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Abstract Thomson’s classical analysis (1851, 1854a, 1854b) of thermoelectricity is cast
into a modern form by means of contemporary thermodynamic methods based on the intro-
duction of a free energy depending on strain, electrical charge and temperature. The present
analysis identifies the phenomenological coefficients in Thomson’s theory in terms of stan-
dard thermodynamic functions derivable from the free energy, lending support to the inter-
pretation of his relations as authentic thermostatic relations. As an extension of Thomson’s
theory, the present work provides an analysis of the effect of tensile stress or pressure on
thermoelectricity.

As a counterpoint to the analysis of Boltzmann (1877) and the representation of On-
sager (1931), it is argued that the Onsager relations must be modified to include thermody-
namically orthogonal forces and fluxes of the type identified by Ziegler (1970) and Edelen
(1974). This allows for reversible coupling between the flow of heat and electricity postu-
lated by Thomson and suggests the possibility of non-dissipative heat flux associated with
microscopic thermoelectric effects.

The present analysis does not include a description of superficial charge concentration in
conductors, which poses an interesting challenge for further analysis.

Keywords Thomson effect - Seebeck effect - Peltier effect - Volta effect -
Piezo-thermoelectricity - Onsager relations - Thermodynamic orthogonality

Mathematics Subject Classification (2000) 80A-02 - 74A-02

1 Introduction

Thermoelectricity occupies a crucial position in the development of thermodynamics, dating
from the from the earliest efforts to place electricity and mechanics on the same thermody-
namic foundation by towering figures in the field [9, 32-34] and [1]. Thus, Thomson (later
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Lord Kelvin) offers a thermostatic, i.e., equilibrium-thermodynamic, analysis of the See-
beck and Peltier effects, uncovering a new effect subsequently named after him. Thomson’s
stated reservations as to the provisional separation of these effects from the dissipative flow
of electricity and heat were subsequently addressed by Boltzmann [1], in a comprehensive
review of theory and experiment, followed by an analysis that leads him to conclude that
such a separation is not justified.!

Both Thomson and Boltzmann analyze thermoelectricity as a thermodynamic system or
device consisting of a thermocouple circuit, with Boltzmann concluding that the intimate
connection between electrical and thermal conduction implies that such a circuit differs
from a conventional (i.e., steam) heat-power cycle, for which an ever closer approach to
reversibility can be achieved, at least in principle, by appropriate design of the process.

Moreover, in Boltzmann’s analysis, as in that of Thomson, temperature and electrical
potential are the sole intensive variables, as the notion of electrical free energy and the as-
sociated chemical potential had not yet been established in the literature. As a consequence,
it is difficult to relate modern thermochemical concepts to the constitutive equations em-
ployed in those analyses, a matter which is addressed in the present work. An important
exception is Thomson’s “specific heat of electricity” [33], which clearly can be attributed to
the thermochemical energy of electrons, later conceptualized and confirmed by experimental
measurement [16, 21].2

Bridgman [3] subsequently reviews Boltzmann’s analysis and, while agreeing that Joule
heat may mask reversible heat in a typical thermochemical circuit, concludes that this does
not invalidate Thomson’s formulae. In a later work, Bridgman [4] obtains the latter by a
reworking of Thomson’s analysis without, however, availing himself of the concept of elec-
trochemical (Gibbs) free energy, by then well established in physical chemistry [20]. Fol-
lowing Bridgman’s cogent physical reasoning, one may conclude that the routine applica-
tion of the Seebeck effect to measure temperature is premised on its status as thermostatic
potential. Once that premise is accepted, it follows logically that there must exist an associ-
ated reversible heat, completely analogous to the reversible heat associated with numerous
thermodynamic phase transitions, and Thomson’s relation connecting Seebeck and Peltier
effects is tantamount to the well-known Clapeyron equation.

Despite the several important opinions in its favor, Thomson’s theory was dealt a nearly
fatal blow by the celebrated work of Onsager [29]® who treats thermoelectricity as strictly
dissipative and subject to his now famous reciprocal relations. Following Onsager, numer-
ous works subsequently indicate how Thomson’s relations connecting Seebeck and Peltier
effects can be interpreted according to Onsager’s formalism [6, 19, 23]. However, none of

lReferring to Thompson’s theory, he observes at the outset, “Die ...Theorie ist so schon in sich
abgeschlossen, dass die Moglichkeit irher vollstindig Ubereinstimmung mit den Thatsachen nicht geleugnet
werden kann.” (The . .. theory is so beautifully self-contained that the possibility of its complete consistency
with the facts cannot be denied.)

2Modern theories of the solid state explain the fact that the electronic contribution to specific heat is generally
much smaller than the contribution to thermal and electrical conduction (see e.g., [26]). Note that this and
other citations of literature are selective and minimal, without attempt at a comprehensive or up-to-date review
of thermoelectricity.

3Who attributes to Thomson a symmetric coupling of currents to potential gradients which I could not find
explicitly formulated in the works cited by Onsager, [34] [journal title ostensibly mis-cited in [29]] and ([35],
pp. 237-241), although one does find an appeal to symmetry in Thomson’s description of the thermoelectric
coupling in crystalline conductors ([35], I—pp. 266 ft.).
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these treatments seems to make a clear distinction between heat flowing within a conduc-
tor and heat exchange with the surroundings, either at the junction between conductors or
along the length of a homogeneous conductor, a distinction I believe essential to a proper
thermodynamic analysis.

The Boltzmann and Onsager points of view are now enshrined in several prominent
treatises on thermodynamics and solid state physics, such as those of Sommerfeld ([31],
pp. 157-162),* Callen [7], Kittel [18], and Nye [28]. The book of Mott [26] represents a no-
table exception, but he does not relate Thomson’s phenomenological coefficients to familiar
thermodynamic functions. One goal of the present work is to do just that, as part of the effort
to confirm the thermostatic origins and validity of Thomson’s relations. As indicated above,
the Seebeck-Peltier connection has a fairly evident thermostatic interpretation, whereas the
status of the Thompson effect may be less clear. Therefore, an attempt is made below to
define a static analogue of the latter.

In addition to the clarification of the above questions, a second goal of the present work
is to lay down a foundation for a thermodynamic theory of stress-coupled thermoelectric
effects (piezo-thermoelectricity), motivated largely by Thomson’s pioneering experiments
on the effect of tensile stress on metallic wires [34] and the subsequent works of Bridgman
[2] and Hall [16] dealing with pressure effects on thermoelectricity. Some may find a more
practical motivation in certain recently proposed device-technology based on coupled effects
[24, 30].

The present work represents a fusion of classical thermoelasticity® with thermoelectricity,
allowing for the coupling of stress, heat flow and electrical flow. The analysis is modeled to
some extent on well-known methods pioneered by Coleman [10]. While Coleman and Dill
[11] briefly discuss the thermodynamics of electrical conductors, they relegate electrical cur-
rent to the same status as dissipative heat flow, without considering electronic free energy
and the associated thermoelectric coupling. By contrast, we shall draw on classical solution
theory in a contemporary mixture-theoretical guise [15, 27], identifying electrons and elec-
trical conductor as distinct constituents in a mixture, and thereby providing a theory that is
readily extended to conducting media involving various ionic charge carriers (including the
positive holes in semi-conductors).

In opposition to a considerable body of opinion dating from the above-cited work of
Boltzmann, the current paper aims to resuscitate in modern form Thomson’s notion of re-
versible coupling between heat and electrical flow. This coupling allows for non-dissipative
currents not usually included in the standard Thermodynamics of Irreversible Processes as
represented by the Onsager relations. As discussed in the Sect. 5, the underlying concept
of thermodynamic orthogonality is a special case of that envisaged by Ziegler [36] and the
Primitive Thermodynamics of Edelen [12]. Within this framework, one recovers Thomson’s
formula for thermoelectric power as a linear reversible term in electrical current with addi-
tive quadratic terms of the Onsager form.

4Who, after pursuing a development modeled on Thomson’s approach, expresses the curious opinion, “There
is little justification for such a separation of the so-called reversible and irreversible effects, in spite of the
fact that it leads to a result that can be verified experimentally [emphasis added here]”, citing the work of
Boltzmann [1] as proof and then proceeding to an account of Onsager’s theory without detailed application
to thermo-electricity.

5 An area in which Professor Donald Carlson made several contributions, including a well-known compre-
hensive review of the classical theory [8].

@ Springer



270 J.D. Goddard

2 Balance Equations and Thermodynamic Framework

While the following analysis is based on the supposition of a smoothly varying charge-
density field inside our conductive body, we should recall the tendency of electrical con-
ductors to concentrate charge on bounding surfaces, with charge density being zero almost
everywhere in their interior. We could therefore adopt a different starting point, treating sur-
face charge as a primary variable, with various consequences for the boundary conditions
on other field variables,® as done in other problems involving interfacial effects.” Instead,
we take the point of view that certain general conclusions drawn from an analysis based on
balance laws for smoothly varying density fields should remain valid in the limit of fields
with sharp gradients. Then, the major weak point in the resulting analysis lies in our adop-
tion of constitutive equations for simple materials, i.e., materials depending only first spatial
gradient of various potentials.

With specific charge® g. = 0./ and total flux, i.e. current density ¢, = j. + 0.V, where
v is barycentric velocity, then j. represents relative current density, and the conservation of
charge has the respective spatial and material forms:

00+ V-9, =pge+V-j.=0. D

The mass balance is of course given by writing p for ¢. and pv for ¢,.

As done by numerous investigators (e.g. [22]), we could identify free (f) and bound (b)
charge, with a. = ar+ ay,, for a = g, @, j, subject to (1). Anticipating certain aspects of semi-
conductor physics, Hall [16] allows for interconversion between the two, with materially
bound charge designated as “associated”. In like manner we could consider an ionic system
with any number of charged species i = 1,2, ..., with a; involving integral multiples of
electronic charge,” but the focus here is on electrons as the sole charge carriers.

Account taken of electronic effects, we adopt as internal energy balance:

pé=t(TL) =V -q =V (heje) = je - VO + pr, (©))

where T denotes the stress tensor, L := (Vv)T velocity gradient, € specific internal energy,
q conductive heat flux, ® external electrical potential, pr radiant energy supply, and /. spe-
cific electronic enthalpy. The latter is related to electronic entropy 7. and chemical potential
(Gibbs free energy) (. by

he = fLe + 01e, 3

with absolute temperature 6 assumed to be the same for electrons and conductor. Based on
specific constitutive assumptions, these definitions will be made more precise below.

6Equivalent]y, one might express charge densities as distributions (generalized functions), representing the
dual of conjugate fields in virtual-work principles.

"Burak and Galapats [5] cite numerous references to the Russian literature on ionic conduction and discuss
the general importance of surface charge, of the type discussed by Bridgman [3] for conductors and by Kittel
[18], p. 551, for semi-conductors.

8Here and in the following, charge is taken as intrinsically positive and expressed as multiples of the Faraday
constant F = N Qe, where Qe denotes charge of the electron (treated as positive) and A/ Avogadro’s number.

%In the usual theories of ionic systems, the charge density of species i is given by o; = §; p;, where ¢; is
charge/mass ratio and p; mass density, with some authors treating conduction electrons in this fashion (e.g.,

[16]).
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The balance (2) differs from that proposed in other investigators, such as the classical
approach of Sommerfeld [31] and the more modern work of Gurtin and Vargas [15], who
employ a term V - (icje) instead of V - (hje), implying a different definition of the heat flux
or mechanical work in (2). For example, by redefining heat flux as q+ /.je the present energy
and entropy balances reduce to those of Lebon et al. [19] for the case of no stress work. It is
plausible that the simple-material model employed here will always allow a certain latitude
in such definitions (cf. [14]).

In formulating the entropy balance, we distinguish conductive heat flow qua diffusive
energy flux from diffusive entropy flux, as done e.g. by Miiller [27] in a more general setting,
writing

) . pr . q .
pnz—V-Js+F, wherer=6+neJe, “4)

where 1 denotes specific entropy. Then, the combined energy-entropy or free-energy balance
can be written:
pir < —pn0+tr(TL) — s - VO — V- (beje)
= —pnB +tr(TL) — js - VO — jie - Vb + pdeie. ®)
where

‘/’:6_9777 and ¢ = pe + D, (6)

representing, respectively, (Helmholtz) free energy and total electromotive potential.'® The
relation (5), with ® =0, g. =0, is equivalent to the balance of Gurtin and Vargas [15], for
a mixture with two constituents and with no chemical reaction, provided their q is replaced

by js-
2.1 Elastic Conductors

We adopt as constitutive theory, an elastic frame-indifferent simple material, such that
v =v(,0,q.,V0,Vq), where U=+~FTF, F=0x/0x°, 7

F denoting the gradient of the deformation, x° — x, and U its right stretch. Then, well-
known arguments based on (5), e.g., of Gurtin and Vargas [15] in their extension of the
theory of Coleman [10], lead to the simpler constitutive equation ¥ = (U, 0, ge).

With the decomposition U = U, U, into isochoric shear Uy =S = (p/p°)!/*U and
isotropic expansion U, = (0°/p)'/?1, with ¥ =/ (S, v, 6, ¢.), the relation (5) gives

3
¥ =(pS)~'T, 0y ==p,  d¥=-n  dY=p whered.=_—,

qe
(@)
where T’ is deviatoric stress and v = p~' is specific volume. We recall that the Gibbs free-
energy, representing the Legendre conjugate 1 = u(S, p, 0, g.) = ¥ + pv, satisfies

ds=(S)'T,  du=v,  dpu=-1n, el =|e ©)

10Wwith gee representing the electrochemical potential in ionic systems, as summarized at
http://en.wikipedia.org/wiki/Electrochemical_potential.
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with appropriate re-interpretation of partial derivatives. From this, one obtains the useful
(Maxwell) relation for isobaric or isochoric processes, respectively,

(aue/ae)s,z,qe =—1n., withz=poro. (10)

All thermostatic equations of state are determined by specification of ¥ (S, v, 0, g.), and
such relations simplify in the case of thermally ideal conductors, where

w(s,vseaqe)=4e¢e(S, Uae)‘i‘WO(S,Use)a (11)

the analogue of ideal gases mixtures and ideal solutions, for which a sum over e is involved.
A similar relation then applies to i (S, p, 0, g). Whereas several treatments of thermoelec-
tricity are based on (11), non-idealities arising from ionic interactions in semi-conductors
have also been addressed, e.g., by means of the well-known Debye-Hiickel theory. While
contemporary theories of the solid state also relate electronic free energy to the Fermi levels
in semi-conductors [18, 26, 28], our thermodynamic analysis presumably does not depend
on such details, as interesting as they may be for solid-state physics and material science.

2.1.1 Dissipation Inequalities

In addition to (7)—(9), the relation (5) gives the dissipation as
D:=—js-VO—j. - Vo > 0. (12)
For processes in which only temperature varies, (10) and (12) give the alternative form
D=—q-VIn0—j.-Vd>0. (13)

In the formalism of the linear Thermodynamics of Irreversible Processes [19, 22], (12)
assumes an abstract six-dimensional vector format, with

X =—{V¢., Vb, J={je.ds}, withD=X"J>0 (14)

and with a similar expression for (13). We recall that this is the starting point of the treatment
of thermoelectricity by Onsager [29], a matter discussed further below. We first show that the
relations (7)—(14) serve to reproduce Thomson’s analysis of strictly reversible thermoelectric
effects.

In the following quasi-static analysis we do not deal explicitly with spatial variations in
S, g. and v or p, assuming that minimization of global free energy

/ ¥(8.0,0,00dV(x) of / (S, p. 6. g)dV (),
|4 |4

subject to appropriate constraints, would determine equilibrium fields S, ¢. and v or p,
given 0. Hence, all these quantities are allowed to vary with changes in 0, subject to the
same constraints, and derivatives dg are to be interpreted accordingly.
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3 Non-dissipative Steady States

Non-dissipative states or processes are those for which D = 0 in (12)—(14), representing
thermodynamic-equilibrium (thermostatic) states and reversible processes, as illustrated by
the following examples involving quasi-static, isobaric and constant-stretch processes.

With proper integral balances, we could identify external heat exchange with the normal
component of q on appropriately defined boundaries. However, for the sake of convenience,
we let the nominal radiation pr appearing in the balances (2)—(4) represent a general heat
exchange with the surroundings.

3.1 Adiabatic Flow
For pr =0, the steady-state entropy balance (4) reduces to V - (q/0 + 1) = 0, whose solu-
tion is

q + 0ncje = —6b(x), where V-b=0. (15)

Then, for the conditions at hand, the energy balance (2) has the solution
¢eje =a+06b, where V-a=0. (16)

For the one-dimensional case, representing flow along an idealized insulated wire, vec-
tors reduce to scalar functions of distance x along the wire, with a and b reducing to scalar
constants a, b. Then (16) represents one possible reversible transition between terminals at
different potential and temperature, and with appropriate choice of the constants a, b (16)
can be written

0
Ge(x) Je = <1 9 >(IH + (Py + hen — Onen) je,  so that
H

a7
[®Py — D¢ + hey — hec — eC(neH —Nec)1je = (1 - _C>QH»

where gy is the heat flow at the nominal high temperature terminal, and the quantity in
square brackets represents electrochemical exergy, relative to the nominal low tempera-
ture terminal. While not recorded here, one can work out an analogous result for a three-
dimensional conductor with suitable boundary conditions.

3.2 Thermally-Isentropic Flow

We consider the case

V-(g):O, s q=-bx06, withV-b(x)=0, and pr=0j.-Vn.. (18)

The last relation follows from (4) and represents the Thomson effect discussed below. In
view of the electrical entropy transport in (4), the designation “thermally-isentropic” seems
more appropriate than “isentropic”.

The following variant on (16) follows from (2):

dj. =a(x) — q=a(x) + 6b(x), V.akx) =0, (19)

where the functions a, b are generally different from those appearing in (16).
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In the case of a one-dimensional conductor, with one end at ® = 6y and the other at
0 = 0¢ < 0By, (19) gives the (Carnot-Thomson) relation:

0 0
je(d>c—d>H)=qH—qc=qH<1 - —C) =qc(—” - 1) (20)
Oy Oc

representing “heat-engine” or “heat-pump” according to the algebraic sign of gy.

It should be noted that (20) does not contain the terms in p. appearing in (16)—(17), since
such terms are balanced by external heat exchange. Furthermore, as a global balance, (20)
tells us nothing about the magnitudes of heat effect or potential difference, a matter requiring
constitutive relations.

3.2.1 The Thomson Effect

This is usually defined as reversible heat exchange of between a conductor and its surround-
ings accompanying steady current flow. We note that the effect is not necessarily relevant
to the thermocouple circuit discussed below, which may for example involve a reversible
adiabatic transition between contacts.

To obtain Thomson’s formulae within the present thermodynamic framework, we assume
a thermally isentropic flow described by (18), whose last member gives the heat exchange
in question as:

1
or =0V -neje=Tj.- VO, where 7 = 68@77e = dphe = Cpe, 21

Therefore, the Thomson coefficient T, which is usually denoted by the symbol p and almost
always associated with one-dimensional flow, is identical with the isobaric specific heat c .
(Thomson’s specific heat of electricity)."!

It is clear that the Thomson effect requires a spatially variable ambient temperature, if all
external heat transfer is to take place at the spatially variable temperature of the conductor.
Perhaps more important is the fact that the effect, by its very definition, involves a temper-
ature gradient in the conductor leading inevitably to dissipative effects from heat flow. Of
course, neither fact invalidates the thermostatic interpretation of (21).

3.3 Iso-exergic Flow

With electrochemical potential designated as (absolute) exergy, and with D =0 in (12) an
iso-exergic flow or process is defined by:

P = he + @ =const.,, with . js=¢q/0+n.j.=0, or 8 =const. (22)
representing either isentropic flow, in which heat flux cancels electrical entropy transport,

or isothermal flow. Either case involves reversible heat exchange with the surroundings and
both are relevant to the prominent thermoelectric effects discussed next.

1t [33]. In an appropriate system of units, his symbols J, F,t, u, ®, 9 translate, respectively, to 1,

VAB, 0,1/0,—1I1, ¢ pe in the present notation. His “vitreous” and “resinous” electricity correspond to the
modern concept of positive and negative charge.
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3.3.1 Seebeck & Peltier Effects and Thomson’s Formula

While the case of isothermal flow is relatively uninteresting for homogeneous materials,
passage of electrical current through the junction between heterogeneous conductors, i.e. a
heterojunction, generally involves a jump in electrical potential, or thermocouple junction
emf, at the interface or junction between materials A, B, where ¢, is presumably contin-
uous.'> The emf is then given by the first member of (22) by the increment of chemical
potential as

O = —p 2%, where O := )% = O, (23)

where u! = ul(S', 01,0, , g!) forT= A, B. The temperature dependence and associated heat
effect underlie the most prominent thermoelectric phenomena.

The Seebeck (or thermocouple) effect refers to the change with temperature of the junc-
tion potential (23), with Seebeck coefficient given by

SAP = 9g @M = —0pul® = 1. (24)

This renders transparent a standard formula connecting Thomson and Seebeck effects, as
represented by the first and last identities in the expression:'?

0 6
S=1n.(0)= / Cpe(8)dIn®’ E/ T7(©)dIn®', (25)
0 0

where the integrals, taken along a path of constant S, p, g., are assumed to converge at the
lower limit, and where we have suppressed notation for dependence on S, p, ge.

The Peltier effect refers to reversible external heat exchange at a junction or interface,
given by the discontinuity in normal heat flux. Thus, the second relation in (22) serves to
define the Peltier coefficient TT*® and to establish its relation to the Seebeck coefficient:

n-q*® =-T"**n.j,, with IT*® =02 = 0S"P. (26)

By means of the preceding relations it is a relatively easy matter to derive Thomson’s for-
mula for the open-circuit electromotive potential (thermocouple emf) of a circuit consisting
of two different metals A, B with junctions at different temperatures. Thus, for his example
([33], Sect. 11, p. 53) of current flow from A to B through the hotter junction at Oy > 0¢ and
flow from B to A through the junction at 6¢, with ® constant in each conductor, or else with
cancellation of potential drops in the adiabatic flow in each conductor, the desired quantity
is obtained from the first condition in (22) as the sum of junction potentials:

VAB (B, 6c) = D () + PP (Bc) = [l (Bn) — nd (0c)] — [ On) — i (8c)].  (27)
Then, making use of the relations:

te(On) — te(Bc) = he(On) — he(Bc) — [Bune (Bn) — Bcne(8c)]

Oy oy 0y
= / Cpe(0)dO — BH/ Cpe(0)dInB + GC/ Cpe(0)d1n0,
)

C 6c 6c

12We recall that continuity of je under quasi-static conditions, where there exists no transient accumulation
of bulk or surface charge, insures continuity of ¢e, by familiar virtual-work principles.

Bwith S usually denoted by the infelicitous term “thermoelectric power” (cf. [26], pp. 308-310).
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together with (24)—(26) and a bit of algebra, one finds the formula of Thomson [33]:

AB AB Oc o B¢
\% (GH, ec) =TI 1— e— +/ Cpe(e) 1-— ? do (28)
0

H C
which he obtains by a tour-de-force application of Carnot’s Principle.'*

3.3.2 A Static Thomson Effect

As further support for Thomson’s results, one can envisage a static version of his effect in-
volving the emf between two conductors H, C of the same material at different temperatures,
which appears identical with the thermal Volta effect postulated by Bridgman [3].

Thus, we assume each conductor to be in contact with its own isobaric heat bath, at
respective temperatures 0y, Oc < 0y, with each conductor and its heat bath insulated ther-
mally from the other. If the conductors are then connected electrically to one another by a
thermally insulating capacitor (e.g., parallel conducting plates in vacuo) of negligible ther-
mal capacity, one can envisage the possibility of a quasi-static transfer of charge Q. from
Conductor H to the capacitor, with equal and opposite transfer from Conductor C. Then, the
global entropy balance and free-energy balances give

eC Qe
ON=0un—0Qc=0n (1—e—>=/ (®y — Pc)dQe, and
H 0

on (29
QN = Qe/ Cpe(e)de»

Oc

where Qy, Q¢ denote heat transferred to and from conductors, respectively, with net trans-
fer On. The integral in the first relation represents electrostatic energy of the capacitor, and
the derivative d(Qn/Q.)/30y, represents the static Thomson effect. As with the dynamic
version, the Carnot-cycle work Qy(1 — 6¢/0y) is converted to electrical potential energy,
and an equal amount of heat is converted into electronic enthalpy.

4 Stress Effects

Thomson [33] gives a brief summary of his experiments on the effect of stress on the thermo-
electricity, as indicated by the appearance of a junction potential between stretched and un-
stretched copper wires, while Hall [16, 17] and Bridgman [2] study the effects of isotropic
pressure.

Although Thomson’s theoretical work on crystalline conductors [34] portends a more
modern and comprehensive theory of conduction in elastic bodies, we focus here on the
illustrative example of an idealized one-dimensional conductor as a model of his experiment
on metallic wires. Thus, with stretch ratio A = dx/0x° replacing the right stretch U as the
sole kinematic variable, we obtain the reduced constitutive equations

)/=h'l)\., 1//=1ﬁ()”6"1e)’ T=8)/1//7 /’L=M(T7e!qe) :=W_Ty' (30)

14By making use of a differential version of (20), with dq = cpedT on the paths between heterojunctions,
together with (26) for those junctions.
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Here y denotes Hencky strain and t its work-conjugate tension, with
Te=10,T and y.=0.U. 31

These are analogues of the pressure-volume formulation envisaged by Hall [16], with t =
—p,v =v, and with p. = —7. representing his electronic (partial) pressure. We can now
establish certain connections between various piezo-thermoelectric effects.

First, note that the junction potential between the same material in different states of
mechanical tension is

PP = —Ue(1,0) + pe(1°,0), withtt =1, 1 =1°, (32)

where, for reasons stated above, we suppress notation for dependence on the ¢., assuming
them to be determined by t, ° and 6. Hence, (26), (24) and (32) leads to the relations

1 0
9, 8B = e 9. TT"B = / 3, 728d1no (33)
0

connecting stress response of Seebeck, Peltier and Thomson effects. Not only do these rela-
tions allow for a theoretical interpretation of thermo-electric experiments on stretched con-
ductors, but they also may have application to devices such as temperature-sensitive strain
gauges for the investigation of thermoelastic phenomena.

5 Thermodynamic Orthogonality and the Modification of Onsager’s Relations

Based on his view of thermo-electricity as irreversible, [29] represents the linear theory by
means of his phenomenological relations for forces and fluxes, such as those in (14), by

X=RJ, or J=£X, with&=0R", (34)
where £ and ‘R are positive-definite symmetric matrices, such that dissipation D is given by
the (Rayleigh) form:

=X"J=J"RJ=X"£X>0, for|J|=yJJ#O0. (35)

Here as below, the superscripts * denote elements of an appropriate dual space and will
generally involve a suitable metric. (By suitable choice of variables X, J, duals can be rep-
resented by abstract vector transposes.)

As an extension of (34), we add a non-dissipative force, writing

A

X=X, +RJ, with X =N +¥ — (J V)], where J =

‘I\

LM =-M, (36)

I~

where the arbitrary vector ¥ and 91 may both depend on i . Then, the rate-independent force
X, obviously lies in the subspace normal to J, makes no contribution to dissipation D, and
represents one form of the thermodynamic orthogonality of Ziegler [36] and Edelen [12].
If one exchanges the roles of force X and flux J in Edelen’s Primitive Thermodynamics,
one obtains a nonlinear resistance generalization of (36) on replacing the term ‘R by the
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gradient 9, ¢ of a dissipation potential ¢ (J), with X, playing the role of a work-free force!®
(in lieu of Edelen’s “powerless” flux).

For the present purposes, we consider the case of an isotropic conductor with forces and
fluxes given by (14), so that

— V¢ =y — Cje + NeSjS + Reeje + ReSj& and
— VO =ys — cjs — Nesje + Resje + Rssjs, where (37)
I = aeljel® +aslisl®, ¢ = (ae¥e - je + asys - Js)/ @ele - Jo + asis - Js),

where a., ag are positive scale factors having compatible physical dimensions, and y., ¥s
are arbitrary vectors. Although the contribution of the terms in ye, ys, N, to total dissipation
is zero, the electromotive power is given by:

—je - Voo = (Ye — CJe + Nesis) - Je + Reeljel® + Resiis - Je» (38)

involving terms that change sign whenever the signs of je, js are reversed and quadratic
terms that do not. This is similar to the form proposed by Thomson [34], p. 130 (or [35], p.
317), becoming essentially the same whenever js o je and Neg = 0.

In a more general setting, work-free forces or fluxes may be associated with constrained
reversible coupling of various processes, a concept already familiar in biochemical energy
transduction [13, 25]. One can then make a distinction between processes that are tightly
coupled, with minimal dissipation, and those that are loosely coupled with dominant dis-
sipation. Whereas the Seebeck-Peltier effect most probably falls into the first category, the
Thomson effect no doubt belongs in the second. As discussed in the Introduction, the clas-
sical thermoelectric analyses of Thomson and Boltzmann involve a combination of these
effects, which tends to obscure this distinction.

5.0.3 Non-dissipative Heat Flux

The interesting question arises as the existence of materials with microstructure admitting
equilibrium states in which only the heat flux is involved explicitly, such that

q-V0=0, with|q|#0,|V0|#0. (39)

To make this plausible, we apply Thomson’s idea of a composite microstructure [34] to
the strictly thermal heat-pump,'® involving steady heat exchange at respective rates Qy >
0, Oc > 0, Qs < 0, with heat reservoirs at high, low and ambient temperatures 0y, O¢, 04,
where 6¢ < 04 < 0y. The steady-state energy and entropy balances for the reversible version
are:

Oc+0a+0n=0, —+—-—"+==0. (40)

5L ebon et al. [19] employ the classical designation “gyroscopic” [36] for such forces but, following Onsager,
do not include them in their treatment of thermoelecticity.

16The basis for the absorption refrigerator (http://en.wikipedia.org/wiki/Einstein_refrigerator), with thermo-
electric counterpart being more relevant to the present discussion.
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To make the point clear, let us assign a definite spatial orientation with Cartesian coordi-
nates, according to A, C, H — x, y, z, with 0, =0+ A0, etc. Then, for a microscopically
small device,!” the relations (40) give, to terms O ([A8]?),

QxAxe+ Q»Aye"f_ QZA”e =0,

the finite-difference analogue of (39). More generally, the relations (40) are special cases of
V.-q=0and V- (q/0) =0, from which (39) follows. Thus, on scales much larger than the
hypothetical heat-pump, the effect is to redirect an effective-continuum heat flux in such a
way as to achieve orthogonality with the temperature gradient. This is reminiscent of related
effects postulated by Thomson ([35], I—pp. 266 ff.) for crystalline conductors and would
no doubt also require an anisotropic microstructure.

6 Conclusions

The foregoing analysis, based on contemporary thermodynamics, provides an alternative
route to Thomson’s classical formulae, along with an interpretation in terms of standard
thermodynamic variables. From the vantage point of the present theory, various criticisms
of Thomson’s formulae may be seen to arise from an incomplete accounting for a reversible,
rate-independent thermochemical coupling between heat and electrical flows.

The above coupling may be viewed as a special case of the thermodynamic orthogonality
envisaged by Ziegler and Edelen, who allow for a fully non-linear model with a more general
dissipative potential than the Rayleigh form assumed by Onsager. The theory also admits the
possibility of non-dissipative heat conduction which the present analysis suggests might be
realized by the appropriate thermoelectric microstructure.

Finally, the preceding analysis also provides a rudimentary approach to thermoelectric
effects in elastic conductors, but there remain numerous questions as to the proper treatment
of superficial charge concentration. As a test of the present predictions, there is an obvious
need for comparison with experiments connecting the effects of stress on Seebeck potential
and Peltier heat, which would take us well beyond the mainly theoretical concerns of the
present paper.

Open Access  This article is distributed under the terms of the Creative Commons Attribution Noncommer-
cial License which permits any noncommercial use, distribution, and reproduction in any medium, provided
the original author(s) and source are credited.
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