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Abstract. This paper provides an extension to Cosserat mechanics of a recently proposed version of hypoplasticity [1], and
this extension is achieved economically by means of a novel complex-variable formulation of Cosserat theory.

The present work represents a compact synthesis and theoretical framework for both non-polar and polar hypoplasticity,
and it encompasses various special cases considered in the literature, as discussed in the recent monograph by Tejchman [2].

The current approach offers a perspective on granular dilatancy, elastoplastic yield, and energy dissipation which differs
from the standard hypoplasticity and which serves to establish a connection to classical incremental plasticity. In contrast
to the classical theory, the present approach, based entirely on the concept of pseudo-linear forms, admits but does require
elastoplastic potentials to describe plastic flow. When such potentials are assumed, it is shown that they can be related to the
plastic moduli of the present formulation.

It is also shown that hypoplasticity allows for a distinction between active and passive internal variables, with the latter
serving to define parameters. Finally, the known forms for linear isotropic Cosserat elasticity are employed to represent
isotropic hypoplasticity, and the resulting formulae appear to encompass several empiricisms found in the literature.
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INTRODUCTION

Under the rubric of parametric hypoplasticity, the author has proposed in a recent work [1], hereinafter denoted by
“Ref. I”, a generalized version of conventional hypoplasticity [3] for assemblies of non-cohesive, nearly rigid particles.
Starting from the notion of strictly dissipative materials and proceeding through incremental elastoplasticity, it provides
a set of rate-independent ODEs, representing a minimal mathematical framework for the continuum modeling of the
elastoplasticity of granular media, including:

1. elastoplastic yield with small-strain elastic response,
2. pressure-sensitive dilatant plasticity,
3. history-dependence, including the development of anisotropy based on evolutionary granular “texture” or “fab-

ric”, and
4. non-negative dissipation, based on stiff elastoplasticity.

Following a brief summary of the previous work, we consider the incorporation of Cosserat effects. As mentioned in
the Abstract, many special cases of the Cosserat model are to be found in the literature [4, 5, 6, 7, 8, 9, 10, 11]. Much
of the history and many theoretical concepts are covered in the recent monograph of Tejchman [2], which is focused
on numerical simulations of soil mechanics based on standard hypoplastic modeling. As evident from this monograph,
the exhaustive studies of Bauer and co-workers, e.g. [12], provide a compelling mathematical approach to the largely
empirical “critical-state” soil mechanics.

As is also evident from the previous works, the Cosserat model provides one of the simplest of the numerous multi-
polar continuum models, which we recall serve to regularize simple-continuum models , e.g. in granular shear bands,
by the introduction of additional kinematic gradients involving material length scales.

The present article aims to provide a systematic and concise treatment of the underlying theory. Although space does
not allow for a comprehensive discussion of the various constitutive models presented in the above-cited literature, the
present treatment may suggest a more systematic approach to such modeling.

The style of the exposition reflects the opinion, inspired by several treatises [13, 14, 3], that a compact formulation
in direct tensor notation serves to elucidate otherwise complex expressions couched in tensor components, notwith-
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standing the computational merits of the latter. To those who share this view, the present work may serve as a useful
overview of the literature.

Nonpolar hypoplasticity

It is worthwhile summarizing briefly the approach to hypoplasticity that is presented in more detail in Ref. I. With
a view to thermodynamically admissibility, and in contrast to the standard expositions [15, 3], we proceed from the
special case of a strictly dissipative material, in which the local Cauchy stress T(t) is given, modulo work-free reactions
to any internal constraints, by the linear form in the local deformation rate D(t):

T(t) = ηηη :D(t), i.e. Ti j(t) = ηi jklDkl(t), (1)

where ηηη is a positive-definite viscosity depending on D(t) or T(t) and local deformation history. With the modification
described below, (1) describes rigid plasticity, and, within the framework of parametric hypoplasticity, the history
dependence is described by a setA of internal variables which satisfy rate-independent1 ODEs.

We generally adopt the notation of Ref. I, with vectors and second-rank tensors denoted, respectively, by bold
lowercase Roman and uppercase Roman or Greek symbols, and with fourth-rank tensors, regarded as linear operators
on second-rank tensors, denoted by bold lowercase Greek, ααα,βββ, . . .. As an exception, lowercase Greek is used for
vectors representing Cosserat rotations, and Blackboard Bold is employed for complex variables, with real and
imaginary parts denoted, respectively, by<,=, and overbars denoting complex conjugates.

The respective idemfactors are denoted by I, with components δi j, and by δδδ, with components δi jkl = δikδ jl, and we
employ standard tensor notation and summation convention for components on arbitrary curvilinear coordinates, with
colons denoting linear operations on tensors represented by ordered pair-wise contraction on the trailing indices of
prefactors with leading indices of postfactors.

Primes denote deviators:
A′ := A−

1
3

I(I :A), . . . ααα′ := ααα−
1
3

I(I :ααα), . . . (2)

and superposed carat denotes the versor (or director) of real second rank tensors2:

Â def
=

A
|A|

, where |A| def
= (A :AT)1/2 ≡ Ai jAi j, (3)

while superscripts T and * denotes respective transpose or tensorial duals, with AT
i j

def
= A ji and α∗i jkl

def
= αkli j, etc.

We denote various 4th-rank tensor moduli by the symbol µµµ and the corresponding compliances by κκκ = µµµ−1, such
that, whenever these represent invertible linear transformations on the space of second-rank tensors,

κκκ :µµµ = δδδ, (i.e. κi jkl µ
kl
. .mn = δi jmn), (4)

The symbols ˙( ) def
= d( )/dt denote material time-derivatives defined by (18) below.

The relation (1) provides a theoretical framework for the rheology of idealized rigid-particle suspensions in viscous
fluids [1], and a model of rate-independent rigid plasticity is obtained on replacing ηηη by µµµP/|D|, where µµµP = µµµP(A, D̂)
defines a positive-definite plastic modulus. A dissipative flow rule and yield condition are then given, respectively, by

D̂ = κκκP :T, and Y = ||T||2ζζζ
def
= T :ζζζ :T = 1, where ζζζ = κκκ∗P :κκκP, (5)

with Y < 1 defining rigid states. In the standard granular model, κκκP = pκκκC, where p = −tr(T)/3 > 0, and κκκC is a non-
dimensional Coulomb compliance.

By the extension of an analysis relating elastic moduli and elastic potentials in Ref. I, Appendix A establishes a
relation between plastic moduli and plastic potentials, on the presumption that the latter exist.

1 As an historical note, it is recalled that rate-independence reflects the absence of a characteristic material time scale, as pointed out in an article
on particulate mechanics[16] that cites the work of Pipkin and Rivlin [17] but overlooks a germane work by Gudehus [18] on granular materials.
2 to be distinguished from the use of carats in certain works [8] to denote stress normalized by isotropic pressure
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An accounting for elastic effects, based on the elastic-plastic decomposition D = DE + DP, where DP satisfies (5),
and deformation rate DE is given in terms of stress rate by an incremental elastic modulus µµµE, leads to the hypoplastic
form [1]

◦

T= µµµH :D− |D|N, with µµµH ≡ µµµE , and N = βµµµE :κκκP:T , (6)

where
◦

T represents an objective (e.g. Jaumann) rate, and β an “inelastic-clock” function (denoted by ϑ in Ref. I) that
vanishes inside the yield surface, e.g., in terms of a particular Heaviside function:

β = H(Y −1), with H(0) def
= H(0+) = 1 (7)

The conventional hypoplastic model [15, 3, 2] takes β ≡ 1, with no distinction between plastic and total deformation
rates, and assumes µµµH and N to be functions of T(t), without symmetry or positivity restrictions on µµµH. While the model
does not identify a yield surface per se, the “stationary state” where stress rate vanishes represents the dissipative yield
surface identified in the present work, subject to the interpretation of µµµH and N in (6). Furthermore, and contrary
to occasional remarks in the literature, hypoplasticity does allow for elastic response, provided that term N become
negligible for small |T|, which is suggested immediately by the form of (6).

Without pursuing the details [1] here, we note that the interpretation of dilatancy as an internal constraint requires
that the expression for N in (6) be replaced by

N =
β√

1 +α2/3
µµµE : (κκκ′P:T + 1

3αI) , (8)

where κκκ′P is a deviatoric plastic compliance and α is a coefficient of dilatancy [1]. Furthermore, in the standard
granular model, one has κκκ′P = κκκ′C/p, where p is confining pressure and κκκ′C a nondimensional Coulomb compliance
that is independent of p.

As a final observation, we note that (6) is a special case of the rate-independent pseudo-linear3 form:

◦

T= πππ(T, D̂) :D, with πππ
def
= µµµH−NH⊗ D̂, i.e. πi jkl = µi jkl−Ni jD̂kl , (9)

which obviously reduces elastoplasticity to a set of rate-independent ODEs with D as control variable.
Unfortunately, there is no guarantee of thermodynamic admissibility of the general form (9), which, for example,

may fail to exhibit non-negative work on cycles. In contrast, the interpretation (6) in terms of a physically-motivated
incremental elastoplasticity leads to a weak form of Il’yushin’s postulate discussed in Ref. I4, and this provides yet
another motivation for the use of evolutionary internal variables.

Parametric Hypoplasticity

This more general version of hypoplasticity, anticipated in early works on the subject [19, 15] has been compu-
tationally implemented in numerous works by Tejchman, Bauer and co-workers [20, 7, 12, 8, 21, 22] for polar as
well as non-polar media. In the non-polar form, these models involve internal variables whose history dependence is
determined by ODEs having the pseudo-linear form:

◦

T= P(T , D̂)[D], with T === {T,A}, (10)

where P[D] is linear in D, and A denotes the set of internal variables. While the unqualified term “hypoplasticity”
appears to enjoy general usage in the current literature, the adjective parametric is employed here to emphasize the
special nature of parameters regarded as internal variables. As discussed below, the term parameter refers to any
internal variable whose power (work-rate) can be derived from the kinematics represented by D. This is made more
precise below, after consideration of some typical examples of parameters.

3 As Y = πππ(X̂) :X = ΠΠΠ(X̂)|X|, i.e. Yi j = πi j
klXkl = Πi j(X̂) |X|, reflects the degree-one homogeneity of cones, other terminology might be suggested.

4 which also overlooks the older work of Gudehus [18], who considers the relevance of Il’yushin’s postulate to granular plasticity.
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In the simplest example [12],A is given solely by the void ratio e, determined through plastic volume change by:

◦
e≡ ė = (1 + e)tr(DP) =

(1 + e)αβ√
1 +α2/3

|D| (11)

Then, with µµµE, κκκ
′
P,α in (6) depending on X, (10) is represented by (6), (7) and (11). We recall that the standard

hypoplastic model [12] without dilatancy constraint assumes β = 1,α =
√

3/2.
A discussion of various limiting forms of this model is given in Ref. I, including “stiff” elastoplasticity, where

ε = ||κκκE||/||κκκP|| = p||κκκE||/||κκκC|| << 1, with α = O(ε−1) (12)

In this limit, (6) reduces to a stiff ODE, with D ≈ DP, except on small strain scales O(ε) near points of elastic loading
or unloading. As pointed out in Ref. I, the relation (12) is particularly apt for stiff geomaterials such as sand.

Another candidate for scalar parameter is the accumulated plastic shear strain γP common to numerous plasticity
theories, which satisfies the further ODE:

γ̇P
def
= |D′P| =

β√
1 +α2/3

|D| (13)

Since α and β may generally depend on both e and γP, both ODEs (11) and (13) are needed.
For isotropic materials, the moduli and compliances can be represented as isotropic polynomials in T or D̂′, with

scalar coefficients depending on their joint isotropic scalar invariants and on a set of scalar parameters such as e and
γP cited above. However, in order to describe strain-induced anisotropy in a material which is isotropic in some virgin
state, one needs additional tensorial variables [18], such as a 2nd-rank fabric5 tensor A. In this case, a general form
of (10) is given by the higher-order ODE for parametric evolution [16, 1] obtained by taking A = {A1,A2, . . . ,An},
A1 ≡ A, with

◦

Ak= β|D|Ak+1, for k = 1, ...,n−1,
◦

An= πππ(X, D̂) : D, X = {T,γP,e,A},
(14)

together with (11) and (13), where πππ represents a pseudo-linear form like that in (9), and all coefficients α,β, ... depend
on X, with πππ given generally as a tensor polynomial in T, D̂,A. The associated anisotropy is to be distinguished from
inherent or “initial” anisotropy [22] associated with certain virgin states of the material.

Recent work on concentrated fluid-particle suspensions discussed in Ref. I suggests that a low-order model, with
n ≤ 2 and with a low-order tensor polynomial in A, may suffice to describe induced anisotropy in simple shear. It
remains to be seen whether a similar simplification applies to granular media subject to more complex deformation
histories, but recent numerical simulations [25] are encouraging.

Passive vs. active variables

Underlying the continuum-mechanical principle of virtual work, internal variables represent configurational degree
of freedom endowed with specific mechanical power and work-conjugate stress, the latter representing the dual space
to the configurational tangent space. However, within the framework of parametric hypoplasticity, parameters represent
a special class of internal variables whose kinematics are given as pseudo-linear forms in D, implying that their stress
and stress power are not independent of the usual mechanical quantities.

For example in the case of void ratio e, the power is given by pė/(1 + e), where p = −tr(T)/3, whereas for
accumulated plastic shear γP defined by (13)6 , it is easy to show that the power is given by τPγ̇P, with τP = T :κκκP :T.

In the case of fabric, with conjugate stress SA,

◦

A= πππ :D ⇒ SA :
◦

A= TA :D, where TA = SA :πππ(T,A, D̂) (15)

5 “Texture” is often employed in the metal-plasticity literature to denote a similar concept, a term dating at least as far back as the early work of
Hill [23]. That work does not provide a complete description of strain-induced evolution of anisotropy, and a cursory survey of subsequent literature
suggests that, with notable exceptions [24], attempts are rarely made to relate micro-level to continuum-level descriptions of texture evolution.
6 Conversely, given any norm τ = ||T||, one can define γ̇P = D̂ :µµµP : D̂/τ, which appears equivalent to Hill’s [26] duality based on plastic potentials.
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In this sense, the nominal hypoplastic parameters may be treated as passive internal variables, enslaved to D. On
the other hand, the Cosserat rotations considered next do not qualify as parameters, since they involve independent
kinematics, with conjugate stresses and work effects that are not derivable from {T,A, D̂}.

COSSERAT EFFECTS

The following is a highly condensed restatement of Cosserat mechanics, which is treated at much greater length in
many previous works [27, 13, 28, 29, 30, 4, 5]. From the conventional continuum-mechanical viewpoint, a Cosserat
continuum7 is defined by a differentiable map assigning spatial position x(x◦, t) and microstructural rotation P(x◦, t) to
each material particle, with x = x◦, P = I in a given reference configuration, where P ∈ SO(3) denotes a real, proper
orthogonal tensor (cf. [34]).

Kinematics - rotation and spin

Following Mindlin [28, 29], in a slight departure from several previous works [30, 8], we employ a rotation relative
to the material rather than to a fixed spatial frame. In either case, we can express the kinematics concisely in terms of
the map R3→ R3×SO(3) given by

x◦→ {x, θθθ}, where θθθ = − 1
2 εεε :ΘΘΘ , and ΘΘΘ = −εεε ·θθθ,

i.e. θi = − 1
2 εi jkΘ

jk , and Θi j = −εi jkθ
k,

(16)

and the Cayley-Gibbs-Rodrigues relation [13, 35, 36, 37, 38, 39]

P = expΘΘΘ = I +

(
sinϑ
ϑ

)
ΘΘΘ+

(
1− cosϑ
ϑ2

)
ΘΘΘ2, ϑ = {−tr(ΘΘΘ2)/2}1/2 (17)

Here θ̂θθ = θθθ/|θθθ| represents the axis of rotation and ϑ = |θθθ| = (θiθi)1/2 the angle of rotation about the axis.
If P is taken as primary variable, the skew-symmetric tensor ΘΘΘ = logP ∈ so(3) (Lie algebra) represents an inverse

of the map so(3) → SO(3) (Lie group), and it can be defined uniquely and computed by various methods [40].
Alternatively, and more conveniently, we may regard θθθ as the primary variable, with (16) defining the associated
map or Cosserat placement R3→ R6.

To connect the vector of the logarithmic spin ΩΩΩ = dΘΘΘ/dt to that of the instantaneous spin ΥΥΥ = (dP/dt)PT, where

d
dt

def
=

(
∂

∂t

)
x◦
, (18)

we recall the rather remarkable result of Kafadar and Eringen [30, Eqs.(2)-(9)], which can be expressed as:

ννν
def
= − 1

2 εεε : ΥΥΥ = ΓΓΓωωω, where ωωω = − 1
2 εεε : ΩΩΩ,

and

ΓΓΓ = I +

(
1− cosϑ
ϑ2

)
ΘΘΘ+

(
ϑ− sinϑ
ϑ3

)
ΘΘΘ2, with ΓΓΓ−1 = I− 1

2 ΘΘΘ+
1
ϑ2

(
1−

ϑ

2
cot

ϑ

2

)
ΘΘΘ2

(19)

Either definition of spin is acceptable, and this relation makes it easy to connect their work-conjugate stresses8.
It should be noted that (19) has also been derived by Shuster [42, Eqs. (276)-279]9, and that Iserle et al. [37, Eqs.

B.10-B.11] present it as the differential of the Lie-group exponential, cf. [36, Eqs. 17-19]. It can also be obtained from
the representation of rotations by quaternions [43].

7 More general continua [31] are obtained by assigning additional kinematic variables to material points, the simplest example being Eringen’s
microstretch continuum [30] involving dilatation as well as rotation. Although sometimes proposed as a model of granular dilatancy [32, 33], the
physical significance is not clear. In the typical granular system, the dilatation of individual grains is small compared to that of void space, which is
already represented by a simple continuum with variable density or void ratio e.
8 Owing no doubt to the group character of rotations, this relation is much simpler than that connecting the conjugate stress for logarithmic (Hencky)
strain to Cauchy stress, as illustrated by the work Xiao et al. [41].
9 pointed out to me by Professor Reuven Segev
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Complex-variable representation

Starting from (16), one can describe Cosserat kinematics by means of a complex placement

x(x◦) = x + ıθθθ, (20)

leading to complex displacement and velocity field defined, respectively, by

u = u + ıθθθ, with u = x−x◦ and v =
du
dt

= v + ıωωω, where v =
du
dt
, and ωωω =

dθθθ
dt
, (21)

More physically relevant quantities, particularly for small-strain theories, would be obtained by replacing θθθ with ξθθθ,
where ξ is a material length scale, e.g. a particle diameter. However, in an abstract mathematical sense, the form (20)
is equally valid, with the proviso that physically meaningful norms must involve a length scale, e.g.

|u| =

√
|u|2 + ξ2|θθθ|2 (22)

which of course differs from the usual complex-variable modulus.
As a generalization of the standard deformation gradient F [14], we have:

F = ∂x/∂x◦ = F + ıG, where F = ∂x/∂x◦, G = ∂θθθ/∂x◦ (23)

with corresponding rate10

dF
dt

= LF, with L = (∇∇∇v)T = (L + ıK), L = (∇∇∇v)T, K = (∇∇∇ωωω)T, (24)

where the deformation gradient and Cosserat rotation satisfy the ODEs:

dF
dt

= LF,
dΘΘΘ

dt
= ΩΩΩ, where ΩΩΩ = −εεε ·ωωω, (i.e. Ωi j = −εi jkwk) (25)

We recall that K and its conjugate M are expressible, respectively, in terms of a third-rank wryness or curvature (cf.
[29]) and double-stress.

The above relations yield the frame-indifferent description of Cosserat mechanics, with complex asymmetric
deformation rate D and stress T, and stress-power ẇ defined, respectively, by

D = ΛΛΛ+ ıK, with ΛΛΛ = D +ΩΩΩ, T = ΣΣΣ+ ıM,

and
ẇ =<(T :D∗) = ΣΣΣ :ΛΛΛ+ M :K = T : D + S :ΩΩΩ+ M :K = T: D + s·ωωω+ M :K,

(26)

where
T def

= SymΣΣΣ , S def
= SkwΣΣΣ , D def

= SymL, s = − 1
2 εεε : S , (27)

with Sym and Skw denoting symmetric and skew-symmetric parts, respectively. Any of the tensors Z = D, . . . ,M,
transforms as Z+ = QZQT under a change of frame F+ = QF, where Q−1 = QT. Note that one can substitute the spin
ΥΥΥ for ΩΩΩ by merely changing the definition of the conjugate stress S.

Although we shall not make use of them in the present work, it is particularly noteworthy that the standard linear
and angular momentum balances [28, 29, 30] can now be put into a remarkably compact form:

∇∇∇·TT +b = ρa , with, b = b + ı (s + c) , and a =
˙

v + ıΞΞΞωωω, (28)

where a is complex acceleration, b and c represent external body-force and body-couple density, respectively, and ΞΞΞ is
a rotational microinertia tensor, different from but related to that employed in [30]. Hence, insofar as the momemtum
balance is concerned, Cosserat mechanics is merely complex Cauchy mechanics.

As indicated next, this same complex-variable formulation makes for a rather compact generalization of the
preceding hypoplastic constitutive theory.

10 The less conventional form x = x(x◦, t), with F def
= ∂x/∂x◦, would represent classes of reference states involving different rotations θθθ◦ at each

material point.
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Elastoplastic forms

With real and imaginary components denoted, respectively, by subscripts R and I, then

D< = ΛΛΛ, D= = K, T< = ΣΣΣ, T= = M, (29)

and complex 4th-rank moduli are defined by:
� = µµµ<+ ı µµµ= , (30)

with a similar form for complex compliances, where it is understood that regular boldface denotes real quantities.
Then, any essentially real linear mapM, i.e., a map restricted to linear combinations with real coefficients, of complex
2nd-rank tensors X into complex 2nd-rank tensors Y, can be represented by two complex moduli �i = µµµi< + ıµµµi=, for
i = 1,2. Of the several possibilities, we choose

Y =M :X def
=<(�1 :X) + ı<(�2 :X) ,

with matrix representation [
Y<
Y=

]
=

(
µµµ1< µµµ1=
µµµ2< µµµ2=

)
:
[

X<
X=

]
,

(31)

By an extension of the preceding terminology, we refer to the restricted linear operator M as a “modulus”, and, by
matrix inversion, one then obtains a“compliance” K =M−1. Quotation marks are employed here to emphasize that
the terminology should, strictly speaking, be reserved for matrix representations like that in (31), which are necessary
because of the well-known limitation on complex-variable representations11.

WithX =D = ΛΛΛ+ ıK, (31) defines a pseudo-linear kinematic form, with associated (pseudo-)quadratic form:

w def
=<(D∗ :M :D) = ΛΛΛT :µµµ1<:ΛΛΛ+ΛΛΛT : (µµµ1=+µµµ∗2<):K + KT :µµµ2= :K (32)

The requirement thatM be self-adjoint implies symmetry of the matrix in (31), with the consequence that

µµµ1= = µµµ∗2<, µµµ1< = µµµ∗1<, µµµ2= = µµµ∗2=, (33)

and with corresponding reduction of the quadratic form (32). The further condition of positivity obviously requires
inter alia the positivity of µµµ1< and µµµ2=.

For the sake of completeness, Appendix B presents the isotropic form of (31)-(32), for which both µµµ1= and µµµ2<
vanish, leaving only two moduli µµµ1< = µµµ< and µµµ2= = µµµ=, say. The resulting block-diagonal form for the matrix in (31)
leads to a similar form for the inverse, and the first relation in (31) reduces to the uncoupled form

Y =M :X = µµµ< :X<+ ıµµµ= :X=, (34)

with corresponding simplification of (32).
Replacing D by T = ΣΣΣ + ıM and µµµ by ζζζ in (32), one obtains an explicit expression for the Cosserat version of the

dissipative yield condition (5):

Y = ||T||2
Z

=<
(
T∗ :Z :T

)
= 1, with Z = K∗P : KP, KP =M−1

P , (35)

Special cases of this appear in several past works [6, 44, 9], with some of the prior history given by Tejchman [2,
Chapt. 3]. Although most of those special cases are based on specific constitutive models, they appear to represent
variants on the general isotropic form inferred from (45) and cited below in Appendix B.

Hypoplasticity

With the above definitions, the evolution of stress in Cosserat hypoplasticity is given simply by
◦

T=P(X,D̂) :D, with X = {T,A}, D̂ =D/|D| and |D| = (|ΛΛΛ|2 + ξ2|K|2)1/2 (36)

11 The hybrid formulation employed here may nevertheless be useful for purposes of numerical computation, given the ability of current computer
software to handle complex arithmetic.
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where P is defined as in (31) in terms of two complex moduli �i = πππi< + ıπππi=, i = 1,2, depending on X,D̂. Here, we
have chosen the simplest possible norm |D| involving a material length scale ξ referred to above, which we recall is
associated with a representative particle diameter by other workers [7, 8, 21]. With the replacement of D by D in (11),
(13) and (14) one obtains the complete parametric Cosserat hypoplasticity, for which some special cases are worth
noting.

Whenever P in (36) is independent of D̂, we recover Cosserat hypoelasticity, and whenever it is constant, indepen-
dent of {X,D̂} we obtain a concise representation of linear Cosserat elasticity, as formulated e.g. by Mindlin [28, 29],
simply by replacing stress rate by stress and deformation rate by infinitesimal strain. In this special case, the symmetric
positive-definite form of (32) represents strain energy.

With the goal of achieving thermodynamically admissible forms, one can employ the following extended version of
the incremental-elastoplastic form (6):

P =ME−β(ME :KP :T)⊗ D̂ (37)

with positive-definite elastic modulus ME and plastic compliance KP, and with yield condition of the form (35). In a
similar way, the present formulation makes for a rather straight-forward extension of (8) to account for dilatancy.

For the isotropic case, Appendix B gives the general form of (36), with a more concrete form of (37), the latter of
which involves a total of twelve functions representing various elasticities and compliances. At the time of this writing,
the author has not attempted a detailed comparison of the latter against various empiricisms [12, 8, 9, 21, 2].

In closing, it should be noted that rate effects can be included in the above models, simply by allowing various
moduli to depend on a non-dimensional variable such as τ|D|, where τ denotes a material time-scale, or by a more
general viscoplastic model with viscous stresses of the form (1) added to plastic stresses of the type (5) [1].

CONCLUSIONS

The Abstract and Introduction represent an adequate summary of the present paper. It is hoped that this largely
expository work will serve, among other things, to clarify the connections between hypoplasticity, polar as well as
non-polar, and more traditional models of elastoplasticity, both of which are currently employed in the mechanics of
granular materials. While explicit representations are given here for isotropic models, it would be useful to work out
some of the necessary modifications to account for anisotropy based on evolutionary fabric or texture.
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APPENDICES

A. Plastic potentials

Considering first the case of non-polar plasticity, we note that, if there exists a plastic potential12 ψ(T), then it must
be connected to a plastic compliance κκκ like that in (5) by

D̂ = ∂Tψ/|∂Tψ| = κκκ :T (38)

The second equality is guaranteed by the existence of a (Legendre) complementary potential ϕ, provisionally regarded
as a function of D̂, such that ψ = T :∂Tϕ−ϕ. However, whenever this relation is invertible, then we may regard ϕ as a
function of T, so that ∂Tψ = T :∂T∂Tϕ, and (38) is satisfied by taking

κκκ =
∂T∂Tϕ

|T :∂T∂Tϕ|
(39)

For example, in the case of an anisotropic (von Mises-Hill) potential [23, 26]:

ψ = 1
2 T :ψψψ :T = 1

2 Ti jψ
i jklTkl, with ψψψ = ψψψ∗ constant,⇒ ϕ ≡ ψ = 1

2 D̂ :φφφ : D̂ = 1
2 T :ψψψ :T, with φφφ = ψψψ−1, (40)

and it is easy to show that κκκ = ψψψ and, hence, that µµµ = κκκ−1 = φφφ. The positivity of κκκ obviously implies the convexity of ϕ
regarded as function of T.

12 The scalar ψ(T) must of course be given as a function of an appropriate set of joint isotropic scalar invariants of T and a set of tensors sufficient
to define the anisotropy. For the Cosserat extension, the joint invariants of T are replaced by those of ΣΣΣ,M.
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The case of Cosserat plasticity is formally covered simply by replacing D by D and T by T in (38), with

∂T = ∂ΣΣΣ− ı∂M , (41)

and with suitable modifications of (39), which are not recorded here.

B. Isotropic forms

With a slight change of notation, the expression of Cowin [29] for the isotropic form of Y = µµµ :X given by Mindlin
[28] can be written

Y = (µ+τ)X + (µ−τ)XT +λtr(X)I, i.e. µi jkl = (µ+τ)δikδ jl + (µ−τ)δilδ jk +λδi jδkl , (42)

from which it follows that

Sym Y′ = 2µ Sym X′, Skw Y = 2τ Skw X, tr(Y) = ( 2
3µ+λ) tr(X) (43)

representing the orthogonal decomposition into symmetric, skew and spherical parts. The same orthogonality gives
the normal quadratic form

XT :µµµ :X = 2µ|Sym X′|2 + 2τ|Skw X|2 + ( 2
3κ+ ν)|tr(X)|2, (44)

and the positivity of µµµ obviously requires the positivity of µ,τ, 2
3µ+λ. Such positivity is required of strain energy when

µµµ represents an elastic modulus, or for dissipation when it represents a viscous or plastic modulus.
Also, the inverse form Y = κκκ :X follows immediately from (42)-(43) by means of the substitutions:

X↔ Y, µµµ→ κκκ, with {µ,τ,λ} → {κ,σ,ν}

and (43) readily gives scalar compliances κ,σ,ν in terms of moduli µ,τ,λ, and vice versa. Without recording these
results, we note that self-adjointness, µµµ∗ = µµµ and, hence, κκκ∗ = κκκ, is also evident from (42).

Hence, another normal quadratic form

XT :ζζζ :X = 4κ2|Sym X′|2 + 4σ2|Skw X|2 + ( 2
3κ+ ν)2|tr(X)|2, where ζζζ = κκκ∗ :κκκ = κκκ2 def

= κκκ :κκκ, (45)

follows immediately upon two-fold application of the compliance-form of (43) to calculate κκκ2. It is further evident
from the now diagonal matrix representation in (31) that

Z = K∗ :K = K2 = κκκ2
<

+ ıκκκ2
=
, hence <(X∗ :Z :X) = XT

<
:κκκ2
<

:X<+ XT
=

:κκκ2
=

:X= (46)

Therefore, the isotropic form of (35) is given simply as the sum of two terms of the form (45), the first obtained
by taking X = X< = ΣΣΣ, κκκ = κκκ<, and the second by taking X = X= = M, κκκ = κκκ= with κ, σ, ν replaced, respectively, by
rotational compliances, say, κ̆, σ̆, ν̆.

Furthermore, with µµµ(µ,τ,λ) defined in (42), we immediately obtain the linear isotropic form of (36) by means of
(34) and (36) :

◦

ΣΣΣ= πππ< :ΛΛΛ, and
◦

M= πππ= :K, (47)

with
πππ< = µµµ(µ,τ,λ) and πππ= = µµµ(µ̆, τ̆, λ̆) (48)

which are uncoupled, linear versions of (9), involving six elasticities13 µ,λ,τ, µ̆, τ̆, λ̆.
The nonlinear isotropic version of parametric Cosserat hypoplasticity is also given by (48), with moduli πππ<,πππ=

depending on T,A,D̂, where A represents a set of evolutionary scalar parameters. The resulting equations are now
generally coupled, because of their joint dependence on T = ΣΣΣ+ ıM,A,D̂ = ΛΛΛ+ ıK.

If one further adopts the incremental elastoplastic form (6), then each of the moduli πππ<,πππ= is defined by its own
isotropic elastic modulus µµµE and plastic compliance κκκP, of the type defined above, which in turn are given by a total of
twelve elastic moduli and plastic compliances µE, . . . , νP and µ̆E, . . . , ν̆P. The latter must in general be treated as functions
of evolutionary scalar parametersA and the joint isotropic scalar invariants of T,D.

13 Which are easily related to Cowin’s [29] moduli µ,λ,τ,η,η′,α. The notation employed here leads to appreciably simpler conditions for the
positivity of quadratic forms such as (44), with conditions on µ̆, τ̆, λ̆ identical with those on µ,τ,λ.
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