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underneath, and the thickness of the 
film.[3] While this setting has been widely 
explored in quasi-static regimes, wherein 
inertial effects are ignored, the dynamic 
formation and propagation of such surface 
wrinkles in soft, viscoelastic, and layered 
elastomers subjected to high-speed impact 
has hitherto not been studied. Many works 
have explored the dynamics of related sys-
tems prone to elastic instabilities ranging 
from studies of dynamic buckling of thin 
bars[12–14] to Schallamach waves,[15] and  
studies (see ref. [16] and references therein)  
including the dynamics of wrinkling 
instabilities of thin, freestanding elastic 
sheets[17] and bands,[18] floating mem-
branes,[19] and filaments in viscous 
fluids.[20] Recent works have also explored 
the dynamics of layered composites con-
taining stiff inclusions in soft, viscoelastic 
matrices subjected to strain rates of up 

to 10−1 s−1,[21] and axial dynamic pulse buckling in sandwich 
composite plates.[22,23] In contexts directly related to wrinkling 
of stiff films on viscoelastomeric bases, recent studies have 
also theoretically explored the dynamics of wrinkle growth and 
coarsening,[24–28] as well as experimentally studied the slow 
(≈300 s) growth and reorganization of folds and wrinkles under 
biaxial compression[8] and changing compression direction,[29] 
respectively, slip dynamics of ripple dislocation,[30] evaporation-
driven wrinkle growth,[31] and nanoscale anisotropic wrinkle 
growth under the presence of ion bombardment.[32]

In this work, we study the dynamics of surface wrinkle for-
mation and propagation in a soft elastomer block containing 
a stiff surface film due to high-speed plate impact (simulated 
strain rates over 500 s−1 and plate velocities approaching 25% 
of wave speeds observed in the block). The plate travels such 
that its velocity vector lies within the plane of the film, and 
the impact launches a large-deformation compression wave 
in the block that induces progressive wrinkle formation. We 
measure the evolution of the wrinkles using high-speed video 
and compare the measured dynamics with those of the oppo-
site side of the same block (which does not contain a surface 
film). By tracking the out-of-plane motion of the surfaces and 
the 2D motion of several surface particles in each case, we see 
that inertial (wave propagation) effects play a major role in the 
substrate and drive the formation of wrinkling instabilities. 
We  observe that the wrinkle formation speed correlates with, 
but is slightly slower than, the speed of the compression wave 
in the block, the trajectory of the tracked surface particles are 
nearly the same for both cases (with and without the film), and 
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Wrinkles

Instability patterns are often observed in stiff films on soft 
elastic substrates subject to compressive stresses.[1] These 
patterns include wrinkles,[2–4] ridges,[5,6] and folds.[7–9] The 
mechanics of such surface instabilities have been the subject of 
significant interest due to their common appearance in nature 
and their applications in areas such as scalable nanomanufac-
turing[10] and morphing structures.[11]

Among the range of observed elastic surface instabilities, 
wrinkling patterns have been most intensively studied. The 
profile of such wrinkles is typically described by a sinusoidal 
function with a wavelength that is mainly determined by the 
stiffness mismatch between the stiff film and soft substrate 
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the motion of individual wrinkles follow the trajectory of the 
tracked surface particles. In other words, we observe wrinkles to  
form with, and “ride” the waves propagating through the sub-
strate. We then model the motion of the substrate using finite 
element (FE) simulations that incorporate large-deformation 
mechanics, visco-hyperelasticity, and inertial effects. The 
resulting surface wrinkle dynamics are modeled by applying 
a quasi-static wrinkling model that uses strain in the longitu-
dinal direction, averaged over the thickness of the block, in the 
FE simulations as an input. In this approach, wrinkles form 
on the surface once a critical level of strain is induced and the 
wrinkle phase is tied to the material points of the substrate 
surface. Using this simplified model, we find good agreement 
between the measured and simulated wrinkling dynamics, with 
a few exceptions. In our model, the speed of wrinkle formation 
appears to match the wave speed in the simulated substrate, 
whereas in the experiments, the wrinkle formation speed is 
relatively slower than the measured wave speed in the sub-
strate. We also find that while our wrinkling model provides a 
good match to the quasi-static compression tests of the sample, 
the wrinkle amplitudes in the dynamic compression tests are 
approximately half of those found in simulations. We suggest 
that these differences can be explained in the context of inertial 
and viscoelastic effects.

Our elastomeric sample that is prone to surface instabilities 
consists of a polydimethylsiloxane (PDMS) block (L0 = 50.4 mm 
in length, with a square cross-section of height H  =  37  mm) 
that contains a stiff PDMS surface film adhered to one side 
(h = 140 µm thick, as measured by optical profilometry). Addi-
tional sample fabrication details can be found in the Supporting 
Information. A photograph of the side of the sample containing 
the stiff film and the resulting, well-known, wrinkling pattern 

that occurs as the sample is quasi-statically compressed is 
shown in Figure  1A–C. At the largest strain tested εmax, we 
note the beginning of period doubling in the wrinkle pattern.[4] 
Within several millimeters of the boundaries, particularly near 
the left boundary at intermediate strains, the wrinkling pattern 
appears suppressed. We attribute this to confinement caused 
by the boundaries or to sample inhomogeneity. By applying 
an edge detection algorithm to images taken during the com-
pression test, we obtain the surface profile as a function of 
the average compressive strain along the tangential direction 
of the surface ε =  1 − s(L)/L0, where s is the arc length of the 
curved surface, L is the compressed length of the sample, and 
ε is taken as positive in compression for convenience. Taking a 
Hilbert and Fourier transform of the surface profile, we obtain 
the amplitude A and wavelength λ of the surface wrinkles, 
respectively, and plot them as a function of applied strain ε, 
as is shown in Figure 1D,E. The measured dependence is well 
captured using the following nonlinear quasi-static wrinkling 
model[4]
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where λc = λ(εc) is the wrinkle wavelength at the critical strain 
εc at which the wrinkles begin to appear and λ is undefined 
for ε  < εc. We choose εc  =  0.043, which corresponds to the 
first point in Figure  1D that exhibits a significant increase in 
amplitude. At the critical strain, we observe a critical wrinkling 
wavelength of λc  =  2.0 mm. In Figure  1D,E, wrinkles with 
non-negligible amplitudes can be seen even before the identi-
fied critical strain. We note that the sample was subjected to 
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Figure 1.  Quasi-static compression tests of the elastomeric block showing the side containing the stiff surface film for strains ε A) less than and 
B) greater than the critical wrinkling strain εc, and C) equal to the maximum strain tested εmax. Wrinkling amplitude D) and wavelength E) as a function 
of strain for the tests shown in (A)–(C). Black dots denote the measured data, and the blue dashed lines the quasi-static wrinkling model of Equation (1) 
using the fitted parameters. Schematic of the experiment, before F) and after G) impact. High-speed video images taken at times t = 758 µs H), 1482 µs 
I), and 4515 µs J) after contact between the striker and the sample for an impact velocity of VS ≈ 10 m s−1.
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multiple cycles of quasi-static and dynamic compressions prior 
to the experiments shown herein. As such, the results shown 
in this work should be considered representative examples. We 
suggest that the pre-existing wrinkles are the result of small, 
irreversible deformation induced during the prior quasi-static 
and dynamic testing of the sample. Such memory effects in sys-
tems exhibiting surface instabilities have been observed previ-
ously.[33] The presence of pre-existing wrinkles likely initializes 
wrinkles in the same location for each test, however, we do not 
expect that it significantly affects the observed wrinkling ampli-
tude or wavelength.

High-speed impact experiments are performed using a 
spring-loaded drop tower that launches an aluminum plate at 
the sample, as is shown in Figure  1F. The plate impacts the 
sample at a velocity of VS ≈ 10 m s−1 and launches a large-defor-
mation compression wave that induces progressive wrinkle 
formation on the layered side of the sample, as is illustrated 
in Figure 1G. The plate is halted by metal stoppers after com-
pressing the sample by l ≈ 6.3 mm, the equivalent of an applied 
static strain of εS  =  0.12 (not accounting for surface curva-
ture).[34] Assuming constant striker velocity until it hits the stop-
pers, we estimate strain rates exceeding / 200.

S S SV lε ε≈ =   s−1. 
The resulting dynamics are measured using high-speed video 
(video files are included with the Supporting Information). As 
shown in Figure 1F, we define an Eulerian coordinate system 
where x corresponds to longitudinal or in-plane motion (with 
respect to the surface film), and y denotes lateral or out-of-plane 
motion. Figure 1H–J shows snapshots of the layered surface at 
several times after the impact. The edge shown in the dynamic 
tests of Figure 1H–J is not necessarily the same as that shown 
in the quasi-static tests shown in Figure  1A–C, although it is 
the same face. Small probe wires that were used to follow the 
motion of multiple surface particles can also be seen. For the 
image at time t  =  758 µs, we observe wrinkling instabilities 
beginning to form at the front edge of the propagating com-
pressive pulse, while the region in front of the pulse, where the 
wave has not yet arrived, remains mostly flat. At t  =  1482 µs, 

new wrinkles progressively appear and the existing wrinkles 
grow in amplitude as the wave travels further into the sample. 
By t  =  4515 µs, the pulse has reached the opposite boundary. 
In Figure  1H–J, we note the appearance of localized regions 
of aperiodicity in the surface wrinkling, which we attribute to 
a combination of disturbance caused by the presence of the 
probe wires and inhomogeneity in the strain field. Following 
this experiment, we perform a second experiment on the same 
sample, using about the same striker velocity,[34] but record the 
dynamics of the opposite side of the sample, which does not 
contain a surface layer. We henceforth refer the prior experi-
ment as the “wrinkling” case, and the latter experiment, without 
a surface film, as the “control” case.

We extract the out-of-plane surface displacement Uy at each 
time captured in the high-speed video using an edge detection 
algorithm and plot the resulting spatiotemporal evolution (addi-
tional signal processing details for both the quasi-static and 
dynamic experiments can be found in the Supporting Informa-
tion). Figure 2A,B shows the dynamics of Uy measured in the 
laboratory reference frame for the control and wrinkling cases, 
respectively. In these and the subsequent spatiotemporal plots, 
any points detected to the left of the identified moving free 
boundary were discarded. The wavefront speed in the control 
case is well described by a constant speed of c = 44 m s−1, which 
we find by fitting a line (the dashed magenta line) to the time at 
each position where Uy reaches 10% of the maximum displace-
ment. We observe a region of large curvature near the impacted 
edge at early times, which subsequently spreads throughout the 
sample. The in-plane trajectories of the middle probe wires for 
the control and wrinkling cases are shown by the dotted and 
dashed black lines, respectively. For the wrinkling case, we 
observe qualitatively similar surface displacement dynamics as 
the control case, but with the addition of small, superimposed 
wrinkles. The wrinkles begin to form at t ≃ 400  µs from the 
striker impact and ≈12 mm from the sample boundary, and 
their motion closely follows the surface particle motion identi-
fied by the probe wire. The wrinkles also appear to form slower 
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Figure 2.  A–C) Out-of-plane surface displacements Uy (in a fixed “laboratory” reference frame), normalized by the maximum displacement in each 
sample Uy, max, in response to plate impacts of VS ≈ 10 m s−1 velocity. Displacement measured for two experiments where high-speed images were taken 
on the side of the sample without A) and with B) a surface film (corresponding to the images in Figure 1H–J). Displacement simulated C) using a FE 
model of the substrate in combination with an analytical quasi-static wrinkling model that uses the simulated, depth-averaged, normal strain in the 
longitudinal direction εxx as an input. The dashed gray and red lines denote the identified longitudinal position of the sample boundary in the control 
and wrinkling experiments, respectively, the black circle the point of separation between the striker plate and the sample boundary, and the black square 
marker the approximate point of initial wrinkle formation. The dashed magenta and white lines respectively denote the identified wave speed in the 
substrate in the experiments c and simulation cS. The dotted and dashed black lines trace the lateral position of the middle probe wire in the control 
and wrinkling experiments, respectively. The scale bar is truncated at Uy/Uy, max = −0.25. D) The Fourier transform spectrum of the longitudinal motion 
of the left boundary denoted by the dashed red line in panels (B) and (C).
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than the wavefront speed c. The spatiotemporal response for 
additional dynamic impact tests, repeated with approximately 
the same parameters as in Figure 2 but on different edges and 
orientations of the sample, are shown in Figure S1 in the Sup-
porting Information.

We model the dynamics of the elastomeric foundation 
via FE simulations using the commercial software Abaqus/
Explicit[35] and consider large-deformation, geometrically 
nonlinear effects. We consider a 2D plane strain problem 
and model the foundation as a rectangular block made of 
visco-hyperelastic material of length L0, height H, and den-
sity of ρ  =  965  kg  m−3. The hyperelasticity is modeled as a 
Neo-Hookean material with shear modulus μ0  =  44 kPa and 
Poisson’s ratio ν = 0.49, where the strain energy density func-
tion is W K J

1
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2µ= Λ + Λ + Λ − + − , K is the bulk modulus, 

Λi are the principle stretches, and J  =  Λ1Λ2Λ3 represents 
the volumetric change of the material. The viscoelasticity is 
modeled using a standard linear solid (SLS) element mate-
rial,[36] with a dynamic shear modulus that relaxes such 
that μ(t)  =  μ0  +  μ1e−t/τ, where μ1  =  3.35 MPa, τ  =  90 µs, and 
subscripts 0 and 1 denote the long- and short-term shear 
moduli, respectively. The block is dynamically compressed 
by specifying the horizontal and vertical displacements Ux 
and Uy measured as a function of time for the left edge of 
the sample in the wrinkling case. The horizontal displace-
ment of the boundary is the same for all nodes along the left 
edge, and the vertical displacement is linearly interpolated, 
from a maximum at the top and bottom left corners to zero at 
the axis of symmetry of the block. The nodes along the right 
boundary (at x = 50.4 mm) are horizontally and vertically fixed 
(Ux = Uy = 0). Additional FE simulation details can be found 
in the Supporting Information.

We simulate the wrinkle dynamics using a quasi-static wrin-
kling model based on Equation  (1), where the depth-averaged 
normal strain in the longitudinal direction εxx is used as an 
input, such that the strain in Equation  (1) is set to be ε = εxx. 
The strain εxx obtained from the simulations corresponds to the 
nominal strain (where εxx =  1 − Λx, Λx is the stretch in the x 
direction, and compression is defined as positive εxx as before), 
is averaged over a prescribed depth D = H/2 (with coordinates 
defined in terms of the undeformed state), and varies with lon-
gitudinal position. Averaging over the depth is a large assump-
tion, as the strain distribution under such dynamic loading is 
highly heterogeneous (see Figure  S2 in the Supporting Infor-
mation). The wrinkle profile is defined as a sinusoid in the 
undeformed material reference frame with a constant wave-
length of λc,[17] a phase such that the amplitude is maximum at 
the left boundary, and an amplitude that depends on the depth-
averaged strain εxx, such that the wrinkles begin to form when 
εxx =  εc. Since the wrinkle motion follows the same trajectory 
as the tracked surface particles in both the control and wrinkle 
cases (shown by the wire profiles in Figure  2), we assume 
that the deformation following the impact changes the wrin-
kling amplitude, but not the phase. The wrinkle phase is tied 
to its initial preimpact material point, such that the wrinkles 
move with the deformed substrate and areas of high compres-
sion result in an apparent shift in the wrinkling wavelength in 
the laboratory reference frame. Using x′ and y′ to denote the 
horizontal and vertical position in the undeformed material 

reference frame, respectively, the wrinkled surface profile is 
described as
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where A is the wrinkling amplitude described by Equation  (1) 
and α is the angle of surface tangent from the x-axis.

Figure 2C shows the simulated spatiotemporal evolution of 
the out-of-plane surface displacement of the block in the labora-
tory reference frame, accounting for the presence of wrinkles 
using Equation  (2). Ignoring the high-frequency wrinkles, the 
simulated low-frequency, out-of-plane displacement dynamics 
appear to agree reasonably well with those in the experiments. 
One noticeable difference is the simulation has a faster wave-
front speed of cS  =  57  m  s−1 (identified using the same cri-
teria as in Figure  2A), as is denoted by the dashed white line 
in Figure 2C, as well as a faster wrinkle formation speed. Both 
speeds c and cS are within the range expected given the sim-
ulated material properties. For instance, considering the sub-
strate as a 1D viscoelastic bar, we expect sound speeds ranging 
from c E / 11.70 0 ρ= =   m  s−1 to c E E( )/ 1021 0 1 ρ= + =   m  s−1, 
where the elastic modulus Em is related to the shear modulus 
such that Em  =  2μm(1 + ν), the subscript m denotes the long 
or short-term moduli, and any viscoelastic variation of ν is 
ignored. The upper bound of c1 is likely overestimated, due to 
effects such as the interplay of lateral inertia with the frequency-
dependent viscoelastic response of the substrate (as has been 
explored in ref. [37]). Using Love’s equation for waves in an 
elastic bar accounting for lateral inertia effects,[38] a maximum 
frequency supported by the bar at short wavelengths can be esti-

mated as f c Hn n 6/(2 )πν= , where n =  {0, 1} and f0 = 250 Hz 

and f1 = 2.20 kHz. Consistent with this range, a Fourier trans-
form of the left boundary longitudinal displacement history 
(shown in Figure  2D) suggests that the frequencies injected 
into our system are less than ≈400 Hz. Assuming a sinu-
soidal applied strain, the dynamic modulus of an SLS material 
can be represented as |E*| =  |E′ + iE″| and the loss tangent as  
tan (δ) = E″/E′, where the storage modulus is E′ = E0 + E1ω2τ2/ 
(1 +  ω2τ2), the loss modulus is E″  =  E1ωτ/(1 + ω2τ2),[36] and 
ω = 2πf is the angular frequency. Using the identified maximum 
frequency from Figure  2D, we estimate a maximum 1D wave 

speed of * (| * | / ) sec( /2) 60c E ρ δ= =  m s−1.
We overlay the out-of-plane surface displacements as a 

function of time for three specified longitudinal positions 
(Figure 3A), and as a function of position for three specified 
times (Figure 3B). In Figure 3, the solid and dashed lines cor-
respond to the dynamic wrinkling experiment and simula-
tion, respectively. In both panels, it can be seen that displace-
ment pulse broadens as it propagates, which we expect is 
caused by viscoelastic, dissipative, and lateral inertia effects. 
Wrinkles also appear to form earlier in space, closer to the 
striker boundary, in the simulations than in the experiments, 
and earlier on the crest of the propagating low-frequency 
pulse.

Adv. Mater. Interfaces 2018, 1801609
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To separate the wrinkling dynamics from that of the low-fre-
quency pulse traveling through the substrate, we apply a spatial 
filter to the measured and simulated out-of-plane displacements, 
and subtract the filtered signal from the original, as is shown 
in Figure  4A,B, respectively. Several features become more 
apparent in contrast to Figure 2. First, the wrinkles do not form 
near the impactor boundary in the experiments, as was shown 
for the quasi-static tests of Figure 1A,B. This is also similar for 
experiments where the sample is flipped, such that the impactor 
strikes what is currently the right side (see Figure S1 in the Sup-
porting Information), and is true, to a lesser extent, in the simu-
lations after ≈3 ms. The wrinkle formation near the boundaries 
in the simulations also varies depending on the material prop-
erties chosen, the boundary conditions, and the parameters of 
the wrinkling model, including the depth used to calculate the 
average strain. The distance from the boundary wherein wrin-
kles do not form also qualitatively matches between the dynamic 
experiments and the quasi-static experiments for a strain of 
≈εS (see Figure  S3 in the Supporting Information). As such, 
we expect that factors such as boundary effects, including large 
amounts of induced curvature near the boundaries,[39] play a role.

The second feature that appears by comparing Figure 4A,B is 
the wrinkle formation speed that is relatively closer to the sub-
strate sound speed in simulation than it is in the experiments 
(the dotted magenta line in Figure 4A, denoting a wrinkle for-
mation speed of 32 m s−1, is slower than the dashed magenta 
line denoting the substrate wave speed c, whereas in Figure 4B, 
the wrinkle formation speed matches the dotted white line 
denoting speed cS). We suggest that viscoelasticity may con-
tribute to the observed delayed wrinkle formation. While vis-
coelasticity is taken into account for the substrate in the FE 
simulations, it is not incorporated into the analytical wrinkling 
model. Viscoelastic stiffening of the substrate material would 
result in an increase in the critical strain needed to induce 
wrinkles (by reducing the elastic mismatch between the sub-
strate in the film), which could result in delayed wrinkle forma-
tion in regimes with strain rates approaching 1/τ. For the SLS 
model, we expect the effective material modulus to approach 
the instantaneous modulus (E0 + E1) when the strain rates are 
large, and the long-term elastic modulus (E0) when the strain 
rates are low. This would affect the critical wrinkling strain, 
which can be estimated as E Eε = (3 / ) /4c s f

2/3 , where Es and Ef are 
the substrate and film elastic moduli, respectively, adjusted for 
plane strain conditions.[40] Using the maximum and minimum 
expected elastic moduli, this would result in a minimum crit-
ical strain of εc and a maximum critical strain of εc,i = 18εc. By 
inspecting Figure  4C, which shows the spatiotemporal evolu-
tion of the simulated depth-averaged normal strain rates .

xxε , we 
observe that regions near the wavefront, particularly positions 
near the left boundary, experience strain rates approaching 1/τ. 
Although the strain rates in Figure 4C are truncated to improve 
visibility, small regions spatiotemporally near the striker impact 
exceed strain rates of 500 s−1. In contrast, the simulated nor-
malized strain field εxx/εc of Figure 4D shows moderate strains 
in the wavefront region, and as such would not be expected 
to exceed the viscoelasticity-enhanced critical strain εc,i. In 
Figure S4 in the Supporting Information, we also use a related 
approach, where we estimate the instantaneous dynamic mod-
ulus (and subsequent critical strain) as the ratio of the instan-
taneous depth-averaged normal stress and strain, and find 
qualitatively good agreement concerning the delayed wrinkle 
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Figure  3.  Measured (solid lines) and simulated (dotted lines) normal-
ized out-of-plane surface displacement for several positions and times 
selected from the data in Figure 2B,C. A) Displacements as a function of 
time, for positions 15, 25, and 45 mm from the left boundary, denoted 
by the black, red, and blue lines, respectively. B) Displacement profiles at 
times 0.38, 1.2, and 3.4 ms after striker contact, also denoted by the black, 
red, and blue lines, respectively. The spike in the red curve in panel (B) at 
50.4 mm is due to detection of the sample boundary.

Figure 4.  Spatiotemporal evolution of the A) measured and B) simulated out-of-plane surface wrinkling (in a fixed “laboratory” reference frame) after 
removal of the low-frequency compressive pulse traveling in the substrate (denoted as uy). The dotted magenta line is the experimentally identified 
speed of wrinkle formation and the dashed magenta line the experimentally identified sound speed for the control experiment case. C) Magnitude 
of the strain rate v xxx xε = ∂ ∂| | | / |

.
 obtained from the FE simulations, where vx is the particle velocity in the x direction. The strain rate is truncated to a 

maximum of 300 s−1. D) Normalized spatiotemporal evolution of the strain εxx/εc obtained from the FE simulations. The dashed white line in panels 
(B)–(D) is both the sound speed and speed of wrinkle formation identified in the simulations. Across all panels, the dotted and dashed black lines, the 
dashed red lines, and the black circle denote the same quantities as in Figure 2.
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formation. Other mechanisms may also play a synergistic 
role in the wrinkle formation delay. Prior works on dynamic 
buckling have suggested a time of tc  =  λc/c is needed for the 
wavefront to propagate a distance corresponding to the quasi-
static critical buckling length and initiate the instability.[12,14,18] 
In our case, this results in a time of tc = 45 µs. However, this 
uniform delay would not capture the increase in the delay time 
as the wavefront propagates. Another potential mechanism is 
the inertial dynamics of the stiff surface film. Prior studies have 
explored the dispersion of axially compressed beams on elastic 
foundations[41] and the related snapping dynamics between 
buckled states in axially compressed beams without elastic 
foundations.[42] For our case, in the linear limit, assuming an 
axially compressed elastic beam with a Winkler foundation,[43] 
the frequency for a mode with wavelength equal to the critical 
wrinkling wavelength is zero, which suggests the dynamics of 
the film do not play a major role. However, the effect of non-
linear, large-deformation, and viscoelastic phenomena on the 
inertial dynamics of films on Winkler elastic foundations pre-
sent potentially rich topics for future study.

In the simulated strain rate field of Figure  4C, we see 
small discontinuities propagating at speeds faster than the 
previously identified wavefront speed cS, which originate 
from the point of striker contact with, and separation from, 
the sample. These discontinuities agree well with a speed of 
c KL i i( 4 /3)/ 424µ ρ= + =  m s−1 where Ki = (E0 + E1)/(3(1 − 2ν)) 
and μi = μ0 + μ1 are the instantaneous bulk and shear moduli, 
respectively. The same wavefronts can also be seen in the stress 
field (Figure  S4 in the Supporting Information). However, as 
can be seen in the strain field of Figure 4D, these wavefronts do 
not induce substantial longitudinal strain.

Considering a window from x  =  16 to 49 mm, we study 
the temporal variation in wrinkle amplitude and wavelength 
using Hilbert and Fourier transforms, respectively, and con-
trast it to what would be expected assuming a quasi-static 
compression that follows the boundary motion measured 
in the dynamic test. In the Fourier and Hilbert analysis of 
the dynamic signal, pixels where edge detection failed were 
replaced with zeros. Figure  5A shows the strain ε expected 
in a quasi-static context based on the displacement of the 
sample boundary (see Figure S5 in the Supporting Informa-
tion). The blue dotted line is the tangential normal strain 
induced when the striker is fully at rest against the stop-
pers (which we denote as εR, where εR ≃ εS). Using this 
strain denoted by the black line as an input for the analytical 
wrinkling model in Equation  (1), we expect a corresponding 
variation in the wrinkle amplitude and wavelength, as is 
denoted by the black lines in Figure 5B (solid), C,D (dashed), 
respectively.

Figure 5B shows the temporal variation in wrinkle ampli-
tude, normalized by the wrinkling amplitude, A0, predicted 
using Equation  (1) assuming a strain of εR. As can be seen 
by the black line in Figure 5B, wrinkling is predicted to com-
mence when the critical strain εc has been reached, increase 
in amplitude with increasing compression, and then reduce 
as the sample separates from the striker and continues to 
deform. However, this simplified picture does not take into 
account the wave dynamics in the system. The blue and red 
markers in Figure  5B denote the experimentally measured 

and simulated wrinkling amplitude evolution obtained via 
Hilbert transform of the surface displacements, respectively. 
Their shape generally follows that of the black line, with the 
exception of several features. In both cases, delayed wrinkle 
formation can be observed in contrast to the black line, which 
is a result of the time required for the wavefront to propa-
gate across the sample, as the Hilbert transform constitutes 
an average across the entire domain, in which wrinkles 
have only been partially formed. The wrinkling amplitude is 
also over 50% smaller in experiments than is predicted from 
the simulations. Recalling Equation  (1), the increase in sub-
strate modulus that is expected as a result of viscoelasticity 
and the  high strain rates experienced as waves propagate 
through the sample would also translate into reduced wrin-
kling amplitude. The fitted wrinkling model used to calculate 
A0 may also contribute to this disparity, as the model over-
predicts the wrinkling amplitude measured in quasi-static 
tests by ≈10% for strains near εR. Changes in the material 
properties with time, for instance caused by slow curing 
effects, may also contribute to this disparity. To address 
this, we conducted a second quasi-static compression test, 
after the presented dynamic tests had been performed. The 
measured amplitudes of both tests are in close agreement, 
as can be seen in Figure  S6 in the Supporting Information, 
with the exception of a region of relatively small strains (from 
ε ≈ 0.04 to ε ≈ 0.08), wherein the amplitude measured in the 
second quasi-static compression test is reduced by over 30% 
compared to the first. However, because this difference in 

Adv. Mater. Interfaces 2018, 1801609

Figure  5.  A) Evolution of the compressive strain based on the sample 
boundary motion modified to account for surface curvature (see 
Figure S5 in the Supporting Information), normalized to εc. The dotted 
blue line is the strain after the striker has come to rest, εR. B) Variation 
of the normalized wrinkling amplitude A/A0 with time. The colors denote 
the wrinkle amplitude experimentally measured (blue), simulated (red), 
and calculated (black) using the analytical wrinkling model assuming the 
strain variation in panel (A). Evolution of the wavelength spectra of the 
C) experimentally measured and D) simulated wrinkle pattern, obtained 
via Fourier transform and normalized to their respective maximum ampli-
tude. The dashed red line is λc and the dashed green line the wavelength 
predicted for strain εR.



www.advancedsciencenews.com

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim1801609  (7 of 8)

www.advmatinterfaces.de

amplitude measured in quasi-static compression is limited to 
a narrow range of strains, we suggest that this effect does not 
account for the disparity observed in the dynamic compres-
sion tests.

Figure  5C,D shows the temporal evolution of the wrin-
kling wavelength for the experiment and simulation obtained 
via Fourier transform. By following the wrinkling amplitude 
maxima, we see that the wavelength approximately follows 
the trend predicted by the dashed black line. The side lobes 
surrounding the maxima are a result of zero padding the wrin-
kling signal. This agreement between simulation and experi-
ment with respect to the wrinkling wavelength lies in contrast 
to the differences, which we attributed in part to viscoelastic 
effects, that were observed for the wrinkling amplitude and 
speed of wrinkling onset. Similar to the critical wrinkling 
strain, the critical wrinkling wavelength could also be expected 
to vary with changes in the substrate modulus, where λc = 2πh
(Ef/Es)1/3.[40] However, prior studies have suggested that sys-
tems experiencing instability will tend to maintain a wave-
length once selected.[39,44]

In this work, we explored the response of soft elastomers 
containing stiff surface films that are subjected to high-speed 
plate impact, and observed the resulting wrinkling dynamics. 
The complex dynamics observed in this work suggest a need for 
enhanced wrinkling models that incorporate coupled inertial, 
viscoelastic, and large-deformation, nonlinear effects, as well as 
improved descriptions of how heterogeneous and nonuniaxial 
strain fields affect wrinkling morphology. This work encour-
ages further studies of the dynamics of surface instabilities in 
soft materials, including the dynamic formation and propaga-
tion of large-deformation morphologies such as creases,[45] 
ridges, folds, and kinks,[46] many of which are not present in 
related systems such as elastic films floating on liquids.[47] Such 
dynamically evolving morphologies may find applications in 
areas including: impact mitigation (e.g., energy transport from 
impact sites in nonlinear systems) and the understanding of 
impact in layered, biological materials; soft electronics, par-
ticularly in the context of, potentially nonlinear, acoustic wave 
signal processing; and the dynamics of soft sandwich compos-
ites, such as within the context of flapping and fluttering aero-
space structures. In particular, we expect that higher amplitude, 
higher dimensional, and multiaxial loading scenarios will yield 
rich nonlinear dynamics under high-speed impact.

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.

Acknowledgements
The authors thank A. Alfaris and M. Bassford for contributions to the 
sample fabrication process and drop tower construction, A. Khanolkar  
and S. Liu for contributions to drop tower construction, and  
A. Emery for useful discussions. This work was supported by the US 
National Science Foundation (Grant No. CMMI-1536406). B.L. and 
L.P. acknowledge support from the Washington NASA Space Grant 
Consortium Summer Undergraduate Research Program.

Conflict of Interest
The authors declare no conflict of interest.

Keywords
dynamics, impact, soft materials, surface instability, wrinkling

Received: October 15, 2018
Published online: 

[1]	 B. Li, Y. P. Cao, X. Q. Feng, H. Gao, Soft Matter 2012, 8, 5728.
[2]	 H. G.  Allen, Analysis and Design of Structural Sandwich Panels, 

Pergamon Press, New York 1969.
[3]	 N.  Bowden, S.  Brittain, A. G.  Evans, J. W.  Hutchinson, 

G. M. Whitesides, Nature 1998, 393, 146.
[4]	 F.  Brau, H.  Vandeparre, A.  Sabbah, C.  Poulard, A.  Boudaoud, 

P. Damman, Nat. Phys. 2010, 7, 56.
[5]	 C. Cao, H. F. Chan, J. Zang, K. W. Leong, X. Zhao, Adv. Mater. 2014, 

26, 1763.
[6]	 L. Jin, A. Takei, J. W. Hutchinson, J. Mech. Phys. Solids 2015, 81, 22.
[7]	 L. Pocivavsek, R. Dellsy, A. Kern, S. Johnson, B. H. Lin, K. Y. C. Lee, 

E. Cerda, Science 2008, 320, 912.
[8]	 P. Kim, M. Abkarian, H. A. Stone, Nat. Mater. 2011, 10, 952.
[9]	 J. Y. Sun, S. M. Xia, M. W. Moon, K. H. Oh, K. S. Kim, Proc. R. Soc. 

A 2012, 468, 932.
[10]	 Q. Wang, X. Zhao, MRS Bull. 2016, 41, 115.
[11]	 D. Terwagne, M. Brojan, P. M. Reis, Adv. Mater. 2014, 26, 6608.
[12]	 H. E. Lindberg, J. Appl. Mech. 1965, 32, 315.
[13]	 J. R. Gladden, N. Z. Handzy, A. Belmonte, E. Villermaux, Phys. Rev. 

Lett. 2005, 94, 035503.
[14]	 D. G. Vaughn, J. W. Hutchinson, Eur. J. Mech. A Solids 2006, 25, 1.
[15]	 A. Schallamach, Wear 1971, 17, 301.
[16]	 N. Vandenberghe, E. Villermaux, Soft Matter 2013, 9, 8162.
[17]	 R. Vermorel, N. Vandenberghe, E. Villermaux, Proc. R. Soc. A 2009, 

465, 823.
[18]	 R. Vermorel, N. Vendenberghe, E. Villermaux, Proc. R. Soc. A 2007, 

463, 641.
[19]	 N. Vandenberghe, L. Duchemin, Phys. Rev. E 2016, 93, 052801.
[20]	 J.  Chopin, M.  Dasgupta, A.  Kudrolli, Phys. Rev. Lett. 2017, 119, 

088001.
[21]	 V. Slesarenko, S. Rudykh, Soft Matter 2016, 12, 3677.
[22]	 J. Ari-Gur, S. R. Simonetta, Composites, Part B 1997, 28B, 301.
[23]	 W. Ji, PhD. Thesis, University of Michigan 2008.
[24]	 R. Huang, Z. Suo, J. Appl. Phys. 2002, 91, 1135.
[25]	 R. Huang, Z. Suo, Int. J. Solids Struct. 2002, 39, 1791.
[26]	 R. Huang, J. Mech. Phys. Solids 2005, 53, 63.
[27]	 S. H. Im, R. Huang, J. Appl. Mech. 2005, 72, 955.
[28]	 R. Huang, S. H. Im, Phys. Rev. E 2006, 74, 026214.
[29]	 T. Ohzono, M. Shimomura, Phys. Rev. E 2006, 73, 040601.
[30]	 C. B. Lin, Y. F. Chuang, Y. H. Liu, S. Lee, Y. T. Chou, J. Appl. Phys. 

2011, 110, 014313.
[31]	 A. A. Evans, E. Cheung, K. D. Nyberg, A. C. Rowat, Soft Matter 2017, 

13, 1056.
[32]	 M. C.  Giordano, F. B.  de Mongeot, Adv. Mater. 2018, 30,  

1801840.
[33]	 T. Ohzono, M. Shimomura, Phys. Rev. E 2005, 72, 025203.
[34]	 For the control experiment, the striker velocity was measured to be 

VS  =  10.3 m s−1 and the distance the sample compressed before 
the impactor struck the stoppers to be 6.39 mm. For the dynamic 
wrinkling experiment, the striker velocity was measured to be 

Adv. Mater. Interfaces 2018, 1801609



www.advancedsciencenews.com

© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim1801609  (8 of 8)

www.advmatinterfaces.de

VS = 9.9 m s−1 and the distance the sample compressed before the 
impactor struck the stoppers to be 6.14 mm.

[35]	 ABAQUS, ABAQUS 6.12 Users Manual, ABAQUS Inc., Pawtucket, RI 
2012.

[36]	 R.  Lakes, Viscoelastic Materials, Cambridge University Press, 
New York, 2009.

[37]	 M. Aleyaasin, J. J. Harrigan, Int. J. Mech. Sci. 2010, 52, 754.
[38]	 A. E. H.  Love, A Treatise on the Mathematical Theory of Elasticity, 

Dover Publications, New York 1944.
[39]	 S.  Cai, D.  Breid, A. J.  Crosby, Z.  Suo, J. W.  Hutchinson, J. Mech. 

Phys. Solids 2011, 59, 1094.

[40]	 J. Y.  Chung, A. J.  Nolte, C. M.  Stafford, Adv. Mater. 2011, 23,  
349.

[41]	 J. C. O. Nielsen, J. Sound Vib. 1991, 145, 479.
[42]	 A. Pandev, D. E. Moulton, D. Vella, D. P. Holmes, EPL 2014, 105, 

24001.
[43]	 M. A. Biot, J. Appl. Mech. 1937, 4, 1.
[44]	 X. Chen, J. W. Hutchinson, J. Appl. Mech. 2004, 71, 597.
[45]	 V. Trujillo, J. Kim, R. C. Hayward, Soft Matter 2008, 4, 564.
[46]	 A. M. Johnson, D. E. Stephenson, Tectonophysics 1974, 21, 301.
[47]	 F. Brau, P. Damman, H. Daimant, T. A. Witten, Soft Matter 2013, 9, 

8177.

Adv. Mater. Interfaces 2018, 1801609


