MAE 142- Homework 1 Solutions

November 4, 2024

Problem 1

(5 points) By hand (with the aid of a calculator, etc.), obtain the diagonal matrix of eigenvalues
(A) and the matrix of eigenvectors () for matrix A below. Show your work.

A= <—512 _29>
Solution:
Step 1: Find the Eigenvalues
The characteristic equation is given by:

det(A—XI)=0

where [ is the identity matrix.
Compute A — \I:

Compute the determinant:
det(A—AXI)=(5—-X)(2— ) —108
So the characteristic equation is:
A —TA—98=0

Solve the quadratic equation:

\ 7T+ 21
2
Thus,
AN =14
Ay =—T7



Step 2: Find the Eigenvectors

Eigenvector for \; = 14

We solve:
(A—14I)v=0
Compute A — 141:
5—14 -9 -9 -9
A—l= ( -12 2-— 14) - (—12 —12)

Set up the system:

—9v1 —9v9 =0

—12'01 — 121)2 =0

This simplifies to:
91 — 99 =0 = vi+v9=0

So, the eigenvector corresponding to A\; = 14 is any non-zero scalar multiple of:
v — 1
L
(A— (=T )v=(A+T)v=0

(547 9\ (12 -9
A+7I‘<—12 2+7>_<—12 9)

Eigenvector for Ay = —7
We solve:

Compute A+ 71:

Set up the system:

121)1 — 9'02 =0
—1201 4+ 9v9 =0
From the first equation:
U1 9 3
1201 =92 =0 = 1201 =9 = @ —=—=-
(% V2 U1 () v 12 4
So, the eigenvector corresponding to Ay = —7 is any non-zero scalar multiple of:

e

Step 3: Form the Matrices S and A

o V11 V21 o 1 3
5= (Uu 1)22) B (-1 4)

The matrix S of eigenvectors is:



And the diagonal matrix A of eigenvalues is:

(A 0 (14 O
()=o)
Step 4: Verify A = SAS™!

Optionally, we can verify that A = SAS™! by computing SAS~! and confirming it equals A.

Problem 2

(5 points) Using MATLAB, obtain A and S for

1+7 67 —61
A=14—-4i 5—-3i —3+3i
4440 444 —2—-4s

Based only on these results, indicate whether A is nonsingular, and why. Do the same for
147 67 —61

A=|-4—-4i -3-3i 3+3i
—A4+47 —44+4 4—-4d

Solution:
To compute the eigenvalues and eigenvectors of A, we can use MATLAB. The MATLAB code
is as follows:

[S, Lambdal] = eig(A);
Here:
e Lambda will be a diagonal matrix containing the eigenvalues.

e S will contain the corresponding eigenvectors as columns.

If all eigenvalues are non-zero, then A is nonsingular. If any eigenvalue is zero, then A is singular.
Running the MATLAB code for the first matrix could give us the following results:

A=1[1+7i, 6i, -6i; 4 - 4i, 5 - 3i, -3 + 3i; 4 + 4i, 4 + 4i, -2 - 4i];
[S,Lambdal = eig(A)
S =
-0.7071 + 0.00001 0.6000 + 0.00001 0.0000 + 0.00001
0.7071 + 0.00001 0.0000 - 0.00001 0.7071 - 0.00001
0.0000 + 0.00001 0.8000 + 0.00001 0.7071 + 0.00001
Lambda =

1.0000 + 1.0000i  0.0000 + 0.0000i  0.0000 + 0.00001i
0.0000 + 0.00001 .0000 - 1.00001 .0000 + 0.0000i
0.0000 + 0.0000i  0.0000 + 0.0000i  2.0000 - 0.0000i

+
—
-
o
o



Therefore, this matrix is nonsingular since all eigenvalues are non-zero.
Running the MATLAB code for the second matrix could give us the following results:

A=1[1+7i, 6i, -6i; -4 - 4i, -3 - 3i, 3 + 3i; -4 + 4i, -4 + 4i, 4 - 4i];
[S,Lambda]l = eig(A)

S =
0.7071 + 0.00001i 0.6000 + 0.00001i 0.0000 + 0.00001
-0.7071 + 0.00001 0.0000 - 0.00001i 0.7071 - 0.00001
-0.0000 + 0.00001i 0.8000 + 0.00001i 0.7071 + 0.00001
Lambda =

1.0000 + 1.0000i 0.0000 + 0.0000i  0.0000 + 0.0000i
0.0000 + 0.00001 .0000 - 1.00001 .0000 + 0.0000i
0.0000 + 0.0000i  0.0000 + 0.0000i 0.0000 - 0.00001

—
—
(@]
(@)

Therefore, this matrix is singular since one eigenvalue equals zeros.

Problem 3

(10 points) Obtain an analytical (i.e., math, not code) solution to £(t) = A&(t), £(0) = <3>, with

Solution:

Step 1: Eigenvalues of A

The characteristic equation is:

det(A — AT) =0

We compute:

det(A — XI) = det <2;A 2iA> =A=3)(A-1)=0

Thus, the eigenvalues are:

M =3 =1

Step 2: Eigenvectors of A
For A\; = 3, we solve (A —3I)v; =0:



This gives:

1
V1 = V2 = vy = <1>

For Ao = 1, we solve (A — I)vy = 0:

This gives:

Step 3: General Solution

The general solution is:

£(t) = cre™ G) + coe (_11>

3t t
§(t) _ <cle3t + coe )

cl€e *Cget
Step 4: Applying Initial Condition

Given £(0) = <§>’ we have:

c1+ca) 3
5(0) - c] — o - 5
Solving:
Cl1 = 4, Cy = -1

Step 5: Final Solution

The final solution is:

Problem 4

(5 points) Find an analytical solution to &(t) = A£(t) + v(t)b, £(0) = (§>’ with

A:(f ;) b:(é), V(1) = exp(—2t)

Solution:



We are given the differential equation:

£(t) = AL(t) + v(t),

where

2 1

— _ 2t
A= 1 2], v(t)=e

Our goal is to find an analytical solution for £(t).

Step 1: Calculate e

At we begin by finding the eigenvalues and eigenvectors of A.

To find the state transition matrix e
1. Eigenvalues of A:

The characteristic polynomial of A is:

2-X 1

det(A — \I) = 1 9

—(A—3)A—1)=0.

Solving this, we find the eigenvalues Ay = 3 and Ay = 1.
2. Eigenvectors of A:
For A\ = 3:

1
This gives the eigenvector vy = 1

(A-Tj=0= F 1] [Z;] ~0.

This gives the eigenvector vy, = [_11] .

For \y = 1:

3. Construct e??:
Using these eigenvalues and eigenvectors, we can form the matrix P of eigenvectors and the
diagonal matrix A of eigenvalues:

Then:

3t
e 0
Since M =
0 ¢




Step 2: Solve for £(t)

3
)

proceed by computing each component of £(t).

Using the initial condition £(0) =

1. Solution from the Initial Condition: The term involving the initial condition is:

&34t @3t _ gt
@3t _ ot Bt 4ot

BE0) =

3
e
Expanding each component gives

4e3t o et
4¢3t + et

¢(1)€(0) =

2. Effect of v(t): To account for v(t) = e~ 2 [(1)

] , we compute:

e 2" dr.

2y (t) = /0 Co(t — Pu(r) dr — /0 o

Integrating each component:
- First component:

tl eB(t—T) _|_€t—‘r
e

- Second component:

41 3 5 4 9t
t)=—e¥ + Ze + —
Epa(t) 10@ + 66 + 156
So,
41 3t 5.t 4 -2t
_ | 10¢ 6¢ — 15¢
p(t) [1112631‘,4_2615_’_115621&]

3. Final Solution: Combining the terms, we get:

41,3t _ 5.t _ 4 zt]

sw=¢@am+%@zlgw—ﬁe—mﬁ

41 R Y’
10¢ t§¢ T 15¢

Alternative solution for Problem 4

Step 1: Homogeneous Solution

&n(t) = cre® G) + coet <_11>

3t t
cie’’ + coe
t) =
gh( ) (CleBt 62€t)

The homogeneous solution is:

and taking into account the effect of v(t) = e~ 2 [

1
0

iwe



Step 2: Particular Solution

We assume the particular solution is of the form:

&p(t) = ve 2

Substituting into the non-homogeneous system:

—2v=Av+b
2 1 1
—2v = (1 2>V~|— (O)
Solving this system gives:
4 1
V1 = _E7 V2 15

Thus, the particular solution is:

Step 3: General Solution

The general solution is:

§(t) = &n(t) + &(1)
£() - <§1§§i ' §§ZZ> n (‘52>
Step 4: Applying Initial Condition
We are given £(0) = <§> . Solving the system of equations for ¢; and ca, we get:

41 )
Cy = ——

TR 6

Step 5: Final Solution
The final solution is:

41 ot 1 -2t
06 t§¢ T 15¢

41 3t 5t 4 —2t
g€t — et — xe
() = <}£ s B ¥ )

Problem 5

(8 points) In the notation of class, find S and A for the matrix

(%)



Step 1: Finding the Eigenvalues

The characteristic equation is:
det(A—AI)=0

We compute:
det(A—XI)=(2-XN)(8—-)X) —(-3)(3)

Simplifying:
det(A—XI) =22 —10A+25=0

The eigenvalue is A = 5, with algebraic multiplicity 2.

Step 2: Finding the Eigenvector
We solve (A —51)v = 0:

This gives:

Step 3: Finding the Generalized Eigenvector

(490

’Ugl = 0, ’ng = g

We solve (A —5I)vy = vyi:

This gives:

Thus, v, = (?)
3

Step 4: Jordan Canonical Form

The Jordan form of A is:

()

The matrix of eigenvectors and generalized eigenvectors is:

~ 1 0
S:(l ;,)



Step 5: Verifying the Jordan Form

We compute the inverse of S:

and verify that:

Problem 6

(7 points) Find an expression for exp ([\t) for your A from Problem 5. Use that and S (from

Problem 5) to solve £(t) = A£(t), £(0) = (g) in the case of matrix A from Problem 5.

Solution:

Step 1: Jordan Canonical Form of A

From Problem 5, the Jordan canonical form of A is:

(i)

The matrix S is:

and the inverse of S is:

Step 2: Matrix Exponential of A

The matrix exponential of A is:

Step 3: Compute e

We compute et = Seltg-1.

10



Step 4: Solve for £(t)

We solve for £(t) using £(0) = (g)

s (3+6t
) =e <6t + 5)
Final Solution

The solution is:

§(t) =€ <2t++6;)

11



