
Runge Kutta methods I

A second order Runge-Kutta method is one that is in the form

xk+1 = xk + βh

f1︷ ︸︸ ︷
f (tk , xk)+γhf (tk + αh, xk + αhf (tk , xk))

= xk + [β + γ]f1h + γα[ft + fx f1]h +O(h3).

x̄(tk+1) = x̄(tk) + ˙̄x(tk)h +
¨̄x(tk)

2
h2 +O(h3).

Thus we choose β + γ = 1 and αγ = 1
2 . In line with the

observation last time, this method is O(h2) (in terms of global
error).



Runge Kutta methods II

When implementing the algorihtm, given tk , xk , it is customary to
write

K1 = hf (tk , xk)

K2 = hf (tk + αh, xk + αK1)

xk+1 = xk + βK1 + γK2.

This approach is easily expandable to accommodate higher order
RK methods.

A common choice for the parameters is α = 1, γ = 1
2 , β = 1

2 .



RK45

The fourth-order Runge Kutta method (RK45), is given by

K1 = hf (tk , xk)

K2 = hf (tk +
h
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K3 = hf (tk +
h
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K4 = hf (tk + h, xk + K3)

xk+1 = xk +
1
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This method has O(h5) local error and O(h4) global error, and
requires 4 function evaluations per step.


