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a b s t r a c t 

Quantitative predictions of FtsZ protein polymerization are essential for understanding the self-regulating 

mechanisms in biochemical systems. Due to structural complexity and parametric uncertainty, existing 

kinetic models remain incomplete and their predictions error-prone. To address such challenges, we per- 

form probabilistic uncertainty quantification and global sensitivity analysis of the concentrations of vari- 

ous protein species predicted with a recent FtsZ protein polymerization model. Our results yield a ranked 

list of modeling shortcomings that can be improved in order to develop more accurate predictions and 

more realistic representations of key mechanisms of such biochemical systems and their response to 

changes in internal or external conditions. Our conclusions and improvement recommendations can be 

extended to other kinetics models. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

FtsZ (filamenting temperature-sensitive mutant Z) is a prokary-

tic tubulin-like protein conserved in most bacteria. Models of the

inetics of its polymerization further our understanding of the pro-

ess involved in cell division. Such models are notoriously complex

argely due to a large number of protein forms in the polymer as-

embly process. Many models have been proposed to describe the

inetics of in vivo or in vitro observations of FtsZ assembly. Al-

hough many of them are successful in capturing the initial stages

f polymerization, some are incapable of handling hydrolysis ef-

ects and transformations of filaments and bundles (Ref. Chen and

rickson, 2005 ), while others (Refs. Lan et al. 2008; Surovtsev et al.

008; Dow et al. 2013 ) involve hundreds or thousands of dif-

erential equations, solving which might be computationally pro-

ibitively expensive. 

Uncertainty associated with model parameters (reaction rate

onstants) further undermines the utility of such models. Most
Abbreviations: PDF, probabilistic density function; MCS, Monte Carlos Simula- 

ions; ODE, ordinary differential equations; CV, coefficient of variation; FtsZ, Fila- 

enting temperature-sensitive mutant Z. 
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ey parameters exhibit certain levels of heterogeneity in space and

ime and some cannot be directly measured (Refs. Kennedy and

’Hagan, 2011; Higdon et al., 2004 ). For instance, the values of

undling dissociation rates were identified as uncertain (Ref. Ruiz-

artinez et al., 2016 ) and had to be calibrated on related data

Refs. Chen and Erickson, 2005; Chen et al., 2005 ). Despite contin-

ous improvements in data acquisition technology, measurements

f spatiotemporal variations in parameter values remain scarce and

rone to measurement errors. Such parametric uncertainty leads to

isagreements between experimental observations and computer 

imulations, and undermines the veracity and, ultimately, utility of

odel predictions. 

We show that rigorous uncertainty quantification and sensi-

ivity analysis can enhance the predictive power of models of

tsZ polymerization and suggest strategies to minimize the pre-

ictive error and to reduce predictive uncertainty. To illustrate

his approach, we consider the recent kinetics model (Ref. Ruiz-

artinez et al., 2018 ) because of both its reduced complex-

ty (in terms of a smaller system of ordinary differential equa-

ions) and excellent agreement with measurements of the average

ength and width of the species, the length-to-width ratio, and

he concentration of monomers at steady state in a wide range

f concentrations ( Table 1 ). Its efficiency, accuracy, and simplicity

elative to its counterparts are the main reasons for this mod-

ling choice. Uncertainty in key reaction rate constants is dealt

ith probabilistically by employing the method of distributions

https://doi.org/10.1016/j.jtbi.2019.110006
http://www.ScienceDirect.com
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Table 1 

Comparison of the kinetic in vitro models in terms of their complexity, applicability range, and ability to predict the observed features of FtsZ assembly. M1, M2, and M3 

designate the single-filament, two-filament-bundling, and multi-filament-bundling models introduced in Ref. Lan et al. (2008) , respectively; C tot is the total concentration 

of FtsZ monomers in all forms; low and high C tot refers to its values of 2 μM and 10 μM, respectively; C 1 cr = C Z na , ss + C Z , ss ≈ 0 . 7 μM is the critical concentration at which 

polymerization begins, it is computed as the sum of the steady-state concentrations of non-activated (GDP-bound) and activated (GTP-bound) FtsZ monomers, respec- 

tively; C 2 cr ≈ 3 . 0 μM is the critical value of concentration C tot at which bundling becomes pronounced. The abbreviations “Ave” and “Dist” denote average and distribution, 

respectively; the superscripts + and − denote the overestimated and underestimated predictions, respectively. 

Model (reference) Refs. 

Chen et al. (2005) ; 

Chen and Er- 

ickson (2005) 

M1 in Ref. Lan 

et al. (2008) 

M2 in Ref. Lan 

et al. (2008) 

M3 in Ref. Lan 

et al. (2008) 

Ref. Surovtsev 

et al. (2008) 

Ref. 

Ruiz-Martinez 

et al. (2016) 

Ref. 

Ruiz-Martinez 

et al. (2018) 

Number of ODEs 8 500 500 1254 300 17 10 

Short time Yes Yes Yes Yes Yes Yes Yes 

Long time No Yes Yes Yes Yes Yes Yes 

Low C tot Yes Yes Yes Yes Yes Yes Yes 

High C tot No No No No Yes Yes Yes 

Filament length No Dist Dist Ave + Dist Ave Ave 

Bundle width No No. 2 filaments Dist + No Dist Ave Ave 

C 1 cr Yes − Yes Yes Yes Yes − Yes Yes 

C 2 cr No No No No No Yes Yes 
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(Refs. Wang and Tartakovsky, 2012; Wang et al., 2013; Tartakovsky

and Gremaud, 2015 ). The latter has been used in many applica-

tions (see, e.g., Refs. Venturi et al., 2013; Alawadhi et al., 2018;

Boso and Tartakovsky, 2016; Tartakovsky and Broyda, 2011 ) to gain

both physical insight and computationally efficiency. The proba-

bilistic framework also underpins our global sensitivity analysis,

which (unlike its deterministic local counterpart) does not assume

that a set of parameters obtained from model calibration is the

most likely one – an assumption of questionable validity in com-

plex biochemical models such as that of FtsZ protein polymeriza-

tion. 

2. FtsZ protein polymerization model 

The process of FtsZ polymerization involves numerous inter-

actions between monomers, filaments and bundles and is often

mathematically represented by systems of ordinary differential

equations (ODE) consisting of as many as a thousand of coupled

ODEs (Ref. Lan et al., 2008 ). Solving such large systems is compu-

tationally expensive and, more importantly, involves large numbers

of uncertain parameters (reaction rate constants). A recently pro-

posed kinetic model (Ref. Ruiz-Martinez et al., 2018 ) alleviates both

of these problems by representing the elongation and bundling

processes with just a few steps, which have relatively few param-

eters. The model consists of ten ODEs, 

d C i 
d t 

= g i (C ) , i = 1 , · · · , 10 , (1)

that describe the temporal evolution of the concentrations C (t) =
{ C 1 , · · · , C 10 } ≡ { C Z na , C Z , C Z 2 , C Z 3 , C F , C B 2 , C B 3 , C B w , C m , fb , C f , wb } of the

species denoted by their respective subscripts. Specifically, Z na , Z,

Z 2 , and Z 3 denote non-activated and activated monomers, dimers

and trimers, respectively; B 2 and B 3 represent thin bundles; B w 

stands for wide bundles. Finally, C m,fb and C f,wb are the concen-

trations of monomers in long filaments/bundles and filaments in

wide bundles, respectively. The functions g i ( C ) represent biochem-

ical reactions, such that 

g 1 = − k + ac C 1 + k −ac C 2 + k 1 hy / dis C 5 

+ k 2 hy / dis �567 + k 3 hy / dis �678 

g 2 = k + ac C 1 − k −ac C 2 − 2 k + nu C 
2 
2 + 2 k −nu C 3 

+ k −
el 
(C 4 + C 5 ) − k + 

el 
C 2 �345 − k mb C 2 �678 

g 3 = k + nu C 
2 
2 − k −nu C 3 − k + 

el 
C 2 C 3 + k −

el 
C 4 

g 4 = k + 
el 

C 2 (C 3 − C 4 ) − k −
el 

C 4 

g 5 = k + 
el 

C 2 C 4 − k + an C 
2 
5 + k −an C 5 − 2 k + 

bu ;(F , F) 
C 2 5 
− k + 
bu ;(F , B 2 ) 

C 5 C 6 − k + 
bu ;(F , B 3 ) 

C 5 C 7 

− k + 
bu ;(F , B w ) 

C 5 C 8 + 2 k −
bu ;B 2 C 6 

+ k −
bu ;B 3 C 7 + k −

bu ;B w C 8 + k 2 hy / dis C 5 

g 6 = k −
bu ;B 3 C 7 − k −

bu ;B 2 C 6 + k + 
bu ;(F , F) 

C 2 5 

− k + 
bu ;(F , B 2 ) 

C 5 C 6 + k 2 hy / dis C 6 

g 7 = − k −
bu ;B 3 C 7 + k + 

bu ;(F , B 2 ) 
C 5 C 6 

− k + 
bu ;(F , B 3 ) 

C 5 C 7 + k 2 hy / dis C 7 

g 8 = k + 
bu ;(F , B 3 ) 

C 5 C 7 − k + 
bu ;(B w , B w ) 

C 2 8 + k −
bu ;B w C 8 

g 9 = 4 k + 
el 

C 2 C 4 + k + 
el 

C 2 C 5 − k −
el 

C 5 − k 2 hy / dis �567 

− k 1 hy / dis C 5 − (k 3 hy / dis + k mb C 2 )�678 

 10 = 4 k + 
bu ;(F , B 3 ) 

C 5 C 7 − k −
bu , B w 

C 8 + k + 
bu ;(F , B w ) 

C 5 C 8 

here �klm 

≡ C k + C l + C m 

. 

Initial concentrations for all species are set to C i (t = 0) = 0 for

 = 2 , · · · , 10 and C 1 (0) = C tot , where C tot is the total concentration

f FtsZ monomers in all forms (monomer, protofilament, filament,

nd bundle): 

 tot = L̄ m 

fb (C 5 + 2 C 6 + 3 C 7 + f̄ wb C 8 ) 

+ C 1 + C 2 + 2 C 3 + 3 C 4 , (2)

ith L̄ m 

fb 
and f̄ wb denoting the average filament length and the av-

rage number of filaments in a wide bundle, respectively. These

arameters are expressed in terms of the concentrations as 

¯
 

m 

fb = 

C 9 
C 5 + 2 C 6 + 3 C 7 + C 10 

, f̄ wb = 

C 10 

C 8 
. (3)

he average total length and average total number of filaments per

undle are also functions of the concentrations 

¯
 

m 

tot = 

2 C 2 + 3 C 3 + C 9 

C 2 + C 3 + C 9 / ̄L 
m 

fb 

, (4)

f̄ tot = 

2 C 2 + 3 C 3 + C 9 

2 C 2 + 3 C 3 + L̄ m 

fb 
(C 5 + C 6 + C 7 + C 8 ) 

. (5)

In the rate laws above, k + ac and k −ac are the forward and back-

ard reaction rates of the activation process, respectively; k + nu and

 

−
nu represent the forward and backward reaction rates of the nu-

leation process, respectively. The forward ( k + 
el 

) and backward ( k −
el 

)

eaction rates of the elongation process are assumed to be inde-

endent of the filament length; and k + an and k −an are the forward

nd backward reaction rates of the filament annealing process, re-

pectively. 
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The backward reaction rates k −
el 

and k −an are obtained from the

nternal energies of filaments and bundles (Ref. Lan et al., 2008 )

s 

 

−
el 

= k −nu e 
−�U t , k −an = k −nu e 

−�U m , (6) 

here �U t and �U m 

denote the increment in the energy

f a monomer connected at the end and middle of a fila-

ent, respectively. From the conservation of energy, �U m 

= 2�U t 

Ref. Lan et al., 2008 ). 

The forward and backward reaction rates of the filament

undling, k + 
bu ;(R 1 ,R 2 ) 

and k −
bu ;(R 1 ,R 2 ) 

, are primarily diffusion-limited

Ref. Ruiz-Martinez et al., 2018 ). Their values depend on the type

f the reactants ( R 1 , R 2 ) and their product P , R 1 + R 2 � P, where

 1 , R 2 , P ∈ {F, B 2 , B 3 , B w 

}. To be specific, the forward bundling rate

 

+ 
bu ;(R 1 ,R 2 ) 

is obtained from the Smoluchowski reaction rate formula

or diffusion-limited reactions and the Rouse model diffusion coef-

cient for short unentangled polymers (Ref. Ruiz-Martinez et al.,

018 ), 

 

+ 
bu ;(R 1 ,R 2 ) 

= 

1 

2 

2 ∑ 

i =1 

k 0+ 
bu 

F F ( ̄f F ) 

3 

√ 

f̄ R i F R i 

, (7) 

here k 0+ 
bu 

is the reference association rate, and 

 R i = 

7 ∑ 

k =0 

a k 
2 

k 

(
ln 

3 

2 ̄f R i 

)k 

, (8) 

ith a 0 = 1 . 0304 , a 1 = 0 . 0193 , a 2 = 0 . 06229 , a 3 = 0 . 00476 , a 4 =
 . 00166 , a 5 = a 6 = 0 , and a 7 = 2 . 66 × 10 −6 . In Eq. (7) , 

f̄ R i = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

1 , if R i = F 
2 , if R i = B 2 

3 , if R i = B 3 

f̄ wb , if R i = B w 

(9) 

s the average number of filaments in the linear chain molecule

 i , which diffuse and bind laterally to produce a species P ; and

 R i 
( ̄f R i ) = F F ( ̄f F ) is calculated according to Eq. (8) . 

The backward bundling rates k −
bu ;P is determined from the bond

nergy per lateral bond U b (Ref. Ruiz-Martinez et al., 2018 ): For

 = B 2 , 

 

−
bu ;B 2 = 

⎧ ⎨ 

⎩ 

k 0 −
bu 

, L̄ m 

fb 
≤ 1 

k 0 −
bu 

e −( ̄L m 
fb 

−1) U b , L̄ m 

fb 
> 1 

; (10a) 

or P = B 3 , 

 

−
bu ;B 3 = 

⎧ ⎨ 

⎩ 

k̄ 0 −
bu 

e −�U b , L̄ m 

fb 
≤ 1 

k 0 −
bu 

e −L̄ m 
fb 
(U b +�U b )+ U b , L̄ m 

fb 
> 1 

; (10b) 

or P = B w 

, R 1 = F and R 2 = B w 

, 

 

−
bu ;B w = 

⎧ ⎨ 

⎩ 

0 , f̄ wb ≤ α1 

k 0 −
bu 

e −26 U b −27�U b , f̄ wb ∈ (α1 , α2 ) 

(10c) 

here α1 = 1 . 5 × 10 −4 and α2 = 1 . 5 × 10 4 ; and for P = B w 

, R 1 =
 w 

and R 2 = B w 

, 

 

−
bu ;B w = 0 . (10d) 

ere k 0 −
bu 

is the reference dissociation rate, and �U b represents the

ncremental bond energy per lateral bond. The experimental stud-

es (Refs. Lan et al., 2008; Dajkovic et al., 2008 ) found the ratio of

ncremental longitudinal energy over its lateral counterpart to be

U t / �U ≈ 100. 
b 
The dissociation rates of monomers following GTP hydrolysis,

 

i 
hy / dis 

(i = 1 , 2 , 3) , depend on the polymer concentration: 

 

i 
hy / dis = k i hss / dis 

C tot − C Z na − C Z 

C tot − C 1 cr 

, (11) 

here C 1 cr < C tot is the first critical concentration and

 

1 
hss / dis 

, k 2 
hss / dis 

, k 3 
hss / dis 

are the steady-state hydrolysis rates for

onomers detaching from the end of filaments, from the mid-

le of filaments and thin bundles, and from the thick bun-

les, respectively. These three rates satisfy the order relation

 

1 
hss / dis 

> k 2 
hss / dis 

> k 3 
hss / dis 

, since less energy is required to break

 longitudinal bond at the filament ends than two bonds at its

iddle (Ref. Mateos-Gil et al., 2012 ), whereas the monomers in a

undle can be doubly connected both longitudinally and laterally.

q. (11) indicates that at the beginning of polymerization, when

ost FtsZ proteins are in the form of non-activated and activated

onomers, i.e., C Z na + C Z ≈ C tot , the dissociation is almost absent,

 

i 
hy / dis 

≈ 0 ; at steady state, when GDP deactivates monomers with

he polymer network is formed, the hydrolysis/dissociation rates

each their maximum values, k i 
hy / dis 

≈ k i 
hss / dis 

with i = 1 , 2 , 3 . 

Finally, a value of the attachment rate of monomers, k mb , is as-

umed to be smaller than the forward elongation rate, k mb < k + 
el 

.

hat is due to the fact that longitudinal attachments of monomers

o filament ends are more likely to occur than a mixed longitudinal

nd lateral attachments in a monomer-bundle interaction. 

. Uncertainty quatification 

Exact values of the lateral association rate of filaments, k 0+ 
bu 

, lat-

ral dissociation rate, k 0 −
bu 

, monomers attachment rate, k mb , and

teady-state hydrolysis/dissociation rate, k 1 
hss / dis 

, are unknown. This

arametric uncertainty renders predictions of the concentrations

ynamics based on Eq. (1) uncertain as well. Our goal is to quantify

his predictive uncertainty probabilistically by treating the four un-

ertain rate constants as random variables and then obtaining the

oint probability density function (PDF) of the ten concentration

pecies C ( t ) involved in FtsZ protein polymerization, f ( c ; t ), where

 = (c 1 , . . . , c 10 ) are possible outcome values of species concentra-

ions C ( t ) at any time t . This would allow one to determine, e.g.,

he probability that concentration of the i th species C i exceeds a

iven value c i ( i = 1 , · · · , 10 ), P [ C i (t) > c i ] . 

We use the method of distributions (Refs. Wang and Tar-

akovsky, 2012; Wang et al., 2013; Tartakovsky and Gremaud, 2015 )

o obtain the joint PDF f ( c ; t ). The method starts by defining the

unction 

(C , c ) ≡ δ[ C 1 (t) − c 1 ] · · · δ[ C 10 (t) − c 10 ] . (12) 

ts ensemble average over realizations of the random vector C , at

ny time t , equals the joint PDF (Ref. Wang et al., 2013 ) 

 [�] = f (c ; t) . (13)

his result follows directly from the definitions of both the ensem-

le mean and the Dirac delta function δ( · ). The next step is to de-

ive a ten-dimensional (linear) evolution equation for �( c , t ) (see

he Appendix for details), 

∂�

∂t 
= −

10 ∑ 

i =1 

[ ∂g i (c )�] 

∂c i 
, (14) 

hich is subject to the initial condition 

(c , 0) = δ(C tot − c 1 ) δ(c 2 ) · · · δ(c 10 ) . (15)

he functions g i ( c ) are first defined in Eq. (1) ; it is worthwhile em-

hasizing that random (and unknown) functions C ( t ) in g i ( C ) in

q. (1) are now replaced with deterministic (and known) coordi-

ates c . 
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Table 2 

System states and parameters. 

Symbol [unit] Description Value 

System states 

C Z na [μM] Concentration of non-activated monomers —

C Z [μM] Concentration of activated monomers —

C Z 2 [μM] Concentration of protofilaments (dimers) —

C Z 3 [μM] Concentration of protofilaments (trimers) —

C F [μM] Concentration of long filaments —

C B 2 [μM] Concentration of thin bundles —

C B 3 [μM] Concentration of thin bundles —

C B w [μM] Concentration of wide bundles —

C m,fb [μM] Concentration of monomers in long filaments and bundles —

C f,wb [μM] Concentration of filaments in wide bundles —

Model Parameters 

k + ac [ s −1 ] Forward activation rate 0.38 

k −ac [ s −1 ] Backward activation rate 0.01 

k + nu [ μM 

−1 s −1 ] Forward nucleation rate 0.79 

k −nu [ s −1 ] Backward nucleation rate 199.8 

k + 
el 

[ μM 

−1 s −1 ] Forward elongation rate 6.6 

k −
el 

[ μM 

−1 s −1 ] Backward elongation rate —

k + an [ μM 

−1 s −1 ] Forward filament annealing rate 6.6 

k −an [ μM 

−1 s −1 ] Backward filament annealing rate —

k + 
bu 

[ μM 

−1 s −1 ] Forward filament bundling rate —

k −
bu 

[ s −1 ] Backward filament bundling rate —

k 1 
hy / dis 

[ s −1 ] Dissociation rate of non-activated monomers from filaments —

After GTP hydrolysis 

k 2 
hy / dis 

[ s −1 ] Dissociation rate of non-activated monomers from filaments and bundles after GTP hydrolysis —

k 3 
hy / dis 

[ s −1 ] Dissociation rate of non-activated monomers from bundles after GTP hydrolysis —

k 2 
hss / dis 

[ s −1 ] Dissociation rate of non-activated monomers from filaments and bundles after GTP hydrolysis at 

the steady state 

0.143 

k 3 
hss / dis 

[ s −1 ] Dissociation rate of non-activated monomers from bundles 0.112 

after GTP hydrolysis at the steady state 

k mb [ μM 

−1 s −1 ] Rate of attachment of monomers to bundles —

C tot [μM] Total concentration of FtsZ monomers in all forms —

C 1 cr [μM] The first critical concentration 0.7 

L̄ m 
fb 

— Average filament and bundle length —

f̄ wb — Number of filaments in a wide bundle —

L̄ m tot — Average total length —

f̄ tot — Average number of filaments in a bundle —

�U t [ k B T] Increment energy of a monomer connected at the end of a filament 4.05 

�U m [ k B T] Increment energy of a monomer connected at the middle of a filament 8.10 

U b [ k B T] Bond energy per lateral bond 0.175 

�U b [ k B T] Increment of lateral energy 0.0405 
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Table 3 

Statistical properties of the uncertain (random) reaction rate constants. 

Parameter k 0+ 
bu 

k 0 −
bu 

k mb k 1 
hss / dis 

Probabilistic Distribution Normal Normal Normal Log-Normal 

Mean 4.75 250 4.1 −0.3567 

Variance 0.9167 83.33 0.7 0.6483 

b  

i  

o  

b

 

E  

d  

E  

d  

s  

t

 

 

e  

n  
The initial condition in Eq. (15) reflects our knowledge of the

system’s initial state: C i (t = 0) = 0 for i = 2 , · · · , 10 and C 1 (0) =
 tot . If C tot is uncertain and described probabilistically in terms of

its PDF f C tot 
(c tot ) , then the ensemble average of Eq. (15) yields the

initial condition for the joint PDF, f (c , 0) = f C tot 
(c 1 ) δ(c 2 ) · · · δ(c 10 ) .

If the value of C tot is known with certainty, as is the case in the

simulations reported below, then its PDF is f C tot 
(c tot ) = δ(C tot −

c tot ) and the initial condition for the joint PDF reduces to f (c , 0) =
δ(C tot − c 1 ) δ(c 2 ) · · · δ(c 10 ) . 

The functions g i ( c ) are parameterized by a large number of

the reaction rate constants introduced in the previous section. All

but four of those are known with a reasonable degree of cer-

tainty. Their values are collated in Table 2 ; they are taken from in

vitro studies of FtsZ-F268C polymerization (Refs. Chen and Erick-

son, 2005; Arumugam et al., 2014; Lan et al., 2008; Dajkovic et al.,

2008 ). The initial condition C tot is set to 1.0 μM and the first criti-

cal concentration C 1 cr = 0 . 7 μM (Ref. Chen and Erickson, 2005 ). 

Statistics of the four random rate constants, k 0+ 
bu 

, k 0 −
bu 

, k mb and

k 1 
hss / dis 

, in Table 3 are inferred from both past investigations (Refs.

Chen and Erickson, 2005; Arumugam et al., 2014; Lan et al., 2008;

Dajkovic et al., 2008; Ruiz-Martinez et al., 2018 ) and the paramet-

ric constraints discussed in the previous section. The first three pa-

rameters are reported in the literature with finite ranges, k 0+ 
bu 

∈
[2 . 0 , 7 . 5] , k 0 −

bu 
∈ [0 , 500] and k mb ∈ [2.0, 6.6]; we model them as

Gaussian variables, whose means are taken as the past guesses

and variances are one-sixth of their respective intervals. The upper
ound of k 1 
hss / dis 

is not available, k 1 
hss / dis 

≥ 0 . 143 ; hence, we treat

t as a log-normal random variable, whose mean is the logarithm

f the past guess (ln 0.7) and variance is one-third of the distance

etween the median value and the low bound. 

We use Monte Carlo simulations (MCS) to solve the “raw” PDF

q. (14) : for each of the N MCS = 50 0 0 realizations of the four ran-

om rate constants, { k 0+ 
bu 

, k 0 −
bu 

, k mb , k 
1 
hss / dis 

} n with n = 1 , · · · , N MCS ,

qs. (14) and (15) are solved numerically (see the Appendix for

etails) to obtain the corresponding solution �n ( c , t ). The relation-

hip (13) between the ensemble mean of � and the joint PDF f ( c ;

 ) implies that 

f (c ; t) ≈ 1 

N MCS 

N MCS ∑ 

n =1 

�n (c , t) . (16)

This strategy for computing the joint CDF f ( c ; t ) is consid-

rably more efficient than the use of MCS to solve the origi-

al problem (1) . That is because orders of magnitude more MC
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Table 4 

Statistical information of species concentrations at their steady states. 

1 μM 3 μM 

Mean Variance Coefficient of variation Mean Variance Coefficient of variation 

C Z na 0.1085 0.0011 0.3121 0.1674 0.0240 0.9242 

C Z 0.6009 0.0018 0.0706 0.4794 0.0086 0.1939 

C Z 2 0.0014 3 . 18 × 10 −8 0.1256 0.0009 1 . 35 × 10 −7 0.3924 

C Z 3 0.0008 1 . 31 × 10 −8 0.1511 0.0005 5 . 32 × 10 −8 0.5038 

C F 0.0414 4 . 99 × 10 −6 0.0539 0.0494 8 . 89 × 10 −6 0.0604 

C B 2 0.0120 0.1049 27.023 0.0682 1.2476 16.366 

C B 3 0.0085 0.0535 27.258 0.0496 0.7383 17.321 

C B w 0.0017 2 . 75 × 10 −5 3.0848 0.0466 0.0001 0.2512 

C m,fb 0.2855 0.0035 0.2079 2.3500 0.0335 0.0779 

C f,wb 0.0001 2 . 66 × 10 −5 33.440 0.0021 7 . 73 × 10 −5 4.1541 

L̄ m tot 6.7131 1.6823 0.1932 29.243 6.2784 0.0857 

f̄ tot 0.9476 0.0746 0.2882 0.7449 0.0197 0.1883 

L̄ m tot / ̄f tot 7.4917 7.7266 0.3710 40.651 75.647 0.2140 
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ealizations are needed to estimate a solution’s PDF than a so-

ution’s mean with the same accuracy. The former is needed

hen solving Eq. (1) , while the latter is sufficient when solving

q. (14) . 

. Sensitivity analysis 

The probabilistic treatment of the set of four reaction rate con-

tants A = { k 0+ 
bu 

, k 0 −
bu 

, k mb , k 
1 
hss / dis 

} facilitates global sensitivity anal-

sis, which is based on ANOVA (analysis of variance). Specifically,

e employ a Sobol index called the total sensitivity S i, j of the i th

pecies concentration C i ( i = 1 , · · · , 10 ) to uncertainty in the j th

ate constant ( j = 1 , · · · , 4 ) from the set A . It is estimated from

 NMC solves of Eq. (1) , parameterized with realizations A n and A 

j 
n 

 n = 1 , · · · , N NMC ), as 

 i, j = 

1 

2 N NMC σ 2 
C i 

N NMC ∑ 

n =1 

[
C i (A n ) − C i (A 

j 
n ) 

]2 
, (17) 

here σ 2 
C i 

is the variance of C i , and C i (A n ) and C i (A 

j 
n ) re-

er to the solutions computed with A n and A 

j 
n , respectively.

he reaction rate sets A n and A 

j 
n differ in the j -th reac-

ion rates. (For example, if N NMC = 2 , and A 1 = (1 , 2 , 3 , 4)

nd A 2 = (5 , 6 , 7 , 8) , then S i, 1 ∼
∑ 2 

n =1 [ C i (A n ) − C i (A 

1 
n )] 2 =

 C i (1 , 2 , 3 , 4) − C i (5 , 2 , 3 , 4)] 2 + [ C i (5 , 6 , 7 , 8) − C i (1 , 6 , 7 , 8)] 2 .) 

A small value of S i, j suggests that a value of the j -th reaction

ate is unimportant to the i -th species concentration. 

. Results and discussion 

.1. Uncertainty quantification 

When quantified probabilistically, uncertainty in values of the

eaction rate constants k 0+ 
bu 

, k 0 −
bu 

, k mb and k 1 
hss / dis 

propagates

hrough the modeling process, giving rise to uncertain (probabilis-

ic) predictions of the reacting species in Eq. (1) . These take form

f the marginal PDFs, whose temporal snapshots are displayed in

igs. 1–5 at time t ranging from 0 to 30 s. PDFs of individual

pecies, f C i (c i ; t) with i = 1 , · · · , 10 , are computed as marginals of

he joint PDF f ( c ; t ). 

At initial time ( t = 0 ), the PDFs are represented by vertical lines,

eflecting the assumed certainty in the initial state. Uncertainty in

redictions of all species concentrations increases, as evidenced by

he widening of their PDFs. Nearly all species exhibit highly asym-

etric (non-Gaussian) PDFs, which limits the utility of standard

eviation or variance as a measure of predictive uncertainty. The

oncentration PDFs of non-activated ( C Z na ) and activated monomers

 C Z ), dimers ( C Z 2 ), trimers ( C Z 3 ), filaments ( C F ) and monomers in
ong filaments and bundles ( C m,fb ) change considerably with time

ntil reaching their steady states at t = 30 s. This is in contrast to

he concentration PDFs of thin bundles ( C B 2 and C B 3 ), wide bundles

 C B w ) and filaments in wide bundles ( C f,wb ), all of which remain

lose to their initial states but with increasingly long tails (shown

n the embedded plots). 

Table 4 collates the means (μi ), variances ( σ 2 
i 

) and coefficients

f variation ( CV = σi / μi ) of all ten species ( i = 1 , · · · , 10 ) at t =
0 s (steady state). As one might have expected, predictions of

ost of the species with lowest concentrations are subject to the

argest uncertainty. For example, predictions of the concentrations

f thin bundles ( C B 2 and C B 3 ) and filaments in wide bundles ( C f,wb )

ave double-digit CVs. For these quantities, it is preferable to look

t exceedance probability, which is readily computable from the

DFs, but cannot be ascertained from CV. Although not shown

ere, we found that beyond t = 30 s, CVs of C Z na , C Z , C Z 2 , C Z 3 , C F 
nd C m,fb , remain relatively constant. 

Uncertainty in k 0+ 
bu 

, k 0 −
bu 

, k mb and k 1 
hss / dis 

has no discernible im-

act on the model’s ability to predict some of the key biological

eatures at steady state. For example, the PDF of the concentration

f filament species, C F , remains narrow for a range of the total

oncentration ( C tot = 1 μM and 3 μM). This finding is unexpected

ince the filament production is directly related to the (uncertain)

ackward bundling rate, k 0 −
bu 

. Uncertainty in the dissociation rate

fter hydrolysis, k 1 
hss / dis 

, does not induce appreciable uncertainty

n predictions of the concentration of non-activated monomers,

 Z na ; and uncertainty in the attachment rate of monomers to bun-

les, k mb , does not significantly impact uncertainty in predictions

f the concentration of activated monomers, C Z . At C tot = 1 μM,

nly uncertainty in predictions of the concentration of wide bun-

les, C B w , is significant because the production and consump-

ion of that species are highly dependent on the uncertain for-

ard bundling rate, k 0+ 
bu 

. These findings indicate the robustness

f model predictions to inevitable uncertainty in the key model

arameters. 

Uncertainty in the reaction rates’ values does affect uncertainty

n predictions of the steady-state bundling steps ( C B 2 , C B 3 , C f,wb ).

hat is because the bundling and hydrolysis rates depend on the

pproximated average features of the species ( Eqs. (7) –(11) ) which,

n turn, depend on the species concentrations ( Eq. (3) ). Conse-

uently, the predictive uncertainty propagates from the average

eatures to the rest of the species as the total concentration, C tot ,

ncreases. Thus, the CVs of small species and filaments are larger

t C tot = 3 μM than at C tot = 1 μM ( Table 4 ). 

Predictive robustness of the key steady-state features described

y Eqs. (3) –(5) stems from the balance between the concentra-

ions of three general categories: small species, filaments, and

undles. The CVs of the concentrations of monomers and short
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Fig. 1. Temporal evolution of the marginal PDFs of C Z na and C Z from initial time ( t = 0 ) until steady state ( t = 30 s). 

Fig. 2. Temporal evolution of the marginal PDFs of C Z 2 and C Z 3 from initial time ( t = 0 ) until steady state ( t = 30 s). 
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filaments, C Z na , C Z C Z 2 , and C Z 3 , increase with C tot , while pre-

dictive uncertainty in the concentrations of bundles, C B 2 , C B 3 ,

 B w , and C f,wb , decreases. Predictive uncertainty for the interme-

diate category, i.e., the concentration of filaments, C F , is insen-

sitive to the total concentration. This balance affects the predic-

tive uncertainty for our quantities of interest in Eqs. (3) –(5) as

follows. 
l  
Predictive uncertainty (CV) for the average total length , L̄ m 

tot ,

hich depends on all of the above concentrations, is low and de-

reases as C tot increases. The steady-state concentrations of fila-

ents or bundles can vary as long as the average length of the

pecies retains its robust representative value. Such a phenomenon

as been observed experimentally at concentrations equal to or

arger than C tot = 3 μM; it is critical for the robustness of the
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Fig. 3. Temporal evolution of the marginal PDFs of C F and C m,fb from initial time ( t = 0 ) until steady state ( t = 30 s). 

Fig. 4. Temporal evolution of the marginal PDFs of C B 2 and C B 3 from initial time ( t = 0 ) until steady state ( t = 30 s). 
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Fig. 5. Temporal evolution of the marginal PDFs of C B w and C f,wb from initial time ( t = 0 ) until steady state ( t = 30 s). 
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polymer network (Refs. Chen et al., 2005; Dajkovic et al., 2008;

Huecas et al., 2008; Erickson et al., 2010 ). 

Predictive uncertainty (CV) for the average total number of fila-

ments per bundle , f̄ tot , is low but somewhat higher than that for

L̄ m 

tot . The predicted values of f̄ tot are robust (around 1) for C tot =
1 − 3 μM because bundles are present but not predominant in that

range of C tot (Refs. Chen et al., 2005; Chen and Erickson, 2005; Da-

jkovic et al., 2008; Huecas et al., 2008; Romberg et al., 2001 ). 

Predictive uncertainty (CV) for the concentration of monomers

in filaments and bundle form, C m,fb , is low and does not change

with the total concentration, C tot . It means that the sum of the

species in monomer form, C Z na + C Z , remains constant at different

total concentrations. This physical phenomenon guarantees the sta-

bility of the polymer network observed in both in vitro and in vivo

experiments at steady state; it is properly captured by many poly-

merization models (Refs. Romberg and Mitchison, 2004; Chen and

Erickson, 2005; Lan et al., 2008; Surovtsev et al., 2008 ). 

The preceding analysis deals with the parametric uncer-

tainty in a given model of FtsZ polymerization [Ref. Ruiz-

Martinez et al. (2018) ]. It can be augmented with an analysis of

structural (model) uncertainty, which could be reduced by the fol-

lowing model improvements at the cost of increased computa-

tional cost. 

1. Increase the representational accuracy of the bundling reaction

rates. Models with fewer species and reactions generally intro-

duce more complexity and variability in the reaction rates. For

example, the proposed reduction in the numbers of species and

reactions in Ref. Ruiz-Martinez et al. (2018) relative to those

in Ref. Ruiz-Martinez et al. (2016) increased dependence of the

bundling rates on the average size of bundles. 

2. Introduce a few more intermediate bundling steps until a wide

bundle species, B w 

, is reached, while maintaining an efficient

accuracy/computational cost balance. This amounts to an in-

crease in the number of species, B 4 , B 5 , etc., and their corre-

sponding reaction rates and ODEs. 
3. Include the GDP and GTP nucleotide species that activate and

deactivate FtsZ monomers. That would provide a more detailed

description of the monomer dissociation mechanism upon hy-

drolysis. 

4. The experimental observations taken as reference to develop

the in vitro model in Ref. Ruiz-Martinez et al. (2018) and other

recent kinetics models (Refs. Chen and Erickson, 2005; Lan

et al., 2008; Surovtsev et al., 2008; Ruiz-Martinez et al., 2016 )

are reported only for thin bundles. Including information from

cases with the presence of wider bundles would reduce predic-

tive uncertainty for concentrations of the big species. 

.2. Sensitivity analysis 

We supplement our uncertainty quantification study with a

lobal sensitivity analysis, which aims to characterize the impact of

ariability in the reaction rate constants k 0+ 
bu 

, k 0 −
bu 

, k mb and k 1 
hss / dis 

n the variability in the model predictions of the key quantities of

nterest (the average length and width of the species, the length-

o-width ratio, and the concentration of monomers). These quan-

ities guarantee the robustness and stability of the FtsZ network

t steady state, and have been the focus of previous investiga-

ions (Refs. Chen et al., 2005; Chen and Erickson, 2005; Lan et al.,

0 08; Surovtsev et al., 20 08; Chen and Erickson, 20 09 ). The results

f our sensitivity analysis are reported in Table 5 , which lists the

otal sensitivity of each quantity of interest at steady state ( t = 30

) for two total concentrations, C tot = 1 and 3 μM. 

Sensitivity to k 1 
hss / dis 

: We find the dissociation rate of monomers

rom filament ends after hydrolysis k 1 
hss / dis 

to significantly im-

act the species of the first steps of polymerization and the ge-

metrical features at C tot = 1 μM. This impact is substantially re-

uced at C tot = 3 μM for the filament species and the average geo-

etrical features because k 1 
hss / dis 

is associated with the exchange

f monomers between the pool of monomers and filaments at

ow concentrations (Refs. Chen et al., 2005; Chen and Erickson,

005 ). When polymers are mostly single-stranded and not too
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Table 5 

Sensitivities of k 1 
hss / dis 

, k mb , k 
0+ 
bu 

and k 0 −
bu 

at steady state (30 s). S tot is total sensitivity index. 

1 μM 3 μM 

S tot k 1 
hss / dis 

k mb k 0+ 
bu 

k 0 −
bu 

Total k 1 
hss / dis 

k mb k 0+ 
bu 

k 0 −
bu 

Total 

C Z na 0.7852 0.0003 0.0166 0.2026 1.0047 0.7170 0.0004 0.0036 0.2285 0.9495 

C Z 0.6843 0.0067 0.1778 0.3590 1.2278 0.4748 0.0592 0.1353 0.4730 1.1423 

C Z 2 0.7600 0.0052 0.1668 0.2737 1.2057 0.5621 0.0491 0.1342 0.3965 1.1419 

C Z 3 0.7822 0.0045 0.1568 0.2460 1.1895 0.5930 0.0448 0.1325 0.3754 1.1457 

C F 0.7859 0.0006 0.0058 0.2378 1.0301 0.0790 0.0031 0.0400 0.9270 1.0491 

C B 2 4 . 77 × 10 −6 2 . 43 × 10 −8 2 . 94 × 10 −6 0.7193 0.7193 0.0006 0.0023 0.0002 0.9906 0.9937 

C B 3 3 . 49 × 10 −8 3 . 74 × 10 −11 1 . 09 × 10 −8 0.7914 0.7914 0.0003 0.0001 0.0026 1.0079 1.0109 

C B w 0.1531 3 . 82 × 10 −5 0.6397 0.9337 1.7265 0.2107 0.0042 0.3847 0.7926 1.3922 

C m,fb 0.9429 0.0022 0.0507 0.0734 1.0692 0.8612 0.0231 0.0439 0.1313 1.0595 

C f,wb 0.0021 1 . 57 × 10 −6 0.0037 2.9544 2.9602 0.0056 0.0028 0.0626 0.9815 1.0525 

L̄ m tot 0.8592 0.0018 0.0697 0.1219 1.0526 0.0660 0.0035 0.0862 0.8315 0.9871 

f̄ tot 0.8776 0.0003 0.1066 0.1673 1.1518 0.1208 0.0018 0.0638 0.8075 0.9939 

L̄ m tot / ̄f tot 0.7159 0.0032 0.2283 0.2613 1.2087 0.2606 0.0055 0.1231 0.6816 1.0709 
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ong, i.e., at C tot < 3 μM, the dominant detachment of monomers

fter hydrolysis occurs at the ends of filaments. Only when fila-

ents are long enough for bundles to become relevant, i.e., for

 tot > 3 μM, the impact of two other types of monomer dissoci-

tion rates after hydrolysis, k 2 
hss / dis 

and k 3 
hss / dis 

, becomes dominant

Ref. Arumugam et al., 2014 ). We also observe that the concentra-

ion of wide bundles, C B w , is slightly sensitive to changes in k 1 
hss / dis 

.

hat is due to the high correlation between the rate constants,

hose sum of Sobol indices exceeds 1. 

Sensitivity to k mb : Although the exchange of monomers be-

ween the pool of monomers and the rest of the species is critical

or polymer network stability (Refs. Chen et al., 2005; Chen and

rickson, 2005; Koskinen and Hotulainen, 2014; Medeiros et al.,

006 ), none of the species concentrations and features is sensitive

o the attachment rate of monomers to bundles, k mb . Monomers

re more likely to attach laterally to bundles than to filaments,

artly because there are more lateral binding sites. Previous stud-

es (Refs. Dajkovic et al., 2008; Lan et al., 2008 ) determined a

eaker (about 100 times) strength of the lateral bonds than longi-

udinal bonds. The apparent insensitivity to k mb is directly related

o this property. On the other hand, as C tot increases, the concen-

rations and features become more sensitive to this rate. It is due

o the increase in the number of monomers attaching to the fila-

ent ends (Ref. Du et al., 2018 ); in this case, the number of fila-

ents and fragments of filaments that conform the bundles (Ref.

rumugam et al., 2014 ). 

Sensitivity to k 0+ 
bu 

: The forward bundling rate k 0+ 
bu 

has a consid-

rable impact on the concentrations of activated monomers ( C Z ),

imers ( C Z 2 ), trimers ( C Z 3 ) and wide bundles ( C B w ). Among them,

 B w is most sensitive to changes in k 0+ 
bu 

. These findings are to be

xpected from the kinetic model in Eq. (1) , wherein the forward

undling rates primarily regulate the dynamics of wide bundles.

he low sensitivity of the geometrical features and the concentra-

ion of monomers to changes in k 0+ 
bu 

rate reflects the robustness

nd stability of the polymer network (Refs. Dajkovic et al., 2008;

uecas et al., 2008; Romberg et al., 2001; Erickson et al., 2010 ). 

Sensitivity to k 0 −
bu 

: All species concentrations and features are

ensitive to the backward bundling rate k 0 −
bu 

, except those of the

onomers in filaments and bundle form, C m,fb . Such high sen-

itivities are due to the close relation between longitudinal and

ateral growth. The backward nucleation rate (or longitudinal de-

achment of two monomers) (Refs. Chen et al., 2005; Chen and Er-

ckson, 2005 ) and the backward bundling rate (or lateral detach-

ent of two monomers) have similar values ( ∼ 200 s −1 ) (Refs.

uiz-Martinez et al., 2016; Ruiz-Martinez et al., 2018 ). Changes

n one of those rates break the polymer growth balance; conse-

uently, both the concentration and size of all species are notably
 e  
ltered. Earlier studies (Refs. Chen et al., 2005; Lan et al., 2008;

uiz-Martinez et al., 2016 ) showed the fast rate of both longitu-

inal and lateral detachment and the importance of such a bal-

nce in determining the second critical concentration, which de-

nes the transition from the dominant longitudinal growth stage

o the dominant lateral growth stage. 

Finally, we examine cross-correlations between the reaction

ate constants, k 0+ 
bu 

, k 0 −
bu 

, k mb and k 1 
hss / dis 

, and the role of bundling

n the turnover of monomers. If Sobol indices S i, j for the i th

pecies concentration with respect to the j th rate constant from

he set of four, A , are such that 
∑ 4 

j=1 S i, j > 1 , then there is a po-

ential correlation between the reaction rates. Table 5 shows that

he sums of Sobol indices for C Z , C Z 2 , C Z 3 (the smallest species),

 B w , C f,wb (the largest species), and polymer features are consider-

bly larger than or close to one. Since the four reaction rates are

elated to both attachment/detachment of monomers ( k 1 
hss / dis 

and

 mb ) and formation of bundles ( k 0+ 
bu 

and k 0 −
bu 

), we posit that there is

 strong dependence between the concentrations and rates related

o monomers’ turnover and bundling processes. Past studies (Refs.

hen et al., 2005; Koskinen and Hotulainen, 2014; Medeiros et al.,

006 ) showed the relevance of monomer exchanges between the

ool and large-size species and their role in network stability. In

oth in vitro and in vivo scenarios, for any total concentration C tot 

arger than the first critical concentration (0.7 μM), bundling pro-

ess governs the turnover of monomers to: i) maintain a constant

TP-hydrolysis/dissociation rate, ii) regulate the average length of

he species, and iii) keep the polymer network in equilibrium (Refs.

hen and Erickson, 2005; Ruiz-Martinez et al., 2016; Ruiz-Martinez

t al., 2018 ). 

Our results also show that the cross-correlations between the

our reaction rates diminish as the total concentration C tot de-

reases. The presence of bundles at steady state with large C tot 

nd their dominant influence on the dissociation of monomers af-

er hydrolysis have been observed and studied in both in vitro and

n vivo (Refs. Romberg et al., 2001; Romberg and Mitchison, 2004;

ajkovic et al., 2008; Huecas et al., 2008; Erickson et al., 2010;

rumugam et al., 2014 ). It is an essential and natural mechanism in

tsZ assembly kinetics to guarantee a constant monomer exchange

ate between the polymer network and the pool. In such regimes,

he post-hydrolysis dissociation rate of monomers to short fila-

ents, k 1 
hss / dis 

, is not as relevant as the rates related to bigger

pecies, k 2 
hss / dis 

and k 3 
hss / dis 

(for thin (Ref. Chen and Erickson, 2005 )

nd wide (Ref. Arumugam et al., 2014 ) bundles, respectively). This

educes the correlation between k 1 
hss / dis 

and the rest of the four

ncertain parameters. 

Combining our results with those from Refs. Ruiz-Martinez

t al., 2016; Ruiz-Martinez et al., 2018 allows us to compare the
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δ  
relative importance of multiple reactions involved in the turnover

of monomers: 

Attachment of monomers to larger species : Addition of activated

monomers to filaments is important in all regimes (i.e., at short

and long times as well as at low and high total concentrations).

This study shows that attachment of activated monomers to bun-

dles is much less relevant than their attachment to filament ends

when bundles are not predominant. As the concentration of big

species increases, the interaction of monomers and bundle ends

becomes significant (Refs. Romberg et al., 2001; Romberg and

Mitchison, 2004; Arumugam et al., 2014 ). 

Detachment of monomers from larger species : Likewise, detach-

ment of activated monomers from filaments is important in all

regimes (at short and long times as well as at low and high to-

tal concentrations). Detachment of non-activated monomers from

filament ends after hydrolysis is mostly dominant when filaments

are short, i.e., at short times and/or low concentrations. Recent

experimental observations [Ref. Du et al. (2018) ] show that the

dissociation of monomers from the middle of filaments after GTP

hydrolysis reaction can be neglected. Such behavior is predicted

in Ref. Ruiz-Martinez et al. (2018) when that reaction is ne-

glected, i.e., the same results are obtained regardless of whether

or not such reaction is included in the model. In the case of bun-

dles, however, monomers detach from their filament ends due

to treadmilling/hydrolysis (as observed in in vitro experiments in

Ref. Arumugam et al. (2014) ), sometimes causing breakage of par-

tially connected bundles. That is equivalent to the dissociation

of monomers from thin bundles after GTP hydrolysis reaction, a

process included in terms of their average values in Refs. Ruiz-

Martinez et al. (2016, 2018) . We conclude that detachment of non-

activated monomers from the ends of bundles composed of frag-

mented filaments after hydrolysis is an essential process which de-

termines the properties of the species and the stability of the sys-

tem at steady state. 

6. Summary and conclusions 

We conducted rigorous uncertainty quantification and sensitiv-

ity analysis to establish the predictive power of FtsZ protein poly-

merization models. The latter are a central component of biopoly-

mer network models. While many of the reaction rate constants

in such models are well constrained by data, values of the four

rates are highly uncertain. These are lateral association rate of fila-

ments, lateral dissociation rate, monomers attachment rate and the

steady-state hydrolysis/dissociation rate. We treated these uncer-

tain rate constants as random variables and employed the method

of distributions to quantify the impact of parametric uncertainty

on probabilistic predictions of the concentrations of species in-

volved in the polymerization process. Our approach enables one to

identify experimental strategies for reducing uncertainty in predic-

tions of species concentration and to select a proper model com-

plexity consistent with the quantity and quality of available data. 

Our global sensitivity analysis is instrumental in determining

the relative importance of attachment/detachment of species to

network stability. For example, we found lateral/longitudinal bind-

ing/unbinding mechanisms to play a critical role in processes such

as elongation/bundling balance or detachment of monomers after

hydrolysis. Our results also corroborate certain physiological in-

sights obtained in earlier studies (Refs. Koskinen and Hotulainen,

2014; Medeiros et al., 2006; Huecas et al., 2008; Arumugam et al.,

2014 ). 

The reaction rates analyzed in this study are mainly related to

the bundling and turnover of monomers. Since those processes

were observed in other cytoskeletal biopolymers, we posit that

our analysis and conclusions can be extended and generalized to

other polymerization kinetics models. The presence of bundles is
ommon in network assembly of actin (fimbrin or α-actinin), mi-

rotubules (MAP2) and intermediate filaments (MreB and ParM)

Refs. Falzone et al., 2012; Masuda et al., 2012; Alberts et al., 2014 ).

imilarly to FtsZ polymerization/depolymerization by the action of

TP/GDP nucleotides, the presence of ATP/ADP keeps a permanent

alance of the amount of attached/detached monomers to/from

ctin filaments (Refs. Needleman, 2015; Swanson and Wingreen,

011; Wegner, 1976 ). 
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ppendix A. Derivation of raw PDF equation 

We define δi ≡ δ[ C i (t) − c i ] , which enables us to rewrite

q. (12) as �(C , c ) = 

∏ 10 
i =1 δi [ C i (t) − c i ] . Derivatives of � are 

∂�

∂c i 
= 

∂δi 

∂c i 

10 ∏ 

n =1 
n 	 = i 

δn , (18)

∂�

∂t 
= −

10 ∑ 

i =1 

[ 
∂δi 

∂c i 

∂C i 
∂t 

10 ∏ 

n =1 
n 	 = i 

δn 

] 
. (19)

ubstitution of Eq. (18) into Eq. (19) yields 

∂�

∂t 
= −

10 ∑ 

i =1 

∂C i 
∂t 

∂�

∂c i 
. (20)

ultiplying the i th equation in Eqs. (1) with ∂ �/ ∂ c i ; applying

he sifting property of the Dirac delta function, g(x ) δ(x − y ) =
(y ) δ(x − y ) ; summing up the resulting ten equations (over i =
 , · · · , 10 ); and accounting for Eq. (20) yields Eq. (14) . 

The initial condition (15) is obtained from its counterparts in

q. (2) . 

ppendix B. Numerics for raw PDF equation 

To solve Eq. (14) with the method of characteristics, we first

rite it as 

∂�

∂t 
+ 

10 ∑ 

i =1 

g i (c ) 
∂�

∂c i 
= −

10 ∑ 

i =1 

∂g i 
∂c i 

�. (21)

hen, a family of characteristics is defined by 

d c i 
d t 

= g i (c ) , i = 1 , · · · , 10 . (22a)

long these characteristics, 

d�

d t 
= −

10 ∑ 

i 

∂g i 
∂c i 

�. (22b)

This equation is subject to the initial condition (15) , which im-

lies that the Dirac delta function from the initial state propagates

long the characteristics unchanged. Numerical treatment requires

n approximation of the delta function, e.g., as 

(x − y ) ≈ s �(x − y ) = 

1 √ 

2 π�2 
e −

(x −y ) 2 

2�2 , (23)
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uch that s �(x − y ) → δ(x − y ) as �→ 0. With this approximation,

he initial condition (15) is replaced with 

 �(c , 0) = 

(
1 

2 π�2 

)5 

exp 

[ 

− (C tot − c 1 ) 
2 

2�2 
−

10 ∑ 

i =2 

c 2 
i 

2�2 

] 

(24)

nd �(c , t) ≈ S �(c , t) with S �(c , t) → �(c , t) as �→ 0. 

For an n th MC realization of the random parameter set A n 

 n = 1 , · · · , N), Eqs. (22) and (24) are solved using a standard nu-

erical ODE solver, such as the fourth- and fifth-order Runge-Kutta

ethod implemented in the Matlab function ODE45 , to obtain the

 th realization of S �(c , t) denoted by S (n ) 
�

(c , t) . The joint PDF f ( c ;

 ) is obtained by averaging N MCS realizations, 

f (c ; t) ≈ 1 

N 

N ∑ 

n =1 

S (n ) 
�

(c ; t) . (25)

he results presented in the text correspond to � = 0 . 2 . This value

rovides a balance between the approximation of the Dirac delta

unction and the computational cost, which increases dramatically

s �→ 0. 
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