Limit notation

Example (Continuous function) lim,_,q e¥/2 = €%/2 = 1.
Example (Heaviside function h)

-1 x<0,
h=<¢ 0 x=0,
1 x>0
limh(x)=1 limh(x) = —1.
lmh(x) =1, lim h(x)

Example (Asymptotic behavior) limy_o 27 = 0.



Example of asymptotic order

Let f(x) = 122, g(x) =27,

x  f(x) g(x)

1 1073 0.5

10 1074 2710103
100 107> 27100 4 10-30

Although f(x) was for small x, g(x) was much smaller as x gets
large.



Asymptotic order (x | 0)

We say f(x) = O(x") (f is order of x") as x | O if
there exists some finite C and some § > 0 such that

[f(x)| < " for all x € (0,9);

equivalently, —Cx" < f(x) < Cx" for all x € (0, 9).



Example

Find the asymptotic order of f(x) = 5x® — 20x* as x | 0.
We have

[f(x)] = |5x% — 20x*| < |5x°| + |20x*| = 5x2 + 20x*.
Recall that x* < x2 if x € [0,1]. Therefore,
|f(x)| < 5x? +20x*> = 25x> for all x € [0, 1].

By choosing C = 25 and § = 1, we see that f(x) = O(x?).

’It is implicit that we look for the “tightest” order (that is, largest n). ‘




Asymptotic order (x — o0)

We say f(x) = O(x %) as x — oo if
there exists some finite C and D such that

If(x)| < Cx™k for all x > D;

equivalently, —Cx—* < f(x) < Cx~* for all x > D.



Example

Find the asymptotic order of f(x) = 5x72 — 20x~* as x — oc.
We have

1F(x)| = [5x72 = 20x 74| < |5x 2| 4 [20x 4| = 5x2 4+ 20x %
Recall that x=* < x~2 if x > 1. Therefore,
If(x)| < 5x72+20x2 =25x"2 forall x € [0,1].

By choosing C = 25 and D = 1, we see that f(x) = O(x~2).



Example 2

Find the asymptotic order of f(x) =

We have

()]

By choosing C = %
that f(x) = O(x™°

)-

_ 1
WQSX—)OO.

1 1
——  forall x > 0.

- - <
X2 +4x5 ~ 4x5

= 0 (or any positive real number), we see



Example 3

Find the asymptotic order of f(x) = max{xi27 %} as x — .
We have

1 5 1 5 1
[F()] = max{;7 ;} =32 for all x such that 5 < 22
Note that L holds when x > v/5. By choosing C =1,

D = /5, we see that f(x) = O(x72).



