and u®* be the least
action points in the definitions (7) of Woo(t,x,c,z) and (9) och(t,aj,C,z), respectively. Then, there exists
D = D(t,t) < oo such that

D(1+ |z[ +2])

e

lu* = a7 40, <
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Proof. Let u*,u®* be as per the statement. Let £>* be the trajectory corresponding to u®*, and o =
a* (9%, ¢p) for all r € [0,t] where &* is given in (34). Then, by (24),
Dy (t)(1 + |a| +2|)?
Ve

which since & = z,

Z joo(t’ I) u*5 C? Z) - jc(t’ I’ uCRk’ C? Z)?

= J(t,z,u*, ¢, 2) — JO(t, z,u"*, (, 2),

which by the suboptimality and optimality of a* with respect to J(¢,z, u*, o, ¢, z) and J°(t, z, u®*, o, C, 2),
respectively,
Z Jc(t’ I, u*7 a*7 C’ Z) - Jc(t’ I’ u61*’ Oé*7 C’ Z),

which by (48) and the optimality of u®* with respect to J(t, z,u, a*, ¢, z),

> 5 [(u" —u® u" = u) 00 = (Bart® —u, Baru® —u®"),0.0]

which by (49),

2
Lo (O,t) ?

Y

3(1= (/D) —u|

which completes the proof. o

4.4 Hamilton-Jacobi-Bellman PDE

The Hamilton-Jacobi-Bellman (HJB) partial differential equation (PDE) problem associated with our (¢, z, a)-
indexed control problem is

0=—-2W(r =z 2)+ Uienﬂgg{%|v|2 — VOt =12, Ger) + 0TV W (r,2,(,2)}

= —%W(T,IE,C,Z) - Uier}lgs HO(t —rz,0,(, Vo W(r,z,(,2) Y(r,z) € (0,t) x IR3, (62)

W(0,,¢,2) = °(x,2) Vo€ R?, (63)
where VW represents the gradient with respect to the space variable. For ¢t > 0, let

Dy = C([0,1] x R3) N C((0,t) x IR3).
Suppose that W € D, satisfies (62) and (63). Since
Lo+ 0TV W (r,z,(, 2) > 2of* — [v]|[ VW (r, 2, ¢, 2)],

the coercivity and convexity of the Hamiltonian imply that

— inf HY(t—r2,v,(,V,W(r,z,(,2)) =— min H*(t —r,z,v,(, V., W(r,z,(, 2)),
veIR3 vEIR3

which since H® is quadratic in v,
= —Ha(t—T,LL’,U*,<,VIW(T,,’E,C,Z)) (64‘)
where v* = -V, W(r,z,(, z).

Theorem 4.16. Lett > 0; ¢ € [0,00); 2,2 € IR3; ( € Z and a € A'. Suppose that W (-,-,(,2) € Dy satisfies
(62) and (63), and NV W (t,-,(, z) is globally Lipschitz in x. Then, W(t,xz,(,z) = J(t,z,a%*, o, (, 2) for
the input 0&* = a(r, &) with & given by (1) with @(r,z) = =V, W (t —r,2,¢,2) and & = x. Consequently,
W(t,x,(,z) = WE(t, z,(, 2).

Proof. Let W and @ be as asserted. Let aS* = a(r,&,) for all r € [0,#], and £>* be the corresponding
trajectory. Then, by (64), we may rewrite (62) as

0 = _%W(T7 égf'ﬂ C7 Z) - Ha(t - gtcfr7 agfr7 Cu vmW(T7 égfra Cu Z))
= =W &7 C2) + VW (r 67, G 2) iy, + a2 = Vot =, 67, Gr)
= _dirW(rv gf)jrv Cv Z) + T(ﬁ’:—r) - Va(t - gtcfra Ct—r)'

14



Integrating with respect to r over [0, ] yields

t
0= W(O,ff*, Cv Z) - W(ta €T, Cv Z) + / T(’agfr) - Va(t -, 5:77*7"5 Ct*T) dTv
0

or equivalently, by (63) and letting s =t — 7,

t
Wtz ( 2) = / T(ag™) = V(s &%, G) ds + ¥°(&77, 2) = J°(t, 2, 7%, ., 2),
0
which by Theorem 4.9,
= Wa7c(t7 x, <7 Z)u

which completes the proof. o

5 The fundamental solution in terms of Riccati equation solutions
Given c € [0,00), r <t, a € A%, and ¢ € Z, we look for a solution, W<, of the form
W“’C(T,x,c,z) = % [plz-z+2¢¢x 247152 -2+ 2hS o+ 205 2+ 7] (65)

where p€, ¢¢, ¢, h¢, ¢, and ~¢ depend implicitly on given « and {, and satisfy the respective initial value
problems:

Py = =) = Xien milog P, pi=c,
4y = —Prdrs 9% = —¢
c cl2 c __
ré = —[q%)?, ré =c,
) [ c] c % 31 Oc (66)
h7c" = _prhr + Zie]\f ui[atfr] thw hO = 0"><17
l$ = _q'ﬁh’fﬂ 18 - O'n,><17
77? = _[p$]2 + Eie/\/ i {20[11;—7‘ - (azz;—r)3|<z—r|2} ’ FYS = Oa
where 0,,, %% denotes the zero matrix of size m x k.
Lemma 5.1. Let t < t. Then, for any a € A* and any c € [0,00), the solution of (66) exists on [0,t).
Proof. Let a € A" and ¢ € [0,00). Note that since pS < 0 for all r € [0, ],
ps <pg=c Vrel0,t. (67)
From (48), we have Y, \- ps[al]® < 2072, and then p¢ > —[pg]*> — 2¢~2 for all r € [0,¢]. Consider
=P -2, pi=c (68)
Then, p¢ > ]5?, which implies that
ps > pr Vre[0,t]. (69)

The analytical solution of (68) is given by p¢ = —£~tan (£71(é; +r)) where £ ={/v/2 and & = {tan~"(—cf).
Since tan~!(—cf) € (—m/2,0) and t < £, we see that {~1(é; +r) = tan~'(—cf) + ri ! < V2 < % for all
r € [0,¢], which implies that there exists Qp < oo such that

p.>-D, Vrelo,d. (70)
Combining (67), (69) and (70), there exist D9, D! < oo such that [p¢| < DY, [p¢| < D} for all r € [0,],

which implies by Picard-Lindelof theorem (cf. [6]), that there exists a unique solution. The existence and
uniqueness of the remaining initial value problems follows easily. O
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Theorem 5.2. Lett € [0,1) and ¢ € [0,00). Then, W*(r,z,(,2) = W""C(r,x,c,z) forallz,z € R3,( € Z,
and r € [0,1].

Proof. It will be sufficient to show that W€ satisfies the conditions of Theorem 4.16. Note first that Lemma
5.1 implies W*¢(-,-,(, z) € D,. Also by Lemma 5.1, there exists D,, < co such that |[p¢| < D, for all r € [0, ¢].
For z, 4 € IR?, note that

Vo Wel(r,2,C, 2) — Vo W*(r, 2, ¢, 2)| < [pel|lz — 2| < Dylz — 3],

which implies that V, W c( .+, C, z) is globally Lipschitz continuous in z.
Let P = IR'°. We define Pc P as

By = (a5 v () () ) (71)
and accordingly, C = ﬁ(f For z,z € IR?, we define X : IR? x R?> = P as
X(x,2) = (z-z,2z- 2,2 2,20,22,1) . (72)
Suppose that p,7n € P are given by
p = (p1,p2,p3,P4: P5, p6) s 1= (1,712,713, M4, 755 M6) (73)

where p;,n; € IR for j € {1,2,3,6} and p;,7; € IR> for j € {4,5}. We define f : P x P — P as

F(5y 1) = —(prm, pim, panz, piiy, p2ilys pa - 1a)'s (74)
and for @ = {@'}ien € Aand Y = {yi}ieN €Y, definel': AxY — P as
=37 i (—(6%,0,0, (G2 (Y, 01em, 1)’ (75)
iEN
where T; = {2&" — [&']?|y?|?}. Then, we may rewrite (65) as
WO"C(T,:C, ¢, 2) = %X(x, z) - ﬁf, (76)
and note that (66) is equivalent to
Pe = f(P¢, P°) + Ty, ) with PS = C. (77)
Now, from (76), we note that
%W“’c(r,x,g,z) = %X(,T,Z) -165, le/v\/""c(r,:v,(,z) = %VmX(:v,z) . ﬁf, (78)
and with a bit of work, one may verify that
—IVaV(r 2, ¢, 2) = X, 2) - f(PF P (79)
Also, collecting like terms, we have
_Va(t -n, Ct T - Z IU”L at 'r I T+ T- (a’ti—’r)g[cz—r] + {205,:‘{—7‘ - (Oé,ti—r)3|<g—r|2}:| ;
zEN
= %X(.I,Z) ' F(atfractfr)v (80)

where the last equality follows by (72) and (75). Consequently, substituting (78) — (80) in the right-hand
side of the PDE (62) yields

0= —%WO"C(T, x,(,z)— HY(t —r,x, —VIWQ’C(T, z,¢, 2),(, VmWO"C(r, 7,(, 2))
= §X(@,2) - |=Pr+ F(PF PY) + D, Gr)]
which implies (65) is a solution of HJB PDE (62), and by Theorems 4.5 and 4.16, W*<(r,z,(,2) =
W< (r x, (, z) for all v € [0,t], with ¢ € [0, 7). O
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Recall from Theorems 3.2 and 4.14 that the fundamental solution of interest is obtained through the
¢ — oo limit of W®¢. Consequently, we have that for ¢ < #, by Theorems 4.14 and 5.2,

W (t,2,¢,2) = sup lim 3X(x,2) Pf(e,¢) = sup +X(z,2)- P(a,(). (81)
aEAt €70 ae At

Letting G, = {P>®(, ()| € A'}, the fundamental solution (81) can be represented as W (t,x,(, z) =
SUPpeg, %X (x,z) - P. Also note that by the linearity in P of the expression inside this supremum,

W™ (t,x,(,z) = sup 1X(z,2)-P= sup iX(z,2)-P (82)
Pe(Gy) Ped(G)
where (G;) denotes the convex hull of G;, and 9(G;) denotes the boundary of (G;). Further, by Theorem 4.14,
there exists P* € 9(G,) such that
P* = argmax £ X (z,2) - P = argmax 1 X (z,2) - P.

PG ° PEA(Gr)

6 The maximization over «

Recall that by Lemma 4.10, J¢(t, z,u, -, (, z) is strictly concave, and consequently, by definition (52), so is
W-e(t,x,(,z). Combining this with Theorem 4.12, we see that there exists a unique maximizer. Further,
by Theorem 5.2, W*¢ = wee, Using this last representation, in Corollary 6.4 below, we will see that
We(t, x,(, z) is Fréchet differentiable. Consequently, in searching for the unique maximum, we may utilize
algorithms which require knowledge of the derivative, through first-order necessary conditions. We next
obtain such first-order conditions and, in particular, a useful Riesz representation for the derivative.

Recall from (52) and Theorem 5.2 that

Wc(t,:zr,c,z) = max WQ’C(T,ZE,C,Z) = max %X(:z:,z) ~ﬁf(a,<).

ac At ac At
Then, letting R

ac* = argmax + X (z, z) - Pf(a, (),

ac At

by Theorems 4.12 and 5.2, aer = a*(£9*,¢) where £€>* and a* are indicated in the statement of Theorem
4.12. Further, recall from Theorem 4.14 that the fundamental solution of (58) has a unique solution. Further,
by Theorem 4.15, we may see that the solution of w* uniformly converges to that of the fundamental solution
as ¢ — oo. That is, letting &* be the maximizing solution of J*° of (58), we know from (34) that for proper
choice of Dy = Dy (t, 1, {R;}ien) < o0,

Do D(1 + |z| + |2])?
\/E b

165 = 6* 113 0.0y < Dallus™ — w1304 <

where the last inequality follows by Theorem 4.15.

We will demonstrate the existence of derivatives of W%¢ with respect to a. Also, in order to develop
a tractable numerical scheme, we consider the maximization problem over a finite-dimensional subspace of
A*. In particular, noting the differentiability and concavity, we will seek the maximum through a search for
the point where the derivative is zero. We will obtain an efficient means for computing the derivative, and
we will also examine the errors induced by the finite-dimensional approximation.

Let L < oo, and suppose z, z,(? € BL(0) for all i € A" and all r € [0,¢]. Henceforth, we will work on this
compact domain. Accordingly, we define the subset of Z given by Z; = {¢ € Z||¢}| < L ¥r >0, Vi € N'}.

We assume that for ¢ < #, there exists x,2 € Br(0); ¢ € Zr; € = é(t,x,(,2) < oo, and & = &(t,z,(, 2)
such that for any ¢ € (0,&], ¢ > ¢ and any e—optimal in the definition (9) of W°, we have

€8 — ¢l > Ry, Vrelot], VieN (A.N1)

where &2 denotes the corresponding trajectory.
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6.1 Derivative of W*¢ with respect to «

We first note some simple miscellaneous bounds that will be used below. For p,7 € P given as (73), using
the bilinearity of f in (74), we define linear operators

() = fa(p,0), €2(p) = f4(p, ), (83)

where the subscripts on f denote differentiation, and ¢1, ¢> are introduced to emphasize the dependence on
only one variable each. From the definition of f, we see that

Il = 1653, )l = [ + 24mal? + 8f7af?] < V3, (84)

12(5) L = 11£ap, )l = [Blosl* + 4lpal* + [paf*]"* < V5, (85)

where || - || denotes the Frobenius norm, and hence the Fréchet derivatives involved are bounded linear
operators on P. Further, note that for o,w € P,

flo,0) = flw,w) = [l1(0) + L2(w)] (0 — w), (86)

161(0) = 1 (W)l F < V3lo = w]. (87)

By Lemma 5.1, given t < ¢, ¢ € [0,00) and ¢ € Z1,, we may choose K, = K,(c,t,() < oo such that
[P, Q) < K, Vrelot], aed (88)
where P<(-, () are the solutions of (77). Further, combining (84), (85) and (88) yields
lex (P e, Ol lea(Pe e, )l P < VBE, = K} Vr (o8], ae A (89)

Also, by examining (75), we note that for & = {a'};en € Aand Y € Y = {{y'bien € V| |¥| < L, Vi €
N1,

ITa(@ V)l =9 (@) {1+ 1y + 1"},
ieN
where the subscripts on I' indicate differentiation with respect to the first variable c. Then, by the definitions
of A and Y1, we see that there exists K = K ({R;}ien, L) < 0o such that
ITa(@Y)|r <K, VacA Y e (90)
Further, for a1 = {&} }ien, G2 = {@blien € Aand Y € Yy,

ITa(@1,Y) = Tal@, Y)[7 =9 [ +as) {1+ |y’ +Jy'[*} [a) — as),

ieN
which implies, by the definitions of A and Y, that there exists l?v = I?V({Ri}ie/\/, L) < oo such that this is
~ . . ~ 2
<R Y 164 — bl = { K, far — dol | (91)
ieN

Lemma 6.1. Fort <t, c€[0,00), &, & € A' and ¢ € Z, there exists 61 < 00 such that
|PE(d, €) = P&, Q)] < Chlld = &l r,0,)

T

for all r € [0,t] where P*(&,¢) and P¢(&,¢) are the solutions of (77) with a = & and a = &, respectively.
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Proof. By (77) and the triangle inequality,

[PE(a,Q) = Pr(a, Q)] < / (PS8, PS(6,Q) ~ 1(P5(@,Q), P, )
+ (= G—r) = T(G—; G| db,
which by (86) and (90),
< [ 1Pl + lea(Bete ) v
P5(,¢) = Bo(@, Q)| + K |y — duy| dv,
which by (89) and Holder’s inequality,
< 26} 1P, €) = Po(a. O+ K3VEG =l 00
Using Gronwall’s inequality, this implies
|Be(e, Q) — Pr(a, Q)| < KOv/Eexp(2K jt)||a = & 1, 0.1
for all r € [0, ¢]. O

Lemma 6.2. Let ¢ € [0,00). Then W*<(t,x,(,z) is Lipschitz continuous in a on bounded subsets of
[0,8) x IR3 x Z1, x IR3.

Proof. Let t € (0,1); x,2 € B(0) and ¢ € Zr. Let &, & € A'. Then, by Theorem 5.2 and Lemma, 6.1,
Wt 2, ¢ 2) = Wt 2,6, 2)| < 51X (@, 2)] 1P, Q) = P (@, Q)] < Kalld = llLy(0,0),

for proper choice of l?a = I?a(él, L) < occ. O

Letting A, denote the interior of A, we define AL = Lo([0,t];.4,). Given ¢ € Z1, and ¢ € [0,0), we
will obtain a representation for the derivative of P¢(«,() with respect to a € Af. For s € [0,t) and i € N,

consider )
d,n.S,’L

Fpt 2 S (i, BE) + F(PE )+ Do (-, Gims) (92)

for all 7 € (s,t) with 5% = 0prx1 where

o Groy) = 2O Gr) (93)

The following lemma demonstrates the desired representation for the derivative.

Lemma 6.3. Given o € A%, let h € Al such that « + h € AL. Let ¢ € [0,00) and ( € Z,. Then, there
exists C2 < 00 such that letting Py, = Pf(a+ h,(),

~ ~ " dms PN
P — P — ——L ) hi_sds| < C
h,r r /O ( ds ) t S| = L2

for all v € [0, ] where P<(-,C) is the solution of (77).

1R I1Z, 0.0 (94)

Proof. Using the integral form of (92) and its initial condition, for r € [s,t),

/ Jt BEY 4 F(PE, 737 + Tt (s Cos) v
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Differentiating, and using (83), we have

dm? " ~ ~ 1 dn
dST = —Talog_s,Ci—s) +/S [él(Plf) + ég(Plf)} ds” dv. (95)
Letting AP¢ = P¢, — PF, we define
A5 " dn
¢r = AP? — Is hi—sds ¥r €]0,t]. (96)
0

Letting AT, = T'ap—r+hi—r, G—r) = T(ct—r, (t—r ), we note that by (77), differentiation Aﬁf with respect
to r is given by

APe = Pey, . — Pe = f(Pg, PE,) — f(Br, Py) + ATy, = [61(PE) + Lo(PE)APE + ATy, (97)

where the last equality follows by (86). Also, note that by (95),

d (7 drs d [
) d;ht . ds =a ) To(—s, Coms)hus ds — / / zl Pe) +62(PC)} ”duht . ds,

which, using the Leibniz integral rule,

=Tal—r,Cr)ht—r — /0 ' % / ' [61(135) +52(135)} dd? dv hy_s ds
= Ta(Curs Gy + [0(PC) + 62(P)] /O ' s (98)
Next, differentiating (96) with respect to r yields
by = APC — dii ' —%ht_sds,
which by (97) and (98),
— L4 (PE,) + (POIAPE = [6:P) + o) [ = TFEhucds+ AT, = Dol G
= [O(P7) + La(BY))gr + [ (PE") = b1 (BE)APS + ATy = Tal@i—r, Girhi—r (99)

where the last equality follows by (96). Note that by (87),

/ v < \/§/ |APSP du,
0 0

for proper choice of Cy < 0.
Note that by the integral mean value theorem (cf., Ch. 9 in [11]),

[Pty = ea(P)| AP

which by Lemma 6.1,
< CollhllZ,40.0) (100)

1
Athu = F(O‘tfu + ht*l/7 thv) - F(atfv; <t7u> = |:/ Fa(atfu + Shtfv) ds htfv
0

for all v € [0,¢]. Then,

1
|AFt7u - Fa (atfw thu)ht7v| S / Hra(atfv + Shtfu) - Fa(atfu; thu)”F dS |ht7u|
/ Kosds|h_ > = % SNhi—u|?,
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where the last inequality follows by (91). This implies that
t gt R
/0 |AT -y = Talat—u, G—v)he—| dv < %Kv/o ey P dv = 5K 0117 0.0y = CllhlI70,0)- (101)
Substituting (100) and (101) into the integration of (99) yields
0. < [ 20360 v+ (Co+ Ol 0.0

By Gronwall’s inequality, this implies |¢,.| < (Cp + C3)t exp(2K}t)||h||2L2(07t) for all r € [0, ¢]. O

Corollary 6.4. Let ¢ € [0,00) and t € (0,¢). Then, W*“(t,xz,(, z) is Fréchet differentiable with respect to
a € Al on bounded subsets of IR® x Z1, x IR3.

Proof. Let x,z € B1(0) and ¢ € Z;. Given a € A%, let h € A! such that o+ h € Af. Let

t s
oY =Wethe(r z ¢ 2) = W (r,,(,2) — 1 X (z,2) - / (—dg) hi—s ds,
0

where X is given in (72), and which by Theorem 5.2 and (76),

t s
= 3X(02) - Pl hQ) = 3X(02) - Bilan§) = 3X(w2) - [ <—‘Z”) ho ds.
0 S

Then, by Lemma 6.3, [¢}V] < 1| X (z, z)|52|\h|\%2( which completes the proof. O

0,t)’

6.2 An approximate solution

We will consider piecewise constant potential energy controls rather than the L., elements of A?, as this will
allow us to compute numerically the derivatives of interest.

Let ¢ € (0,¢) where t is as per (48). Let K € IN denote the number of time intervals contained in the
given time duration [0, ], and AX denote the K™ Cartesian power of A. We may choose a norm on AK as

1/2
il = e[S ] o= (o € 4 102)
Let 7 =t/ K denote the length of each time interval. Letting 7o = 0, we define
T =kt and Iy = [1mh-1,7%) Vk €K =1, K.
We define the set of piecewise constant functions defined on [0, t) relative to grid {7 |k €]0, K[} as
te={aec A"|Vk € K, &y € Ast. a, =& Vr € I}

Further, we define the one-to-one and onto linear mapping £¥ : AK - Al such that for & = { brex € AK,
letting & = L& (&),
Gr =0 Vrely, Vkelk. (103)

From Lemma 4.10 and the definition of £ (-), one immediately obtains the following:

Lemma 6.5. Let K € IN. For allt >0, c € [O,oo);u:v,z €eR? Ce Z, and u € U, Wﬁk(&)’c(t,x,g,z)
and Jo(t, z,u, LK (&), ¢, 2) are stictly concave in & € AK.
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Lemma 6.6. Lett <t and K € IN. Let c € [0,00); x,2 € Br; ¢ € Z1,. Then, for any @ € U™,

sup J(t, 1, £5(),C, 2) = max J(E 1, £5 (@), G, 2).
aeAK aeAK

Further, lettz’ng{v be the trajectory corresponding to 1,

= {a} rex = argmax J(t, x, 4, LE(8),¢,2)
deAK

where

o' = /2 Bmin { R VAIE- Gl )

forallie N and k € K

Proof. Let u € U™ and 5 be the corresponding trajectory. By the independent sum of integrals over the
segments,

> ~ v c K & 9
sup J(t, @, 1, £5(), ¢, 2) = SlF 0.4 + V(& 2) + sup Y [ =VE (6 ¢ dr
acAK JEAK o/ Ik

= il D)+ sup Y / uz[ A

€K | K ieN

= il + 0 E D+ 3 sw lvz@,é,o
(i,k)EN XK &}, €(0,4/2/3R; "]

where
Vi(a ) = / " [az ~ MEPlE - <:;|2} dr

Note that

o 5 -
dd;‘cv’z(d’éozﬂi [T—g[di]z’[lk |§r—<,?|2dr].

G = &0 = argmax  VU@,E0) = v2Bmin (BT VTIE = Gl ) (104)
& €(0,4/2/3R; "]
O
Let & : R® x R*N — AX be given by
a(-,) = {ow () eex (105)

where d, (-, ) = {&i (-, ") }ien and & is given by (104) for all i € A" and k € K.

Lemma 6.7. Lett <t and K € IN. Let z,z € IR?’V; ¢ € Z1 and ¢ € [0,00). Then, there exists a unique
stationary point of J¢(t,x,, LX(-),(, 2) over U>® x AK.

Proof. Recall that by Theorem 4.5 and Lemma 4.4, J¢(¢, x, u, L¥ (&), ¢, 2) is continuous, coercive and strictly
convex in u. Then, by (103), it is easy to see that max jx J(,z, u, LE (&), ¢, 2) is also continuous, coercive
and strictly convex in u, where the existence of the maximum follows from Lemma 6.6. This guarantees the
existence of the unique optimal velocity control,

u>* = argmin max J¢(t, z,u, LX (&), ¢, 2).

ueld> acAK
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This implies
min max JC(t,z,u, L5(&),¢,2) = max JO(t,z, u%*, LK (&), 2)
ueU> 3 AK GeAK

= Jc(tvxvﬁcy*v‘cK(&(gcy*vC))a(vz) (106)

where & is given by (105) and 567* denotes the trajectory corresponding to @“*. Then, by an argument similar
to that of the proof of Theorem 4.9 and we do not include the repetitive details), letting &* = &(£%*, ¢),

JC(t, x,uc*, LK(&*), ¢, 2) = min J(t, z,u, L5(a7), ¢, 2). (107)

ueEU>

Combining (106) and (107) yields in an analogous fashion to the proof of Theorem 4.12 that

min max J¢(t,z,u, L5(&), ¢, 2) = max min JO(t, z,u, L5(&), ¢, 2), (108)
uEU® yec AK GEAK ueU
and (i%*, &*) is the unique solution of (108) over U x AK. O

Remark 6.8. Let t > 0 and K € IN. For & = {é}rex € AF, letting & = L5 (&),

t
1617, (0,1 :/0 |G| dr = Z/Z &P dr =7 Jewl® = ||,
k

kex keKx

where the last equality follows by (102). Therefore, £X is an isomorphism between two normed spaces,
(A% || - |]2) and (AL, ]| - 2(0,6)) (cf., [7]). Further, by the linearity of £X, for &,a € AK,

1£5(&) = L) | a0,y = 1£5(& = D) La0,0) = Il = @2
Since AX and Al are isomorphic, the next corollaries follow immediately from Lemmas 6.1 and 6.2,
respectively.

Corollary 6.9. Fort <t, c€[0,00), and ¢ € Zp, there exists Ci < oo such that
PE(LR (&), ¢) = PE(E"(8).0)] < Culld — &2
for all v € [0,t] where P<(-,¢) is the solution of (77).

Corollary 6.10. Let ¢ € [0,00) and K € IN. WﬁK("v‘)‘(t,:E,C,z) is Lipschitz continuous in & € AX on
bounded subsets of [0,1) x IR® x Zp, x IR3.

6.3 Error analysis

Computationally, we can approximate the maximum over A’ (equivalently, A*), which yields W*°, by taking
a maximum over A%, which due to the above-noted isomorphism, is equivalent to a maximum over AK.
Letting

ng(t,x,g,z) = max WﬁK(d)’c(t,x,C,z) = min max J(t,z,u, L5 (&), ¢, 2), (109)

aeAx UEUR g JK

for all t € [0,%); z,2 € IR3; ¢ € Z1,, we will demonstrate that ng W as K = . Importantly, we will
also demonstrate that the optimal velocity controls converge as K — oo, which implies that the optimal
trajectories converge.
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Lemma 6.11. Lett <t; L < 0o; z,2 € Br(0), ¢ € [0,00) and ¢ € Z;,. Then,

W(t,2,¢,2) = lim Wi (t,z,¢,2) = lim max WLK(é‘)’C(t,x,C,z). (110)
K—o0 K—o00 3¢ AK
Further, letting o = argmax, ¢ 4« W*¢(t,2,(, 2) and &j; = argmaxy . yi WﬁK(d)’c(t, x,(,z) for K € IN,

~

Wc(tv'eraz) - Wé(t7$7<az) < KO&HQ* - LK(&}})HLQ(OJ)v
and LK (&%) — o as K — oo.

Proof. Given K € IN and a € At, let
i .1 i .
ﬂk(K,oz)—t/K/Ikozpdp Vie N VkeKk. (111)

For r € [0,], let ax = {a% }ien € Al such that

r) =Y BLK,a")g (r) Vie N (112)

ke

where 1. denotes an indicator function. Note that for any r € [0,¢] and K € IN, there exist k = k(r, K) € K
and 0 = 6(r),0x = 0x(r) > 0 such that r € Z; = [r,_,,7;) = [r — 0,7 + 65c) where 6 + 65 = t/K.
Also, recalling from Theorem 4.2 that o* is uniformly continuous in [0, ], given £ > 0, there exists ¢ > 0
such that

a3 = [op]'| <& if peBs(r) VieN.

This implies that for any r € [0, t], there exists K. < oo such that

|[a;]i —lafil<e Vper— Op,T + (5}) C Bs(r) (113)

for all K > K.. Further, by (112), and then (111) and (113),

@ (r) — [02)i] = |8 (K, a*) — [a ”—5++5/ ol dp = e (114)

for all K > K., which implies that d g converges pointwise to a* as K — co. Further, since W is Lipschitz
continuous in «, given £ > 0, there exists K < oo such that for all K > K;._-,
e 2 W'(t,2,¢,2) = W (t,2,, 2),
which by the suboptimality of dx with respect to Wi,
> Wt @, ¢, 2) = Wi (t2,¢, 2), (115)
proving the first assertion. The second assertion follows directly from Lemma 6.2.

For the final assertion, let &K € AX such that o =LK (&K), and let & be as per the Lemma statement.
By the optimality of & with respect to Wé,

0 < WE et 2, ¢, 2) = WET S (1, ¢, 2),
which by the suboptimality of £ (&%) with respect to the definition (52) of W,

< Wc(t,f[], <, Z) — WﬁK(&K)7C(t7x7 <7 Z)u

which by (115), for K > K.,
<e.
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This implies that

oS

lim {WﬁK(aK)’c(t, Z, Ca Z) — WﬁK(&K)7c(t7 €, Cu Z)} =0.

K—o0

Therefore, given € € (0,1], there exists K. < oo such that

g > WEN (2, ¢, 2) — WETE0e(t 1., 2)

for all K > I}s, which by the strong concavity asserted in Lemma 6.5, there exists Cy > 0 such that
> CaH&;( - &KHga
which by Remark 6.8,
= Call L% (d%) = dx L0, (116)

which implies that [|£¥ (&%) — ax |1, — 0 as K — oo. Further, noting that
[l — EK(&*K)HLz(o,t) < la* — 5K|\L2(o,t) + HaK - ﬁK(&*K)HLz(o,t),

applying (114) and (116) to the above completes the last assertion. O

Theorem 6.12. Let t < t; ¢ € [0,00); L < 00 T,z € Br(0) and ¢ € Z1. Given K € IN, suppose that
(ue*, o) € U™ x A' and (0%, &%) € U™ x AKX are the solutions of W' (t,x,¢, 2) of (52) and Wi (t,z,¢, 2)
of (109), respectively. Then, there exists D* = D"(t, L) < oo such that

[ — @ [| Ly 0,0 < DUl = L5 (5| Lo(0,0)-

Proof. Let o* &%, u®* and 4“* be as asserted, and let {** and 5‘3** denote the trajectories corresponding to
u®* and 4“*, respectively. By Theorems 4.16 and 5.2 and (78), for all r € [0, ¢],

’U,ff* = _vmwa*ﬁc(t -7 57?7*7 72) = _vwX(gtrjﬁ*u Z) : ﬁtc—r(a*u C)v (117)
o = =V WES e (p oy Eor ¢ 2) = —V, X (E9%,2) - PE(LK(&%), 0). (118)

Note that for r € [0,¢), using Holder’s inequality,

T
&1 < |l +/ lag* [ dp < x| + V|| 0,05
0

and by the definition of W*, the nonnegativity of V, and (9) and (15), this is
<ol + REWE (2, G 2]V < o] + 2401 (1 + [af +|2*)] /2 < D7 (119)

for proper choice of De = D= (t, L) < co. Also, note that by the definition of X (-,-), for all r € [0, ¢],
IVeX (€ Ollr < 201+ 1€ +|2)) < 2(1+ D* + L) = D*(t, L) (120)

where the last bound follows by (119). Similarly,

IVa X (€57, 2) = Vo X (607, 2) P = 207" — 27| < 2/0 |uy™ — | dp. (121)
Then, by (117) and (118),

ug™ — 7| = Vo X (677, 2) - B (", ) = Vo X (€07, 2) - PE (L5 (d%), O,
which by the triangle inequality,

S NVaX (677, 2) = Vo X (&7, 2l pl PE (0 Ol + Vo X (657, 2) | pIPE (@, ¢) = PE_ (L5 (%), O)
which by (88), (120), (121) and Lemma 6.1,
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< 9K, / s — i@ dp + D*Crlla” — L5 (&30) | a0

By Gronwall’s inequality, this implies [u%* — #¢*| < D*C, exp(2K,t)|lo* — LK (&5 1y (0,) for all v € [0,1],
which completes the proof. O

Recall that u* defined by (56) yields the fundamental solution, W (¢, z, z,¢). Combining Theorems 4.15
and 6.12, we can obtain a bound on the error in the resulting path, induced by using the approximations
¢ < oo and piecewise constant o. That is, we have:

Corollary 6.13. Lett <t; c€[0,00); L < o0; T,z € Br(0); and ¢ € Z1. Given K € IN, suppose that u*
is the least action point in definition (56) of W' (t,x,(,2), and that (0*, &%) € U™ x AX is the solution
of (109). Then, there exist D = D(t,t) < oo and D* = D"(t, L) < oo such that

D(1 + |z| + |2[)?
W Ly0,) < e

[ —

+D"a* = L5 (&%) | La0,)-

6.4 First-order necessary condition for maximization of WES(@).e
For K € IN, let

As ={a={aitien | @i € (0,/2/3(R; +1/K)™") Vie N}
Then, given t < £, there exists K = K(t) € IN such that

~1/2
Gmi _ ~
t _ t VK > K. 122
< [;:/Q(Rmtl/l{ﬁ] <f VK> (122)

Letting /if be the K*" Cartesian product of AKX, we see that for K > K , the coercivity and strict convexity
of J¢(t,z,-, LX(a°),¢, ) holds for any &° = {a3 }kex € flf Further, by the arguments similar to that of
the proofs of Lemma 6.7 and Lemma 6.11, there exists a unique stationary point of J¢(t, x, -, LX(-), {, z) over
U= x AX and

We(t,z,¢,z) = lim max WﬁK(&D)’c(t, z,¢,2),
K—00 goc AK
and letting a3 = argmax, e WESE) e (2, ¢, 2),
L&) = a* as K — o0
Givent < ¢, we fix K > IA((t) throughout where IA(() is given in (122), and with a slight abuse of notation,

< 0,%

let & = &° and &" = ay”. We will demonstrate the existence of the derivative of WES (@) with respect to
& € AX. Then, the maximum is achieved at the point where this derivative is zero (cf., [10]).

Lemma 6.14. Given & € AX, let 6 = {63 vex € AX be such that & + 6 € AX. Let ¢ € [0,00) and ¢ € Zp.
Then, there exists Co < 0o such that
drm? o
——L ) dsdk41-
( ds > SOK+1—k

for all v € (0,t) where P<(-,¢) and 7° = [7™");enr are given by (77) and (92), respectively, driven by L ().

Pr(LM( +9).¢) = PALM(@).0) = ) /

kek (0,7)NZy

Proof. Letting & = £X(&) and h = £X(8), by the linearity of £X,

LK@ +0) = £K(@&) + LX) =a+ h. (123)



Note that for r € (0,1),

" d7r5> dms v
— r htfs ds = / (— T) ds 5K+1,k. (124)
/0 < ds ,;C (0,7)NTx ds

1212 40,0 = 1€ )l a0,y = 118113 (125)
Substituting (123) — (125) into (94) completes the proof. O

Also, by Remark 6.8,

By Corollaries 6.9 and 6.14, Pe(LE (), ¢) € C([0, 8] x AX ; PY)NC((0, ) x AK ; P) (where we recall P = IR1).
For & € AX i € N and k € K, consider

Tt = I, Bty o f(PEE T 4 Ty

K+4+1—k

(Qr 1k Ge—r) (126)
for all 7 € Ty where IIZ*~2" = 0p/5; (where f is given in (74) and T in (93)), and

Pt = f(PEk, BEM) + T(ék 11k, o) (127)
for all r € 7, and k € K with ﬁf};’fl = ﬁf};’:l = ﬁfk,l where P¢ is the solution of (77) with o = £5 (&).

Proposition 6.15. For & € AKX, let & = L5(i).

De,k De,k
0P _ 0P _ e (128)
0é 001k "

for all r € Tj, and k € K where TIT* 7" = [H.Tk*l’i]igj\/ € RM*N  gnd TI™* " and P* are the solutions of
(126) and (127), respectively.

Proof. Let i € N and k € K. Then, we note that P¢(&,¢) = PF(L5(4),¢) and d—p = dxi1_p for all
r € Iy. Further, for r € Z, by (127),

OPSR(LK(4),¢) _ aPgH(&,Q) _ Pg(4,¢)

80“41}(“7,C o4t oat
which by Corollary 6.14,

o Thk—1,
= ﬂ-’f’ ?
where

amett = f(ated PO 4 f(PS Tt + Daa (Gomr, Gr)
= Flr PER) 4 f(PEE m ) + Ty

ier o (OE 1k Gior)

Replacing 7% " with II"*~"" completes the proof. O

We are now in a position to obtain the following identification.

Theorem 6.16. Let x,z € B (0) and ¢ € Z;,. For c € [0,00),

ot = argmaXWLK(d)’c(t,x,C,z) if and only if ﬁ(d*) = V@WLK(&*)’C(t,I,C,z) =0NxK
acAK

where the (i, )" elements of F(&*) are given by

OP (LK (&%), ¢ X(z,z) - I ifji=1,
Xz 2HEEE @) >:{ X(@:2)

Fy(@) =3 5 T (129)
’ ’ 94 (#,2)  Dgqo—; Il if j €]2,K].

NI— N[
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Proof. By the differentiability and the concavity in & given in Corollary 6.14 and Lemma 6.5, we have the
assertions with the exception of the last representation for Fj;(a*).
For k € IC, note that

De De, K pe,K—1 De,k+1
o | 0P OPREY 0PI L (130)
5 pe, K e, K—1 He,k+1 TTTe
Odrt1-k QPSS OPS, 0Py,

where the last term follows from (128) of Proposition 6.15. Letting

e OB 11, K — 1] (131)
2% = + T € Ly, €l )
8P7—];k+1 +
De,k+1 De,k+1
k41 ﬁaﬁr + _ Aa aPT + _ Aa f(ﬁc,k-i-l ﬁc,k-{-l)
r or ap;_:,;k-i-l 6P7¢_:I;k+l or 6P7?];k+1 r o
with go’ﬁ:‘ ! = Iy where I denotes the identity matrix of size M and the m*” column of p¥*! is given by
sbk-‘,—l _ f(SDkH ﬁc,k—i—l) + f(ﬁc,k-i-l cpk'H)
for all m €]1, M| where P“**! is given by (127). Substituting (131) into (130), we have
OFr [ oK oKL QhE LI S D I ik LK -1,
00K 41—k 7. if k =K.
Substituting these expressions into (129), we obtain the last representation. O

Remark 6.17. In the above development, we use ¢ < oo, whereas the TPBVP requires ¢ = oo, and
the error induced by using ¢ < oo is indicated in Theorem 4.15. However, in actual computations, when
applying standard solution methods (e.g., Runge-Kutta methods) in solution of (66), (71), or equivalently,
(77), taking very large ¢ approaching oo, leads to numerical difficulties. Here, we note a small practical
point. An approximation for solution of (77) for ¢ = oo, & € .,Zlg( and ¢ € Zy, on an arbitrarily short initial
time segment, say r € (0,7) with ¥ < 1, is given by

PR(LE(a),¢) = (r Y, —r e ee T —ra T Mo 2 )
where
G=13akdl, 0= m{2ak — (@)},

iEN iEN

which the reader may easily verify, and we do not attempt a bound on the error. Then, for r > 7, one may
continue with a standard method. This is employed in the examples below.

7 Examples

In Section 2, we indicate that w™ (t,-, ¢, ) acts as a fundamental solution for multiple TPBVPs, given fixed
duration, ¢, and set of large-body trajectories, (. The theory in support of the construction of W™ appears
in Sections 3-5. Specifically, in (82), we see that for fixed ¢,(, w™ (t,-,¢,) may be represented by a set,
d(G;) c IR'. Additional issues regarding the computation of W (¢, -,¢,-) and/or d(G;) are addressed in
Section 6.

Below, we will apply W (t,+,¢,-) in solution of two different TPBVPs. In particular, we will consider
one example with the boundary data being the endpoint positions, and one example with the boundary data
being the initial position and the terminal velocity. These examples are intended to demonstrate that the
fundamental solution applies to multiple boundary-data types.
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At the next level, we note that one may precompute 9(G;) C IR?, and store this for later use with varying
boundary data. Tractable application at this next level will require investigation of means for efficient storage
of the high-dimensional set, 9(G;). Such storage should also contain data indicating the structure of the set.
For example, in the case where one simply stores a closely packed set of points in the set, one should also
include data regarding each point’s neighbors. Further, one needs to develop efficient means for searching
this set for the optimal point corresponding to the specific boundary data, as, for example, in (82). These
last steps will require additional development beyond the already extensive material here.

7.1 Specifics of two problem classes

We present two examples: one case where the terminal position, § = z, is specified by choosing P(z) =
1/_)°°(§t,z) as the terminal cost, and the other where the terminal velocity, & = v, is specified by taking
Y(z) = —2 -0 as the terminal cost (cf., [5, 13, 14]). In both cases, the initial position, z, is also specified. In
the case (=) = (&, 2), by (5)-(7) and (82).
W(t,z,¢) =W (t,2,(,2) = max 1X(z,2)-P.
(t:2,0) =T (t,2,6,5) = max 1X(z.2)

For the case of 9(z) = —z - 7, recalling (66), we see that we will have rg° > 0 for sufficiently small ¢ > 0.
Then, recalling (71) and (81), we see that W' (t,z,¢,-) will be strictly convex and coercive for such .
Consequently, by Theorem 2.1 and (81), we may rewrite (5) as

W(t,z,{) = min {Wm(t,waﬁaz) +U(2)}
z€IR3

= min {max + X (2, 2) - P°(, ¢) + ¥(2)} = min { max 3 X(z,2)-P—10-2},

Z€R3 “acAt 2 z€IR? "Ped(G:)
and by classical results on saddle points, cf. [15], this is
. 1 — 1 — — —
= =X -P—v-z}= X P))-P—v-zZ(P 132
pax | min {3X (@, 2) vezh= max {3X(e2(P)) v-z(P))}, (132)

where 2(P) = r~!(—qx — | + ©) where P = (p,q,r,h',l',7)". We see that in both cases, solution of the
problem may be obtained from sets of solutions of differential Riccati equations.

7.2 Example 1: ¢(z) = >(z, 2)

In the first example, we solve a TPBVP where initial and terminal positions are specified. Suppose that five
large bodies are moving clockwise on circular orbits with radii of 1.5, 3, 4.5, 6 and 7 AU. The masses of
bodies are given by [2,4,9,10,7] x 103'kg. In order to ensure a sensible problem, and for reasons of error
estimation, we generate a trajectory, é , of the small body by forward propagation of Newton’s second law
from an initial position/velocity pair given by = = [0, 1, 0.02]7 AU, uo = [35, 104, 0.3]7 km/s from initial
time 7 = 0 to terminal time, 7 = ¢ = 11 days. This yields a terminal position, z = [0.179,5.265,0.0078]%.
We reconstruct the trajectory from solution of the TPBVP given by z, z and t. We remark that the body
masses and duration form an exaggerated example, constructed such that the dynamics lead to an interesting
trajectory. Further, we see that for all 1 € N, there exists §; > 0 such that |éT — ¢t > §; for all r > 0.
Assuming the radius of body R; < d; for all i € N, by Remark 4.6, the time duration that guarantees the
convexity in the velocity control is given by ¢ = 13.5 days. We use piecewise constant potential energy
controls over [0,¢] with a uniform grid {rx|k €]0, K[}, with K = 25. The small body is required to move
through the intermediate points ét /45 ét /2 and égt /4 where

€4 = [0,132,1.708, —0.017], & o = [0.121,2.681,—.0.011], E&3;/4 = [0.134,3.958,0.0024].

The maximizing &* € flf is obtained numerically by a gradient ascent method using Theorem 6.16 and
Remark 6.17. Figure 1 depicts the true trajectory of the small body as well as the trajectories of five large
bodies. Figure 2 depicts the true trajectory é and the approximate solution of the TPBVP. As the bulk of
the motion is in the first two coordinates, the trajectories are projected onto the plane generated by these
coordinates.
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Figure 1: All trajectories with time axis Figure 2: Truth and solution of TPBVP

7.3 Example 2: (1) = —z - ¥

Consider the same problem as in Example 1, but now we specify the terminal velocity v € IR?, rather than
the terminal position. Again this is accomplished by taking ¢(x) = —z - ©. In this case, once we obtain
the minimizer z* = Z, we have an equivalent initial value problem with boundary conditions £ = x and
ulh = -V, W (t,z,(,2*), and one may check by integration that this yields u} = ©. More specifically, given
z € IR?, the inner maximizing problem is solved via the numerical method introduced in Section 6, while
the outer problem of minimization over z was solved via a gradient descent method.

In addition to the initial position specified in Example 1, we specified a terminal velocity of ét =7 =
[40.4,65.6,2.9 x 107°]T km/s. The piecewise constant potential energy control approximation over [0, ]
used a uniform grid, {7 |k €]0, K[} with K = 400. The resulting error in the terminal velocity was
|uy —o|/|v] ~ 0.005.
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