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Abstract

Inverse problems in subsurface flow are generally challenging due to the need for a large number of

expensive numerical solutions to partial di↵erential equations (PDEs). Inverse modeling typically

consists of generating realizations of the unknown model parameters and matching the corresponding

model’s prediction to the measurements. Model errors, measurement errors, and data scarcity

require one to quantify predictive uncertainty in model predictions, which further exacerbates the

computational cost of inverse modeling. The latter can be ameliorated either by devising inversion

frameworks that require fewer forward model runs to converge, or by constructing a much more

e�cient forward surrogate model that replaces the PDE solver. In this dissertation, we pursue

these two strategies and apply them to three inverse problems of practical importance in subsurface

applications. The common thread in this investigation is the use of deep neural network (DNN)

surrogates that accelerate forward modeling by several orders of magnitude.

We first present a study on identification of the statistical parameters of a discrete fracture

network (DFN). These parameters are field-scale properties of fractured rocks, which play a crucial

role in many subsurface problems. In this study, we develop an inversion technique to infer two

such parameters, fracture density and fractal dimension of a DFN, from cross-borehole thermal

experiments data. Our approach relies on a particle-based heat-transfer model, whose evaluation

is accelerated with a DNN surrogate that is integrated into a grid search. The DNN is trained on

a small number of heat-transfer model runs, and predicts the cumulative density function of the

thermal breakthrough time. The latter is used to compute fine posterior distributions of the (to-be-

estimated) parameters. Our synthetic experiments reveal that fracture density is well constrained by

data, while fractal dimension is harder to determine. Adding non-uniform prior information related

to the DFN connectivity improves the inference of this parameter.

We further focus on a higher-dimensional inverse problem on contaminant source identification.

The reconstruction of contaminant release history from sparse observations of solute concentration is

a key component of the design of an e�cient subsurface remediation strategy. Markov chain Monte

Carlo (MCMC), the most general method for this task, is rarely used in practice because of its high

computational cost associated with multiple solves of contaminant transport equations. We investi-

gate two MCMC variants: delayed rejection adaptive Metropolis (DRAM) and Hamiltonian Monte
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Carlo (HMC), in which a transport model is replaced with a fast and accurate surrogate model in the

form of a deep convolutional neural network (CNN). The CNN-based surrogate is trained on a small

number of the transport model runs based on the prior knowledge of the unknown release history.

Thus reduced computational cost allows one to diminish the sampling error associated with con-

struction of the approximate likelihood function. As all MCMC strategies for source identification,

our method has an added advantage of quantifying predictive uncertainty and accounting for mea-

surement errors. Our numerical experiments demonstrate that our method’s accuracy is comparable

to that of MCMC with the forward transport model, but carries a fraction of the computational

cost of the latter.

Finally, we expand the unknown parameter dimension and tackle a realistic three-dimensional

inverse problem, in which both a heterogeneous conductivity field and the contaminant release

history are identified from sparse observations. Achieving these two goals with limited and noisy

hydraulic head and concentration measurements is notoriously challenging. The obstacles include the

large dimensionality of the parameter space of such inverse problems and the high computational cost

of a numerical solution to the PDEs describing fluid flow and solute transport in porous media. In

this study, we use a convolutional adversarial autoencoders (CAAE) to parameterize heterogeneous

non-Gaussian conductivity fields with a low-dimensional latent representation. Additionally, we

train a three-dimensional dense convolutional encoder-decoder (DenseED) network to perform as

the forward surrogate for the flow and transport processes. Combining the CAAE and DenseED

forward surrogates, ensemble smoother with the multiple data assimilation (ESMDA) algorithm is

used to sample from the Bayesian posterior distribution of the unknown parameters, forming our

CAAE–DenseED–ESMDA inversion framework. We compare the inversion results of the CAAE-

ESMDA with the physical flow and transport simulator with those of the CAAE–DenseED–ESMDA

to demonstrate that the latter yields accurate reconstruction results at the small fraction of the cost

of the former.
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Chapter 1

Introduction

1.1 Inverse Problems and their Challenges

The number of unknown parameters in a given problem determine the dimensionality of the inverse

model. The higher the model’s dimensionality, the harder it is to solve. Many, if not all, inversion

strategies scale poorly with the dimension. Inversion frameworks fall into two categories, determin-

istic and probabilistic. Regardless of whether physical/chemical/biological phenomena of interest

are deterministic or stochastic, and regardless of which inversion framework is adopted, inverse mod-

eling unavoidably requires a large number of forward model solves. In each solve, a realization of

unknown parameters is used to obtain the model response, and the latter is compared with the

measurements. The computational cost of an individual forward run can be so high as to render the

cost of an accurate solution to a real-world inverse problem prohibitive.

As challenging as they might be, inverse problems are still tractable if two complementary strate-

gies are integrated. The first aims to reduce the number of forward model runs that are required for

an inversion algorithm to converge. The second aims to reduce the computational cost of each for-

ward run by constructing an e�cient surrogate model and/or to reparameterize the high-dimensional

inputs.

1.2 Inversion Frameworks

Inverse problems are often ill-posed, as the available observations are sparse and sensitive to random

measurement errors. The goal of reducing the number of forward simulations needed relies on

the development of advanced inversion algorithms. Among them, deterministic or optimization-type

methods (e.g., maximum likelihood estimators) look for a “best” estimate of the parameters, without

attempting to quantify the predictive uncertainty inherent in such estimations. Rather than seeking

to obtain a unique solution, probabilistic methods provide a distribution of such solutions, so that

1
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each estimate comes with the associated probability of being correct or a confidence interval. This

thesis deals with the latter type of inversion algorithms.

Among probabilistic inversion frameworks, Markov chain Monte Carlo (MCMC) and ensemble-

based methods are two of the most prevalent alternatives in subsurface inverse modeling [105]. Both

frameworks provide an approximation of the Bayesian posterior distribution of unknown parame-

ters. A very beneficial feature of MCMC is its ability to handle general prior distributions of the

parameters. However, even the mathematical properties of MCMC guarantee the convergence of a

Markov chain of samples to the posterior distribution after a “su�cient” number of samples is assim-

ilated, this number can easily exceed 105 in groundwater applications [143, 138]. Parallelization of

MCMC [55] does not vastly improve its e�ciency, because each Markov chain needs to be long enough

for the “burn in” stage samples to be discarded. Search for MCMC variants with improved e�ciency

has led to the development of the delayed rejection (DR) sampling and the adaptive Metropolis (AM)

sampling, which slightly increase the sample acceptance rate; the Hamiltonian Monte Carlo (HMC)

sampling based on the gradient, which integrates a Hamiltonian physical system. In theory, HMC

is applicable to high-dimensional problems, because the acceptance rate would reach 100% if the

Hamiltonian dynamics are simulated properly. Yet, the use of the gradients required in this sam-

pling method preclude its use in many high-dimensional applications. The ensemble-based methods

include ensemble Kalman filter (EnKF) [31, 32], restart EnKF (rEnKf) [134], iterative local up-

dating ensemble smoother (ILUES) [140], and ensemble smoother with multiple data assimilation

(ESMDA). Such methods use a two-stage prediction/correction procedure to update the ensemble

of the parameter realizations drawn from a prior distribution. ESMDA and ILUES have shown

the ability to deal with nonlinear state-space models and high-dimensional problems [54, 94]. The

“rule of thumb” in ESMDA or ILUES is to use an ensemble that consists of O(103) samples, and

to update the ensemble for O(10) iterations. Because the forward simulations in each ensemble are

uncorrelated, they are trivially parallelizable. This property, which is often referred to as “embar-

rassingly parallel” or “pleasingly parallel” [48], is a great advantage of these methods over MCMC.

A geostatistical parameter estimation framework: quasilinear inversion [117, 62, 63] also falls in the

type of inversion frameworks that require the gradient information, or referred to as sensitivity of

measurements to unknowns, and hence, su↵ers from the same curse-of-dimensionality[37]. Adjoint-

state sensitivity analysis enables the implementation of this method, but loses the attractiveness

since the forward model can not be used as a “black-box”. Eigenspectrum-based compression de-

veloped for geostatictical inversion methods [64, 75] could preserve the feasibility of a “black-box”

forward model, and largely reduce the e↵ort of the computation of these gradients with a matrix-free

approach, yet is still constrained to the best linear unbiased estimation.
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1.3 Surrogate Models

There are at least two ways to reduce the computational cost of a single forward model run. The first

seeks to replace expensive forward PDE-based simulations of flow and transport processes with their

cheap surrogate, emulator, or reduced-order model [19, 85, 84]. Examples of such surrogates include

polynomial chaos expansions [138, 19] and Gaussian processes [29, 139]. These two approaches, and

many others, su↵er from the so-called curse of dimensionality, which refers to the degradation of

their performance as the number of random inputs becomes large. Various flavors of deep neural

networks (DNNs) have attracted attention, in part, because they remain robust for large numbers of

inputs and outputs [95, 58]. Another benefit of DNNs is that their implementation in open-source

software is portable and can be accelerated with advanced computer architectures, such as graphics

processing units (GPUs) and tensor processing units (TPUs), without significant coding e↵ort from

the user. On the downside, unlike some other surrogate models (e.g., polynomial chaos, which can

predict a solution at any time), most DNN surrogates of flow and transport models predict only the

model states for a short period, and do not generalize to further predictions.

The second way of using surrogates, which is not directly related to a forward model, is to

obtain an e�cient parameterization of high-dimensional variables. This technique is often referred

to as reduced-order modeling (ROM). DNN-based based ROM methods include autoencoders such as

variational autoencoders [61] and adversarial autoencoders based on a generative adversarial network

(GAN) [40]. In the context of subsurface modeling the resulting DNN learns the two-way mapping

between a training conductivity field and the random latent variable. A realization of the latter can

be decoded to a realization of the conductivity field that is similar to those from the training data

set. Besides significantly reducing the number of the unknown parameters, variational autoencoders

enable one to tackle the latent variable distribution. That is because the latter is usually formed as

a standard normal distribution. This simplicity further facilitates the inverse problem solving with

ensemble methods.

1.4 Overview of the Dissertation

This dissertation is organized as follows. In Chapter 2, we present a Bayesian inference strategy to

estimate characteristics of a Discrete Fracture Network (DFN) from thermal experiments. A DNN

surrogate is used to accelerate simulations of heat tracer migration, facilitating exploration of the

parameter space. We show that prior knowledge about DFN properties sharpens their estimation,

yielding a parameter-space region wherein they lie with high probability. This work was submitted

to Water Resources Research and is available as a preprint on ArXiv [144].

In Chapter 3, a two-dimensional contaminant source identification problem is tackled with two

MCMC variants, DRAM sampling and HMC sampling. We integrate a CNN surrogate model with

the DRAM/HMC sampling to identify the contaminant release locations and strengths. DRAM
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sampling of the forward flow and transport model, implemented in black-box simulators MOD-

FLOW [47] and MT3DMS [141], is performed to obtain the benchmark results. These are used

to test the performance of DRAM sampling and HMC sampling with the CNN surrogate. The

comparison of the inversion accuracy and the computational cost is reported. Part of this work

(DRAM sampling with physics-based model and CNN surrogate model) is published in Stochastic

Environmental Research and Risk Assessment [143].

In Chapter 4, we tackle a three-dimensional problem of contaminant source identification in

a heterogeneous subsurface environment whose hydraulic conductivity is unknown. The latter is

parameterized with a convolutional adversarial autoencoder (CAAE), which reduces the dimension-

ality of the inverse problem, and maps its complex (non-Gaussian, possibly multimodal) distribution

onto a standard normal distribution that is much easier to handle. A forward surrogate model with

a convolutional dense encoder-decoder (DenseED) neural network architecture is used in place of

the PDE-based model of subsurface flow and transport. Ensemble smoother with multiple data as-

similation (ESMDA) is used to approximate the posterior distribution of 931 unknown parameters,

including the conductivity field parameterized with CAAE, and the contaminant release history. We

compare the accuracy and computational e�ciency of the PDE-based CAAE–ESMDA inversion with

that of the CAAE–DenseED–ESMDA inversion. This work is under preparation to be submitted to

a peer-reviewed journal.



Chapter 2

Fractured Rock Delineation via

Thermal Experiments

In this chapter, we aim to estimate two Discrete Fracture Network (DFN) characteristics, the fracture

density and fractal dimension, from thermal experiments. Bayesian inference is conducted together

with a DNN surrogate to alleviate the computational burden of the forward model of fluid flow and

heat transfer.

2.1 Introduction

Characterization of fractured rock is a critical challenge in a wide variety of research fields and

applications, such as extraction, management and protection of water resources. In fractured-rock

aquifers, fractures can act as preferential flow paths that increase the risk of rapid contaminant

migration over large distances. While the resource is generally stored in the surrounding matrix,

fractures often determine the spatial extent of the extraction area (the cone of depression or well

capture zone). Similar considerations play an important role in (oil/gas and geothermal) reservoir

engineering, carbon sequestration, etc.

Various characterization techniques provide complementary information about fractured rocks.

These typically rely on direct observation data, surface and borehole data acquired with geophysical

techniques, and borehole data collected during hydraulic and tracer experiments [10, 24, 25, 23, 109].

We focus on the latter because they provide information that is directly related to the hydrogeolog-

ical structures that drive flow and transport processes. For example, measurements of vertical flow

velocities in a borehole under ambient and forced hydraulic conditions are used to estimate the prop-

erties of individual fractures that intersect the borehole [67, 100, 108], and piezometric data collected

in observation boreholes allow one to evaluate features of complex fracture configurations [33, 73, 83].

5
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Chemical tracer experiments, typically comprising the interpretation of breakthrough curves, yield

information on the short and long paths in the fractured rock; these characterize the discrete fracture

network (DFN) and matrix block properties, respectively [110, 45].

Heat has also been utilized to identify the presence of fractures intersecting boreholes [103, 106],

to estimate their properties [65], and to study flow channeling and fracture-matrix exchange at

the fracture scale [22, 66]. Most of these thermal experiments employ advanced equipment, which

deploys the active line source (ALS) to uniformly modify water temperature in a borehole [102] and

the distributed temperature sensing (DTS) to simultaneously monitor the resulting temperature

changes in observation boreholes [106]. Thermal tracer experiments o↵er several advantages over

their chemical counterparts. They do rely on neither localized multilevel sampling techniques nor

localized tracer injection in boreholes; they interrogate larger area because heat conduction covers

larger area than solute di↵usion; and they are not restricted by environmental constraints whereas

chemical tracers may remain in the environment for a long time [2, 104].

Without exception, the interpretation of hydraulic and tracer experiments involves inverse model-

ing. The choice of a strategy for the latter depends on the properties of interest, the data considered,

the models available to reproduce the data, and the prior information about the studied environ-

ment. For fracture configurations between two boreholes, (semi-)analytical and numerical models

can be applied to the cross-borehole flow-meter experiments mentioned above to evaluate the trans-

missivity and storativity of the fractures that intersect the boreholes at known depths [67, 100, 108];

the inversion consists of the gradient-based minimization of a discrepancy between the model’s pre-

dictions and the collected data. Large-scale systems with complex fracture configurations require

the use of sophisticated inversion strategies designed for high volumes of data. Most of such studies

generate data via hydraulic and/or tracer tomography experiments, and use the inversion to iden-

tify the geometrical and hydraulic properties of a fracture network [33, 73, 119]. Studies attempting

to infer the statistical characteristics of a DFN, such as fracture density and scaling exponents in

distributions of length, orientation and aperture [52, 53] are limited. Electric potential and electri-

cal resistivity data were used to identify the fractional connected area(FCA) in [88, 87], where the

fractal dimension was also characterized, showing relatively high uncertainty of this parameter; yet

fractal density was not identified due to the freedom of spatial distribution of the fractures.

Yet, more detailed statistics are necessary to quantify uncertainty in predictions of hydraulic and

transport processes in fractured rocks. Their identification rests on ensemble-based computation,

which involves repeated solves of a forward model. Two complementary strategies for making the

inversion feasible for large, complex problems are: i) to reduce the number of forward solves that

are necessary for the inversion algorithm to converge, and ii) to reduce the computational cost of

an individual forward solve. The former strategy includes the development of accelerated Markov

chain samplers, Hamiltonian Monte Carlo sampling, iterative local updating ensemble smoother,

ensemble Kalman filters, and learning on statistical manifolds [7, 12, 11, 58, 143]. The latter strategy



CHAPTER 2. FRACTURED ROCK DELINEATION VIA THERMAL EXPERIMENTS 7

aims to replace an expensive forward model with its cheap surrogate/emulator/reduced-order model

[19, 85, 84]. Among these techniques, various flavors of DNNs have attracted attention, in part,

because they remain robust for large numbers of inputs and outputs [143, 95, 58]. Another benefit

of DNNs is that their implementation in open-source software is portable to advanced computer

architectures, such as graphics processing units and tensor processing units, without significant

coding e↵ort from the user.

We combine these two strategies for ensemble-based computation to develop an inversion method,

which makes it possible to infer the statistical properties of a fracture network from cross-borehole

thermal experiments (CBTEs). To alleviate the high cost of a forward model of hydrothermal exper-

iments, we use a meshless, particle-based method to solve the two-dimensional governing equations

for fluid flow and heat transfer in DFNs (Section 2.2). These solutions, obtained for several realiza-

tions of the DFN parameters, are used in Section 2.3 to train a DNN-based surrogate. The latter’s

cost is so negligible as to enable us to deploy a fully Bayesian inversion (Section 2.4) that, unlike

ensemble Kalman filter, does not require our quantity of interest to be (approximately) Gaussian. To

do so, we generate two-dimensional synthetic fractal fracture network models in which hydrothermal

experiments are simulated with fluid flow and heat transfer physically-based models. The computa-

tional burden of the forward models is overcome by determining neural network surrogate models

that are used for inversion analysis. The inverse problem aiming at evaluating the fracture density

and fractal dimension of the fracture networks from this data, is conducted with Bayesian inference,

which is well suited for low-dimensional problems. The structural and physically-based forward

models are presented in Section 2.2, the neural network model formulation in Section 2.3 and the

inversion strategy in Section 2.4. Numerical experiments are conducted in Section 2.5, showing

that our approach is four orders of magnitude faster than the equivalent inversion based on the

physics-based model. These synthetic experiments also reveal that the CBTE data allow one to

obtain accurate estimates of fracture density, while the inference of a DFN’s fractal dimension is less

robust. Main conclusions of this study are summarized in Section 2.6, together with a discussion of

alternative strategies to improve the estimation of fractal dimension.

2.2 Models of Fracture Networks and Transport Phenomena

A forward model of CBTEs consists of a fracture network model and those of fluid flow and heat

transfer. These models are described in Sections 2.2.1, 2.2.2, and 2.2.3, respectively.

2.2.1 Model of Fracture Networks

To be specific, we conceptualize a DFN via the fractal model of [50],

Nr = Cr
�D

, (2.1)
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that postulates a power-law relationship between the number of fractures, Nr, and their dimen-

sionless relative length r (normalized by smallest fracture length r0), in a domain of characteristic

length L. The parameters C and D denote fracture density and fractal dimension, respectively.

If a network’s smallest fracture has length r0, then the number of classes in the fracture model is

Nf = int(C/r
D

0
) and the relative length of fractures in the ith class is ri = (C/i)1/D (i = 1, . . . , Nf ).

This formulation is equivalent to the model [21] that expresses fracture density n(l, L) = ↵L
D

l
�a in

terms of fracture length l and domain size L, if one sets ↵ = CD/Nf , D = D, and a = D + 1. The

latter model reproduces self-similar structures observed in numerous studies [113, Chapter 6.6.8],

allowing one to represent realistic fracture networks with the minimal number of parameters.

To generate a synthetic data set, we consider fractures arranged at two preferred angles ✓1 = 25�

and ✓2 = 145� in a 100 ⇥ 100 m2 domain. Fracture centers are randomly distributed over the whole

domain, and their aperture is set to 5 ⇥ 10�4 m, as in [38]. The resulting DFN is simplified by

removing the fractures that are not, directly or indirectly through other fractures, connected to the

domain’s perimeter. An example of such a DFN is shown in Figure 2.1. Fluid flow and heat transfer

are modeled on this fracture network.

<latexit sha1_base64="Llpx2DjqpbMVmrWL1PZzI6UqyQ8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcKuinoMePEYIS/ILmF2MpuMmX0w0yuGJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1vq7Cyura+UdwsbW3v7O6V9w9aOk4V400Wy1h1fKq5FBFvokDJO4niNPQlb/uj26nffuRKizhq4DjhXkgHkQgEo2gkt9FzkT9hJqKHSa9csav2DGSZODmpQI56r/zl9mOWhjxCJqnWXcdO0MuoQsEkn5TcVPOEshEd8K6hEQ259rLZzRNyYpQ+CWJlKkIyU39PZDTUehz6pjOkONSL3lT8z+umGNx45qEkRR6x+aIglQRjMg2A9IXiDOXYEMqUMLcSNqSKMjQxlUwIzuLLy6R1XnWuqhf3l5XaWR5HEY7gGE7BgWuowR3UoQkMEniGV3izUuvFerc+5q0FK585hD+wPn8AhT6R8Q==</latexit>

Tinj
<latexit sha1_base64="wLvX9wiLpjkTGBSy5qq5paUjugg=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFcSJlRUZcFNy4r9AXtUDJppg3NZIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM695J4TJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju6nfeuTaiFjVcZxwP6IDJULBKFqpU+91kT9hJtSkVyq7FXcGsky8nJQhR61X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezkCTm1Sp+EsbZPIZmpvzcyGhkzjgI7GVEcmkVvKv7ndVIMb32bJ0mRKzb/KEwlwZhM85O+0JyhHFtCmRb2VsKGVFOGtqWiLcFbjLxMmhcV77py+XBVrp7ndRTgGE7gDDy4gSrcQw0awCCGZ3iFNwedF+fd+ZiPrjj5zhH8gfP5A7r/kX0=</latexit>

Tin

<latexit sha1_base64="A2acVEJytB0IvL0tUs/QxaAOPRc=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48V+gVNKJvttl26yYbdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtkBouRcwbKFDydqI5jULJW+Hobuq3Hrk2QsV1HCc8iOggFn3BKFrJr3d95E+YqdBMuqWyW3FnIMvEy0kZctS6pS+/p1ga8RiZpMZ0PDfBIKMaBZN8UvRTwxPKRnTAO5bGNOImyGY3T8ipVXqkr7StGMlM/T2R0ciYcRTazoji0Cx6U/E/r5Ni/zbIRJykyGM2X9RPJUFFpgGQntCcoRxbQpkW9lbChlRThjamog3BW3x5mTQvKt515fLhqlw9z+MowDGcwBl4cANVuIcaNIBBAs/wCm9O6rw4787HvHXFyWeO4A+czx+JzZH0</latexit>

Tobs

<latexit sha1_base64="t4b7DLpss8k0jbU1uhpt1bDrisg=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJKoqMeCF48V7Ac0oWy223bpbhJ2J2IJ9Wd48aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkgNlyLidRQoeSvRnKpQ8mY4vJn4zQeujYijexwlPFC0H4meYBSt5Huu++Qjf8RMjTulsltxpyCLxMtJGXLUOqUvvxuzVPEImaTGtD03wSCjGgWTfFz0U8MTyoa0z9uWRlRxE2TTm8fk2Cpd0ou1rQjJVP09kVFlzEiFtlNRHJh5byL+57VT7F0HmYiSFHnEZot6qSQYk0kApCs0ZyhHllCmhb2VsAHVlKGNqWhD8OZfXiSNs4p3WTm/uyhXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MHykyReQ==</latexit>

100 m
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0

m

Figure 2.1: Fracture networks example. In a geothermal system, the red rectangle on the left of
the domain represents the injection well, the right rectangle represents the extraction well. The
injecting, extracting, and initial temperature are Tinj, Tobs, Tin respectively.
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2.2.2 Model of Fluid Flow in Fracture Networks

We deploy a standard model of single-phase steady-state laminar flow in a DFN, which assumes

the ambient rock matrix to be impervious to fluid. The flow of an incompressible fluid is driven

by a hydraulic head gradient, J , due to constant hydraulic heads imposed on the left and right

boundaries, the top and bottom boundaries are impermeable.

The fracture extremities and intersections of the DFN, whose construction is detailed above,

form the network nodes and a fracture connecting two adjacent nodes are referred to as the network

edge. Flow rate in each edge is computed as the cross-sectional average of the Poiseuille velocity

profile. Thus, the flow rate, uij , of flow from node i to node j is uij = �b
2

ij
/(12⌫)Jij , where ⌫ is

the fluid’s kinematic viscosity, bij is the aperture of the fracture connecting the nodes i and j, and

Jij = (hj � hi)/lij is the hydraulic head gradient between these nodes with lij the distance between

these nodes. The hydraulic heads at the DFN nodes, hi (i = 1, 2, . . . ), are computed as the solution

of a linear system built by enforcing mass conservation at each node:
P

k2Ni
bkiuki = 0, where Ni

is the set of the neighboring nodes of node i (see, e.g., [38, 145] for details).

2.2.3 Model of Heat Transfer in Fractured Rock

The DFN constructed in Section 2.2.1 is further pruned by removing the edges representing the

fractures with negligible flow velocities, e.g., uij  10�10 m/s used in the subsequent numerical

experiments. This leads to removing the “dead-ends” of the fracture networks, which correspond to

fracture segments for which one of the extremities has only one neighboring node. Convection in the

resulting fracture network and conduction in the host matrix rock are modeled via the particle-based

approach [38]. The computational cost of this method is significantly lower than that of its mesh-

based alternatives because it discretizes only the fracture segments, while the matrix is not meshed.

The particle displacement is associated with conduction and convection times in the fracture and

the matrix, respectively. The latter time is defined from analytical solutions to a transport equation

for fracture-matrix systems, and truncated according to the probability plim for the particle to reach

a neighboring fracture by conduction through the matrix. The fracture segment discretization is

defined through the parameter plim that denotes this probability. Complete mixing is assumed at the

fracture intersections, implying that the probability for a particle to enter into a fracture depends

only on the flow rate arriving at the considered node.

CBTEs are simulated by uniformly injecting Npart particles on the left side of the domain and

recording their arrival times on the right side. The cumulative distribution functions (CDFs) of

these arrival times describe the changes in the relative temperature T
⇤ observed at distance L from

the heat source, assuming complete mixing in the vertical direction at the observation position. The

relative temperature is defined as T
⇤ = (Tobs � Tin)/(Tinj � Tin), where Tin is the initial (at t = 0)

fluid temperature in the system, and Tinj and Tobs the temperature at the injection and observation

positions, respectively [38].
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2.3 Neural Network Model Formulation

2.3.1 Forward surrogate model

We define a NN surrogate for the physics-based model described in Section 2.2 with a map,

f : (C, D) ! F (x), F (x) = P(X  x), x 2 R, (2.2)

where (C, D) are the fracture network parameters, and F (x) is the CDF of a particle’s arrival time X,

i.e., the probability that X does not exceed a certain value x. Since the nonzero probability space of

F (x) varies for di↵erent simulations [38, 112, and Section 2.5 below], we find it convenient to work

with the inverse CDF (iCDF) F
�1. Because any CDF is a continuous monotonically increasing

function, the iCDF (or quantile CDF) is defined as:

iCDF : Q(p) = F
�1(p) = min{x 2 R : F (x) � p}, p 2 (0, 1). (2.3)

If Q(p) is discretized into a set of Nk quantiles {p1, . . . , pNk : 0 < p1 < · · · < pNk < 1}, then

iCDF = {Q(p1), . . . , Q(pNk)}, Q(p1) < · · · < Q(pNk). (2.4)

2.3.2 Fully connected NNs

Consider a fully connected neural network (FCNN),

NN : m
FCNN
����! d̂ (2.5)

that describes the forward surrogate model (2.2)–(2.4). The vector m, of length Nm, contains the

parameters to be estimated (in our problems, these parameters are C and D, so that Nm = 2);

and the vector d̂, of length Nd, contains the discretized values of the iCDF computed with the

model NN. This model is built by defining an Nd ⇥ Nm matrix of weights W, whose values are

obtained by minimizing the discrepancy between the vectors d̂ and the vector d comprising the

output of physics-based model from Section 2.2. Because the relationship between m and d is

likely to be highly nonlinear, we relate m and d̂ via a nonlinear model d̂ = �(Wm), in which the

prescribed “activation” function �(·) operates on each element of the vector Wm. Commonly used

activation functions include sigmoid functions (e.g., tanh) and the rectified linear unit (ReLU). The

latter, �(s) = max(0, s), is used in this study due to its proven performance in similar applications

[1, 143, 94].

The nonlinear regression model d̂ = �(Wm) ⌘ (� � W)(m) constitutes a single layer in a NN.

A (deep) FCNN model with Nl layers is constructed by a repeated application of the activation
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function to the input,

d̂ = NN(m;⇥) ⌘ (�Nl � WNl�1) � . . . � (�2 � W1)(m). (2.6a)

The parameter set ⇥ = {W1, . . . ,WNl�1} consists of the weights Wn connecting the nth and

(n + 1)st layers with the recursive relationships:

8
>>><

>>>:

s1 = (�2 � W1)(m) ⌘ �2(W1m),

si = (�i+1 � Wi)(si�1) ⌘ �i+1(Wisi�1), i = 2, . . . , Nl � 2

d̂ = (�Nl � WNl�1)(sNl�2) ⌘ �Nl(WNl�1sNl�2).

(2.6b)

Here, si is the vector of data estimated in the ith layer; W1, Wi (i = 2, . . . , Nl � 2) and WNl�1

are the matrices of size d1 ⇥ Nm, di ⇥ di�1 and Nd ⇥ dNl�2, respectively, and the integers di

(i = 1, . . . , Nl � 2) represent the number of neurons in the corresponding inner layers of the NN.

Sometime, bias parameters bi with dimension di ⇥ di�1 is added to si too, these b are included into

⇥ as fitting parameters. The fitting parameters ⇥ are obtained by minimizing the discrepancy (or

“loss function”) L(di, d̂i) between d̂ and d,

⇥ = argmin
⇥

NdataX

i=1

L(di, d̂i), d̂i = NN(mi;⇥), (2.7)

where Ndata is the number of forward runs of the physics-based model. We use the stochastic

gradient descent optimizer [111] to carry out this step, which is commonly referred to as “network

training”.

2.3.3 Neural network model setting

A choice of the functional form of the loss function L a↵ects a NN’s performance. Measuring the

goodness of the fitting for the fracture forward model requires a good choice of the loss function L

used in Equation (2.7). This function computes the divergence between the predicted and computed

TICDFs. Studies on measuring quantile divergence, especially for discrete inverse distribution, are

scarce. Measures of the “di↵erence” between probability distributions, such as the Kullback-Leibler

(KL) divergence [69] and the Hellinger distance [72], might or might not be appropriate for inverse

distributions. Thus, while the KL divergence is a popular metric in Bayesian inference [12] and

generative NNs [61, 40], its asymmetry precludes its use in (2.7) as a distance. Consequently, we

quantify the distance between two discrete distributions P = (p1, . . . , pNk) and P
0 = (p0

1
, . . . , p

0
Nk

)
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in terms of the Hellinger distance,

LH(P, P
0) =

1
p

2
k

p

P �

p

P 0k2 =

 
1

2

NkX

i=1

(
p

pi �

p
p
0
i
)2
!1/2

, (2.8)

i.e., solve the minimization problem (2.7) with L ⌘ LH(Q, Q̂).

To reduce the training cost and improve the NN’s performance, we specify additional features to

refine the initial guess of input parameters. The relationships between the fractal DFN parameters

in Section 2.2.1, suggest the choice of C
1/D, C

�D and CD (which are equal to rii
1/D, r0/N

D

f
and

↵Nf , respectively) and 1/D as extra input features. Given the pair of initial parameters (C, D), the

resulting full set of parameters for the NN is:

mNN = (C, D, C
1/D

, C
�D

, CD, 1/D)>. (2.9)

2.4 Inversion via Bayesian Update

2.4.1 Theoretical background

According to the Bayes rule, the posterior probability density function (PDF) fm|d of the parameter

vector m is computed as:

fm|d(m̃; d̃) =
fm(m̃)fd|m(m̃; d̃)

fd(d̃)
, fd(d̃) =

Z
fm(m̃)fd|m(m̃; d̃)dm̃, (2.10)

where d̃ and m̃ are the deterministic coordinates of random variable d and m, respectively; fm

is the prior PDF of m; fd|m is the likelihood function (i.e., the joint PDF of the measurements

conditioned on the model predictions, which is treated as a function of m); and the normalizing

factor fd ensures that fm|d integrates to 1.

We take the likelihood function fd|m to be Gaussian,

fd|m(m̃; d̃) =
1

�d

p
2⇡

exp

"
�

1

2

LH(d̃,g(m̃))

�
2

d

#
. (2.11)

This PDF has the standard deviation �d and is centered around the square root of the Hellinger

distance between the data d̃ predicted by the likelihood and the data g(m̃) provided by the forward

model g. Addition of prior knowledge of m to the likelihood function is done within the standard

Bayesian framework by assuming that the prior PDF is as important as the data. We explore how

the posterior PDF can be improved by adjusting the impact of the prior. To do so, we treat the

latter as a regularization term with a tunable hyperparameter � that corresponds to the weight

associated with the prior, enabling us to reduce the impact of the prior when its knowledge does not
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seem to be persuasive. The resulting posterior PDF is formulated as

fm|d(m̃; d̃) / e�H(m̃)
, H(m̃) = Hobs(m̃) + �Hreg(m̃), (2.12)

where Hobs(m̃) = � ln(fd|m(m̃; d̃)) and Hreg(m̃) = � ln(fm(m̃)) are the negative log-likelihood and

log-prior distributions, respectively. This yields:

fm|d(m̃; d̃) / fd|m(m̃; d̃) (fm(m̃))�
, � 2 [0, 1]. (2.13)

This posterior PDF is computed via the following algorithm.

2.4.2 Numerical Implementation

The e�ciency of the neural network model that is previously defined enables us to implement a

robust inverse analysis by computing the posterior distribution of a large number of inputs. The

corresponding Monte Carlo algorithm is implemented as follows. The posterior distribution previ-

ously defined is computed with the following Monte Carlo algorithm:

1. The domains C and D of values for the parameters C and D are discretized with NC and ND

nodes, respectively. The result is a NC ⇥ ND regular grid for the parameter pair (C, D) with

coordinate vectors mij = (Ci, Dj)> (i = 1, . . . , NC , j = 1, . . . , ND).

2. The iCDFs (2.4) are computed with the forward model g for all pairs mij .

3. The negative log-likelihood Hobs(m) = � ln(fd|m(m̃; d̃)) is computed via (2.11), with the data

g(m) provided by model g in Step 2.

4. The posterior PDF fm|d is computed via (2.13) by adjusting the weight � assigned to the prior

knowledge. (The case � = 0 corresponds to a uniform prior for m, where the unnormalized

posterior PDF is equivalent to the likelihood.)

This brute-force implementation of Bayesian inference is only made possible by the availability of

the FCNN surrogate, whose forward runs carry virtually zero computational cost. In its absence, or

if the number of unknown parameters were large, one would have to deploy more advanced Bayesian

update schemes such as Markov chain Monte Carlo [143, 7] or ensemble updating methods [94, 95].

2.5 Numerical experiments

The synthetic generation of DFNs and breakthrough times, tbreak, for a heat tracer is described

Section 2.5.1. Generation of the data for CNN training is described in Section 2.5.2, with the

construction of a CNN surrogate for the PDE-based model (Section 2.2) reported in Section 2.5.3.
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In Sections 2.5.4 and 2.5.5, we use this surrogate to accelerate the solution of the inverse problem

of identifying the DFN properties from the breakthrough-time data.

2.5.1 Synthetic Heat-Tracer Experiment

Our synthetic heat tracer experiment consists of injected hot water with temperature Tinj at the

inlet (x1 = 0) and observing temperature changes at the outlet (x1 = L). The goal is to infer the

statistical properties of a DFN, C and D, from a resulting breakthrough curve. A fracture network

with known values of C and D serves as ground truth, with possible measurement errors neglected.

Consistent with [38], we set the externally imposed hydraulic gradient across the simulation domain

to J = 0.01 and the thermal di↵usion coe�cient in the matrix to Dtherm = 9.16 ⇥ 10�7 m2/s.

2.5.2 Generation and Analysis of Synthetic Data

To generate data for the CNN training and testing, we considered the fracture networks (2.1) with

C 2 [2.5, 6.5] and D 2 [1.0, 1.3]. These parameter ranges are both observed experimentally [89,

115] and used in previous numerical studies [38, 126]. The parameter space [2.5, 6.5] ⇥ [1.0, 1.3]

was uniformly discretized into Nsim = 104 nodes, i.e., pairs of the parameters (C, D)i with i =

1, . . . , Nsim. The number of injected particles, Npart, representing the relative temperature of the

injected fluid during a CBTE, Tinj, varied between 102 and 104.

Table 2.1 below gives the computational times for estimating the TCDFs of one random fracture

network realization over 104 pairs of the parameters (C, D). The table shows that the average time

required to perform one simulation is smaller than one second when the number of particles is set

to 102 (Simu1, Simu4, Simu7 and Simu10 ) or when the fractures are not discretized (Simu1, Simu2

and Simu3 ).

In addition to Npart, the simulation time and accuracy of each forward model run are largely

controlled by the number of elements used to discretize a fracture, which is defined by the parameter

plim introduced in Section 2.2.3. The simulation time tsim refers to the time (in seconds) it takes to

estimate the CDF of breakthrough times for one random DFN realization and one of the Nsim = 104

pairs of the parameters (C, D). We found the average tsim not to exceed 1 s if either Npart = 100 or

the fracture is not discretized (Table 2.1); the average is over 20 random realizations of the DFN

obtained with di↵erent random seeds for each parameter pair (C, D).

Representative CDFs of breakthrough times of Npart particles, in each of these 20 DFN realiza-

tions, are displayed in Figure 2.2 and Figure 2.3 for six pairs of the DFN parameters (C, D). The

across-realization variability of the CDFs is more pronounced for Npart = 102 then 103 particles,

and visually indistinguishable when going from Npart = 103 to 104 particles(shown in Figure 2.4).

Likewise, no appreciable di↵erences between the CDFs computed with plim = 0.5 and 0.2 were ob-

served. Finally, when the random-seed e↵ects are averaged out, the resulting breakthrough-time

CDFs for Npart = 102 and 103 are practically identical (Figure 2.5). Based on these findings, in the
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Figure 2.2: Representative CDFs of the logarithm of breakthrough times (in seconds) of Npart = 100
particles, F (ln tbreak), for 20 realizations of the DFN characterized by a given combination of the
DFN parameters (C, D). Each colored curve corresponds to a di↵erent random realization, in all
simulations, we set plim = 0.5. Corresponding to Simu7 in Table 2.1.
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Figure 2.3: Representative CDFs of the logarithm of breakthrough times (in seconds) of Npart = 1000
particles, F (ln tbreak), for 20 realizations of the DFN characterized by a given combination of the
DFN parameters (C, D). Each colored curve corresponds to a di↵erent random realization, in all
simulations, we set plim = 0.5.Corresponding to Simu8 in Table 2.1.
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Figure 2.4: Representative CDFs of the logarithm of breakthrough times (in seconds) of Npart =
10000 particles, F (ln tbreak), for 20 realizations of the DFN characterized by a given combination of
the DFN parameters (C, D). Each colored curve corresponds to a di↵erent random realization, in
all simulations, we set plim = 0.5. Corresponding to Simu9 in Table 2.1.
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Figure 2.5: Mean CDFs of the logarithm of breakthrough times (in seconds) of Npart particles,
F (ln tbreak), averaged over the corresponding DFN realizations in Figure 2.2 and Figure 2.3.
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Simulation name Npart plim Computational time
Simu 1 102 - 3.232
Simu 2 103 - 3.294
Simu 3 104 - 5.702
Simu 4 102 0.9 5.301
Simu 5 103 0.9 17.365
Simu 6 104 0.9 100.573
Simu 7 102 0.5 6.560
Simu 8 103 0.5 25.676
Simu 9 104 0.5 191.739
Simu 10 102 0.2 9.804
Simu 11 103 0.2 56.483
Simu 12 104 0.2 420.883

Table 2.1: Computational times, in seconds, over 104 simulations for various values of the number of
particle (Npart) and the fracture discretization (plim = 1/Ndis). When plim is not defined (Ndis = 0),
the fracture is not discretized and the results rely on the assumption of an infinite surrounding
ambient matrix [107, 110]. When plim is defined, decreasing the value of this parameter results in
improving the fracture discretization by reducing the size of the discretized fracture elements.

subsequent simulations, we set Npart = 100 and plim = 0.5 in order to obtain an optimal balance

between the computational time and accuracy.

For some parameter pairs (C, D), not every DFN realization (defined by the random seed) hy-

draulically connects the injection and observation boundaries. The number of displayed CDFs is

smaller than 20 because the physically-based transport model could not perform for all the 20 ran-

dom fracture networks. This is usually due to the presence of not connected fracture networks for

which the fluid flow distribution is not defined. Such hydraulically disconnected networks are not

suitable for our flow model (see Section 2.2.2). However, in our numerical experiments, there were at

least 10—and, in the majority of cases, 20—connected fracture networks for each (C, D) pair shown

in Figure 2.7.

The final step in our data generation procedure consists of converting the estimated CDFs F

into corresponding iCDFs F
�1 (Figure 2.6). The latter form the data set d, di↵erent parts of which

are used to train a CNN and to verify its performance.

Before any data is seen, we perform a qualitative sensitivity analysis to gain some presumption

on the inverse modeling results. The sensitivity analysis here are to inspect the injectivity of the

model:

f :X ! Y,

injectivity of f :8a, b 2 X, f(a) = f(b) ) a = b

(2.14)

It is observed from the obtained dataset that the function mapping fracture parameters (C, D)

and the particle arrival time density function is not injective. Hence performing inverse analysis
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Figure 2.6: CDFs (left) and corresponding iCDFs (right) of the thermal breakthrough times for a
single realization of the six DFNs characterized by six pairs of the parameters (C, D).
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Figure 2.7: Histogram of connected and successfully simulated realizations over 20 realizations.
Left: simulations with Npar = 100, Right: simulations with Npar = 100. This information is used to
construct the prior distribution of the parameters (C, D) in Figure 2.15.
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would lead to ambiguous results. Figure 2.8 illustrates such non-injectivity, as the cases which result

in very similar output are distributed in a big area in the input space.
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Figure 2.8: Three examples showing that the considered problem is not injective, i.e., di↵erent sets
of the parameters (C,D) lead to similar CDFs. In the figures in the first row, the green dot indicates
the reference cases, the red dots are the C,D pairs which result in the most similar CDFs with the
reference case, the lighter the color, the closer the CDFs.

It is interesting to notice from Figure 2.8 that although the forward problem is ill-posed, the

output depends on C more than D, i.e. the model is more sensitive to C. This property of the

forward model can be later used in a correlated case where C and D are not independent, s.t. the

inverse analysis is less ill-posed.

2.5.3 FCNN Training and Testing

The data generated above are arranged in a set {mNNi ,di}
Nsim
i=1

with Nsim = 104 and mNN defined

in (2.9). We randomly select 8 · 103 of these pairs to train the FCNN NN in (2.5), leaving the

remaining 2 ·103 for testing. The output data d come in the form of iCDFs, i.e., nondecreasing series

of numbers. Since a NN model is not guaranteed to reproduce this trend, we use the hyperparameter

tuning method [78] to perform the search in the hyperparameter space specified in Table 2.2.
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Parameter name Search region
Number of layers U{3, 4, 5, 6}

Number of neurons U{22
, 23

, ..., 29
}

Optimizer name U{rms, sgd, ada, adam}
Learning rate, lr log

10
(lr) ⇠ U [�4, �2]

Table 2.2: Hyperparameter search space defined by the number of layers, the number of neurons in
each layer, the optimizer names, and (logarithm of) the learning rate. These parameters are uni-
formly sampled from either a discrete set of values, U{·, ·, . . . , ·}, or an interval, U [·, ·]. The RMSprop
optimizer [41, 49], rms; the stochastic gradient descent optimizer [121], sgd; the Adagrad optimizer
[27] ada; and the Adam optimizer [60], adam, slightly di↵er from each other when performing the
parameter gradient descent during the NN training.

The hyperparameter search involved 2500 trials; in each trial, the subset of data {mNNi , di}
8000

i=1

were randomly split into a training set consisting of 6400 pairs {mNNi ,di} and a validation set

comprising the remaining 1600 pairs {mNNi ,di}. For each epoch, the 6400 training pairs were used

to optimize the NN parameters, and the NN accuracy is evaluated on the validation set. Each trial

used one of the optimizers in Table 2.2 for at most 103 epochs; the trial was stopped if the validation

loss did not decrease for 102 epochs. After completion of all the trials with these rules, the trial

with the smallest validation loss was saved. The optimal FCNN, described in Table 2.3, has 6 layers

between the input and output layers and is obtained using the Adam optimizer with the Adam

optimizer coe�cients � = (0.9, 0.999) to perform gradient descent. This trial is associated with

a learning rate lr = 0.00403 and the averaged Hellinger loss of 0.0827 on the validation set. This

FCNN was further trained with a learning rate that reduces on plateau of the validation performance

to further fine-tune the model parameters for another 103 epochs; the ending testing Hellinger loss

is 0.0652 and the total training time is 37340 seconds. Figure 2.9 depicts the FCNN predictions of

the iCDFs of the particle breakthrough times in DFNs characterized by di↵erent parameter-pairs

(C, D) not used for training. These predictions are visually indistinguishable from those obtained

with the physics-based model g(m) described in Section 2.2.1.

Layer Weights Bias Layer output
Input - - 6
FC1 W1 : 256 ⇥ 6 b1 : 256 s1 : 256
FC2 W2 : 64 ⇥ 256 b2 : 64 s2 : 64
FC3 W3 : 512 ⇥ 64 b3 : 512 s3 : 512
FC4 W4 : 256 ⇥ 512 b4 : 256 s4 : 256
FC5 W5 : 32 ⇥ 256 b5 : 32 s5 : 32
FC6 W6 : 128 ⇥ 32 b6 : 128 s6 : 128
Output W7 : 50 ⇥ 128 b7 : 50 50

Table 2.3: The best-trial NN architecture consists of six hidden layers, FCi (i = 1, . . . , 6), with the
corresponding weight matrix Wi and layer output si (i = 1, . . . , 6) in (2.6). Bias parameters bi with
dimension di ⇥ di�1 is added to si too, these b are included into ⇥ as fitting parameters.
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Figure 2.9: Physics-based and FCNN predictions of the iCDFs of the particle breakthrough times
in DFNs characterized by di↵erent parameter-pairs (C, D) not used for training. ’truth’ is obtained
with the physics-based iCDFs.
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2.5.4 Bayesian Inversion without Prior Information

We start with the Bayesian data assimilation and parameter estimation from Section 2.4. Taking the

uniform prior, � = 0 in (2.13), and assimilating the Nsim = 104 candidates provided by the physics-

based model g, this procedure yields the posterior PDFs of C and D shown in Figure 2.10 and

Figure 2.11. While this noninformative prior indicates that all values of the parameters (C, D) are

equally likely, the sharpened posterior correctly assigns higher probability to the region containing

the reference (C, D) values. The relatively small number (Nsim = 104) of the forward solves of the

physics-based model g manifests itself in granularity of the posterior PDF maps.

Figure 2.10: Examples of posterior PDFs of the DFN parameters C and D, for six experiments
defined by the reference parameter values (blue circles). These PDFs are computed via Bayesian
assimilation of either 104 runs of the physics-based model

Significantly more forward model runs are needed to further sharpen these posterior PDFs around

the true values of (C, D) and to reduce the image pixelation. Generating the significant amounts

of such data with the physics-based model is computationally prohibitive. Instead, we use 107

additional candidates, corresponding to a 104
⇥ 103 mesh of the parameter space, provided by the

FCNN surrogate. Figure 2.10 demonstrates that assimilation of these data (forward runs of the

cheap FCNN surrogate) further reduces the band containing the unknown model parameters (C, D)

with high probability. These distributions are improved as illustrated in Figure 2.11 by using data

points, and resulting in finer distributions that are consistent with the initial distributions shown in

Figure 2.13, 2.14. Generation of such large data sets with the physics-based model is four orders of

magnitude more expensive than that with the FCNN. The availability of a NN surrogates makes a

di↵erence between being able to solve this inverse problem or not.
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Figure 2.11: Examples of posterior PDFs of the DFN parameters C and D, for six experiments
defined by the reference parameter values (blue circles). These PDFs are computed via Bayesian
assimilation of additional 107 runs of the FCNN surrogate

In addition to improving the quality of the posterior distributions, the computational times

reported in Table 2.4 show that using the surrogate NN model results in reducing by a factor 4 the

inverse analysis time, which is not feasible with the physics-based model g .

Nsim Ttrain Trun Tgrid Ttot

g(m) 2 ⇥ 108 0 1.312 · 108 5.47 1.312 · 108

NN(m) 107 37340 1.26 5.47 3.735 · 104

Table 2.4: Computational cost of the Bayesian inversion using the physics-based model g(m) or
the FCNN surrogate NN(m). Each inversion requires Nsim forward runs and takes time Ttot. The
latter comprises time to train the model (Ttrain), time to execute the forward runs (Trun) and time
to define the posterior PDF on the discretized parameter grid (Tgrid). The running time for g(m) is
a projection based on the simulation time of 6560 seconds that was necessary to run 104 simulations.
The FCNN was trained and executed on GPUs provided by GoogleColab. All times are in seconds.

The posterior PDFs displayed in Figure 2.10 show that the fracture density C is well constrained

and amenable to our Bayesian inversion, whereas the inference of the fractal dimension D is more

elusive. Examples of the DFNs in this study are provided in Figure 2 of [38]. They suggest that,

for the parameter ranges considered, C impacts the spatial extent of a fracture network, while D

a↵ects the fracture-length distribution. Consequently, C has a more significant impact on the overall

structures.
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2.5.5 Bayesian Inversion with Data-informed Priors

To refine the inference of parameters C and D from the breakthrough-time CDFs, we add some

prior information. First, we observe that the field data reported in Section 2.5.6 suggest that C and

D are correlated. These data are fitted with a shallow feed-forward NN resulting in the prior PDF

of C and D shown in Figure 2.12. These data vary over larger ranges than those used for C and D

in the previous section; at the same time, most values correspond to C < 2. That is because the

field data come from a large number of di↵erent sites and from direct outcrop observations. Figure 9

in [126] shows that a network with C < 2 would have low connectivity. On the other hand, a DFN

with a large D is very dense, requiring large computational times to simulate and, possibly, being

amenable to a (stochastic) continuum representation. Driven by these practical considerations, and

to ascertain the value of this additional information, we restrict the prior PDF from Figure 2.12 to

the same range of parameters as that used in the previous section.
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Figure 2.12: Prior joint PDF of C and D inferred from the field-scale data in Section 2.5.6 (left)
and its rescaled counterpart over the parameter range used in our study (right).

The relative importance given to the prior information about the DFN properties C and D

(Figure 2.12) is controlled by the parameter � in (2.12). Large values of � correspond to higher

confidence in the quality and relevance of the data reported in Section 2.5.6. Figure 2.13, 2.14

exhibits posterior PDFs of C and D computed via our Bayesian assimilation procedure with � = 0.5

and 1. Visual comparison of Figures 2.10, 2.11, 2.13, and 2.14 reveals that the incorporation of

the prior information about generic (not site-specific) correlations between C and D sharpens our

estimation of these parameters, i.e., decreases the area in the parameter space where they are

predicted to lie with high probability. Putting more trust in the prior, i.e., using a higher value of �,

amplifies this trend. However, the increase in certainty might be misplaced, as witnessed by several
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examples the reference parameter values fall outside the high probability regions.

Figure 2.13: Examples of posterior PDFs of the DFN parameters C and D in the presence of prior
information, for six experiments defined by the reference parameter values (blue circles). These PDFs
are computed via Bayesian assimilation with the informative prior (Figure 2.12), whose relative
importance is � = 0.5.

Fracture network’s connectivity is another potential source of information that can boost one’s

ability to infer the parameters C and D from CBTEs. Let Nconi denote the number of connected

fracture networks among 20 random realizations of a DFN characterized by (C, D)i. Figure 2.15

exhibits Nconi for Nsim = 104 DFNs characterized by (C, D)i (i = 1, . . . , Nsim), with the results

interpolated to 104
⇥ 103 mesh of the (C, D) space by means of a shallow NN. We define a prior

PDF for C and D as:

fm(m̃) / N
2

con
(m̃), Ncon 2 [0, 1, . . . , 20], (2.15)

which is properly normalized to ensure it integrates to one. This prior PDF, shown in Figure 2.15,

assigns larger probability to those (C, D) pairs that show higher connectivity in our data set.

The Bayesian inference procedure with this prior yields the posterior joint PDFs of C and D

in Figure 2.16. These distributions are sharper than those computed with either uninformative

(Figure 2.10) or correlation-based (Figures 2.13 and 2.14) priors, indicating the further increased

confidence in the method’s predictions of C and D. Adding prior information to our inverse analysis

results in general in reducing the extent of the highest probability zones (dark red zones) in com-

parison with the posterior distributions that are computed without prior information. As before,

assigning more weight to the prior, i.e., increasing �, reduces the area of the high-probability regions

in the (C, D) space. This increased confidence in predictions of C and D is more pronounced when
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Figure 2.14: Examples of posterior PDFs of the DFN parameters C and D in the presence of prior
information, for six experiments defined by the reference parameter values (blue circles). These PDFs
are computed via Bayesian assimilation with the informative prior (Figure 2.12), whose relative
importance is � = 1.0 (bottom).
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fm

Figure 2.15: Number of connected networks, Ncon, averaged over 20 random realizations of the DFN
model with a given parameter pair m = (C, D)> (left); and corresponding prior PDF fm in (2.15)
(right).
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the connectivity-based prior, rather than the correlation-based prior, is used. There is even more

important decrease of the high probability zones since the extent of the red zones decreases from

Figures 2.13 and 2.16 to Figures 2.14 and 2.17. The connectivity information also ensures that

this confidence is not misplaced, i.e., the reference parameter values lie within the high-probability

regions. The location of the reference parameter value is better with the prior defined from the

connectivity of the system as it is still located in the highest probability zones for most of the cases

shown in Figures 2.16 and 2.17.

Figure 2.16: Examples of posterior PDFs of the DFN parameters C and D in the presence of prior
information, for six experiments defined by the reference parameter values (blue circles). These PDFs
are computed via Bayesian assimilation with the informative prior (2.15), whose relative importance
increases from � = 0.5.
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Figure 2.17: Examples of posterior PDFs of the DFN parameters C and D in the presence of prior
information, for six experiments defined by the reference parameter values (blue circles). These PDFs
are computed via Bayesian assimilation with the informative prior (2.15), whose relative importance
increases from � = 1.

2.5.6 Field-scale Observations of Fracture Networks

For the sake of completeness, we report in Table 2.5 the field-scale observations of fracture networks

from [10]. These are accompanied by our calculation of the corresponding values of parameters C

and D in the model of fracture networks. Figure 2.18 shows the paired values of parameters C and

D that are used in expression (2.1) and reported in Table 2.5.

2.6 Conclusions

We developed and applied a computationally e�cient parameter-estimation method, which makes it

possible to infer the statistical properties of a fracture network from cross-borehole thermal experi-

ments (CBTEs). A key component of our method is the construction of a neural network surrogate

of the physics-based model of fluid flow and heat transfer in fractured rocks. The negligible com-

putational cost of this surrogate allows for the deployment of a straightforward grid search in the

parameter space spanned by fracture density C and fractal dimension D. A neural network is trained

with a {(C, D)i, ICDFi}
Nd=10000

i=1
dataset to replace the forward transport model for computational

e�ciency. The likelihood of a given pair of (C, D) is computed by comparing the output result of

the neural network surrogate model with the ICDF measurement. This likelihood, together with

a uniform or nonuniform prior density of (C, D), determines the Bayesian-like posterior density of
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Nf [-] a [-] S [m2] lmin [m] ↵ [-] D [-] C [-]
107 1.74 24 0.1 0.60035 0.74 86.80731
121 2.11 25 0.1 0.41703 1.11 45.46014
3499 1.88 2.70·1011 103 4.97809·10�6 0.88 0.01979
120 0.9 8.25·107 40 -1.00582·10�7 -0.1 0.00012
101 1 2.62·107 57 0 0 NaN
300 1.76 NP 7.00·103 NaN 0.76 NaN
380 1.9 3.43·103 3 0.26777 0.9 113.05832
350 2.1 1.26·108 220 0.00115 1.1 0.36680
1000 3.2 1.60·109 380 0.65137 2.2 296.07649
1000 2.1 1.65·1010 2.00·103 0.00028 1.1 0.25921
800 2.2 2.50·101 6.00·10�2 1.31254 1.2 875.02702
380 2.1 NP 2.50·103 NaN 1.1 NaN
1700 2.02 1.00·1010 1.00·103 0.0002 1.02 0.33182
260 1.3 8.75·103 1.00 0.00891 0.3 7.72571
100 1.8 2.10·103 1.00 0.03809 0.8 4.76190
873 2.64 3.40·101 5.00·10�3 0.00709 1.64 3.7745
320 2.61 2.07·107 4.00·10 0.00945 1.61 1.87779
50 1.67 2.90·107 7.00·10 1.99004·10�5 0.67 0.00148
180 1.97 2.80·108 3.00·102 0.00016 0.97 0.02925
400 2.21 1.20·108 4.00·10 0.00035 1.21 0.11573
250 2.11 2.50·1011 4.50·103 1.26005·10�5 1.11 0.00284
400 2.84 2.90·1011 5.50·103 0.01935 1.84 4.20716
70 2.67 3.60·109 1.60·103 0.00728 1.67 0.30533
150 2.66 5.10·109 1.25·103 0.00675 1.66 0.61021
200 3.07 6.20·109 1.00·103 0.10829 2.07 10.46329
1034 2.51 8.70·107 1.00·10 0.00058 1.51 0.39767
40 1.6 2.00·104 6.00·10�2 0.00022 0.6 0.01479
318 2.42 1.69·108 7.00·10 0.00111 1.42 0.24946
291 2.69 1.69·108 7.00·10 0.00382 1.69 0.65783
78 2.1 1.69·108 1.00·102 8.04638·10�5 1.1 0.00570
70 2.67 3.60·109 1.60·103 0.00728 1.67 0.30533
150 2.66 5.10·109 1.25·103 0.00675 1.66 0.61021
200 3.07 6.20·109 1.00·103 0.10829 2.07 10.46329
1034 2.51 8.70·107 1.00·10 0.00058 1.51 0.39767
40 1.6 2.00·104 6.00·10�2 0.00022 0.6 0.01479
218 2.02 1.00 2.00·10�2 4.11251 1.02 878.94881
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111 3.04 8.40·107 2.00·102 0.13328 2.04 7.25217
470 1.8 1.17·104 6.00·10�2 0.00338 0.8 1.98852
417 2.18 6.00·107 4.00·10 0.00064 1.18 0.22519
201 2.4 3.00E-01 1.50E-04 0.00416 1.4 0.59676
100 2.4 6.00·108 7.00·102 0.00224 1.4 0.16032
1034 2.36 8.70·107 1.00·10 0.00037 1.36 0.28153
450 2.18 2.20·108 7.00·10 0.00036 1.18 0.13843
350 2.75 1.50·109 1.80·102 0.00361 1.75 0.72239
300 2.37 NP 1.00·102 NaN 1.37 NaN

Table 2.5: Fracture number (Nf), power-law exponent (a), surface area (S), minimum fracture
length (lmin), and density parameter ↵ for various fracture networks reported in Table 2 in [10]. The
corresponding values of fracture density (C) and fractal dimension (D) in the network model (2.1)
are determined from the parameter relationships in Section 2.2.1.
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Figure 2.18: Correlation between parameters C and D from the values reported in Table 2.5
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(C, D). The posterior distribution on the domain (C, D) 2 [2.5, 6.5] ⇥ [1.0, 1.3] is obtained on very

fine 10000 ⇥ 1000 mesh grids with the method described above. Our numerical experiments lead to

the following major conclusions.

1. The neural network surrogate provides accurate estimates of an average inverse cumulative

distribution function (iCDF) of breakthrough times, for the fracture network characterized by

given parameters (C, D).

2. In the absence of any expert knowledge about C and D, i.e., when an uninformative prior

is used, our method—with the likelihood function defined in terms of the Hellinger distance

between the predicted and observed iCDFs—significantly sharpens this prior, correctly iden-

tifying parameter regions wherein the true values of (C, D) lie.

3. Incorporation of the prior information about generic (not site-specific) correlations between C

and D sharpens our estimation of these parameters, i.e., decreases the area in the parameter

space where they are predicted to lie with high probability. Putting more trust in the prior,

i.e., using a higher value of �, amplifies this trend. However, the increase in certainty might

be misplaced, as witnessed by several examples the reference parameter values fall outside the

high probability regions.

4. Incorporation of the prior information about a fracture network’s connectivity yields the pos-

terior joint PDFs of C and D that are sharper than those computed with either uninformative

or correlation-based priors, indicating the further increased confidence in the method’s predic-

tions of C and D.

5. The increased confidence in predictions of C and D is more pronounced when the connectivity-

based prior, rather than the correlation-based prior, is used. The connectivity information also

ensures that this confidence is not misplaced, i.e., the reference parameter values lie within the

high-probability regions.



Chapter 3

MCMC with CNN Surrogates:

Source Identification

In this chapter, we present a DRAM-CNN method to integrate DRAM MCMC sampling with a

CNN surrogate forward model. The method is used to reconstruct a contaminant source in a two-

dimensional domain. The results are compared with their counterparts obtained via the HMC

sampler with the CNN surrogate model.

3.1 Introduction

Identification of contaminant release history in groundwater plays an important role in regulatory

e↵orts and design of remedial actions. Such e↵orts rely on measurements of solute concentrations

collected at a few locations (pumping or observation wells) in an aquifer. Data collection can take

place at discrete times and is often plagued by measurement errors. A release history is estimated

by matching these data to predictions of a solute transport model, an inverse modeling procedure

that is typically ill-posed. Alternative strategies for solving this inverse problem [3, 142, 105, 7] fall

into two categories: deterministic and probabilistic. Deterministic methods include least squares

regression [128] and hybrid optimization with a genetic algorithm [5, 77]. They provide a “best”

estimate of the contaminant release history, without quantifying the uncertainty inevitable in such

predictions.

Probabilistic methods, e.g., data assimilation via extended and ensemble Kalman filters [133, 134]

and Bayesian inference based on Markov chain Monte Carlo or MCMC [34], overcome this short-

coming. Kalman filters are relatively fast but do not generalize to strongly nonlinear problems,

sometimes exhibiting inconsistency between updated parameters and observed states [17]. Particle

filters and MCMC are exact even for nonlinear systems but are computationally expensive, and

34
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often prohibitively so. Increased e�ciency of MCMC with a Gibbs sampler [92] comes at the cost

of generality by requiring the random fields of interest to be Gaussian. MCMC with the delayed

rejection adaptive Metropolis (DRAM) sampling [44] is slightly more e�cient and does not require

the Gaussianity assumption; it has been used in experimental design for source identification [138],

and is deployed as part of our algorithm. Gradient-based MCMC methods, such as hybrid Monte

Carlo (HMC) sampling [7], increase the slow convergence of these and other MCMC variants. How-

ever, the repeated computation of gradients of a Hamiltonian can be prohibitively expensive for

high-dimensional transport problems without special treatment.

With an exception of the method of distribution [11, 12], the computational cost of Bayesian

methods for data assimilation and statistical inference is dominated by multiple runs of a for-

ward transport model. The computational burden can be significantly reduced by deploying a

surrogate model, which provides a low-cost approximation of its expensive physics-based counter-

part. Examples of such surrogates include polynomial chaos expansions [138, 19] and Gaussian

processes [29, 139]. A possible surrogate-introduced bias can be reduced or eliminated altogether

by the use of a two-stage MCMC [139]. Both polynomial chaos expansions and Gaussian processes

su↵er from the so-called curse of dimensionality, which refers to the degradation of their performance

as the number of random inputs becomes large.

Artificial neural networks in general, and deep neural networks in particular, constitute surrogates

that remain robust for large numbers of inputs and outputs [96, 94]. Their implementations in open-

source software o↵er an added benefit of being portable to advanced computer architectures, such as

graphics processing units and tensor processing units, without significant input from the user. Our

algorithm employs a convolutional neural network (CNN) as a surrogate, the role that is related to

but distinct from other uses of neural networks in scientific computing, e.g., their use as a numerical

method for solving di↵erential equations [74, 70].

In Section 3.2 we formulate the problem of contaminant source identification from sparse and

noisy measurements of solute concentrations. Section 3.3 contains a description of our algorithm,

which combines MCMC with DRAM sampling (Section 3.3.1) and a CNN-based surrogate of the

forward transport model (Section 3.3.2). We also show a gradient-based HMC sampling method

with the easily accessible di↵erentiation of the CNN surrogate model. Results of our numerical

experiments are reported in Section 3.4; they demonstrate that our DRAM-CNN method is about

20 times faster than DRAM with a physics-based transport model. HMC-CNN is not really faster

than DRAM with physics-based transport model in terms of the time obtaining each sample, but

the sample chain takes much fewer steps to converge, or “mix well”, hence using fewer samples can

approximate the posterior distribution better than DRAM samplers. Main conclusions drawn from

this study are summarized in Section 3.5.
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3.2 Problem Formulation

Vertically averaged hydraulic head distribution h(x) in an aquifer ⌦ with hydraulic conductivity

K(x) and porosity ✓(x) is described by a two-dimensional steady-state groundwater flow equation,

r · (Krh) = 0, x 2 ⌦, (3.1)

subject to appropriate boundary conditions on the simulation domain boundary @⌦. Once (3.1) is

solved, average macroscopic flow velocity u(x) = (u1, u2)> is evaluated as:

u = �
K

✓
rh. (3.2)

Starting at some unknown time t0 a contaminant with volumetric concentration cs enters the

aquifer through point-wise or spatially distributed sources ⌦s ⇢ ⌦. The contaminant continues to

be released for unknown duration T with unknown intensity qs(x, t) (volumetric flow rate per unit

source volume), such that qs(x, t) 6= 0 for t0  t  t0 + T . The contaminant, whose volumetric

concentration is denoted by c(x, t), migrates through the aquifer and undergoes (bio)geochemical

transformations with a rate law R(c). Without loss of generality, we assume that the spatiotemporal

evolution of c(x, t) is adequately described by an advection-dispersion-reaction equation,

@✓c

@t
= r · (✓Drc) � r · (✓uc) � R(c) + qscs, x = (x1, x2)

>
2 ⌦, t > t0, (3.3)

although other, e.g., non-Fickian, transport models [99, 120, 116] can be considered instead. If the

coordinate system is aligned with the mean flow direction, such that u = (u ⌘ |u|, 0)>, then the

dispersion coe�cient tensor D in (3.3) has components

D11 = ✓Dm + ↵Lu, D22 = ✓Dm + ↵T u, D12 = D21 = ✓Dm, (3.4)

where Dm is the contaminant’s molecular di↵usion coe�cient in water; and ↵L and ↵T are the

longitudinal and transverse dispersivities, respectively.

Our goal is to estimate the location and strength of the source of contamination, r(x, t) =

qs(x, t)cs(x, t), by using the transport model (3.1)–(3.4) and concentration measurements c̄m,i =

c̄(xm, ti) collected at locations {xm}
M

m=1
at times {ti}

I

i=1
. The concentration data are corrupted by

random measurement errors, such that:

c̄m,i = c(xm, ti) + ✏mi, m = 1, · · · , M, i = 1, · · · , I; (3.5)

where c(xm, ti) are the model predictions, and the errors ✏mi are zero-mean Gaussian random vari-

ables with covariance E[✏mi✏nj ] = �ijRmn. Here, E[·] denotes the ensemble mean; �ij is the Kronecker
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delta function; and Rmn, with m, n 2 [1, M ], are components of the M ⇥M spatial covariance matrix

R of measurements errors, taken to be the identity matrix multiplied by the standard deviation of

the measurement errors. This model assumes both the model (3.1)–(3.4) to be error-free and the

measurements errors to be uncorrelated in time but not in space.

3.3 Methods

Our first algorithm comprises MCMC with DRAM sampling, a CNN-based surrogate of the trans-

port model (3.1)–(3.4), and the second algorithm combines HMC-NUTS sampling with CNN-based

surrogate model. These three components are described below.

3.3.1 MCMC with DRAM Sampling

Upon a spatiotemporal discretization of the simulation domain, we arrange the uncertain (random)

input parameters in (3.1)–(3.4) into a vector m of length Nm; these inputs may include the spa-

tiotemporally discretized source term r(x, t), initial concentration cin(x), hydraulic conductivity

K(x), etc. Likewise, we arrange the random measurements c̄m,i into a vector d of length Nd, and

the random measurement noise ✏mi into a vector " of the same length. Then, the error model (3.5)

takes the vector form:

d = g(m) + ", (3.6)

where g(·) is the vector, of length Nd, of the correspondingly arranged stochastic model predictions

c(xm, ti) predicated on the model inputs m.

In Bayesian inference, the parameters m are estimated probabilistically from both model predic-

tions and (noisy) measurements by means of the Bayes theorem,

fm|d(m̃; d̃) =
fm(m̃)fd|m(m̃; d̃)

fd(d̃)
, fd(d̃) =

Z
fm(m̃)fd|m(m̃; d̃)dm̃. (3.7)

Here, d̃ is the deterministic coordinate in the phase space of the random variable d; fm is a prior

probability density function (PDF) of the inputs m, which encapsulates the information about the

model parameters and contaminant source before any measurements are assimilated; fm|d is the

posterior PDF of m that represents refined knowledge about m gained from the data d; fd|m

is the likelihood function, i.e., the joint PDF of concentration measurements conditioned on the

corresponding model predictions that is treated as a function of m rather than d; and fd, called

“evidence”, serves as a normalizing constant that ensures that fm|d(m; ·) integrates to 1. Since "

in (3.5) or (3.6) is multivariate Gaussian, the likelihood function has the form:

fd|m(m̃; d̃) =
1

(2⇡)d/2|R|1/2
exp

✓
�

1

2
v>R�1v

◆
, v = d̃ � g(m). (3.8)



CHAPTER 3. MCMC WITH CNN SURROGATES: SOURCE IDENTIFICATION 38

In high-dimensional nonlinear problems (i.e., problems with large Nm), such as (3.1)–(3.4), the

posterior PDF fd|m cannot be obtained analytically and computation of the integral in the evidence

fd is prohibitively expensive. Instead, one can use MCMC to draw samples from fm(m̃)fd|m(m̃; d̃),

without computing the normalizing constant fd. A commonly used MCMC variant relies on the

Metropolis–Hastings sampling [34]; this approach uses a zero-mean Gaussian PDF with tunable

variance �
2 to generate proposals near a previous sample, which are accepted with the acceptance

rate given by the relative posterior value. The performance of the Metropolis-Hastings sampling

depends on the choice of hyperparameters, such as �
2, and on how well the proposal PDF matches

the target PDF. The choice of an inappropriate proposal PDF might cause an extremely slow

convergence.

We deploy the DRAM sampling—specifically its numerical implementation in [93]—to accelerate

the convergence of MCMC. DRAM sampling di↵ers from the Metropolis–Hasting sampling in two

aspects. First, the delayed rejection [42] refers to the strategy in which a proposal’s rejection in the

first attempt is tied to the subsequent proposal that can be accepted with a combined probability

for the two proposals; this rejection delay is iterated multiple times in the sampling process. Sec-

ond, adaptive Metropolis [43] uses past sample chains to tune the proposal distribution in order to

accelerate the convergence of MCMC. The DRAM sampling is more e�cient than other sampling

strategies for many problems, including that of source identification [138].

3.3.2 Deep Convolutional Neural Networks

Any MCMC implementation requires many solves of the transport model (3.1)–(3.4) for di↵erent

realizations of the input parameters m. We use a CNN surrogate model to alleviate the cost of

each solve. Several alternative input-output frameworks to construct a surrogate model are shown

in Table 3.1. Among these, autoregressive models predict a concentration map only for the next

time step. When measurements are collected at multiple times, an autoregressive model has to be

repeatedly evaluated, for each realization of the inputs m. If the release time, conductivity field,

and porosity are known, then m represents the initial concentration field cin(x). Otherwise, m is

the stack of the maps of cin(x), conductivity field K(x), porosity field ✓(x), etc.

Model Input Output Modeling frequency
PDE model m {c(x, ti)} 1
Image-to-image m {c(x, ti)} 1
Image-to-sensors m {c(xm, ti)} 1
Autoregressive image-to-image c(x, t) c(x, t + �t) I

Table 3.1: Alternative input-output frameworks for construction of surrogate models. The data are
collected at M locations xm (m = 1, · · · , M) at I times ti (i = 1, · · · , I).

We choose an image-to-image regression model, rather than the autoregressive surrogate used in

[94] to solve a similar source identification problem, for the following reasons. First, it is better at
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generalization than image-to-sensors models. Second, although autoregressive surrogates excel at re-

gression tasks [94], they might become computationally expensive when the measurement frequency

is high.

Our image-to-image regression model replaces the PDE-based transport model (3.1)–(3.4) or

g(m) with a CNN N(m) depicted in Figure 3.1, i.e.,

g : m
PDEs
���! {c(xm, ti)}

M,I

m,i=1
is replaced with N : m

CNN
���! {c(x, ti)}

I

i=1
. (3.9)

We start by attempting to demystify neural networks, which are spreading virally throughout the

hydrologic community. A simplest way to relate the model output d to the model input m without

having to run the model g is to replace the latter with a linear input-output relation d̂ = Wm,

where W is an Nd ⇥ Nm matrix of weights whose numerical values are obtained by minimizing the

discrepancy between the d̂ and d values that are either measured or computed with the model g or

both. The performance of this linear regression, in which the bias parameters are omitted to simplify

the presentation, is likely to be suboptimal, because a relationship between the inputs and outputs

is likely to be highly nonlinear. Thus, one replaces d̂ = Wm with a nonlinear model d̂ = �(Wm),

in which a prescribed function �(·) operates on each element of the vector Wm. Examples of this

so-called activation function include a sigmoidal function (e.g., tanh) and a rectified linear unit

(ReLU). The latter is defined as �(s) = max(0, s), it is used here because of its current popularity

in the field. The nonlinear regression model d̂ = �(Wm) ⌘ (� �W)(m) constitutes a single “layer”

in a network.

Input:

…

…

…

…

Output:

CNN surrogate

c(x, tI)
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Figure 3.1: A surrogate model constructed with a convolution neural network (CNN). The surrogate
takes as input a set of uncertain parameters m, e.g., an initial contaminant concentration field cin(x)
and returns as output temporal snapshots of the solute concentrations c(x, ti) in an aquifer.

A (deep) fully connected neural network Nf comprising Nl “layers” is constructed by a repeated

application of the activation function to the input,

d = Nf (m;⇥) ⌘ (�Nl � WNl�1) � . . . � (�2 � W1)(m). (3.10a)
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In general, di↵erent activation functions might be used in one network. The parameter set ⇥ =

{W1, . . . ,WNl�1} consists of the weights Wn connecting the nth and (n + 1)st layers. In this

recursive relation,

8
>>>>>><

>>>>>>:

s1 = (�2 � W1)(m) ⌘ �2(W1m),

s2 = (�3 � W2)(s1) ⌘ �3(W2s1),
...

d = (�Nl � WNl�1)(sNl�2) ⌘ �Nl(WNl�1sNl�2),

(3.10b)

the weights W1 form a d1 ⇥ Nm matrix, W2 is a d2 ⇥ d1 matrix, W3 is a d3 ⇥ d2 matrix,· · · , and

WNl�1 is a Nd ⇥ dNl�2 matrix. The integers d1, · · · , dNl�2 represent the number of neurons in the

corresponding inner layers of the network. The fitting parameters ⇥ are obtained, or the “network

is trained”, by minimizing the discrepancy between the prediction and the output in the dataset.

The size of the parameter set ⇥ grows rapidly with the number of layers Nl and the number of

neurons dn in each inner layer. When the output layer contains hundreds or thousands of variables

(aka “features”, such as concentrations at observation wells collected at multiple times), this size can

be unreasonably large. By utilizing a convolution-like operator to preserve the spatial correlations in

the input(shown in Figure 3.2 and Equation 3.11), CNNs reduce the size of ⇥ and scale much better

with the number of parameters than their fully connected counterparts. Given a two-dimensional

input x 2 RH⇥W , a convolutional layer evolves from x to the feature value ⇣ at location (u, v) with

the following relation:

⇣
q

u,v
(xu,v) = �

0

@
k
0
1X

i=1

k
0
2X

j=1

!
q

i,j
xu+i,v+j

1

A , (3.11)

here, !
q

2 Rk
0
1⇥k

0
2 are a series of filters, q = 1, ..., Nq. The output feature maps of a convolutional

layer are obtained by sliding filters over the whole input image. � is the activation function mentioned

earlier. With this operation, the resulting output of a convolutional layer consists of Nq feature maps.

Each feature map has size Hy ⇥ Wy determined by the input x size Hx ⇥ Wx [28]:

Hy =


Hx + 2p1 � k

0
1

s1

+ 1

�
,

Wy =


Wx + 2p2 � k

0
2

s2

+ 1

�
, [·] : floor function.

(3.12)

pi and si are padding of ’0’ and stride of the kernels respectively in a convolutional operation.

CNNs are widely used to perform image-to-image regression. We refer the interested reader to

[39] for an in-depth description of CNNs. In this study, a CNN is trained to predict the concentration

map at times when the measurements were obtained.

Specifically, we use a convolutional encoder-decoder network to perform the regression with a
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Figure 3.2: A convolutional operation in convolutional neural networks. ! is a filters in a convolu-
tional layer, ⇣ and x denotes the input and output of the convolutional operation with this filter !.
The size of the output corresponds to Equation 3.12
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Figure 3.3: Contaminant transport surrogate modeling: input-output illustration and the convolu-
tional encoder-decoder network architecture.
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Figure 3.4: “Conv” layer in Figure 3.3. In each “Conv” layer, there exist three consecutive opera-
tions, batch normalization, ReLU activation, and a convolutional layer.
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Figure 3.5: A dense block in DenseED neural network in Figure 3.3. A dense block consists of
several consecutive small “Conv” layers, with the input of each layer being the concatenation of all
previous inputs.
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coarse-refine process. In the latter, the encoder extracts the high-level coarse features of the input

maps, and the decoder refines the coarse features to the full maps again [94, Fig. 2]. No fully

connected layers are used in the architecture to avoid parameter abuse, instead, dense blocks are

used to create more connection between the layers to let information propagate, and further more

reduce parameters by reusing previous ones. This is done with consecutive convolutional layers with

connections between the preceding layers and the lth layer as shown in Figure 3.5. Three operations

consist each “Conv” layer referred to in Figure 3.3: batch normalization, rectified linear unit (ReLU

activation), and a convolutional layer as shown in Figure 3.4. With all these elements, the whole

architecture is shown in Figure 3.3. The L1-norm loss function, L2-norm weight regularization, and

stochastic gradient descent [15] are used in the parameter estimation process.

It is worthwhile emphasizing that unlike some surrogate models, e.g., polynomial chaos which

can predict a solution at any time, the CNN used in this study predicts only concentration maps for

a short period. The reason is that for the inverse problem under consideration, only observations at

measurement times are of interest and a model’s ability to predict concentrations at later times is

immaterial.

3.3.3 HMC with NUTS Sampling with CNN surrogate

Following the Bayesian theorem formulated above, we also test Hybrid Monte Carlo sampling. Hy-

brid Monte Carlo (HMC) sampling, brought up in [26], is a MCMC sampling method uniting MH

sampling and Hamiltonian dynamics. This method can be referred to as either Hybrid Monte Carlo

or Hamiltonian Monte Carlo.

In Hamiltonian dynamics, the state of particles can be described by a d-dimensional position vec-

tor, q, and a d-dimensional momentum vector, p. A function of q and p known as the Hamiltonian,

H(q,p) denotes the total energy of the particle with state(q,p)[98].

The partial derivatives of the Hamiltonian determine how the position vector q and momentum

vector p of particles evolve over time ⌧ . The evolution of the position and momentum of particles

can be described with the following Hamilton’s equation:

dqi

d⌧
=

@H

@pi

, (3.13)

dpi

d⌧
= �

@H

@qi

. (3.14)

Here we use the letter ⌧ instead of t to distinguish from the time in the forward flow and contaminant

transport model. ⌧ is the fictitious time in Hamiltonian dynamics.

Conventionally, the Hamiltonian function of p and q is written as the sum of potential energy

and kinetic energy of the particles at state (q,p).

H(q,p) = U(q) + K(p), (3.15)
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in which U(q) is the potential energy, determined by the position vector q, K(p) is the kinetic

energy, determined by the momentum vector p. The kinetic energy is usually defined as:

K(p) = pT
M

�1p/2 (3.16)

Matrix M is a symmetric, positive-definite matrix representing the mass of the particles. With the

kinetic energy defined as such, K(p) will be equivalent to the negative log probability density of a

normal distribution with covariance matrix M. This covariance matrix is usually diagonal in many

studies [98].

In Hamiltonian dynamics, the time derivative of total energy(Hamiltonian) H(q, p) is denoted

as:

@H(q, p)

@⌧
=

@H(q,p)

@q

dq

d⌧
+

@H(q,p)

@p

dp

d⌧
(3.17)

=
dU(q)

dq

dq

d⌧
+

dK(p)

dp

dp

d⌧
. (3.18)

With the kinetic energy K(p) = pT
M

�1p/2,

dK(p)

dp
= M�1p, (3.19)

dq

d⌧
= M

�1p. (3.20)

The total Hamiltonian, i.e., the total energy of a particle without perturbation from outside, keeps

constant,

@H(q,p)

@⌧
= 0, (3.21)

dU(q)

dq

dq

d⌧
+

dK(p)

dp

dp

d⌧
= 0, (3.22)

dU(q)

dq
M�1p + M�1p

dp

d⌧
= 0, (3.23)

leading to the constraint:
dU(q)

dq
= �

dp

d⌧
. (3.24)

In Hamiltonian dynamics, the mapping Ts from the state at time ⌧, (q(⌧),p(⌧)) to the state at

⌧ + s, (q(⌧ + s),p(⌧ + s)) is one-to-one. The inverse mapping exists and is denoted as T�s. This

reversibility property ensures MCMC with Hamiltonian dynamics to keep the desired posterior

distribution invariant over time.

In computer programs, the evolution of the state vector of particles is implemented by finite

di↵erence numerical method. For reversibility in fictitious time ⌧ , leapfrog method is usually a good
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choice of the numerical method. With mi = Mi,i and M being diagonal,

pi(⌧ +
�⌧

2
) = pi(⌧) �

�⌧

2

@U

@qi

(q(⌧)), (3.25)

qi(⌧ + �⌧) = qi(⌧) + �⌧
pi(⌧ + �⌧

2
)

mi

(3.26)

pi(⌧ + �⌧) = pi(⌧ +
�⌧

2
) �

�⌧

2

@U

@qi

(q(⌧ + �⌧)). (3.27)

The symmetry of leapfrog method enables the evolution of the states to be reversed, given that the

kinetic energy K(p) is the same for particles with state p and �p, tracing back through �⌧ will

leads the solution back to its previous state.

The total Hamiltonian H(q,p) being constant is related to the concept of a canonical distribution.

Given an energy function E(m) for a state variable m in some physical system, the canonical

distribution of states has the PDF

P (m) =
1

Z
exp(�E(m)/T ),

In which T is the temperature of the system, Z is the normalizing constant. For a PDF P (m), build

a system with the energy of state m to be E(m), samples generated from this system will then be

equivalent to samples drawn from the its canonical distribution P (m).

In a Hamiltonian system, the total energy of the particle is the Hamiltonian H(q,p), the canonical

distribution is of the following form:

P (q,p) =
1

Z
exp(�H(q,p)/T ), (3.28)

Because the total Hamiltonian is the sum of two forms of energy,

H(q,p) = U(q) + K(p),

the joint PDF of state (q,p) is

P (q,p) =
1

Z
exp(�U(q)/T ) exp(�K(p)/T ). (3.29)

Now we combine Hamiltonian dynamics with MCMC sampling. Usually, state q represents the

state of variable of interest, the potential energy U(q) is not specified and can be customized for

di↵erent problems. The exponential form of the canonical distribution infers the possibility that the

potential energy U(q) is of the form:

U(q) = � ln[⇡(q)L(q|d)], (3.30)
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in which ⇡(q) is the prior density of q and L(q|d) = P (d|q) is the likelihood function given data d.

With the canonical distribution defined such, MH sampling can be applied with Hamiltonian

dynamics to build the hybrid or Hamiltonian Monte Carlo sampling. For a Bayesian updating

problem, suppose that the desired posterior distribution we want to sample from is P (m|d) /

P (m)P (d|m), if further assumptions are made for the likelihood function P (d|m) and the prior

density distribution P (m) to be Gaussian, then the likelihood function and the prior in a logarithm

form is:

P (m|d) / P (m)P (d|m) (3.31)

/ exp(�
mT

R
�1m

2
) exp(�Hobs(m)) (3.32)

/ exp(�
mT

R
�1m

2
� Hobs(m)), (3.33)

where R is the covariance matrix of the prior of x. Hobs corresponds to the log-likelihood function

denoted in another form in Equation 3.7.

There are two main stages in HMC method. At the first step, for a given sample m, we treat m

as the position vector q in Hamiltonian dynamics, mi = qi for i = 1, . . . , d. Then, we independently

draw a momentum vector from a Gaussian distribution,

P (pi) / exp

✓
p
2

i

2mi

◆
, i = 1, . . . , d,

using the time derivatives,
dq

d⌧
= M

�1p,
dp

d⌧
= �

dU(q)

dq
, (3.34)

where U(q) is obtained from Equation (3.33) as:

U(q) =
qT

R
�1q

2
+ Hobs(q). (3.35)

With the time derivatives of the position vector and momentum vector, state vector (q,p) now can be

evolved in fictitious time ⌧ with leapfrog numerical method. After “enough” time ⌧ , the Hamiltonian

dynamics is well mixed and due to the invariant of H(q,p), state (q,p) should follow the canonical

distribution in Equation (3.29). At the end of the evolution the states becomes (q⇤
,p⇤).

At the second step, we apply a MH updating to the end states of the Hamiltonian dynamics.

From last step, a new joint state (q⇤
,p⇤) was proposed by the Hamiltonian dynamics. Now, whether

the proposed q⇤ is accepted as the next sample depends on how preferable it is in the canonical
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distribution, the acceptance rate is:

raccp ⌘ min{1, exp(�H(q⇤
,p⇤) + H(q,p))} (3.36)

= min{1, exp(�U(q⇤) + U(q) � K(p⇤) + K(p))}. (3.37)

The process is to accept the new state (q⇤
,p⇤) with the probability raccp, or if it is not accepted, to

set (q,p) to be the next state as in MH sampling. After updating the joint states, simply neglect

the momentum vector p to get the desired new q. Note that in the canonical distribution (3.29), p

and q are independent, neglecting p will keeps q still in the canonical distribution with energy U(q).

Conceptually, evolution of the state (q,p) should keep H(q,p) exactly invariant over ⌧ , so the

acceptance rate should be 1, however, due to numerical errors of leapfrog method, H(q,p) is not

guaranteed to be constant. Therefore, a MH updating mechanism is needed to restrain the samples

in the desired posterior distribution.

Although HMC is conceptually more advanced dealing with complicated distributions than MH

sampling, the fictitious time step �⌧ and the total time steps in the Hamiltonian dynamics are two

hyperparameters, requiring careful tuning. This can be accomplished with a No-U-Turn-Sampler

(NUTS) [51], which adjusts these two hyperparameters with the two states (q,p) during the evolution

of the Hamiltonian dynamics. HMC with NUTS requires the gradient, @U

@qi
, which is often intractable

in forward simulations with PDE solvers, especially for physical processes with nonlinear terms.

Auto-di↵erentiation [68] of neural network surrogates conveniently provides the solution to this

problem: the analytical di↵erentiation @c(x,t)

@m is easy to be extracted from the neural networks.

We use a python package pyro[9] for the HMC NUTS sampling with the CNN surrogate model,

which provides the gradients @c(x,t)

@m needed in Hamiltonian dynamics.

3.4 Numerical Experiments

We use both the CNN-based MCMC with DRAM sampling and CNN-based HMC sampling to

identify a contamination source from sparse concentration measurements. A PDE-based transport

model used to generate synthetic data is formulated in Section 3.4.1. The CNN-based surrogate for

the transport model is developed and analyzed in Section 3.4.2. The performance of our approaches

in terms of the accuracy and e�ciency vis-à-vis the PDE-based MCMC with DRAM sampling and

HMC sampling is discussed in Section 3.4.3.

3.4.1 Contaminant Transport Model

Our solute transport model consists of (3.1)–(3.4) with R(c) = 0. A spatially varying hydraulic

conductivity field K(x) is shown in Figure 3.6 for a 1000 m by 2000 m rectangular simulation

domain discretized into 41 ⇥ 81 cells. We use the fast Fourier transform (see Algorithm 3 in [71]) to
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Figure 3.6: Hydraulic conductivity K(x) [m/d], in logarithm scale.

generate K(x) as a rescaled realization of the zero-mean multivariate Gaussian random field with

the two-point covariance function:

C(x,y) =

Z

R2

e�2⇡ihp,x�yi
|p|

�7/4dp1dp2,

where h·, ·i represents the Euclidean inner product on R2, and p = (p1, p2)>.

Porosity ✓ and dispersivities �L and �T are constant. The values of these and other flow and

transport parameters, which are representative of a sandy alluvial aquifer in Southern California [80,

79], are summarized in Table 3.2. Equation (3.4) is used to obtain the dispersion coe�cients.

We consider an instantaneous, spatially distributed contaminant release taking place at time

t0 = 0. This replaces the source term r(x, t) = qs(x, t)cs(x, t) in (3.3) with the Dirac-delta source

r(x, t) = r(x)�(t) or, equivalently, with an unknown initial contaminant distribution cin(x). Our

goal is to reconstruct the latter from the noisy concentration data c̄m,i collected at M = 20 locations

{xm}
M

m=1
at {ti}

I

i=1
= {3, 4, . . . , 18) years after the contaminant release (I = 16).

Parameter Value Units
Porosity, ✓ 0.3 �

Molecular di↵usion, Dm 10�9 m2/d
Longitudinal dispersivity, ↵L 10 m
Dispersivity ratio, ↵L/↵T 10 �

Table 3.2: Values of hydraulic and transport parameters, which are representative of sandy alluvial
aquifers in Southern California [80, 79].

We used Flopy [6], a Python implementation of MODFLOW [47] and MT3DMS [8], to solve

the flow (3.1) and transport (3.3) equations, respectively. With constant hydraulic head values on
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Figure 3.7: Hydraulic head distribution h(x) [m] and locations of 20 observational wells. The flow
is driven by constant heads hL = 10 m and hR = 0 maintained at the left and right boundaries,
respectively; no-flow boundary conditions are assigned to the upper and lower boundaries.

x1,1 x2,1 x1,2 x2,2 S1 �1 S2 �2

Interval [0,700] [50,900] [0,700] [50,900] [0,100] [13,20] [0,100] [13,20]
Truth 325 325 562.5 625 30 15 50 17

Table 3.3: Prior uniform distributions for the meta-parameters m characterizing the initial contam-
inant plume (3.38), and the true, yet unknown, values of these parameters.

the left and right boundaries, the head distribution h(x) is shown in Figure 3.7, together with the

locations of 20 observational wells.

The initial contaminant distribution consists of Np co-mingling Gaussian plumes,

cin(x1, x2) =

NpX

i=1

Si exp


�

(x1 � x1,i)2 + (x2 � x2,i)2

2�
2

i

�
, (3.38)

each of which has the strength Si and the width �i, and is centered at the point (x1,i, x2,i). The

true, yet unknown, values of these parameters are collated in Table 3.3 for Np = 2; they are

used to generate the measurements c̄m,i by adding the zero-mean Gaussian noise with standard

deviation �✏ = 0.001. The initial concentration map is shown in Figure 3.8. These data form the 20

breakthrough curves shown in Figure 3.9.

The lack of knowledge about the initial contaminant distribution cin(x) is modeled by treating

these parameters, m = (x1,i, x2,i, �i, Si) with i = 1 and 2, as random variables distributed uniformly

on the intervals specified in Table 3.3. These uninformative priors are refined as the measurements

are assimilated into the model predictions.
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Figure 3.8: True initial concentration cin, the two peaks corresponds to the two Gaussian plumes
constructed with the true parameters in Table 3.3.
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<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0.5
<latexit sha1_base64="TsiYELtlcKhkKFsCeAKmxO4V+9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jUYo8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fqXbvXuqlKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdYzo0o</latexit>

0.5
<latexit sha1_base64="TsiYELtlcKhkKFsCeAKmxO4V+9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jUYo8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fqXbvXuqlKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdYzo0o</latexit>

0.05
<latexit sha1_base64="e8L4MHIYDNWpZUj1/ar+nuB6rr4=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsyoxS4LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27jVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYebWqtZxFGGMziHS/DgFlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8cEjWI=</latexit>

0.25
<latexit sha1_base64="M/dLkZqo9FOzyJJo71sx/BdS3d4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Ckm12GPBi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6W98v7B4dFx5eS0o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtc8txafVipeq63AFonfkGqUKA1rHwNRjFJBZWGcKx13/cSE2RYGUY4nZcHqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qokaQMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4yjYEf/XlddKpuf61W3+4qTYbRRwlOIcLuAIfbqEJ99CCNhCYwDO8wpsjnBfn3flYtm44xcwZ/IHz+QPKDo1k</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0.05
<latexit sha1_base64="e8L4MHIYDNWpZUj1/ar+nuB6rr4=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsyoxS4LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27jVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYebWqtZxFGGMziHS/DgFlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8cEjWI=</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

0.2
<latexit sha1_base64="5vy2NGgAkmURx8dlUMvgHAr4uqU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+dWeqWy53pzkFXi56QMOeq90le3n7As5gqZpMZ0fC/FYEI1Cib5tNjNDE8pG9EB71iqaMxNMJmfOiXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6GUTWYCJVmyBVbLIoySTAhs79JX2jOUI4toUwLeythQ6opQ5tO0YbgL7+8SpoV1790r++vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBUQo0l</latexit>

0.005
<latexit sha1_base64="iCQ+RoxJmPG63M1W/ZuS4M3F8Bw=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyqxR4LXjxWcNtCu5Rsmm1Ds9klyQpl6W/w4kERr/4gb/4bs+0etPVByOO9GWbmBYng2jjONyptbG5t75R3K3v7B4dH1eOTjo5TRZlHYxGrXkA0E1wyz3AjWC9RjESBYN1gepf73SemNI/lo5klzI/IWPKQU2Ks5Dl1x2kMq7X8z4HXiVuQGhRoD6tfg1FM04hJQwXRuu86ifEzogyngs0rg1SzhNApGbO+pZJETPvZYtk5vrDKCIexsk8avFB/d2Qk0noWBbYyImaiV71c/M/rpyZs+hmXSWqYpMtBYSqwiXF+OR5xxagRM0sIVdzuiumEKEKNzadiQ3BXT14nnau6e11vPNzUWs0ijjKcwTlcggu30IJ7aIMHFDg8wyu8IYle0Dv6WJaWUNFzCn+APn8ANXuNnA==</latexit> 0.001

<latexit sha1_base64="2OO4HXbLJVG8qUaToHU8ll9VW4s=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB4LXjxWMG2hDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bN20OWn2w7OO9GWbmhakUBl33yymtrW9sbpW3Kzu7e/sH1cOjtkkyzbjPEpnobkgNl0JxHwVK3k01p3EoeSec3OZ+55FrIxL1gNOUBzEdKREJRtFKvlt3XW9QreV/DvKXeAWpQYHWoPrZHyYsi7lCJqkxPc9NMZhRjYJJPq/0M8NTyiZ0xHuWKhpzE8wWy87JmVWGJEq0fQrJQv3ZMaOxMdM4tJUxxbFZ9XLxP6+XYdQIZkKlGXLFloOiTBJMSH45GQrNGcqpJZRpYXclbEw1ZWjzqdgQvNWT/5L2Rd27rF/fX9WajSKOMpzAKZyDBzfQhDtogQ8MBDzBC7w6ynl23pz3ZWnJKXqO4Recj28va42Y</latexit>

0.005
<latexit sha1_base64="iCQ+RoxJmPG63M1W/ZuS4M3F8Bw=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyqxR4LXjxWcNtCu5Rsmm1Ds9klyQpl6W/w4kERr/4gb/4bs+0etPVByOO9GWbmBYng2jjONyptbG5t75R3K3v7B4dH1eOTjo5TRZlHYxGrXkA0E1wyz3AjWC9RjESBYN1gepf73SemNI/lo5klzI/IWPKQU2Ks5Dl1x2kMq7X8z4HXiVuQGhRoD6tfg1FM04hJQwXRuu86ifEzogyngs0rg1SzhNApGbO+pZJETPvZYtk5vrDKCIexsk8avFB/d2Qk0noWBbYyImaiV71c/M/rpyZs+hmXSWqYpMtBYSqwiXF+OR5xxagRM0sIVdzuiumEKEKNzadiQ3BXT14nnau6e11vPNzUWs0ijjKcwTlcggu30IJ7aIMHFDg8wyu8IYle0Dv6WJaWUNFzCn+APn8ANXuNnA==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0.5
<latexit sha1_base64="TsiYELtlcKhkKFsCeAKmxO4V+9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jUYo8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fqXbvXuqlKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdYzo0o</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

0.05
<latexit sha1_base64="e8L4MHIYDNWpZUj1/ar+nuB6rr4=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsyoxS4LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27jVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYebWqtZxFGGMziHS/DgFlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8cEjWI=</latexit> 0.05

<latexit sha1_base64="e8L4MHIYDNWpZUj1/ar+nuB6rr4=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsyoxS4LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27jVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYebWqtZxFGGMziHS/DgFlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8cEjWI=</latexit> 0.025
<latexit sha1_base64="HV0hyPjfWXdc04/54g8Wf1yfwmY=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsokSOJF4+YuEACG9ItAzR0u5u2a0I2/AYvHjTGqz/Im//GAntQ8CVNX96bycy8MBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHstHM00wiOhI8iFn1FjJdytutdYvle2/AFknXk7KkKPZL331BjFLI5SGCap113MTE2RUGc4Ezoq9VGNC2YSOsGuppBHqIFssOyOXVhmQYazsk4Ys1N8dGY20nkahrYyoGetVby7+53VTM6wHGZdJalCy5aBhKoiJyfxyMuAKmRFTSyhT3O5K2JgqyozNp2hD8FZPXietasW7rtQebsqNeh5HAc7hAq7Ag1towD00wQcGHJ7hFd4c6bw4787HsnTDyXvO4A+czx84hY2e</latexit>

0.002
<latexit sha1_base64="lZlP8CUdRLx+AwAdZgVqyNEiiCg=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtij0WvHis4LaFdinZNNuGJtklyQpl6W/w4kERr/4gb/4bs+0etPVByOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nilCfxDxWvRBrypmkvmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDZW8t266zaG1Vr+50DrxCtIDQq0h9WvwSgmqaDSEI617ntuYoIMK8MIp/PKINU0wWSKx7RvqcSC6iBbLDtHF1YZoShW9kmDFurvjgwLrWcitJUCm4le9XLxP6+fmqgZZEwmqaGSLAdFKUcmRvnlaMQUJYbPLMFEMbsrIhOsMDE2n4oNwVs9eZ10GnXvqn7zcF1rNYs4ynAG53AJHtxCC+6hDT4QYPAMr/DmSOfFeXc+lqUlp+g5hT9wPn8AMO+NmQ==</latexit>

0.0025
<latexit sha1_base64="O+0HtFsvB8wJ8YAu0y5hzox/GPY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCoz1WKXBTcuK9gLtEPJpJk2NpMMSUYoQ9/BjQtF3Po+7nwbM+0stPWHwMd/ziHn/EHMmTau++0UNja3tneKu6W9/YPDo/LxSUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN5m9e4TVZpJ8WBmMfUjPBYsZAQba3XcquvW6sNyJYNMaB28HCqQqzUsfw1GkiQRFYZwrHXfc2Pjp1gZRjidlwaJpjEmUzymfYsCR1T76WLbObqwzgiFUtknDFq4vydSHGk9iwLbGWEz0au1zPyv1k9M2PBTJuLEUEGWH4UJR0ai7HQ0YooSw2cWMFHM7orIBCtMjA2oZEPwVk9eh06t6l1V6/fXlWYjj6MIZ3AOl+DBDTThDlrQBgKP8Ayv8OZI58V5dz6WrQUnnzmFP3I+fwCnH43Y</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit> 0

<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>

0
<latexit sha1_base64="VgliqVbRxglb2A3O6rJbBe8P5tA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeWmcV2uVfM4CnAKZ3ABHtxCDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHeFuMsQ==</latexit>10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

10
<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit> 10

<latexit sha1_base64="fCcrc41ltADEMYpzWZa+scvSCdU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6wBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHjy3X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mX1+v6qUq/lcRThBE7hHDy4gTrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+e0jOw=</latexit>

0.05
<latexit sha1_base64="e8L4MHIYDNWpZUj1/ar+nuB6rr4=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsyoxS4LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27jVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SETT9lMk4MlWQ5KEw4MhHKDkdjpigxfG4JJorZXRGZYoWJsfFUbAje6snrpHtV967rjYebWqtZxFGGMziHS/DgFlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8cEjWI=</latexit>

0.25
<latexit sha1_base64="M/dLkZqo9FOzyJJo71sx/BdS3d4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Ckm12GPBi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6W98v7B4dFx5eS0o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtc8txafVipeq63AFonfkGqUKA1rHwNRjFJBZWGcKx13/cSE2RYGUY4nZcHqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qokaQMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4yjYEf/XlddKpuf61W3+4qTYbRRwlOIcLuAIfbqEJ99CCNhCYwDO8wpsjnBfn3flYtm44xcwZ/IHz+QPKDo1k</latexit>

0.5
<latexit sha1_base64="TsiYELtlcKhkKFsCeAKmxO4V+9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jUYo8FLx4rWltoQ9lsN+3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOd9O4W19Y3NreJ2aWd3b/+gfHj0aJJMM95kiUx0O6SGS6F4EwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV7j232itXPNebg6wSPycVyNHolb+6/YRlMVfIJDWm43spBhOqUTDJp6VuZnhK2YgOeMdSRWNugsn81Ck5s0qfRIm2pZDM1d8TExobM45D2xlTHJplbyb+53UyjGrBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0SjYEf/nlVfJ44fqXbvXuqlKv5XEU4QRO4Rx8uIY63EIDmsBgAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdYzo0o</latexit>

0.1
<latexit sha1_base64="y9m513kixbn7WhcOncsEAM+W8F0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadn1gTkGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c781hPXRiTqEccpD2I6UCISjKKVHjzX75UrnuvNQVaJn5MK5Kj3yl/dfsKymCtkkhrT8b0UgwnVKJjk01I3MzylbEQHvGOpojE3wWR+6pScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRtVgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06JRuCv/zyKmleuP6le31/ValV8ziKcAKncA4+3EAN7qAODWAwgGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNSvo0k</latexit>

x1<latexit sha1_base64="klMNtW9rocF00traR0HkoqgWvQA=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4wC4LblxWsA+YDiWTZtrQTDIkGbEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMlvx9jMw4j9DTwBtWaW3fnQKvEK0gNCrQG1a/+UJI0psIQjrX2PTcxQYaVYYTTWaWfappgMsEj6lsqcEx1kM0jz9CZVYYokso+YdBc/b2R4VjraRzayTyiXvZy8T/PT03UCDImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnYu6d1m/vr+qNRtFHWU4gVM4Bw9uoAl30II2EJDwDK/w5hjnxXl3PhajJafYOYY/cD5/ALdgkNs=</latexit> x2<latexit sha1_base64="+3VVapD/rYjHA15dZttBR/tXLm4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZmq2GXBjcsK9gHToWTSTBuaSYYkI5ahn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJbe53H6nSTIoHM01oEOORYBEj2FjJ78fYjMMIPQ3qg0rVrblzoFXiFaQKBVqDyld/KEkaU2EIx1r7npuYIMPKMMLprNxPNU0wmeAR9S0VOKY6yOaRZ+jcKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npyZqBBkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlS2JXjLJ6+STr3mXdau76+qzUZRRwlO4QwuwIMbaMIdtKANBCQ8wyu8OcZ5cd6dj8XomlPsnMAfOJ8/uOSQ3A==</latexit> x3
<latexit sha1_base64="658ZVTYcVZS0242NJ6qYr8vrtEQ=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4wC4LblxWsA+YDiWTZtrQTDIkGbEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMlvx9jMw4j9DS4HFRrbt2dA60SryA1KNAaVL/6Q0nSmApDONba99zEBBlWhhFOZ5V+qmmCyQSPqG+pwDHVQTaPPENnVhmiSCr7hEFz9fdGhmOtp3FoJ/OIetnLxf88PzVRI8iYSFJDBVl8FKUcGYny+9GQKUoMn1qCiWI2KyJjrDAxtqWKLcFbPnmVdC7q3mX9+v6q1mwUdZThBE7hHDy4gSbcQQvaQEDCM7zCm2OcF+fd+ViMlpxi5xj+wPn8AbpokN0=</latexit>

x4<latexit sha1_base64="LXWcegTSeRm4rBEmVkLoHyD+Rkc=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7KrFXssePFYwdbCdinZNNuGZpMlyYpl6c/w4kERr/4ab/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU1TJVhHaI5FL1QqwpZ4J2DDOc9hJFcRxy+hBObnL/4ZEqzaS4N9OEBjEeCRYxgo2V/H6MzTiM0NOgMajW3Lo7B1olXkFqUKA9qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqiZpAxkaSGCrL4KEo5MhLl96MhU5QYPrUEE8VsVkTGWGFibEsVW4K3fPIq6V7Uvcv61V2j1moWdZThBE7hHDy4hhbcQhs6QEDCM7zCm2OcF+fd+ViMlpxi5xj+wPn8AbvskN4=</latexit> x5
<latexit sha1_base64="8YCIftqEblCR0eizSks5nxDS2BU=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7KrFnssePFYwdbCdinZNNuGZpMlyYpl6c/w4kERr/4ab/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU1TJVhHaI5FL1QqwpZ4J2DDOc9hJFcRxy+hBObnL/4ZEqzaS4N9OEBjEeCRYxgo2V/H6MzTiM0NOgMajW3Lo7B1olXkFqUKA9qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqiZpAxkaSGCrL4KEo5MhLl96MhU5QYPrUEE8VsVkTGWGFibEsVW4K3fPIq6V7Uvct64+6q1moWdZThBE7hHDy4hhbcQhs6QEDCM7zCm2OcF+fd+ViMlpxi5xj+wPn8Ab1wkN8=</latexit>

x6
<latexit sha1_base64="wr3OBXir5to6STxSYqvXOUUn/94=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZcZnlwU3LivYB0yHkkkzbWgmGZI7Yhn6GW5cKOLWr3Hn35hpZ6GtBwKHc+4l554wEdyA6347K6tr6xubpa3y9s7u3n7l4LBtVKopa1EllO6GxDDBJWsBB8G6iWYkDgXrhOPb3O88Mm24kg8wSVgQk6HkEacErOT3YgKjMMJP/et+perW3BnwMvEKUkUFmv3KV2+gaBozCVQQY3zPTSDIiAZOBZuWe6lhCaFjMmS+pZLEzATZLPIUn1plgCOl7ZOAZ+rvjYzExkzi0E7mEc2il4v/eX4KUT3IuExSYJLOP4pSgUHh/H484JpREBNLCNXcZsV0RDShYFsq2xK8xZOXSfu85l3Uru4vq416UUcJHaMTdIY8dIMa6A41UQtRpNAzekVvDjgvzrvzMR9dcYqdI/QHzucPvvSQ4A==</latexit>

x7
<latexit sha1_base64="bWjpWRRqKh/eSwJiviYI3IE/dTg=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjM+aJcFNy4r2FqYDiWTZtrQTDIkd8Qy9DPcuFDErV/jzr8x085CWw8EDufcS849YSK4Adf9dkpr6xubW+Xtys7u3v5B9fCoa1SqKetQJZTuhcQwwSXrAAfBeolmJA4FewgnN7n/8Mi04UrewzRhQUxGkkecErCS348JjMMIPw0ag2rNrbtz4FXiFaSGCrQH1a/+UNE0ZhKoIMb4nptAkBENnAo2q/RTwxJCJ2TEfEsliZkJsnnkGT6zyhBHStsnAc/V3xsZiY2ZxqGdzCOaZS8X//P8FKJmkHGZpMAkXXwUpQKDwvn9eMg1oyCmlhCquc2K6ZhoQsG2VLEleMsnr5LuRd27rF/fXdVazaKOMjpBp+gceaiBWugWtVEHUaTQM3pFbw44L86787EYLTnFzjH6A+fzB8B4kOE=</latexit>

x8
<latexit sha1_base64="tkwvkijmWf0s+2vcjNvRkjkb8dE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4wC4LblxWsA+YDiWTZtrQTDIkGbEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaRKMykezDShQYxHgkWMYGMlvx9jMw4j9DRoDKo1t+7OgVaJV5AaFGgNql/9oSRpTIUhHGvte25iggwrwwins0o/1TTBZIJH1LdU4JjqIJtHnqEzqwxRJJV9wqC5+nsjw7HW0zi0k3lEvezl4n+en5qoEWRMJKmhgiw+ilKOjET5/WjIFCWGTy3BRDGbFZExVpgY21LFluAtn7xKOhd177J+fX9VazaKOspwAqdwDh7cQBPuoAVtICDhGV7hzTHOi/PufCxGS06xcwx/4Hz+AMH8kOI=</latexit>

x9
<latexit sha1_base64="4L8F7oIZy8uybH9UURuV/9EticY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZcYH1l3BjcsK9gHToWTSTBuaSYbkjliGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34Lrfzsrq2vrGZmmrvL2zu7dfOThsG5VqylpUCaW7ITFMcMlawEGwbqIZiUPBOuH4Nvc7j0wbruQDTBIWxGQoecQpASv5vZjAKIzwU/+mX6m6NXcGvEy8glRRgWa/8tUbKJrGTAIVxBjfcxMIMqKBU8Gm5V5qWELomAyZb6kkMTNBNos8xadWGeBIafsk4Jn6eyMjsTGTOLSTeUSz6OXif56fQlQPMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWyrYEb/HkZdI+r3kXtav7y2qjXtRRQsfoBJ0hD12jBrpDTdRCFCn0jF7RmwPOi/PufMxHV5xi5wj9gfP5A8OAkOM=</latexit>

x10
<latexit sha1_base64="e4HASlSbTa9ryDL0nub2c7vXUSs=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWZ8YJcFNy4r2Ae0Y8mkmTY0kxmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uSfHjwXXxnG+UWFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHq+EQzwSVrGm4E68SKkdAXrO2PrzO//cCU5pG8M5OYeSEZSh5wSoyV7nshMSM/wE/91HWm/XLFqToz4GXi5qQCORr98ldvENEkZNJQQbTuuk5svJQow6lg01Iv0SwmdEyGrGupJCHTXjpLPcUnVhngIFL2SYNn6u+NlIRaT0LfTmYp9aKXif953cQENS/lMk4Mk3R+KEgENhHOKsADrhg1YmIJoYrbrJiOiCLU2KJKtgR38cvLpHVWdc+rl7cXlXotr6MIR3AMp+DCFdThBhrQBAoKnuEV3tAjekHv6GM+WkD5ziH8Afr8AfRekiE=</latexit>
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Figure 3.9: Contaminant breakthrough curves c(xm, t) observed in the wells whose locations xm

(m = 1, . . . , 20) are shown in Figure 3.7.
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3.4.2 Construction and Accuracy of CNN Surrogate

As discussed in Section 3.3, although only model predictions at 20 wells are strictly necessary for the

inversion, the use of full concentration distributions c(x, ti) as output of the CNN-based surrogate

has better generalization properties. We used N = 1600 solutions (Monte Carlo realizations) of the

PDE-based transport model (3.3) for di↵erent realizations of the initial condition cin(x) to train

the CNN; another Ntest = 400 realizations were retained for testing. These 2000 realizations of

the initial concentration cin(x) in (3.38) were generated with Latin hyper-cube sampling of the

uniformly distributed input parameters m from Table 3.3. The CNN contains three dense blocks

with Nl = 6, 12, 6 internal layers, uses a growth rate Rg = 40, and has Nin = 64 initial features;

it was trained for 300 epochs. The CNN’s output is 16 stacked maps of the solute concentration

c(x, ti) at ti = (3, 4, . . . , 18) years after the contaminant release.
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Figure 3.10: Temporal snapshots of the solute concentration alternatively predicted with the trans-
port model (c, top row) and the CNN surrogate (ĉ, second row) for a given realization of the initial
concentration cin(x). The bottom row exhibits the corresponding errors of the CNN surrogate,
(c � ĉ). The times in the upper left corner correspond to the number of years after contaminant
release.

Figure 3.10 exhibits temporal snapshots of the solute concentrations alternatively predicted with

the transport model, c(x, ti), and the CNN surrogate, ĉ(x, ti), for a given realization of the initial

concentration cin(x) at eight di↵erent times ti. The root mean square error of the CNN surrogate,

kc(x, ti) � ĉ(x, ti)k2, falls to 0.023 at the end of the training process. It is worthwhile emphasizing

here that the N = 1600 Monte Carlo realizations used to train our CNN surrogate are but a small
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fraction of the number of forward solves needed by MCMC.

3.4.3 DRAM/HMC Reconstruction of Contaminant Source

We start by analyzing the performance of MCMC with DRAM sampler of m when the PDE-based

transport model (3.3) is used to generate realizations of c(x, ti). Because the model is treated as

exact, this step allows us to establish the best plume reconstruction provided by our implementation

of DRAM. The latter relied on 100000 samples of m, the first half of which was used in the “burn-

in” stage and, hence, are not included into the estimation sample set. Figure 3.11 exhibits sample

chains for each of the six parameters m characterizing the initial plume configuration cin(x). Visual

inspection of these plots reveals that DRAM does a good job identifying the centers of mass of the

two co-mingling plumes, (x1,i, x2,i) with i = 1 and 2; identification of the spatial extent, �i, and

strength, Si, of these plumes is less accurate. However, with 100000 samples, these trace plots still

imply the need for more DRAM samples, which is practically prohibitive, shown in the following

sections with the indication for the CPU time of this experiment.
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Figure 3.11: DRAM chains of the parameters m characterizing the initial plume configuration cin(x)
obtained by sampling from the transport model (3.3). Each Markov chain represents a parameter
value plotted as function of the number of iterations (links in the chain). The black horizontal lines
are the true values of each parameter.

Table 3.4 provides a more quantitative assessment of the performance of the PDE-based DRAM.

The standard deviations of the DRAM estimates of the plumes’ centers of mass, (x1,i, x2,i), is no

more than 1% of their respective means, indicating high confidence in the estimation of these key

parameters. The standard deviations of the other parameter estimates, relative to their respective

means, are appreciably higher. Also shown in Table 3.4 are Sokal’s adaptive truncated periodogram

estimator of the integrated autocorrelation time ⌧ [118], and the Geweke convergence diagnostic p

[36]. These quantities are routinely used to diagnose the convergence of Markov chains. The former

provides an average number of dependent samples in a chain that contain the same information as

one independent sample; the latter quantifies the similarity between the first 10% samples and the
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Figure 3.12: The initial concentration cin, constructed with the two Gaussian plumes computed with
the DRAM MCMC chain(second half) obtained by sampling from the PDE model. The mean values
of the parameters are shown in Table 3.4.

Parameter True value Mean Std ⌧ p

x1,1 325 327.5836 3.3924 1046.3394 0.9991
x2,1 325 325.7773 1.6108 1289.5577 0.9929
x1,2 562.5 564.3320 1.9967 2218.9018 0.9881
x2,2 625 624.7743 0.3203 402.0658 0.9998
S1 30 18.6853 0.5007 1713.8339 0.9699
�1 15 19.1371 0.2365 2172.9087 0.9837
S2 50 44.3071 2.8493 4441.9589 0.7632
�2 17 18.0939 0.5932 4409.0626 0.8832
M1 20.4244 20.6709 � � �

M1 43.5802 43.74 � � �

Table 3.4: DRAM chain statistics—mean, standard deviation, integrated autocorrelation time ⌧ , and
Geweke convergence diagnostic p—of the parameters m characterizing the initial plume configuration
cin(x) obtained by sampling from the PDE model. Also shown is the total contaminant mass of the
two co-mingling plumes, M1 and M2.
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last 50% samples. The initial concentration map constructed with the two Gaussian plumes with

the parameter in this MCMC chain is shown in Figure 3.12.

Although somewhat less accurate, the estimates of the spatial extent, �i, and strength, Si, of

the co-mingling plumes is more than adequate for field applications. Their estimation errors cannot

be eliminated with more computations, as suggested by a very large number of samples used in our

DRAM. Instead, they reflect the relative dearth of information provided by a few sampling locations.
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Figure 3.13: DRAM chains of the parameters m characterizing the initial plume configuration cin(x)
obtained by sampling from the CNN surrogate (3.10). Each Markov chain represents a parameter
value plotted as function of the number of iterations (links in the chain). The black horizontal lines
are the true values of each parameter.
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Figure 3.14: The initial concentration cin, constructed with the two Gaussian plumes computed with
the DRAM MCMC chain(second half) obtained by sampling from the CNN surrogate model. The
mean values of the parameters are shown in Table 3.5.

Next, we repeat the MCMC procedure but using the CNN surrogate to generate samples. Fig-

ure 3.13 exhibits the resulting MCMC chains of the parameters m, i.e., the parameter values plotted
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Parameter True value Mean Std ⌧ p

x1,1 325 322.3274 9.8827 189.8946 0.9944
x2,1 325 328.8859 3.9956 231.9033 0.9992
x1,2 562.5 555.4074 4.3167 35.8577 0.9983
x2,2 625 623.8933 0.8944 43.2115 0.9999
S1 30 28.4441 6.4531 514.4594 0.8100
�1 15 15.9822 1.9291 537.7868 0.9094
S2 50 64.6830 12.1613 540.6132 0.9962
�2 17 15.1550 1.6076 543.3779 0.9964
M1 20.4244 21.9306 � � �

M2 43.5802 44.8789 � � �

Table 3.5: DRAM chain statistics—mean, standard deviation, integrated autocorrelation time ⌧ , and
Geweke convergence diagnostic p—of the parameters m characterizing the initial plume configuration
cin(x) obtained by sampling from the CNN surrogate. Also shown is the total contaminant mass of
the two co-mingling plumes, M1 and M2.

as function of the number of samples N (excluding the first 50000 samples used in the burn-in

stage). Because of the prediction error of the CNN surrogate, the chains di↵er significantly from

their PDE-based counterparts in Fig. 3.11. They are visibly better mixed, an observation that is

further confirmed by the fact that the integrated autocorrelation times ⌧ in Table 3.5 are much

smaller than those reported in Table 3.4. The initial concentration map constructed with the two

Gaussian plumes with the parameter in this MCMC chain is shown in Figure 3.14. However, the

standard deviations (Std) for the parameter estimators are slightly larger than those obtained with

the PDE-based MCMC; this implies that the CNN prediction error undermines the ability of MCMC

to narrow down the posterior distributions. The posterior PDFs for the centers of mass of the two

commingling plumes, (x1,i, x2,i), are shown in Figure 3.15 and Figure 3.16. The discrepancy between

the actual and reconstructed (as the means of these PDFs) locations is within 7 m; it is of negligible

practical significance.

Comparison of Table 3.4 and Table 3.5 reveal that, similar to the PDE-based sampler, the CNN-

based sampler provides more accurate estimates of the source location (x1,i, x2,i) than of its spread

(�i) and strength (Si). However, in practice, one is more interested in the total mass of the released

contaminant (M) rather than its spatial configuration (characterized by �i and Si). The mass of

each of the commingling plumes in (3.38), M1 and M2, is:

Mi = ✓

Z

⌦i

cin(x)dx, ⌦i : [x1,i ± 100] ⇥ [x2,i ± 100], i = 1, 2. (3.39)

Both the PDE- and CNN-based MCMC strategies yield accurate estimates of M1 and M2 (Tables 3.4

and 3.5).

We also present the HMC sampling using the CNN surrogate to generate samples and compute

the gradient. Results with only 2000 samples are shown in Figure 3.17, exhibiting the resulting HMC
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Parameter value
<latexit sha1_base64="EGpDf658I4cFzgD82S6mtkPXoE4=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsJuRPQkAS8eI5gHJEuYnfQmQ2Znl3kE4pIv8eJBEa9+ijf/xkmyB00saCiquunuClPOlPa8b6ewsbm1vVPcLe3tHxyW3aPjlkqMpNCkCU9kJyQKOBPQ1Exz6KQSSBxyaIfju7nfnoBULBGPeppCEJOhYBGjRFup75YbRJIYNEg8IdxA3614VW8BvE78nFRQjkbf/eoNEmpiEJpyolTX91IdZERqRjnMSj2jICV0TIbQtVTYZSrIFofP8LlVBjhKpC2h8UL9PZGRWKlpHNrOmOiRWvXm4n9e1+joJsiYSI0GQZeLIsOxTvA8BTxgEqjmU0sIlczeiunIJkFtEKpkQ/BXX14nrVrVv6xePdQq9ds8jiI6RWfoAvnoGtXRPWqgJqLIoGf0it6cJ+fFeXc+lq0FJ585QX/gfP4Au1+TIA==</latexit>

x1,1
<latexit sha1_base64="VCg3U6A808ryk4aA/89qqndl65M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNj1gZ4k4MVjBPOAZAmzk95kyOzsMjMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSSCa+O6387S8srq2npho7i5tb2zW9rbb+g4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvxm4+oNI/lgxkl6Ee0L3nIGTVWaj51M+/UG3dLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m547JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeG1n3GZpAYlmy0KU0FMTCa/kx5XyIwYWUKZ4vZWwgZUUWZsQkUbgjf/8iJpnFW888rl/UW5epPHUYBDOIIT8OAKqnAHNagDgyE8wyu8OYnz4rw7H7PWJSefOYA/cD5/AKvCjyA=</latexit>

x2,1
<latexit sha1_base64="nUggvfsU6SejDrbFN7f1WBg0KKc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXlo58ya9YsktuzOQZeJlpAQZar3iV6cfsSTkCpmkxrQ9N8ZuSjUKJvmk0EkMjykb0QFvW6poyE03nZ07ISdW6ZMg0rYUkpn6eyKloTHj0LedIcWhWfSm4n9eO8HgupsKFSfIFZsvChJJMCLT30lfaM5Qji2hTAt7K2FDqilDm1DBhuAtvrxMGpWyd16+vL8oVW+yOPJwBMdwCh5cQRXuoAZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB61JjyE=</latexit>

x2,2
<latexit sha1_base64="8/Zikhp5Fl88mM/yDNNlOyzztAc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXlo5q0x6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBdTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNCpl77x8eX9Rqt5kceThCI7hFDy4gircQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD67OjyI=</latexit>

x1,2
<latexit sha1_base64="0CT+NQqrd9bytmcc89ipGNY0ayQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXuqdVSa9YsktuzOQZeJlpAQZar3iV6cfsSTkCpmkxrQ9N8ZuSjUKJvmk0EkMjykb0QFvW6poyE03nZ07ISdW6ZMg0rYUkpn6eyKloTHj0LedIcWhWfSm4n9eO8HgupsKFSfIFZsvChJJMCLT30lfaM5Qji2hTAt7K2FDqilDm1DBhuAtvrxMGpWyd16+vL8oVW+yOPJwBMdwCh5cQRXuoAZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB61HjyE=</latexit>

Figure 3.15: Probability density functions (solid lines) and histograms (gray bars) of the centers
of mass of the two commingling spills, (x1,1, x2,1) and (x1,2, x2,2), computed with MCMC drawing
samples from the PDE-based transport model. Vertical dashed lines represent the true locations.
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Parameter value
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x1,1
<latexit sha1_base64="VCg3U6A808ryk4aA/89qqndl65M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNj1gZ4k4MVjBPOAZAmzk95kyOzsMjMrhiUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFSSCa+O6387S8srq2npho7i5tb2zW9rbb+g4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDvxm4+oNI/lgxkl6Ee0L3nIGTVWaj51M+/UG3dLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m547JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeG1n3GZpAYlmy0KU0FMTCa/kx5XyIwYWUKZ4vZWwgZUUWZsQkUbgjf/8iJpnFW888rl/UW5epPHUYBDOIIT8OAKqnAHNagDgyE8wyu8OYnz4rw7H7PWJSefOYA/cD5/AKvCjyA=</latexit>

x2,1
<latexit sha1_base64="nUggvfsU6SejDrbFN7f1WBg0KKc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXlo58ya9YsktuzOQZeJlpAQZar3iV6cfsSTkCpmkxrQ9N8ZuSjUKJvmk0EkMjykb0QFvW6poyE03nZ07ISdW6ZMg0rYUkpn6eyKloTHj0LedIcWhWfSm4n9eO8HgupsKFSfIFZsvChJJMCLT30lfaM5Qji2hTAt7K2FDqilDm1DBhuAtvrxMGpWyd16+vL8oVW+yOPJwBMdwCh5cQRXuoAZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB61JjyE=</latexit>

x2,2
<latexit sha1_base64="8/Zikhp5Fl88mM/yDNNlOyzztAc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXlo5q0x6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBdTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNCpl77x8eX9Rqt5kceThCI7hFDy4gircQQ3qwGAEz/AKb07svDjvzse8NedkM4fwB87nD67OjyI=</latexit>

x1,2
<latexit sha1_base64="0CT+NQqrd9bytmcc89ipGNY0ayQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQkAS8eI5gHJCHMTmaTIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13lx9LYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3fKp4VIoXkeBkrdizWnoS970R7dTv/nItRGResBxzLshHSgRCEbRSs2nXuqdVSa9YsktuzOQZeJlpAQZar3iV6cfsSTkCpmkxrQ9N8ZuSjUKJvmk0EkMjykb0QFvW6poyE03nZ07ISdW6ZMg0rYUkpn6eyKloTHj0LedIcWhWfSm4n9eO8HgupsKFSfIFZsvChJJMCLT30lfaM5Qji2hTAt7K2FDqilDm1DBhuAtvrxMGpWyd16+vL8oVW+yOPJwBMdwCh5cQRXuoAZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB61HjyE=</latexit>

Figure 3.16: Probability density functions (solid lines) and histograms (gray bars) of the centers
of mass of the two commingling spills, (x1,1, x2,1) and (x1,2, x2,2), computed with DRAM drawing
samples from the CNN surrogate. Vertical dashed lines represent the true locations.
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x1,1

<latexit sha1_base64="46tQQ2DPHnTGjm7muMcz+bitpVI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk04yZHZ2mZkVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY38781iMqzSP5YCYx+iEdSj7gjBortZ56abXsTXvFkltx5yCrxMtICTLUe8Wvbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzc6fkzCp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYMbP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCRVsCN7yy6ukWa14V5WL+8tSrZzFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/qDePEA==</latexit>

x2,1

<latexit sha1_base64="EjZp7maVYZ5gnlNV7RzY4jzAqCk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk04yZHZ2mZkVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY38781iMqzSP5YCYx+iEdSj7gjBortZ56qVeuTnvFkltx5yCrxMtICTLUe8Wvbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzc6fkzCp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYMbP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCRVsCN7yy6ukWa14V5WL+8tSrZzFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/qDWPEA==</latexit>

x1,2

<latexit sha1_base64="HKcb9JrBsFGTwQHm0jJHzI9orqw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTRMlmvEGi2Sk2wE1XArFGyhQ8nasOQ0DyVvB+Hbmtx65NiJSDziJuR/SoRIDwShaqfXUS6vl6rRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehzc+KlQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJs1rxrioX95elWjmLIw8ncArn4ME11OAO6tAABmN4hld4c2LnxXl3PhatOSebOYY/cD5/AKm8jxE=</latexit>

x2,2
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Figure 3.17: HMC-NUTS chains of the parameters m characterizing the initial plume configuration
cin(x) obtained by sampling from the CNN surrogate (3.10). Each Markov chain represents a
parameter value plotted as function of the number of iterations (links in the chain). The horizontal
lines are the true values of each parameter.
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Figure 3.18: The initial concentration cin, constructed with the two Gaussian plumes computed
with the HMC chain(second half) obtained by sampling from the CNN surrogate model. The mean
values of the parameters are shown in Table 3.6.



CHAPTER 3. MCMC WITH CNN SURROGATES: SOURCE IDENTIFICATION 59

Fr
eq

ue
nc

y 
of

 a
 p

ar
am

et
er

<latexit sha1_base64="Rtfjk1VQ51Ji1PfCy6icuHo6HD4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KCVRUY8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791iPXRsTqAccJ9yM6UCIUjKKVWk+9zKt4k16p7FbdGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGN74mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6R5XvWuqhf3l+VaJY+jAMdwAmfgwTXU4A7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AprCPDw==</latexit>

x1,1

<latexit sha1_base64="46tQQ2DPHnTGjm7muMcz+bitpVI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk04yZHZ2mZkVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY38781iMqzSP5YCYx+iEdSj7gjBortZ56abXsTXvFkltx5yCrxMtICTLUe8Wvbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzc6fkzCp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYMbP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCRVsCN7yy6ukWa14V5WL+8tSrZzFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/qDePEA==</latexit>

x2,1

<latexit sha1_base64="EjZp7maVYZ5gnlNV7RzY4jzAqCk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk04yZHZ2mZkVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY38781iMqzSP5YCYx+iEdSj7gjBortZ56qVeuTnvFkltx5yCrxMtICTLUe8Wvbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzc6fkzCp9MoiULWnIXP09kdJQ60kY2M6QmpFe9mbif14nMYMbP+UyTgxKtlg0SAQxEZn9TvpcITNiYgllittbCRtRRZmxCRVsCN7yy6ukWa14V5WL+8tSrZzFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/qDWPEA==</latexit>

x1,2

<latexit sha1_base64="HKcb9JrBsFGTwQHm0jJHzI9orqw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgIYTdKOox4MVjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTRMlmvEGi2Sk2wE1XArFGyhQ8nasOQ0DyVvB+Hbmtx65NiJSDziJuR/SoRIDwShaqfXUS6vl6rRXLLkVdw6ySryMlCBDvVf86vYjloRcIZPUmI7nxuinVKNgkk8L3cTwmLIxHfKOpYqG3Pjp/NwpObNKnwwibUshmau/J1IaGjMJA9sZUhyZZW8m/ud1Ehzc+KlQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJs1rxrioX95elWjmLIw8ncArn4ME11OAO6tAABmN4hld4c2LnxXl3PhatOSebOYY/cD5/AKm8jxE=</latexit>

x2,2

Figure 3.19: Probability density functions (solid lines) and histograms (gray bars) of the centers of
mass of the two commingling spills, (x1,1, x2,1) and (x1,2, x2,2), computed with HMC-NUTS drawing
samples from the CNN surrogate. Vertical dashed lines represent the true locations.
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chains of the parameters m, i.e., the parameter values plotted as function of the number of samples

N (excluding the first 1000 samples used in the burn-in stage). The prediction error of the CNN

surrogate has similar e↵ect on the shape of the trace plots to Figure 3.13, visibly better mixed too.

The PDFs shown in Figure 3.19 with only 2000 samples are already very smooth and concentrated

at the peak location compared to DRAM-CNN results in Figure 3.16. The chain statistics are

summarized in Table 3.6, the estimated mean is slightly farther from the reference value compared

to the DRAM-CNN results shown in Table 3.5, but the standard deviation is an order of magnitude

smaller. The initial concentration map constructed with the two Gaussian plumes with the parameter

in this MCMC chain is shown in Figure 3.18. The autocorrelation ⌧ for all estimated parameters

are much smaller; the Geweke convergence diagnostic p are all very close to 1. Visualization of

the autocorrelation for the three samplers are shown in Figure 3.20, Figure 3.21, and Figure 3.22.

The autocorrelation of these three chains show clearly that the HMC-CNN sampler with only 2000

samples reaches convergence, saving an order of magnitude samples. These statistics all prove that

the convergence of the HMC-CNN sampler is much faster than that of DRAM sampling with either

PDE based forward model and CNN surrogate forward model. On the other hand, we would like to

indicate that the samples of x1,2, x2,2 did not cover the reference value, as shown in Figure 3.19, the

discrepancy between the reference value and the sample mean is up to 10 m for x1,2 in a field that

is 2000 ⇥ 1000 m2, which can be a practical issue in field applications.

Parameter True value Mean Std ⌧ p

x1,1 325 319.66525 3.3039 1.09175 0.997543
x2,1 325 328.80032 1.2776 1.24368 0.99958
x1,2 562.5 554.15515 1.6658 1.26398 0.99993
x2,2 625 623.68756 0.3582 1.19211 0.99994
S1 30 28.5775 4.8943 3.45711 0.99916
�1 15 15.8092 2.0209 1.88012 0.98740
S2 50 62.712563 7.6878 2.42575 0.98592
�2 17 13.965155 0.8016 1.16434 0.99879
M1 20.4244 22.1330 - - -
M2 43.5802 44.0599 - - -

Table 3.6: HMC chain statistics—mean, standard deviation, integrated autocorrelation time ⌧ , and
Geweke convergence diagnostic p—of the parameters m characterizing the initial plume configuration
cin(x) obtained by sampling from the CNN surrogate. Also shown is the total contaminant mass of
the two co-mingling plumes, M1 and M2.

3.4.4 Computational E�ciency of MCMC with CNN Surrogate

Our CNN-based DRAM is about 20 times faster than DRAM with the PDE-based transport model

(Table 3.7). This computational speed-up can be attributed to either the algorithmic improvement

or the di↵erent hardware architecture or both. That is because while the o↵-the-shelf PDE-based

software utilizes central processing units (CPU), NN training takes place on graphics processing
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Figure 3.20: Auto-correlation plots of the of the parameters m characterizing the initial plume
configuration cin(x), computed with DRAM-MCMC drawing samples from the PDE-based transport
model. Half of the chain with 50000 samples are used for these plots.

Figure 3.21: Auto-correlation plots of the of the parameters m characterizing the initial plume
configuration cin(x), computed with DRAM-MCMC drawing samples from the CNN surrogate.
Half of the chain with 50000 samples are used for these plots.
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Figure 3.22: Auto-correlation plots of the of the parameters m characterizing the initial plume
configuration cin(x), computed with HMC-NUTS drawing samples from the CNN surrogate. Half
of the chain with 1000 samples are used for these plots.

units (GPUs), e.g., within the GoogleColab environment used in our study, without much e↵ort on

the user’s part. To disentangle these sources of computational e�ciency, we also run the CNN-based

DRAM on the same CPU architecture used for the PDE-based DRAM. Table 3.7 demonstrates that

the CNN-based MCM ran on CPU is about twice faster than the PDE sampler. This indicates that

the computational speed-up of the CNN-based sampler is in large part due to the use of GPUs for

CNN-related computations. One could rewrite PDE-based transport models to run on GPUs, but

it is not practical. At the same time, no modifications or special expertise are needed to run the

Pytorch implementation [101] of neural networks on GPUs. The CNN-based HMC though, takes

much longer time to generate each sample in the HMC chain, notably slower than both PDE-based

DRAM sampler and CNN-DRAM sampler. However, the convergence of the chain is much faster

given that the chain is well-mixed with only 1000 burn in samples.

Trun Ttrain Tave

PDE 101849.0 0 1.01849
CNN on GPU 1101.7 4007.4 0.05109
CNN on CPU 37450.0 4007.4 0.41457
HMC-CNN on GPU 6824.0 4007.4 5.41550

Table 3.7: Total run time (in seconds) of the MCMC samplers, Trun, based on the PDE-based
transport model and its CNN surrogate. The PDE sampler uses CPUs; the CNN sampler is trained
and simulated on GPUs provided by GoogleColab; for the sake of comparison, also reported is the
run time of the CNN sampler on the CPU architecture used for the PDE-based sampler. In the
first three cases, DRAM consists of Nsam = 105 samples. The average run-time per sample, Tave, is
defined as Tave = (Trun + Ttrain)/Nsum, where Ttrain is the CNN training time. HMC-CNN on GPU
reports the time required for 2000 samples, the CNN surrogate used in this scenario is the same as
the previous two case, and is run on GPU.
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3.5 Conclusions and Discussion

We proposed an MCMC approach that uses DRAM sampling and draws samples from a CNN surro-

gate of a PDE-based model. We also tested the CNN surrogate model with an HMC sampler. The

approach was used to reconstruct contaminant release history from sparse and noisy measurements

of solute concentration. In our numerical experiments, water flow and solute transport take place in

a heterogeneous two-dimensional aquifer; the goal is to identify the spatial extent and total mass of

two commingling plumes at the moment of their release into the aquifer. Our analysis leads to the

following major conclusions.

1. The CNN-based DRAM is able to identify the locations of contaminant release, as quantified

by the centers of mass of commingling spills forming the initial contaminant plume.

2. Although somewhat less accurate, the estimates of the spread and strength of these spills is

adequate for field applications with DRAM samplers. Their integral characteristics, the total

mass of each spill, are correctly identified.

3. The estimation errors cannot be eliminated with more computations. Instead, they reflect both

the ill-posedness of the problem of source identification and the relative dearth of information

provided by sparse concentration data.

4. Replacement of a PDE-based transport model with its CNN-based surrogate increases uncer-

tainty in, i.e., widens the confidence intervals of, the source identification.

5. The CNN-based DRAM is about 20 times faster than MCMC with the high-fidelity transport

model. This computational speed-up is in large part due to the use of GPUs for CNN-related

computations, while the PDE solver utilizes CPUs.

6. The CNN-based HMC sampler is notably slower in terms of obtaining each sample due to

the Hamiltonian dynamics evolution. The convergence of the chain is much faster than both

PDE-based and CNN-based DRAM sampler. However, although the samples of the release

locations are close to the reference value, they did not cover the reference value, which can be

a practical issue in field application.

While we relied on a CNN to construct a surrogate of the PDE-based model of solute transport,

other flavors of NNs could have be used for this purpose. We are not aware of published comparisons

of alternative NNs in the context of image-to-image prediction, which is required by our DRAM

method. In the somewhat related context of spectrum sensing [136], the comparison of a fully

connected neural network (FNN), a recurrent neural network (RNN), and a CNN revealed the FNN

to have small utility for ordered and correlated samples like images; the CNN and RNN to exhibit a

comparable performance in terms of accuracy, and the RNN to be more e�cient in terms of memory

requirements.
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In general, the direct comparison of the performance of a FNN and a CNN on the same task is

not helpful and can be misleading because of the freedom of the architecture of each network and

the presence of multiple tuning parameters in both. However, the results reported in Section 3.3.2

suggest that a FNN would contain significantly more parameters given the size of the input and

output images. This applies even to a relatively shallow FNN. Some studies in image classification,

e.g., [18], claim that, relative to FNNs, CNNs require more training data to achieve convergence

and avoid overfitting. Even if this conclusion generalizes to our application it is of little practical

significance, because we found the combined cost of the training-data generation and NN training

to be significantly lower than the cost of MCMC sampling.

Properly trained autoregressive models and RNNs can be a strong competitor to CNNs, because

they perform like a fixed time-step predictor and, consequently, might generalize better. RNNs are

likely to be more expensive because of higher prediction frequency, but require less memory for

each prediction. Our implementation of CNNs utilized a parallel GPU architecture to carry out

convolutional operations. However, since GPUs have become more a↵ordable, this drawback can be

ignored.

Our computational examples deal with an instantaneous contaminant release. Because a CNN

has been shown to provide an accurate surrogate of the PDE-based transport model with temporally

distributed sources [94] and because MCMC is known to accurately reconstruct prolonged contam-

inant release history [7], our CNN-based MCMC is expected to provide comparable computational

gains when used to identify prolonged contaminant releases.



Chapter 4

Joint Conductivity and Source

Identification

In this chapter, we perform inverse modeling to construct the conductivity field and the contaminant

release history with noisy solute concentration and hydraulic head data. We utilize CAAE parame-

terization to obtain a reduced-order representation of the hydraulic conductivity field, and the data

assimilation method ESMDA with CAAE and a DenseED surrogate to obtain an approximation of

the posterior distribution of the model parameters.

4.1 Introduction

Design of regulatory and remedial actions for contaminated soils and aquifers rely on reconstruc-

tion of the contaminant release history. Given subsurface heterogeneity, this task is inseparable

from the need to identify hydraulic and transport properties of the subsurface environment. Both

tasks have to contend with sparse and noisy measurements collected many years or decades after

the contamination event took place. Prior to recent breakthroughs in computer architecture and

algorithmic development, this joint inversion of hydraulic and water-quality data for real-world prob-

lems was so demanding computationally as to defy a solution unless dramatic (and often unrealistic)

simplifications of the problem were made. For example, past e↵orts to reconstruct a contaminant

release history found it necessary to assume solute migration to be one-or two-dimensional and sub-

surface properties, such as hydraulic conductivity K(x), to be known with certainty [4, 117, 137,

among many others]. Yet, aquifers are seldom, if ever, homogeneous, with K(x) often varying by

orders of magnitude within the same aquifer and exhibiting highly non-Gaussian, multimodal be-

havior [123, 129, 135]. Likewise, while the assumption of two-dimensional groundwater flow is often

valid, accounting for the three-dimensional nature of contaminant migration is essential to prediction

65
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accuracy.

Our e↵ort in joint inversion of hydraulic conductivity and contaminant release history from error-

prone measurements of hydraulic head and solute concentration revolves around two challenges. The

first is to describe the unknown non-Gaussian heterogeneous conductivity field with an adequate

prior distribution. The second is to estimate a large number of unknown parameters in the inverse

problem.

To tackle the first challenge, a parameterization of the high-dimensional conductivity field with a

low-dimensional latent variable is commonly used [81, 142]. Parameterizations based on the principle

component analysis (PCA) [114, 125] perform well for Gaussian random fields, but require ad-hoc

modifications for non-Gaussian fields [82]. DNN-based parameterizations eliminate the need for

the Gaussianity assumption [16, 82]. Two popular methods of this class are generative adversarial

network (GAN) [40] and variational autoencoders [61]. Both produce a DNN that learns a two-way

mapping between the training conductivity fields and the low-dimensional latent variable. Random

realizations from the latent variable distribution can be decoded to a conductivity field that is

statistically similar to those drawn from the training data set. In addition to the large reduction in

the number of the unknown parameters, such parameterizations make it feasible to tackle the latent

variable distribution, which is typically a standard normal by construction. This simplicity, in turn,

facilitates the solution of the inverse problem with ensemble methods discussed below.

The second challenge, high dimensionality of the parameter space, manifests itself in significant

computational burden of an inversion procedure. Parameter estimation, which lies at the heart

of an inverse problem, is achieved by matching the noisy measurements with the prediction of a

flow and solute transport model. Strategies for solving typically ill-posed inverse problems fall into

two main categories, deterministic and probabilistic. Deterministic methods, such as least square

regression [128] and hybrid optimization with a genetic algorithm [5, 77], seek a “best” estimate

of the unknown parameters, without quantifying the uncertainty inherent in this type of problems.

Probabilistic methods, such as Markov chain Monte Carlo or MCMC [34] and data assimilation via

Kalman filters [31, 32, 133, 134] and their variants [30, 140], overcome this shortcoming of their

deterministic counterparts. Yet, the high cost of necessary repeated forward solves undermines their

utility for large, complex inverse problems, unless dedicated high-performance computing facilities

are available for the task.

Two complementary strategies can be deployed to alleviate this cost. The first aims to reduce

the number of forward simulations needed for an inversion algorithm to converge. The second seeks

to reduce the computational cost of each forward solve. E↵orts in the former direction include the

design of e�cient MCMC variants, such as delayed rejection adaptive Metropolis (DRAM) sam-

pling [43, 44] which slightly outperforms a random walk Metropolis-Hastings MCMC in terms of

e�ciency [138, 143, 132]. Gradient-based MCMC methods, such as hybrid Monte Carlo (HMC)

sampling [7], converges faster than these and other MCMC variants. However, computation of the
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gradient of a Hamiltonian dynamical system is prohibitive for high-dimensional transport problems.

Learning on statistical manifolds provides another possible solution [14, 13]. Ensemble-based in-

version methods are generally faster since they allow nearly perfect parallelization, because of the

independence of samples in the ensemble. Variants of Kalman filters, such as iterative Ensemble

Kalman filter (IEnKF), have been used for estimation of three-dimensional heterogeneous perme-

ability fields [17]. A relatively new variant of Kalman filter, ensemble smoother with multiple data

assimilation (ESMDA) [30], has gained popularity in subsurface flow history matching [122, 59, 54].

In terms of inversion complexity, we subdivide recent groundwater-related studies into three cat-

egories: estimation of hydraulic conductivity from measurements of hydraulic head and, optionally,

of solute concentration [95, 56]; estimation of contaminant release history from concentration mea-

surements, for known flow and transport parameters [143, 138]; and estimation of both contaminant

release history and hydraulic conductivity from hydraulic head and solute concentration data in two-

[94, 134, 58] and three-dimensional [57] aquifers. We briefly discuss the latter category to highlight

the novelty of our approach.

A low-dimensional representation of the random log-normal conductivity obtained via the Karhunen-

Loève expansion (KLE) in [94] loses its attractiveness if the subsurface environment is highly hetero-

geneous, exhibiting short correlation lengths and multimodal statistics; additionally, this study relies

on a linear transport model. The deep learning-based strategies of ensemble inversion were adopted

in [134, 58] to estimate both a non-Gaussian conductivity field and the source of contamination,

yet their reported accuracy is relatively low. In the adjacent field of petroleum engineering, CNN

post-processing of PCA (CNN-PCA) parameterization and ESMDA were used to estimate both a

channelized permeability and the oil/water rate [122]. However, this application deals with an ob-

servable quantity (the oil/water production rate), while ours has to contend with an unobservable

one (the location and strength of a contaminant release).

To address the shortcomings of the joint inversion strategies mentioned above, we use a convo-

lutional adversarial autoencoders (CAAE) to parameterize a non-Gaussian conductivity field [95],

train a surrogate dense encoder-decoder DNN to replace the PDE-based model of subsurface flow

and transport, and apply the ESMDA inversion framework to identify the spatiotemporally extended

source of contamination and the latent variables representing the conductivity field. We posit that

combination of these three components, which yields the method we refer to as CAAE–DenseED–

ESMDA, provides a fast and robust inversion solution.

In Section 4.2 we formulate the problem of joint reconstruction of hydraulic conductivity field

and contaminant release history from sparse and noisy measurements of hydraulic head and solute

concentration. Our inversion strategy, combining CAAE parameterization of the conductivity field

(Section 4.3.2), a convolutional DNN surrogate of the flow and transport model (Section 4.3.3), and

the ESMDA inversion method (Section 4.3.1), is described in Section 4.3. Results of our numerical

experiments are reported in Section 4.4; they demonstrate that our method is about 8 times faster
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than CAAE-ESMDA with the PDE-based flow and transport model. Main conclusions drawn from

this study are summarized in Section 4.5.

4.2 Problem Formulation

The problem formulation consists of the description of a reactive transport model (Section 4.2.1)

and the specification of a data model (Section 4.2.2).

4.2.1 Contaminant Transport Model

We consider transport of a reactive solute in a three-dimensional steady-state groundwater flow field.

The latter is described by:

r · (Krh) = 0, x = (x1, x2, x3)
>

2 ⌦ ⇢ R3
, (4.1)

where K(x) is the hydraulic conductivity of the aquifer ⌦, and h(x) is the hydraulic head. This

PDE is subject to appropriate boundary conditions on the simulation domain boundary @⌦. After

the flow equation is solved, the average pore velocity u(x) = (u1, u2, u3)> is computed from the

Darcy law,

u = �
K

✓
rh, (4.2)

where ✓(x) is the aquifer’s porosity.

Starting at some unknown time t0, a contaminant with volumetric concentration cs enters the

aquifer through either point-wise or spatially distributed sources ⌦s ⇢ ⌦. The contaminant is

released for unknown duration T with unknown intensity qs(x, t) (volumetric flow rate per unit

source volume), such that qs(x, t) 6= 0 for t0  t  t0 + T . The contaminant is advected by the flow,

while undergoing hydrodynamic dispersion and sorption to the solid matrix with rate Rn. Without

loss of generality, the spatiotemporal evolution of the contaminant’s volumetric concentration c(x, t)

is described by an advection-dispersion-reaction equation:

@✓c

@t
= r · (✓Drc) � r · (✓uc) � Rn(c) + qscs, x 2 ⌦, t > t0, (4.3)

The dispersion coe�cient D, a semipositive second-rank tensor. If the coordinate system is aligned

with the mean flow direction, such that u = (u ⌘ |u|, 0, 0)>, then the components of this tensor are:

D11 = ✓Dm + ↵Lu, D22 = ✓Dm + ↵T u, D33 = ✓Dm + ↵Cu, Dij = ✓Dm for i 6= j, (4.4)

where Dm is the coe�cient of molecular di↵usion for the contaminant in free water; ↵L is the

longitudinal dispersivity; and ↵T and ↵C are transverse dispersivities in the x2 and x3 directions,
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respectively. The chemical reactions considered represent sorption of the dissolved contaminant onto

the solid surface of the porous media. Thus, the reaction terms Rn(c) has the form:

Rn(c) = �⇢b

@c̃

@t
. (4.5)

We assume the system to be in local chemical equilibrium, i.e., sorption to be much faster than

advection and dispersion, We also assume that sorption does not a↵ect the porosity ✓, which remains

constant throughout the simulations. With these assumptions, (4.3) reduces to:

R✓
@c

@t
= r · (✓Drc) � r · (✓uc) + qscs (4.6)

wherein R(c) is the dimensionless retardation factor defined as:

R = 1 +
⇢

✓

@c̃

@c
. (4.7)

A sorption isotherm defines the relationship between the sorbed concentration, c̃, and the dissolved

concentration, c. Among the popular isotherms—linear, Langmuir, and Freundlich—we adopt the

latter, for the sake of concreteness. According to the Freundlich isotherm,

c̃ = Kfc
a
, (4.8)

where Kf is the Freundlich constant, (L3
M

�1)a; and a is the Freundlich exponent. The units of all

the transport quantities are summarized in Table 4.1.

Table 4.1: Quantities in the transport model (4.6) and their units.

Term Physical quantity Units

c dissolved concentration ML�3

✓ porosity of the subsurface medium -

xi the distance along the respective Cartesian coordinate axis L

Dij hydrodynamic dispersion coe�cient tensor L2T�1

ui pore water velocity LT�1

qs volumetric flow rate per volume, sources (+) and sinks (�) T�1

cs concentration of source or sink flux ML�3

Rn chemical reaction term ML�3T�1

⇢b bulk density of the medium ML�3

c̃ concentration sorbed ML�3

Kf Freundlich constant (L3M�1)a

a Freundlich exponent -
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4.2.2 Parameters of Interests

Our goal is to identify the conductivity field K(x) and the contaminant source qscs(x, t), given

the flow and transport models, (4.1)–(4.8), and measurements of contaminant concentration and

hydraulic head. Other parameters in the transport model, such as porosity, reaction term coe�cients,

etc., are assumed to be known. Identification of the source term qscs is tantamount to finding

the location(s), Sl, and strength, Ss 2 RNre , of the contaminant source; with the elements Ssj

(j = 1, . . . , Nre) of the vector Ss denoting the release strength at jth time interval.

Measurements of hydraulic head, h̄m = h̄(xm), and solute concentration, c̄mi = c̄(xm, ti), are

collected at locations {xm}
M

m=1
at times {ti}

I

i=1
. In lieu of field observations, we generate these data

by corrupting the solution of (4.1)–(4.8) obtained for the reference parameter values by random

measurement errors ✏
c

mi
and ✏

h

m
, such that:

c̄m,i = c(xm, ti) + ✏
c

mi
, h̄m = h(xm) + ✏

h

m
; m = 1, . . . , M, i = 1, . . . , I, (4.9)

where c(xm, ti) and h(xm) are the model predictions. The zero-mean Gaussian random variables

✏
c

mi
have covariance E[✏c

mi
✏
c

nj
] = �ijR

c

mn
, where E[·] denotes the ensemble mean; �ij is the Kronecker

delta function; and R
c

mn
with m, n 2 [1, M ] are components of the M ⇥M spatial covariance matrix

Rc of measurements errors. To be specific, we set Rc = �cI, where �c is the standard deviation of the

measurement errors, and I is the (M ⇥M) identity matrix. The hydraulic head measurement errors

✏
h

m
are zero-mean Gaussian random variables with covariance E[✏h

m
✏
h

n
] = R

h

mn
with m, n 2 [1, M ].

We set Rh = �hI, where �h is the standard deviation of the measurement errors.

The error model in (4.9) assumes the flow and transport models (4.1)–(4.8) to be exact and the

measurements errors to be unbiased and uncorrelated in time but not in space. The groundwater

flow equation is solved with MODFLOW [47], and the solute transport equation with with MT3DMS

[141, 8]. We use Flopy [6], a Python implementation of these two packages.

4.3 Methodology

Below we describe the three elements of our inversion framework: ensemble smoother with multiple

data assimilation (ESMDA), convolutional adversarial autoencoders (CAAE) parameterization of

the conductivity field, and a Dense encoder-decoder (DenseED) neural network surrogate of the

forward model.

4.3.1 Ensemble Smoother with Multiple Data Assimilation (ESMDA)

Upon a spatiotemporal discretization, the uncertain (random) input parameters in (4.1)–(4.4) are

rearranged into a vector m of length Nm; these inputs include the discretized source term (Sl, Ss)

and hydraulic conductivity K(x). Similarly, we arrange the random measurements c̄m,i and h̄m into
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a vector d of length Nd = M(I + 1), and the random measurement noise ✏
c

mi
and ✏

h

m
into a vector

" of the same length. Then, the error model (4.9) takes the vector form,

d = g(m) + ", (4.10)

where g(·) is the vector, of length Nd, of the correspondingly arranged stochastic model predictions

c(xm, ti) and h(xm) predicated on the model inputs m. Let fm denote a prior probability density

function (PDF) of the inputs m, which encapsulates the knowledge about the aquifer’s properties

and contaminant source before any measurements are assimilated. Our goal is to improve this prior

by assimilating the measurements d, i.e., to compute the posterior PDF of the model parameters,

fm|d. As we have done in the previous chapters, this task is accomplished via the Bayes rule,

fm|d(m̃; d̃) =
fm(m̃)fd|m(m̃; d̃)

fd(d̃)
, fd(d̃) =

Z
fm(m̃)fd|m(m̃; d̃)dm̃, (4.11)

where fd|m is the likelihood function, i.e., the joint PDF of the concentration and hydraulic head

measurements conditioned on the corresponding model predictions; and fd, is the “evidence” that

serves as a normalizing constant so that fm|d(m; ·) integrates to 1.

To compute (4.11), we use ESMDA [30], which is an ensemble updating method similar to

ensemble smoother (ES) [124] or ensemble Kalman filter (EnKF) [31, 32]. To place ESMDA in

the proper perspective, we briefly describe ES. The method is initiated by drawing Ne samples

Mf = {mf

1
, . . . ,mf

Ne
] from the prior PDF fm. These data are then updated as:

ma

j
= mf

j
+ Cf

MD(Cf

DD + CD)�1[duc,j � g(mf

j
)], j = 1, . . . , Ne, (4.12)

forming Ma = [ma

1
, . . . ,ma

Ne
], the updated ensemble conditioned on the measurements d. Here,

CD 2 RNd⇥Nd is the covariance matrix of the measurement errors "; duc,j ⇠ N (d,CD) are the

perturbed measurements with the measurement error covariance CD; Cf

DD 2 RNd⇥Nd is the auto-

covariance matrix of the model predictions Df = Df = [g(mf

1
), . . . , g(mf

Ne
)]; and Cf

MD 2 RNm⇥Nd

is the cross-covariance matrix between Mf and Df . During the update, all the data d are used

once, simultaneously. This global update may cause an unacceptably large mismatch between the

model response and the measurements, which precipitated the development of an iterative ES with

smaller-scale updates.

While ES performs a single large Gauss-Newton correction to the ensemble Mf , ESMDA makes

a smaller correction during each update and deploys the inflated covariance matrix CD to damp the

changes in the ensemble at early iterations [35, 131]. (In the linear Gaussian case, ESMDA and ES

yield identical results.) We use the following algorithm to implement ESMDA.

• Set the number of data assimilation iterations, Na, and the corresponding inflation coe�cients

↵i i = 1, . . . , Na. Requiring
P

Na

i=1
↵i = 1 guarantees the consistency with ES in the linear
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Gaussian case. Generate the initial ensemble m1

j
(j = 1, . . . , Ne) from the prior PDF fm.

• Repeat the following steps for i = 1, . . . , Na:

1. Run the forward simulation for each member mi

j
(j = 1, . . . , Ne), from the parameter

ensemble Mf , to obtain the corresponding model predictions (and, in the synthetic case,

observations) g(mi

j
).

2. Perturb the measurements with inflated measurement noise: di

uc,j
⇠ N (d, ↵iCD).

3. Compute the cross covariance matrix Ci

MD and the auto-covariance matrix of the pre-

dicted data Ci

DD.

4. Update the ensemble as in (4.12), but with CD replaced by ↵iCD:

mi+1

j
= mi

j
+ Ci

MD(Ci

DD + ↵iCD)�1[di

uc,j
� g(mi

j
)], j = 1, . . . , Ne. (4.13)

The inverse, C�1

i
, of the matrix Ci = Ci

DD + ↵iCD is approximated by its pseudo-inverse with

truncated singular value decomposition (TSVD).

4.3.2 CAAE Parameterization of Conductivity Field

Let the matrix k 2 RW⇥H⇥D denote the log-conductivity field ln K(x) defined on a three-dimensional

numerical grid, which consists of W , H and D elements in the three spatial directions. We use CAAE

to parameterize the high-dimensional k with a low-dimensional latent variable z. CAAE consists of

two components, a GAN and an AE.

GAN [40] is a DNN strategy for generating data from complex distributions without having

to actually acquire the full PDF. This strategy comprises two networks: a generator G(·) that

generates samples similar to k; and a discriminator D(·) that is trained to distinguish between the

generated samples and the real data samples. By “playing an adversarial game”, the discriminator

D(·) improves its ability to catch flaws in the generated samples, and the generator G(·) improves

its capacity to generate realistic samples that try to trick the discriminator.

AE learns a low-dimensional representation z of the data k, and then generates a reconstruction

k̂ from z that closely matches the original data k. The encoded latent variable z is constructed to

follow a PDF fz(z̃) that is easy to sample from, e.g., a standard normal PDF N (0, I). A variational

autoencoders (VAE) [61] forces the empirical PDF of z computed from the samples of k, fz|k(z̃),

to be close to the target PDF fz(z̃) by adding the Kullback-Leibler divergence KL[fz|kkfz] between

the empirical and target PDFs to the total loss function:

LVAE = Lrec(k, k̂) + KL
⇥
fz|kkfz

⇤
, (4.14)

where Lrec(k, k̂) is the discrepancy between the data k and their reconstruction k̂, choices of this

discrepancy function include L1 or L2 norm. We use the former to define the average, the average
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reconstruction error Lrec over N training samples,

Lrec =
1

N

NX

i=1

||ki � k̂i||1, (4.15)

CAAE di↵ers from VAE in the way it minimizes the discrepancy between the empirical PDF

fz|k(z̃) and the target PDF fz(z̃) of the latent random variable z. Instead of minimizing the KL

divergence KL[fz|kkfz], adversarial autoencoders (AAE) employs an adversarial training procedure

to minimize this discrepancy. The training of the encoder G(·), decoder, and the discriminator D(·)

is divided into the reconstruction phase and the regularization phase [90]. Parameters in the encoder

and decoder are updated by minimizing the loss function:

LED = Lrec + wLG . (4.16)

We use LG to quantify the decoder’s ability to trick the discriminator,

LG = �
1

N

NX

i=1

ln
�
D[G(ki)]

 
. (4.17)

The weight factor w in (4.16) is used to assign relative importance to these two sources of error. In

the simulations reported below, we set w = 0.01.

After the encoder and decoder are updated in the first training phase, the discriminator D(·) is

trained in the second phase to minimize the loss function:

LD = �
1

N

NX

i=1

n
ln
⇥
D(zi)

⇤
+ ln

⇥
1 � D[G(xi)

⇤o
. (4.18)

By iterating between these two training phases, one obtains the mappings from k to z and from z

to k̂, and the decoder reaches its goal of constructing realizations k̂ similar to the data k.

4.3.3 DenseED Neural Networks as Forward Model Surrogates

ESMDA inversion requires a large number of forward solves of the PDE-based model (4.1)–(4.8) for

multiple realizations of the parameters m. To alleviate the cost of each forward run, we replace the

PDE-based model with its CNN surrogate.

Several approaches to constructing an input-output surrogate are collated in Table 4.2. We

choose an autoregressive image-to-image (i-to-i) regression model, rather than its image-to-sparse-

observation counterpart, because of its superior generalizability [143]. We choose an autoregressive

i-to-i model over a one-to-many i-to-i model based on computer-memory considerations: for three-

dimensional problems with I time steps, memory allocated for input and output can be prohibitively
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large; also, the autoregressive scheme reduces the number of DNN parameters needed for the re-

gression task. The source location (Sl,t) and strength (Ss,t) for the release period [t, t + �t] are

assembled into a three-dimensional matrix S(x, t) 2 RD⇥H⇥W .

Model Input Output Modeling frequency
PDE model m c(x, ti), h(x) 1
Image-to-image m c(x, ti), h(x) 1
Image-to-sensors m c(xm, ti), h(xm) 1
Autoregressive i-to-i c(x, t), ln K(x), S(x, t) c(x, t + �t), h(x) I

Table 4.2: Alternative input-output frameworks for construction of a surrogate model. The data are
collected at M locations xm (m = 1, · · · , M) at I times ti (i = 1, · · · , I). The source location (Sl,t)
and strength (Ss,t) for the release period [t, t + �t] are assembled into a three-dimensional matrix
S(x, t).

An autoregressive surrogate NNauto replaces the PDF-based model:

g : m
PDEs
���! {c(xm, ti), h(xm)}M,I

m,i=1
(4.19)

with a CNN that sequentially (I times) predicts the system state at the next time step,

NNauto : c(x, ti), K(x), S(x, ti)
CNN
���! {c(x, ti+1), h(x)}, i = 0, . . . , I � 1. (4.20)

If the three-dimensional simulation domain is discretized with a D ⇥ H ⇥ W grid, then the autore-

gressive CNN surrogate NNauto performs the following input-to-output mapping:

NNauto : Rnx⇥D⇥H⇥W
! Rny⇥D⇥H⇥W

, (4.21)

where nx = 3, denotes the three channels representing the concentration c(x, ti) and source terms

S(x, ti) at time ti, and the log-conductivity ln K(x); and ny = 2 designates the two output channels

representing the concentration c(x, ti+1) at time ti+1 the hydraulic head h(x). A representative

input-to-output example is shown in Figure 4.1.

We use a three-dimensional DenseED architecture to solve the image-to-image regression task

with a coarsen-refine process, with the convolutional operations. The encoder extracts the high-level

coarse features of the input maps, while the decoder subsequently refines the coarse features to the

full maps [94, Fig. 2]. We use the L1-norm loss function, the L2-norm weight regularization, and

stochastic gradient descent [15] in the CNN training process. A detailed description of this surrogate

model and its training procedure can be found in [94]. We have slightly extended their procedure

by adding the measurement locations to the loss function. This allows us to penalize the prediction

error at these specific locations.
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Autoregressive 
model
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ln K(x)

Figure 4.1: Autoregressive surrogate NNauto of the PDE-based flow and transport model (4.1)–
(4.8). Each image depicts the flattened three-dimensional field, from the first layer on the top to
the bottom layer. The three input channels (left) correspond to c(x, t), S(x, t), and ln K(x). The
two output channels (right) correspond to c(x, t + �t) and h(x).

4.3.4 CAAE–DenseED–ESMDA Inversion Framework

We combine the CAAE parameterization of the conductivity field with the DenseED CNN surrogate

of the forward model to obtain fast and accurate predictions of concentration c(x, t) and h(x) for

a given set of inputs. Then, we utilize ESMDA to identify the unknown parameters, including the

conductivity field and the source terms (Sl,Ss). The CAAE parameterization enables one to estimate

the discretized log-conductivity field k through the latent variable z. Our CAAE–DenseED–ESMDA

inversion framework is implemented in the following algorithm.

1. Train a CAAE; obtain the decoder D that maps the low-dimensional latent variable z back

onto the log-conductivity field k.

2. Train an autoregressive DenseED CNN NNauto to predict c(x, t) and h(x) for a given conduc-

tivity field and contaminant release history.

3. Generate the initial input ensemble Mf of size Ne, whose elements m1

j
(j = 1, . . . , Ne) are

defined as m1

j
= (z1

j
,Sl

1

j
,Ss

1

j
)>. Here, z1

j
⇠ N (0, Iz) is the latent variable for the log conduc-

tivity field; and Sl
1

j
and Ss

1

j
denote respectively the source location and strength in all release

periods, drawn from an appropriate prior distribution.

4. Perform the ESMDA inversion with Na data assimilation iterations and the inflation coe�-

cients ↵i (i = 1, . . . , Na). For i = 1, . . . , Na,

(a) Obtain the log-conductivity realizations ki

j
= D(zi

j
) with j = 1, . . . , Ne;

(b) Form the release configuration {Si

l,j
,Si

s,j
} into the input matrix Si

j
, and predict c(x, t)

and h(x) at the measurement times and locations, NNauto(mi

j
) for all j;

(c) Update the ensemble mi

j
via ESMDA with ↵i to obtain mi+1

j
.

5. The end result, mNa+1

j
, serves as the final ensemble from which PDFs of the log conductivity

field and the contaminant release parameters are estimated.
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4.4 Numerical experiments

4.4.1 Experimental Setup

A confined heterogeneous aquifer is described as a rectangular cuboid ⌦ of size 2500 m ⇥ 1250 m ⇥

300 m; it is discretized with a mesh consisting of 81 ⇥ 41 ⇥ 6 cells. Groundwater flow is driven

by constant heads hL = 30 m and hR = 0 m imposed along the left (x1 = 0) and right (x1 =

2500 m) facets of the cuboid, respectively; the remaining boundaries are impermeable to flow.

Hydraulic conductivity of this aquifer, K(x), is unknown (except when generating the ground truth);

equiprobable realizations of Y (x) = ln K(x) are generated by extracting 81 ⇥ 41 ⇥ 6 patches from

the 150 px ⇥ 180 px ⇥ 105 px training image [91] in Figure 4.2, available at https://github.com/

GAIA-UNIL/trainingimages. One such cropped log-conductivity field Y (x) and the corresponding

hydraulic head h(x), obtained as a solution of the groundwater flow equation (4.1), are shown in

Figure 4.3. These fields serve as ground truth.

Figure 4.2: Training image, consisting of 150 ⇥ 180 ⇥ 105 pixels. Equiprobable realizations of log-
conductivity Y (x) = ln K(x) are generated by randomly selecting patches of size 81 ⇥ 41 ⇥ 6 pixels.
Conductivity K is in m/d.
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ln K(x)

Figure 4.3: Log-conductivity Y (x) (left) and the corresponding hydraulic head h(x) (right), which
serve as ground truth and to generate measurements of h at observation wells. Conductivity K is
in m/d and head h in m.

Porosity ✓ and bulk density ⇢ of the soil; dispersivities ↵L, ↵T and ↵C ; and the parameters

Kf and a of the Freundlich isotherm are constant. Values of these transport parameters, which are

representative of a sandy alluvial aquifer in Southern California [80], are presented in Table 4.3. The

contaminant enters the aquifer via a point source, whose depth is known (the fourth layer from the

top of the domain) but the location in the horizontal plane (Sx

l
and S

y

l
) is uncertain. The contami-

nant release is known to occur during a 20-year period, but its strength is uncertain. Following the

standard practice in groundwater modeling, we divide this time interval into Nre = 5 sub-intervals

(“stress periods” in the MODFLOW/MT3D language) during each of which the release strength

(Ss) is constant. In this configuration, the unknown contaminant release history is represented by

the vector S = (Sl,Ss), where Sl = (Sx

l
, S

y

l
)> and Ss = (Ss,1, Ss,2, Ss,3, Ss,4, Ss,5)>. The values of

S used to generate the ground-truth concentrations are reported in Table 4.4. Combined with the

discretized version k of the uncertain log-conductivity field Y (x), this yields 19933 unknowns to be

determined from the measurements of solute concentration c(x, t) and hydraulic head h(x). Expert

knowledge about possible location and strength of the contaminant release is encapsulated in the

uniform (“uninformative”) prior distributions for Sl and Ss), which are shown in Table 4.4.

These measurements are collected at observations wells, whose completion allows one to collect

water samples either in each of the model’s six vertical layers or only in one layer (the second, the

forth, or the sixth). We consider two alternative networks of observation wells, whose locations are

depicted in Figure 4.4. During the simulated time horizon of 40 years, the contaminant concentration

is sampled at I = 10 time intervals of four years each, and the hydraulic head is measured once

since the flow is at steady-state. The data at all space-time locations are generated by adding

2% measurement error, ✏ ⇠ N{0, (0.02g(m))2}, to the solution g(m) of the flow and transport
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Property Value Units
� 0.3 –
Kf 0.1 (m3

/g)a

a 0.9 –
⇢ 1587 kg/m3

↵L 35 m
↵T /↵L 0.3 –
↵C/↵L 0.3 –
Dm 10�9 m2/d

Table 4.3: Values of the transport parameters for a dissolved contaminant migrating in a generic
sandy alluvial aquifer in Southern California [80].

S
x

l
S

y

l
Ss,1 Ss,2 Ss,3 Ss,4 Ss,5

Truth 291 625 224 174 869 201 741
Prior [125, 625] [125, 1125] [50, 1000] [50, 1000] [50, 1000] [50, 1000] [50, 1000]

Table 4.4: Parameters Sl = (Sx

l
, S

y

l
)> and Ss = (Ss,1, Ss,2, Ss,3, Ss,4, Ss,5)> used to represent, respec-

tively, the location and strength of a contaminant release. Reported as “Truth” are their (unknown)
reference values used to generate ground truth and concentration measurements, and “Prior” the
intervals on which their uniform priors, U [·, ·], are defined. The values of Sl are in m, and of Ss in
g/m3.

model (4.1)–(4.8) with the input parameter values identified as “ground truth” above.

4.4.2 CAAE Training for Conductivity Parameterization

We train a CAAE DNN to parameterize the discretized log conductivity field k 2 R81⇥41⇥6. The

end goal is an encoder G(k) that maps an input field k onto a low dimensional latent variable

z 2 R2⇥2⇥11⇥21 with standard-Gaussian prior N (0, I), and a decoder De(z) that reconstructs k

from this latent variable. The training is done on 23000 realizations of k, obtained as randomly

selected (81 ⇥ 41 ⇥ 6) patches from the large training image in Figure 4.2. Additional 4000 images

cropped from this image serve as the testing set. The architecture of the CAAE DNN is similar

to that in [95], except that the latent variable z has 2 · 2 · 11 · 21 = 924 elements. With 50-epochs

training and the learning rate of 2 ·10�4, the Adam optimizer is used to obtain the DNN parameters

and, thus, build G(k) and De(z).

A representative realization of ln K(x) 7�! k from the test set and its reconstruction via decoder,

k̂ = De(z), are shown in Figure 4.5. After the training is complete, the mean absolute error kk�k̂k1,

averaged over all the elements of the numerical mesh and over the 4000 members of the testing data

set, is 0.228464. The reconstructed log-conductivity field k̂ captures the main structural features

of its original counterpart k. Some loss of information is unavoidable in reduced-order modeling

but, overall, the performance of this autoencoders is adequate to achieve accurate inverse modeling

results, as we shown in section 4.4.4 below.
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x2

Figure 4.4: Two alternative networks of observational wells (red dots) in which measurements of
hydraulic head h and solute concentration c are collected. The well locations are superposed on
the ground-truth distribution of hydraulic head in the fourth layer of the MODFLOW model. The
blue box represents a region of possible contaminant release from a point source that is known to
be located in the fourth model-layer, x1, x2 in m.
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k̂

Figure 4.5: A representative realization of ln K(x) 7�! k from the test set (left) and its reconstruction
(right) via the CAAE encoder, z = G(k), and decoder, k̂ = De(z).
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4.4.3 DenseED Surrogate Model

As mentioned in section 4.3, although only model predictions at the well locations are necessary

for the inversion, a DNN that predicts c(x, ti) and h(x) at all points x of the simulation domain

has better generalization properties. We train our CNN on N = 800 Monte Carlo realizations

of the PDE-based model (4.1)–(4.8) with corresponding realizations of the input parameters m

(the discretized log-conductivity k and contaminant release history S). Another set of Ntest = 150

realizations are retained for testing. These 950 realizations form 950⇥10 autoregressive input-output

pairs. The CNN contains three dense blocks with Nl = 3, 6, and 3 internal layers, has the growth

rate of Rg = 48 and Nin = 48 initial features; it was trained for 200 epochs. We use the L1-norm

loss function and the L2-norm weight regularization, apply stochastic gradient descent [15] in the

parameter estimation process, and add 5 times the L1-norm loss at the well locations to the total

loss to penalize the prediction error at the observation wells. The CNN’s output is the hydraulic

head h(x) and the solute concentration c(x, ti) at the next time step ti.

Figure 4.6: Predictions of the solute concentration obtained with the PDE-based model, c(x, t), and
its DenseED CNN surrogate, ĉ(x, t), times t = ... y, t = ... y, t = ... y, t = ... y, and t = ... y. Also
shown are the corresponding predictions of the hydraulic head, h(x) and ĥ(x); and the di↵erence
between these two types c(x, t) � ĉ(x, t), h(x) � ĥ(x) of prediction.
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Figure 4.6 exhibits temporal snapshots of the solute concentrations alternatively predicted with

the PDE-based model, c(x, ti), and the CNN surrogate, ĉ(x, ti), for a given realization of the log-

conductivity field and the contaminant release configuration (both drawn from the test set). Also

presented are the hydraulic head maps predicted by the autoregressive model, ĥ(x), and the PDF-

based model, h(x). The accuracy of our CNN surrogate is quantified by the total root mean square

error, (kc(x, t)� ĉ(x, t)k2+kh(x)�ĥ(x)k2)/2. It falls to 0.853 at the end of the training process. It is

worthwhile emphasizing here that the NNMC = 800 Monte Carlo realizations used to train the CNN

surrogate are but a small fraction of the forward runs required by ESMDA inversion framework. One

could achieve more accurate predictions for three-dimensional problems by either deploying a more

complex DNN architecture [127, 95] or using much larger NNMC or both. However, similar to the

CAAE training, we focus on the development of e�cient methodologies for three-dimensional inverse

modeling that accommodate the trade-o↵ between the accuracy and computational feasibility.

4.4.4 ESMDA Inversion

We demonstrate the use of the CAAE parameterization and the DenseED CNN surrogate of the

PDE-based forward model to accelerate the ESMDA inversion. The combination of these three tech-

niques constitutes our CAAE-DenseED-ESMDA framework to approximate the joint posterior PDF

of the uncertain model parameters m consistent with both model predictions and field observations.

In the simulations reported below, we select Na = 10 inflation factors in (4.13) and set their values

to ↵i = 10 for i = 1, . . . , Na, and perform ESMDA with 10 iterations. To ascertain the impact of

the the DenseED CNN surrogate on the inversion accuracy, we also run CAAE-ESMDA with the

PDE-based forward model implemented in MODFLOW and MT3DMS.

Scenario Inversion framework Number of wells Well completion
1 CAAE–ESMDA 24 all 6 layers
2 CAAE–DenseED–ESMDA 24 all 6 layers
3 CAAE–DenseED–ESMDA 9 all 6 layers
4 CAAE–DenseED–ESMDA 24 layers 2, 4, and 6
5 CAAE–DenseED–ESMDA 9 layers 2, 4, and 6

Table 4.5: Five scenarios of the inverse modeling. The well locations in the dense and sparse
observational networks are shown in Figure 4.4. These wells are completed in either all six layers of
the model or in three layers only.

In total, five alternative implementations of our inversion algorithm are considered. Summarized

in Table 4.5, these scenarios cover the reliance on either the PDE- or CNN-based forward model,

and on the data provided by either the dense or sparse network of observational wells in Figure 4.4.

The dense network in Scenarios 1 and 2 consists of 24 wells that are completed in all 6 layers of the

model, yielding 24 · 6 = 144 measurements of the solute concentration and hydraulic head at each

observation time. The dense network in Scenario 4 refers to the same wells but completed in layers
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2, 4, and 6 only, yielding 24 · 3 = 72 measurements at each observation time. The sparse networks

in Scenarios 3 and 5 comprise 12 observation wells that are completed either in all layers or in three

layers, resulting in either 12 · 6 = 72 or 12 · 3 = 36 measurements at each observation time.

In all five scenarios, the ensemble size for ESMDA is set to Ne = 960. Figure 4.7 shows this

number to su�cient for the algorithm’s convergence. It exhibits the averaged ensemble observation

error

Eobs =

������

0

@ 1

Ne

NeX

j=1

g(mj)

1

A� d

������
2

that is plotted as function of the number of iteration of the ESMDA algorithm. Here, g(mj) denotes

the forward model prediction, for the input parameters mj , at the same space-time locations as the

measurements d.

1 2 3 4 5 6 7 8 9 10 11
ES-MDA iteration

0.5

1.0
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Figure 4.7: Averaged ensemble observation error, Eobs, in Scenario 2, plotted as function of the
number of iteration of the ESMDA algorithm for several ensemble sizes, Ne. As a result, Ne = 960
is chosen to be the ensemble size for all five scenarios in Table 4.5.

Dense Observation Network (Scenarios 1 and 2)

Figure 4.8 exhibits posterior statistics (mean hY i and standard deviation �Y ) of the log-conductivity

Y (x), obtained after the assimilation of all 144 measurements via either CAEE-ESMDA (Scenario 1)

or CAEE-DenseED-ESMDA (Scenario 2). In both scenarios, the posterior ensemble mean hY i, re-

constructed from the latent variable z, correctly identifies the low-conductivity region in the right top

region of the three-dimensional domain and the high-conductivity regions elsewhere. As expected,

the mean log-conductivity fields, hY i, are smoother than the reference field Y (Figure 4.3), but
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the realizations drawn from the posterior Gaussian PDF N (hY i, �Y ) exhibit more realistic features

(right column in Figure 4.8). Regardless of the forward model used (the only di↵erence in Scenarios

1 and 2), our data assimilation framework yields consistent predictions of �Y (middle column in

Figure 4.8). It is small throughout most of the domain, indicating the reduced uncertainty in the

estimation of hydraulic conductivity K(x) due to assimilation of the concentration and head mea-

surements. The maximum values of �Y and, hence, the largest predictive uncertainty in the K(x)

estimation, are along the interface between the high- and low-conductivity regions. This finding

suggests that the model predictions of hydraulic head and solute concentration are least sensitive to

the changes in hydraulic conductivity in that domain; it rea�rms the conclusion of the sensitivity

analysis of the relative importance of uncertainties in the spatial arrangement of hydrofacies and

their hydraulic conductivities [130].
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Figure 4.8: Posterior mean (hY i, left column) and standard deviation (�Y , middle column) of the
log-conductivity field Y (x) obtained upon assimilation of concentration and head measurements from
the dense observation network. These statistics are obtained via our inversion algorithm CAAE-
ESMDA that relies on either the PDE-based forward model (Scenario 1, top row) or its DenseED
CNN surrogate (Scenario 2, bottom row). Also shown are representative realizations of Y (x) drawn
from the resulting posterior PDF N (hY i, �Y ) (right column).

The same inversion experiments yield estimates of the contaminant release history S, which are

shown in Figures 4.9 and 4.10 for Scenarios 1 and 2, respectively. Regardless of the forward model

used, our inversion algorithm accurately estimates the release strength during stress periods 1, 2, and

4 (Ss,1, Ss,2, and Ss,4); the estimates are close to their reference values and have tight 95% confidence

intervals. At the same time, the estimates of the source strength during stress periods 3 and 5 (Ss,3

and Ss,5) fail to converge to their reference values and exhibit large error bars. The two assimilation

strategies yield nearly identical estimates of the contaminant release location, Sl = (Sx

l
, S

y

l
)>; the

estimates of both quantities have tight confidence intervals, but the reference value of S
x

l
lies slightly

outside the confidence interval of its estimator.
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Figure 4.9: Boxplots of the ensembles for the contaminant release terms, S = (Sl,Ss) with Sl =
(Sx

l
, S

y

l
)> and Ss = (Ss,1, . . . , Ss,5)>, and their confidence intervals, obtained via the CAAE-ESMDA

inversion with the PDE-based forward model (Scenario 1). These quantities are plotted as function
of the ESMDA iterations and contrasted with their reference values (horizontal lines). The source
location Sl is in m; and the contaminant release strength in each of the five stress periods, Ss, is in
g/m3.
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Figure 4.10: Boxplots of the ensembles for the contaminant release terms, S = (Sl,Ss) with Sl =
(Sx

l
, S

y

l
)> and Ss = (Ss,1, . . . , Ss,5)>, and their confidence intervals, obtained via the CAAE-ESMDA

inversion with the DenseED CNN surrogate (Scenario 2). These quantities are plotted as function
of the ESMDA iterations and contrasted with their reference values (horizontal lines). The source
location Sl is in m; and the contaminant release strength in each of the five stress periods, Ss, is in
g/m3.
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Sparse Observation Network (Scenarios 3–5)

Figures 4.11–4.13 present the contaminant release history S estimated by our CAAE-DenseED-

ESMDA inversion algorithm for the reduced amounts of concentration and head data in Scenarios

3–5, respectively. The algorithm’s performance in Scenario 2 and 4, which di↵er only in the number

of measurements along each well of the dense observation network, is very similar. Also, the inversion

of data from Scenario 4 (more wells with lower vertical sampling density) is more accurate than its

counterpart from Scenario 3 (fewer wells with higher vertical sampling density). These findings are

reassuring, since very few real-world wells are screened in each layer of a numerical flow and transport

model. As expected, the source identification on the data provided by the dense observation network

(Scenario 2) is superior to that on the data from the sparse network (Scenarios 3 and 5). Even in the

most data-poor Scenario 5, our inversion algorithm is able to capture the location of the contaminant

release, albeit with a wide confidence interval.
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Figure 4.11: Boxplots of the ensembles for the contaminant release terms, S = (Sl,Ss) with Sl =
(Sx

l
, S

y

l
)> and Ss = (Ss,1, . . . , Ss,5)>, and their confidence intervals, obtained via the CAAE-ESMDA

inversion with the DenseED CNN surrogate (Scenario 3). These quantities are plotted as function
of the ESMDA iterations and contrasted with their reference values (horizontal lines). The source
location Sl is in m; and the contaminant release strength in each of the five stress periods, Ss, is in
g/m3.

Figure 4.14 further illuminates this inter-scenarios comparison by exhibiting the 95% confidence

intervals (error bars) for the inversion of hydraulic head and solute concentration data for these five

designs of the observation campaign. Having most data and relying on a more accurate (PDE-based)
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Figure 4.12: Boxplots of the ensembles for the contaminant release terms, S = (Sl,Ss) with Sl =
(Sx

l
, S

y

l
)> and Ss = (Ss,1, . . . , Ss,5)>, and their confidence intervals, obtained via the CAAE-ESMDA

inversion with the DenseED CNN surrogate (Scenario 4). These quantities are plotted as function
of the ESMDA iterations and contrasted with their reference values (horizontal lines). The source
location Sl is in m; and the contaminant release strength in each of the five stress periods, Ss, is in
g/m3.
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Figure 4.13: Boxplots of the ensembles for the contaminant release terms, S = (Sl,Ss) with Sl =
(Sx

l
, S

y

l
)> and Ss = (Ss,1, . . . , Ss,5)>, and their confidence intervals, obtained via the CAAE-ESMDA

inversion with the DenseED CNN surrogate (Scenario 5). These quantities are plotted as function
of the ESMDA iterations and contrasted with their reference values (horizontal lines). The source
location Sl is in m; and the contaminant release strength in each of the five stress periods, Ss, is in
g/m3.
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forward model, the inversion in Scenario 1 achieves the best parameter estimation results (except

for Ss,3). Scenarios 1, 2 and 4 yield comparable estimates of the contaminant release location. The

estimate of S
x

l
is less accurate than that of S

y

l
, indicating it is easier to estimate the source location

in the plane perpendicular to the flow direction.
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Figure 4.14: Error bars for estimation of the contaminant release history S = (Sl,Ss), i.e., its location
Sl = (Sx

l
, S

y

l
)> and strength in each stress period, Ss = (Ss,1, . . . , Ss,5)>, for the data-availability

scenarios in Table 4.5.

Figures 4.15–4.17 show reconstructions of the log-conductivity field from the hydraulic head and

solute concentration data in Scenarios 3–5, respectively. While quantitative di↵erences in the recon-

struction of the posterior mean log-conductivity hY (x)i are hard to discern visually, the posterior

standard deviation �Y varies between scenarios. This measure of predictive uncertainty is apprecia-

bly smaller in Scenario 4, which has most data, than in Scenarios 3 and 5, which have less. This

again demonstrates an expected result: data availability is the key to successful inversion. The

manifestation of this truism are the box-plots in Figures 4.11–4.13 and the error bars in Figure 4.14.

It also validates the self-consistency of our parameter estimation algorithm.

Hydraulic Conductivity Estimation from Hydraulic Head Data

In addition to the five scenarios from Table 4.5, we consider the task of estimating the hydraulic

conductivity of a heterogeneous aquifer from hydraulic head measurements. This task is important

in its own right, as a classical hydraulic inversion problem. It also serves to ascertain the importance

of tracer data (even of uncertain quality) for this task. Figure 4.18 exhibits the posterior mean and

standard deviation of the log conductivity Y (x) obtained by assimilating the hydraulic head data

from the dense network of observational wells (Scenario 2). In the absence of solute concentration
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Figure 4.15: Estimates of the posterior mean (hY i, middle column) and standard deviation (�Y ,
right column) of log-conductivity Y (x) obtained via CAAE-DenseED-ESMDA algorithm from the
hydraulic head and solute concentration measurements in Scenario 3. Also shown is the reference
log-conductivity field (left column) and representative realizations drawn from the posterior PDF
N (hY i, �Y ) (bottom row).
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Figure 4.16: Estimates of the posterior mean (hY i, middle column) and standard deviation (�Y ,
right column) of log-conductivity Y (x) obtained via CAAE-DenseED-ESMDA algorithm from the
hydraulic head and solute concentration measurements in Scenario 4. Also shown is the reference
log-conductivity field (left column) and representative realizations drawn from the posterior PDF
N (hY i, �Y ) (bottom row).
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Figure 4.17: Estimates of the posterior mean (hY i, middle column) and standard deviation (�Y ,
right column) of log-conductivity Y (x) obtained via CAAE-DenseED-ESMDA algorithm from the
hydraulic head and solute concentration measurements in Scenario 5. Also shown is the reference
log-conductivity field (left column) and representative realizations drawn from the posterior PDF
N (hY i, �Y ) (bottom row).

measurements, the posterior mean estimated via CAAE-DenseED-ESMDA algorithm misses some

features on the left of the computational domain, which are captured in Scenarios 1 and 2. The pos-

terior standard deviation �Y (x) is much higher in a large part of the domain, relative to Scenarios 1

and 2 where the concentration data are used. Realizations of the log-conductivity field Y (x) drawn

from the resulting posterior PDF N (hY i, �Y ) show higher variability and less continuity in the re-

gions which Y (x) is supposed to be smoother. Thus, not surprisingly, the addition of information in

the form of concentration measurements reduces the estimation uncertainty, as quantified by �Y (x).

4.4.5 Comparison of Computational Costs

The computational costs of CAAE-ESMDA with the PDE-based forward model and its counterpart

with the DenseED CNN surrogate are shown in Table 4.6. CAAE-ESMDA with the PDE-based

model ran on CPU, while the DenseED CNN surrogate was trained and simulated on GPUs provided

by GoogleColab. In both cases, ESMDA consists of Ne = 960 samples in each ensemble and 10

iterations are performed, resulting in Nsum = Ne ⇥ (10 + 1) = 10560 forward model runs. Overall,

CAAE-DenseED-ESMDA is two orders of magnitude faster than CAAE-ESMDA with the PDE-

based forward model.
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Figure 4.18: Estimates of the posterior mean (hY i, middle column) and standard deviation (�Y ,
right column) of log-conductivity Y (x) obtained via CAAE-DenseED-ESMDA algorithm from the
hydraulic head measurements only. Also shown is the reference log-conductivity field (left column)
and representative realizations drawn from the posterior PDF N (hY i, �Y ) (bottom row).

Trun Tdataset Ttrain Tave

CAAE-ESMDA 388200.0 0.0 0.0 36.8
CAAE-DenseED-ESMDA 1893.9 34922.0 9439.2 4.4

Table 4.6: Total run time of the CAAE-ESMDA, Trun, includes the costs of the PDE-based forward
model and its CNN surrogate. The average run-time per sample, Tave, is defined as Tave = (Trun +
Tdataset + Ttrain)/Nsum, where Tdataset is the time for obtaining the training and testing data sets,
and Ttrain is the CNN training time. CAAE parameterization is used in both cases, the training
time is 18678.23, the running time of CAAE is negligible in both data assimilation strategies. All
times are in seconds.



CHAPTER 4. JOINT CONDUCTIVITY AND SOURCE IDENTIFICATION 93

4.5 Conclusions and Discussion

We proposed an CAAE-DenseED-ESMDA algorithm to infer the statistics of both aquifer properties

(e.g., hydraulic conductivity) and contaminant release history from sparse and noisy observations of

hydraulic head and solute concentration. The algorithm relies on CAEE to obtain a low-dimensional

representation of the high-dimensional discretized conductivity field (and, if necessary, other spatially

distributed input parameters); deploys a DenseED CNN surrogate of the PDE-based transport model

to accelerate the forward runs; and adopts ESMDA to solve the inverse problem. The algorithm’s

computational e�ciency is such that it enables one to handle three-dimensional problems.

To demonstrate the salient features of our inversion methodology, we conduct a series of numerical

experiments. They deal with flow and transport in a three-dimensional heterogeneous aquifer with

uncertain hydraulic conductivity field; our goal is to estimate the latter, and the contaminant release

history, from the measurements of hydraulic head and contaminant concentration collected in a few

observation wells. These numerical experiments lead to the following conclusions.

1. The CAAE-DenseED-ESMDA inversion framework is capable of both identifying the contam-

inant release source and reconstructing a three-dimensional hydraulic conductivity field from

sparse (in space and time) and noisy measurements of solute concentration and hydraulic head.

2. The CAAE-ESMDA inversion, with or without the DenseED CNN surrogate of the PDE-

based forward model, yields estimates of the contaminant release strength that di↵er from the

reference values by up to 30.42%. That can be attributed to the imperfect reconstruction of

hydraulic conductivity field or relative insensitivity of the observed solute concentrations to

the contaminant release strengths in each stress period (the inverse problem’s ill-posedness).

3. Deployment of the DenseED CNN surrogate within our CAAE-ESMDA inversion framework

provides an order of magnitude speed up, while giving identical estimates of the hydraulic

conductivity field; it also increases the predictive uncertainty (posterior standard deviation)

relative to that obtained via the CAAE-ESMDA inversion with the PDE-based model.

4. The computational e�ciency of CAAE-DenseED-ESMDA, relative to that of CAAE–ESMDA

with the high-fidelity PDE model, is mostly due to the use of GPUs for CNN-related com-

putations, while the PDE solver for the flow and transport model (e.g., MODLFLOW and

MT3DMS) utilizes CPUs.

5. For the same number of observation wells, placing them in the direction of the regional hy-

draulic head gradient (as determined by hydraulic heads along the boundary of the simulation

domain) results in a more accurate reconstruction of the contaminant release history than

placing them in the transverse direction.
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6. Deployment of CAAE-DenseED-ESMDA allows one to investigate questions, such as measuring

the data assimilation accuracy versus the ensemble size or designing a network of observation

wells, that cannot be answered with CAAE-ESMDA with the PDE-based forward model,

whose computational cost might be prohibitive.

Although the flow and transport simulators, MODFLOW and MT3DMS, can be parallelized

to run on multiple CPU cores, that is a much more arduous task than carrying out NN-related

computations on GPUs available in Google-Colab or other cloud computing environments. The latter

takes very little implementation e↵ort and can be done on a personal computer. The advantage of

our method largely depends on the feasibility of accessing GPU computing resources versus deploying

multicores parallelization with the physics-based forward model.



Chapter 5

Overall Conclusions and Future

Work

5.1 Conclusions and Discussion

This dissertation demonstrated versatile combinations of inversion frameworks and neural networks

surrogate models on the application of subsurface flow and transport inverse problems. The two most

popular inversion methods: MCMC and ensemble-based methods are applied to reconstruct contam-

inant release history and hydraulic conductivity from sparse noisy measurements of solute concen-

tration and hydraulic head. Respectively, DRAM MCMC sampling and HMC sampling are applied

on a medium dimensional inverse problems with eight unknown parameters in a two-dimensional

source identification problem in Chapter 3, indicating that the usage of a neural network surrogate

model can achieve comparable accuracy when used to reconstruct the contaminant release history,

the Auto-Di↵erentiation also enables gradient-based HMC sampling, which is often prohibitive if

using a PDF solver to simulate the flow and transport model; ensemble based inversion framework,

ESMDA, is used in an application to reconstruct a three-dimensional hydraulic conductivity field,

and a dynamic contaminant release history in Chapter 4. The CAAE–DenseED–ESMDA inversion

framework was able to identify the contaminant release location, and reconstruct a three-dimensional

conductivity field with noisy solute concentration and hydraulic head measurements. Besides the

two advanced inverse modeling methods, neural network surrogate models are used through all three

applications to enhance the computational e�ciency of the inversion framework while keeping com-

parable accuracy to the methods with physics-based forward models. In the application in Chapter 2,

a brute-force inversion framework is made possible with the usage of a neural network surrogate.

These applications and experiments indicate that the integration of neural network surrogate model

with appropriate inversion method can provide an alternative in inverse modeling. We hope that

95



CHAPTER 5. OVERALL CONCLUSIONS AND FUTURE WORK 96

these studies will be helpful in the future for more complicated and realistic inverse problems.

5.2 Recommendations for Future Work

• A series of studies characterizing the fractional connected area (FCA) and other discrete frac-

ture network (DFN) statistical characteristics in [87, 88, 86] indicated the e↵ectiveness of using

thermal breakthrough curves, electric potential, electrical resistivity in the inverse modeling.

We leave it a future study to incorporate FCA into the input of our NN surrogate model, and

inversion framework as well, potentially with more measurements in addition to the thermal

breakthrough curves from cross-borehole thermal experiments (CBTEs).

• To continue the study of a conductivity field reconstruction and contaminant release history

identification, applying a Bayesian approach on the forward surrogate modeling would be a di-

rection to be explored: an ensemble of three-dimensional dense convolutional encoder-decoder

(DenseED) networks are trained to perform as the forward surrogate for the flow and transport

processes. The full workflow will be a combination of the CAAE and this Bayesian DenseED

forward surrogate models, and an inversion framework such as ESMDA is used at the end,

forming a CAAE-BayesianDenseED-ESMDA inversion framework. The Bayesian approach on

the neural networks training enables a ‘fully Bayesian’ inversion, previously prohibitive due to

the prediction error caused by a deterministic forward surrogate model.

• Inverse problems on contaminant release history or conductivity reconstruction always rely

on an assumption that the forward model is a perfect model, whereas a realistic transport

phenomena in the field can be very di↵erent. Recent studies on surrogate modeling gradually

expanded from two-dimensional to three-dimensional, yet this might cause the gap between

synthetic data inverse modeling and real data inverse modeling even larger. Besides e↵ort

to model the physical processes with more accurate high-fidelity simulators, we hope that

surrogate modeling can someday be trained on real dataset and used in a more realistic scenario.

• Contaminant release history identification with less prior knowledge about the release location

and time is of our interests for future study. In our and many other research identification cited

in Chapter 3 and Chapter 4, the contaminant release region is restricted in a small area relative

to the whole domain. A practical issue with relaxing this constraint in our study is related

to the e↵ort on neural network surrogate model training. Since neural network surrogates do

not easily generalize to predict the concentration transport or the fluid flow beyond the time

of training data, the training dataset usually has to cover the prior intervals of these unknown

parameters. A larger release region or more versatile release time setting would cause the

requirement of the training dataset to be increased. For this concern, we would like to explore

neural network architectures or training techniques that saves training data, or converges faster
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in the training process. The fewer physics-based forward model runs needed, the more obvious

the advantage of training and using a surrogate model is.

• Dense nonaqueous phase liquid (DNAPL) is a type of contaminant source that exhibits very

di↵erent transport properties than soluble contaminant in groundwater, and in fact [20], found

in many aquifers. Contaminant source identification of DNAPL with neural network surrogate

forward model remains a future study interest for us.

• Principal component geostatistical approach (PCGA) [64], was applied in a study of bathymetry

imaging [76] and outperformed ensemble based method in terms of accuracy and computational

e�ciency. We are interested in a comparison of CAAE-PCGA inversion strategy on a contam-

inant source identification problem to our CAAE-ESMDA method shown in Chapter 4, where

CAAE is again used to parameterize the non-Gaussian conductivity field as a low dimensional

latent variable z which is constructed to be Gaussian.

• Another possible future work is about a study on thermal-hydrologic-chemical physical pro-

cesses involved in heat conduction and energy transfer due to fluid flow and chemical transport

in a site-scale reservoir [97]. The governing equations here are restricted to be for fluid flow,

chemical transport, and heat transfer processes. Generally, the detailed permeability field

remains unknown even with some core measurements, hence some inverse analysis is needed.

The goal of this study would be to identify the permeability, initial temperature profile, and

the heat flux on the bottom of a reservoir, given some measurements of the temperature and

tracer concentration taken at later times. The subsurface simulator PFLOTRAN [46] can

solve the system of nonlinear partial di↵erential equations of a multiphase, multicomponent,

and multiscale reactive flow and transport in porous materials. However, the physics involved

in this thermal-hydrologic-chemical process is simulated by solving coupled PDEs, hence the

computational cost with PFLOTRAN is again prohibitive for inverse modeling which requires

a large number of forward runs. The combination of MCMC or ESMDA and a neural network

surrogate model can again be used to solve this inverse problem.
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