
“DRIVING FORCES” 
ON MOVING DEFECTS:ON MOVING DEFECTS:

DISLOCATIONSDISLOCATIONS
and

INCLUSION  BOUNDARIES
with transformation strain

Xanthippi Markenscoff
UCSDUCSD



Energy‐release rates (Driving forces) for moving 
defects: dislocations and inclusions

with inertia effects

Dislocation: to create a new slip area

(-1 singularity)

Inclusion boundary: to create a new volume of eigenstrain

(jump discontinuity)



EXPANDING ESHELBY INCLUSIONS

Dynamic Hadamard jump conditions

D i fi ld S h i ll di i l i ith dil t ti lDynamic fields:  Spherically expanding inclusion with dilatational 
eigenstrain in general motion

Plane half-space constrained inclusion/ inhomogeneity in general
motion (general eigenstrain)

Energy release-rate (driving force) to create incremental region 
of eigenstrain
/



Gelfand and Fomin

Invariance for infinitesimal transformations Noether 1918Invariance for infinitesimal transformations, Noether, 1918





J integral

Gupta and Markenscoff.
Comptes Rendus, 2008
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“Conservation Laws” for Elastodynamics
,,,

Noether’s theorem
For Lagrangean
W-T,
Fletcher (1976): Energy-momentum tensor

Dynamic J integral

with Anurag Gupta



The equation of motion of a 
d ldislocation

Eshelby, 1953

P h K hl f Self-forcePeach-Koehler force (inertia)

“The dislocation is haunted by its past” Eshelby:

Markenscoff & Ni, JMPS, 2008



Energy‐release rate for a moving phase 
b dboundary

Dynamic J integral equivalent to energy release rate for jump discontinuityDynamic J integral equivalent to energy-release-rate for jump discontinuity

Freund 1972
Atkinson & Eshelby, 1968

Moving Cracks:

Stolz,2004

Freund, 1972

Eshelby, 1970



A dynamically expanding spherical Eshelby
I l iInclusion

Willis, 1965



Hadamard jumpsHadamard jumps



Self‐Force on a Dynamically Expanding Spherical 
I l iInclusion

Contribution from the back strain discontinuity

Static term coincides with Gavazza (1977),
Eshelby (1977)



Plane boundary as a limit of a circular/spherical 
i l i /i h it

Dundurs & XM, IJSS, 2009

inclusion/inhomogeneity

Limit

Hill jump conditionsEshelby solution + Hill jump conditions  
interface

Eshelby solution +



Superposed tractions at infinity
Pure shear eigenstrain (satisfy equil and compatibility of interface( y q p y

Mura

Rogue states!

Increase the energy



Limiting procedure to obtain plane
moving phase boundary g p y



Limiting fields: plane phase boundary

Jumps across
moving phase
bndrybndry

Static: Eshelby inside+ Hill jump
conditions



Moving plane phase boundary with dilatational eigenstraing p p y g



SELF‐ FORCE ON MOVING PLANE BOUNDARY
(li i f h h i h di l i l i i )(limit from the sphere, with dialatational eigenstrain)

inertia
Self-force

Static, Eshelby,
Gavazza,1977 Markenscoff and Ni, J.M.P.S., 2010



Radiated fields of a plane boundary of a half‐space 
inclusion with general eigenstrain

Willis, 1965

Initial condition:
Three-dimensional fields of the Eshelby limiting half-space inclusion 
(Unique minimum energy solution)
Superposed dynamic 1-D problem (unique)

X.M. & L.Ni,Q.A.M.,2010:     



Propagation of the rotation for a plane boundary with shear 
i t ieigenstrain

Rotation of static inclusion
Eshelby 1961Eshelby, 1961

Half space inclusionHalf-space inclusion



Driving force on a plane boundary of a half‐g p y
space inclusion with general eigenstrain

Self-force



EQUATION OF MOTION OF AN INCLUSION BOUNDARY  
(“ki ti l ti ”)(“kinetic relation”)

dynamicNoether’s theorem (N&S

Superpose external loading---all interaction terms in driving force

Peach-Koehler force 

A plane boundary with dilatational eigenstrain and superposed applied tension

J = 0
Noether s theorem (N&S,
Also in non-linear elasticity) results in total
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Peach-KoehlerSelf-force

XM, Int. J. Fr, 2010



Equilibrium position of phase 
boundaryboundary

“Eshelby principle”

Eshelby, 1970
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Total driving force=0

Generate new region of eigenstrain

Total driving force=0
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Limit of Spherical inclusion
Eshelby inside+ Hill jump conditions outside

XM, Int. J. Fr, 2010





Expanding/shrinking strip with shear eigenstrain
XM & L.Ni, QAM, 2010

p g/ g p g



Strips with eigenstrain meeting a free surfacep g g

Cancel tractions by Boussisnesq/Cerruti

Logarithmic 
singularity



Equilibrium position of inhomogeneity
strip

Equivalent eigenstrain, Eshelby

(K Zh )(Kun Zhou)

Tractions at infinity with equivalent eigenstrain

Equilibrium position with equivalent eigenstrain
in Eshelby force.

Tractions at infinity with equivalent  eigenstrain

COMPUTE NUMERICALLY ANY FINITE # of STRIPS


