Proceedings of the 2006 American Control Conference
Minneapolis, Minnesota, USA, June 14-16, 2006

FrA17.6

Scheduling Control for Periodic Disturbance Attenuation

C.E. Kinney and R.A. de Callafon

Abstract—In this paper, a scheduled controller is presented
by the merging together of internal model-based control and
linear parameter-varying control theory. The internal model
is used to attenuate periodic disturbances and concepts from
linear parameter-varying control theory are used to design
the feedback gain that quadratically stabilizes the closed loop
system during scheduling. An estimate of the frequency of the
disturbance is used as the scheduling variable that updates
the internal model. The order of the controller is kept low by
making use of the separation principle and designing a reduced
order observer for state feedback. A design example of a simple
mass-spring-damper system demonstrates the effectiveness of
the controller to cancel periodic disturbances with a time-
varying frequency.

I. INTRODUCTION

Systems, such as active noise control [1], [2], rotating
machinery, and structural systems, are often systems are
subjected to periodic disturbances with a time-varying fre-
quency. One method of designing controllers to cancel peri-
odic disturbances is by means of the internal model principle
[3]. Francis and Wonham [3] showed that the purpose of the
internal model principle is to place closed loop transmission
zeros were the unstable poles of the disturbance is located.
This placement of the closed loop transmission zeros gives a
robust controller that asymptotically rejects periodic distur-
bances. Controllers designed upon this principle are called
internal model-based (IMB).

The drawback of IMB controllers is the assumed exact
knowledge of the disturbance frequency. To overcome this,
two methods have been developed. One method is to design
robust repetitive controllers [4], or robust IMB controllers,
when the frequency of the disturbance varies only slightly
from the nominal value. This method results in a controller
that is stable and performs well with respect to small pertur-
bations in the disturbance frequency. Steinbuch [4] showed
that a robust repetitive control applied to a Compact Disk
Drive was able to reject the periodic disturbance when the
frequency of the disturbance is perturbed by 0.5%. Another
method developed to accommodate larger fluctuations in
the disturbance is called adaptive IMB control or adaptive
repetitive control [5], [6]. In this scheme, an estimate of
the disturbance frequency is used to adapt the controller. A
variety of identification and adaptive control methods can be
used to this end.

One option to deal with changes in the disturbance fre-
quency is to design a scheduled controller. This can be
accomplished with an H, linear parameter-varying (LPV)
controller [7]. The drawback, however, is the increase in
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complexity (order) of the controller. The resulting controller
will be the order of the plant plus two times the order of the
internal model. For repetitive control system, a specific class
of internal model control systems [8], the order of the internal
model can be very large. To overcome these difficulties, LQG
(or Hs) control can be used to design a controller in which
the complexity is reduced to the order of the plant plus the
order of the internal model.

In this paper, a method for designing a low order con-
troller is presented by using LPV theory [9], [10] and IMB
control. The IMB controller presented in [11] is extended to
accommodate time-varying frequencies. The internal model
and feedback gain are scheduled by monitoring the frequency
of the disturbance. The feedback gain is designed to quadrat-
ically stabilize the closed loop system. A design example is
included to demonstrate the effectiveness of the proposed
control strategy.

II. DESIGN OF NON-SCHEDULED IMB CONTROLLER
A. Problem Description

In this section, we consider the design of an LQG (linear,
quadratic and gaussian) controller in the IMB framework.
Let the state space model of the plant P(s) be given by

@p(t) = Apap(t) + Buu(t) + Buw(t) |
y(t) = Cpap(t) + Dypw(t) : (D

where u(t) is the controlled input, w(t) is an ¢id random
variable with zero mean and unity covariance, and y(¢) is the
measurable output of the plant. The internal model M(s), a
model of the disturbance used in the control design, is given
b
g Em(t) = Ap@m(t) + B (t)
ym(t) = ImTm (t) '

Since the seperation principle [12] applies to LQG con-
trollers, the control problem can be divided into two distinct
problems. First, a state feedback controller is designed to
minimize the Lo, norm of the optimization vector z(t).
Secondly, an observer is designed for P(s) that minimizes
the variance of the estimation error. Estimation of the internal
model states is not needed since the internal model is used in
the control design and the states x,,(t) are used directly for
feedback purposes. Finally, the unique connection of these
two problems yields an IMB controller.

B. Non-Scheduled Internal Model Structure

When the disturbance has a periodic nature, an oscillator
(with no dampening) can be used as an internal model. One
state space description of an oscillator is given by

&1(t) 0 110 x1(¢)
ga(t) | = | —w? 01| | 2t) |, (@
Ym (1) 0 1]0 U, ()
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where w is the frequency of the periodic disturbance. If the
disturbance is comprised of several periodic signals then the
internal model can be obtained with the series connection of
several oscillators. Another valid state space representation
of (2) is given by

j?l (t) 0 w 0 T (t)
j?g (t) = —w 0 1 o (t) . (3)
Ym (t) 1[0 U (t)

It is easily verified that these two systems, (2) and (3), are
equivalent for the time-invariant case but are not equivalent
for the time-varying situation, as will be shown in §III-C.

C. State Feedback Gain

Let the optimization vector z(t) be defined as

=[5 o] [0+ 0]

then series connection of the plant and internal model is
given by

. A 0 B,
501 B, w0 ] [20
(1) | = |2mCetm L8| ) |
z(t) 0 0 o u(t)
Define
Ap 0 B,
AS BS _ Bme Am 0
Cs | Ds| |0 I, |0 ’
0 0 «

then the optimal state feedback control problem consists of
finding the control sequence {u(O),u(lg), ...} such that the
quadratic objective functional J,

Jo = / 2(0TCTCLn(t) + u(t)' DT Dou(t)dt
0

is minimized.
The optimal control sequence is given by the state feed-
back law
u(t) = —Kx(t),

where the optimal state feedback gain K is given by
K =(DI'D,)"'BI'P, 4)
and P, is a solution to the following Riccati equation

ATP+ PA, — PB(DID)'BT"P+CTC.=0.

D. Observer

The second step in the IMB control process is to design
an observer. The observer is used to estimate the states x, (%)
and does not estimate the states of the internal model x ,, (¢).
The idea behind this is the fact that the internal model states
are available for feedback and therefore it is unnecessary
to estimate them. Additionally, this precludes any possible
interference the estimator would have with the internal model
states, resulting in undesirable properties.

The observer problem for the plant P(s) described in
(1) is to find the gain L, such that the cost function J,
is minimized.

Jo = lim E{[z — &) [z — 2]},

Z is the estimated states of P(q), x is the true states of
P(s), and E is the mathematical expectation. The estimator
dynamics is given by

JA7(7f) = (Ap — LpCp)2(t) + Lpy(2). %)
where L, is the steady state Kalman gain given by

Lp = (PonT + BWD;U)(DwaZ;w)il (6)
and P, is the solution to the following Riccati equation:

ApP, + P, AT
—(P,CF + BwD!,)(DywD}w)  (CpPo + DywB)
+B.,BL =o0.

E. IMB Controller
The Internal Model-Based (IMB) controller is defined as

(Ap - LpCp - BuKl) —B.K> Lp
0 Am Bm
C(s) = , (D
—K —K> ‘ 0

where [K; K3 is the state feedback gain from (4) and L,
is the Kalman gain from (6).

It can be observed from (7) that the eigenvalues of the
controller contain the eigenvalues of the internal model.
Therefore, it is internal model-based. Additionally, the order
of the controller is the order of the internal model plus the
order of the plant. A full order design method, based upon
loop shaping [13], would result in a controller that is the
order of the plant plus twice the order of the internal model.

This kind of IMB controller was suggested in [8], although
it was not used adaptively. In [14] and [15] a repetitive
control algorithm was developed and experimentally tested.
The repetitive control algorithm is used with an observer that
uses an error signal and a filtered input signal to estimate
the states of the system. More specifically, the periodic part
of the input signal is filtered out before the observer. Here,
the internal model is completely taken out of the observer
problem reducing the order of the resulting observer.

In [8] it was shown that the design of repetitive and
learning controllers is an application of IMB control and
can be realized through loop-shaping. In [16], it was shown
that the design of learning and repetitive controllers are
dual problems. Thus, the internal model-based control de-
sign methodology can be applied to many types of control
problems.

III. SCHEDULING CONTROL

A. Problem Description

In this section, we consider the design of an LPV con-
troller in the IMB framework. Let the state space model of
the plant P(s) be given by

Ip(t) = Apxp(t) + Byu(t) + Byw(t)
y(t) = Cpap(t) + Dyww(?) ’
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where u(t) is the controlled input, w(t) is an iid random
variable with zero mean and unity covariance, and y(t) is the
measurable output of the plant. The internal model M (s, ),
a model of the undesirable disturbance used in the control
design, is given by

Tm(t) = Ap(0)2m (t) + Bny(t)
Ym(t) = Imxm(t) :

Since the states of the plant are not typically available,
an observer can be used to estimate them. The novelty of
this type of control formulation presented here, is that the
time-varying part of the system lies in the internal model and
therefore a non-scheduled observer can be used. A full order
control design for the plant in series with the internal model
would result in an observer that varies in 6. The observer
that will be used for the scheduled controller is given by (5).

Similar to the non-adaptive controller the adaptive control
design can be divided into three pieces. First, a quadratically
stabilizing state feedback gain is found. Second, a fixed
observer is designed. Finally, the combination of these two
problems yields a scheduled IMB controller that is quadrat-
ically stable. Quadratic stability is defined in the following
section.

B. LPV Systems and Quadratic Stability
Consider the following LPV system:

G: i(t) = A6)z(t) + Buw(t) ®
y(t) = Cx(t),

where x(tf) € R™ is the state vector, A(-) is an affine
function of 6, and 6 € O is a bounded and continuously
varying parameter in time, B € R™*" and w(t) € R? is a
disturbance. Let the parameter set © be defined by

0 = 00{517527 7£N}
= (X a0 s aa(t) 2 0,300 ailt) = 13,

where C'o{-} denotes the convex hull, then the LPV system is
denoted a polytopic LPV system [7]. For the polytopic LPV
system (PLPV) described in (8) and (9) quadratic stability is
defined as follows.

Definition 1 (Quadratic Stability): The PLPV system
i(t) = A(0)x(t), where 6 € O, is Quadratically Stable if 3
a single positive definite P € S™ such that

AE)TP+ PA(&) <0, Vi (10)
Definition 2: The Hs norm for an exponentially stable
LPV system G is defined as

©)

1 t
IG13 = Jim By [ y(n"y(r)dr
— 00 0

when z(0) = 0 and w(¢) is a zero-mean white noise process
with an identity power spectrum density matrix [17].

The following lemma is useful for proving quadratic
stability of systems.

Lemma 1: Consider the block matrix Q(6), where

1Qu®) 0
Q) = [@zl(w sz(f))]'

Suppose the matrices Q11(0) and Q22(f) are quadratically

stable, as defined in Definition 1, and Q(6) is continuous
and bounded, then Q(6) is quadratically stable.

Proof: The proof of this lemma can be found in [7].

|

C. Time-Varying Internal Model Structure

As indicated in §II-B, for the time-varying case the two
time-invariant representations, (2) and (3), are not the same
[18]. To see this fact, consider the homogeneous solution to
(2), given by

x1(t) = Acos(wt + ¢)

where the magnitude A and the phase ¢ are determined by
the initial conditions. Define

alt) = (vt + o),
and p
Ea(t) = wyq(t),

then taking derivatives gives

i1(t) = —Asin(a(t))(wa(t))
i1(t) = —Acos(a(t))(wa(t))? — Asin(a(t)(@a(t)) |
— —o1(O)(wa(D)? + d10a(t) ks

The second term in the last equality is zero for the time-
invariant case. This is were the difference between the two
case lies; the rate of change of w, affects the time-varying
representation. A time varying realization of the above is
given by

a1 (1) 0 1 ‘ O} [ a(t)
a(t) | = | —wa(t)® wa() iy | 1| | w2(0) |,
y(t) 0 1 IC u(t)
(1)
and another is given by

@1 (t) 0 waqlt) ‘ 0 x1(t)

{ﬁg(t) = —wd(t) 0 1 l’g(t) (12)
y(t) 0 1 |0 u(t)

It can be seen that the two representations given in (2)
and (3) are the time invariant versions of (11) and (12).
Since wg might not be available, the preferred time varying
representation is (12).

A periodic disturbance with a frequency that lies in a
closed interval can be formulated as a PLPV system. In
fact, this type of system will only have two vertices. This
observation will be used in the following sections to create
an PLPV system.

IV. DESIGN OF SCHEDULED IMB CONTROLLER
A. Quadratically Stable Feedback Gain

Let the optimization vector z(¢) be defined as

0= 0" | [ [ ] w0
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assuming the states are available, then series connection of
the plant and internal model is given by

A 0 Bu Bw x (t) T
AN 2 | Bl 4@ [0 07 | | wne
m(";) 0 Tn 0 0 u(t)
“ 0 0 a 0 w(t)
Define
A, 0 By By
A:0) | B Baw | _ | BuCp An(®) |0 0
Cs | Dsu Dsw o 0 Im 0 0 ’
0 0 a 0 |
(13)

and
HU)Z(S; 9) = C@(SI - As(e))_lBsw + D),

then the control problem is to find a state feedback controller
such that the feedback connection is quadratically stable and
||Heyw=(s,0)]|2 is minimized.

Proposition 1: Consider the continuous time polytopic
LPV plant Ps(s,0) with a state space realization given by
(13) and a state feedback control given by

N
ut) =~ ailt)Ki)x(t). (14)
i=1
Ps(s,0) is quadratically stabilized by the state feedback
control law (14) iff K; can be written as

-1
K, =L;P™",
where P € S™ and L; € RP*™ are matrices that satisfy

PAT + AyP — By, L; — LI'BL, <0 Vi, P>0.

Proof: The proof follows directly from the definition
of quadratic stability applied to the closed loop system and
defining

|
For the control design, it is very useful to be able to
evaluate a norm of the system so that a controller out of
the set of quadratically stabilizing controllers can be chosen.
In this paper, H5 norm was chosen for design purposes since
the separation principle applies.
Lemma 2: Consider a positive definite matrix P s.t.

As(0)P + PAS(0)" + BB, <0,
then H,,.(s,0) is quadratically stable and

| Hy-(5,0)||3 < tr(Cs PCT).
Proof: Follows directly from [17, lemma 1] and defi-
nition 1. u
Proposition 2: Consider the continuous time polytopic
LPV plant Ps(s,0) with a state space realization given by
(13). If there exists a positive definite P € S™, L; € RP*"
Vi, and W € S” such that

[ PAs(&)" + As(&)P — LT BY, — BsuLi + BswBl, | <0

w CP=Duli] _
(CP — Dy Li)T P =
triW] <~, Vi

15)

then P;(s, 0) is quadratically stabilized by the state feedback
controller

such that ||H,.(s,0)]2 < v,V 6 € ©.

Proof: Quadtratic stability of the closed loop system
is implied via the first LMI in (15) and the implied positive
definiteness of P from the second LMI. Hsz(s,@)Hg <
~ follows from Lemma 2 and application of the Schur
complement technique on the 2"¢ LMI. [

It should be observer from the above Proposition that
quadratic stability not only guarantees robustness properties,
it also simplifies the synthesis of the controller by requiring
that P = 0 as compared to the purely H5 optimal case [17],
but as a consequence the upper bound of || H,,.(s, 6)||, given
in Proposition 2 may be conservative.

B. Scheduled IMB Controller

The scheduled controller is composed of the observer and
scheduled feedback gain from the previous sections. The
resulting controller quadratically stabilizes the closed loop
system, since the separation principle applies. The scheduled
controller is given by

C(s,0) =
(Ap — LpyCp — BuK1(0)) —BuK(0) | Ly
0 An(0) | Bm | (16)
~-K; K ‘ 0

Notice that the only part of the controller that is scheduled
is the internal model and feedback gain. Figure 1 shows
the scheduled controller connected to the plant in feedback.
Notice that the observer dynamics are not scheduled, this
gives the controller a unique structure that simplifies the
design and analysis greatly.

d(t, 0(t))

M (s, 0(t)) =]

Observer

Fig. 1. Scheduled internal model-based controller connected in feedback
to the plant P(s).

Proposition 3: Consider the feedback connection of (1)
and (16). Assume that (1) is quadratically stabilized by the
state feedback control law

u(t) = K (0)a(),

and L, is a stabilizing observer gain, then the closed loop
system is quadratically stable.
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Proof: Rearranging the closed loop T;(s, (¢)) in terms
of the error dynamic of the plant estimator 2, (k) gives

Tcl(57 9) =
Ap — BuK1(0) —BuK2(0) BuK1(0) | Bu
BimCp A (0) 0 B Dy
0 Ap—LpyCp | LyDyuw |,
0 I 0 0
*OéK1 (9) 7&K2(0) OéK1 (0) 0

and by lemma 1 the closed loop is quadratically stable. W

V. DESIGN EXAMPLE

A. System Description

To demonstrate the effectiveness of the proposed controller
a simple mass-spring-damper system from will be used.
An illustration of the system is shown in Figure 2. The

(El(t)

xa(t)
. s [
-

my - ult ma
C1 C2 H

OIONO)

OIONO)

Fig. 2. Simple mass-spring-damper system.

control signal u(t) is the force applied to the first mass,
the disturbance d(t) is the force applied to the second
mass, and the measured output y(t) is the position of the
second mass. For the simulation the following parameters
were used: mi=mo=1, k1=ko=100, c¢1=co=1. In addition, it
will also be assumed that there is measurement error v(t),
modeling errors w(t), and disturbance is composed of a
single sinusoidal disturbance with a varying frequency. A
state space realization of the system to be used in the control
design is given by

(t) = Az(t) + Byu(t) + Byw(t)

y(t) = Ca(t) + v(t) 4D
where
0 0 1 0
0 0 0 1
A=1 _900 100 -2 1 |
100 —100 1 -1
0 100 0
0 010 0
Bu=101Bv=10050 0
1 00 0 80
C=[0100]

Notice that (17) does not include the periodic disturbances.
The periodic disturbances will be rejected by designing a
controller to stabilize the series connection of the plant with
the appropriate internal model.

The internal model used to design the controller is given
by

0 wd(Q)

0
l’dl(t) —w (Edl(t)
Taz(t) | = ‘f(e) 8 ‘(1) za2(t) |,
0 o 1 o) el

where e(t) is an external input.

B. Non-Scheduled IMB Controller

A non-scheduled internal model-based controller was de-
signed based upon the theory presented in this paper. The
IMB controller was designed to eliminate periodic distur-
bances with the same frequency as the dominant resonance
mode in the transfer function from the disturbance to the
output Tyyq(s). From the singular value plot shown in Fig-
ure 4, it can be seen that the dominant resonance mode is
near 6 rad/sec, and therefore the system will be sensitive the
periodic disturbances near this frequency (in open loop).

C. Scheduled IMB Controller

Using the design methodology from the previous sections
a scheduled IMB controller was designed to reduce the
affect of the periodic disturbance on the output of the
plant. The controller (composed of the observer, internal
model, and feedback gain) is changed on-line to cancel the
periodic disturbance d(t) with a time-varying frequency. The
scheduled controller is given by (16), with

238.43
162.58
70.304 |’
82154

L, =

and
K, =[4635.5 28729 116.11 1704.7 —15972 15547 ]

Ko, =[4628 28696 115.97 1701.8 —13962 15250 ].
(13)
It can be seen from (18), that the controller gains are very
similar. For this problem, it might be feasible to design a
robust LPV controller that performs well.

D. Simulation

For the simulation, the force disturbance on the second
mass, d(t), was set to

d(t) = sin(w(t)t)
w(t) =3+ 3t

0(t) was set to
0(t) = —=3t& + (1 — 3t)&e,

where £ = 3”%1 and & = 33%1. Figure 3 shows the
disturbance d(t), closed loop system with a non-scheduled
IMB controller, and the closed loop system with a scheduled
IMB controller when d(t) is applied. It can be seen from this
figure, that the scheduled controller is able to attenuate the
periodic disturbance while the frequency is varying. From
Figure 4, it can be seen that non-scheduled IMB controller
is able to completely reject disturbances only at 6 rad/sec

and therefore performs poorly at neighboring frequencies.
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Additionally, the non-scheduled controller asymptotically
rejects the disturbance at 6 rad/sec, and since the frequency
changes quickly the non-scheduled controller is not able to
reject the disturbance completely. It is also noticeable that
both controllers perform very well at higher frequencies. This
is due to small gain of T),4(s) at high frequencies, as shown
in Figure 4.

Disturbance
o

|
—

S
[\

Position o
o

|
<
(=3
s}

Time (sec.)

Fig. 3. Top: Disturbance signal d(¢). Bottom: Closed loop system with
scheduled IMB control (Solid) and closed loop system with non-scheduled
IMB control (Dashed).

0 .

Amplitude (dB)

-100-; -
10 10 10
Frequency (rad/s)

2

Fig. 4. Singular value plot of Ty q(s) (Solid) and the closed loop system
with the non-scheduled controller (Dashed).

VI. CONCLUSIONS

The control design presented in this paper merges together
internal model-based theory and LPV theory. A scheduled
controller is found by varying the internal model, and LPV
theory is used to find the feedback gain that stabilizes the
system while the scheduling takes place. More specifically,
a quadratically stabilizing feedback law was found for the
series connection of the plant with the internal model.
An observer was designed to estimate the states of the
plant. Finally, the scheduled controller was constructed by
connecting the observer and internal model together with a
stable feedback gain.

An example problem was included to demonstrate the
effectiveness of the scheduled controller as compared to a
non-scheduled controller designed upon the internal model
principle. The example consisted of a simple mass-spring-
damper system that was subjected to time varying periodic

disturbances that range 83.3% from its nominal value. The
scheduled controller used the frequency of the disturbance as
the scheduled variable and changed the internal model and
feedback gain to reject the disturbance and is shown to be
superior to the non-scheduled controller. The control design
presented in this paper can be applied to various systems that
experience periodic disturbances such as active noise control,
structural systems, and rotating machinery.
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