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Abstract Probabilistic models of subsurface flow and transport are required for risk assessment and
reliable decision making under uncertainty. These applications require accurate estimates of confidence
intervals, which generally cannot be ascertained with statistical moments such as mean (unbiased estimate)
and variance (a measure of uncertainty) of a quantity of interest (QoI). The method of distributions provides
this information by computing either the probability density function or the cumulative distribution
function (CDF-) of the Qol. The standard method can be orders of magnitude faster than Monte Carlo
simulations (MCS) but is applicable to stationary, mildly to moderately heterogeneous porous media in
which the coefficient of variation of input parameters (e.g., log-conductivity) is below four. Our
CDF-random domain decomposition (RDD) framework alleviates these limitations by combining the
method of distributions and RDD; it also accounts for uncertainty in the geologic makeup of a subsurface
environment. For a given realization of the geological map, we derive a deterministic equation for

the conditional CDF of hydraulic head of steady single-phase flow. The solutions of this equation are then
averaged over realizations of the geological map- to compute the hydraulic head CDF. Our numerical
experiments reveal that the CDF-RDD method remains accurate for two-dimensional flow in a porous
medium composed of two heterogeneous hydrofacies, a setting in which the original CDF method fails. For
the same accuracy, the CDF-RDD method is an order of magnitude faster than MCS.

1. Introduction

Reliable and accurate predictions of subsurface flow and transport are notoriously elusive due to insufficient
site characterization, which manifests itself in uncertainty about a site's geological makeup, spatial variability
of its hydraulic properties, external forcings (e.g., initial and boundary conditions, recharge), and so forth.
This uncertainty is characterized by treating input parameters as random fields (Dagan & Neuman, 1997)
and solving a stochastic version of the governing equations, whose solutions are probability density functions
(PDFs) or cumulative distribution functions (CDFs) of model outputs such as hydraulic head or solute con-
centration. While Monte Carlo (MC) simulations (MCS) can be, and often are, used to compute those, they
require a large number of forward model runs (MC realizations) to converge. This number increases with
the degree of uncertainty in the quantities of interest (Qols), as quantified, for example, by their variances.

Numerical sampling-based strategies for computing PDFs or CDFs of system states, designed to beat MCS in
terms of the computational cost, include multilevel MC (Taverniers & Tartakovsky, 2020) and various forms
of quasi-MC (Caflisch, 1998). The method of distributions obviates the need for sample generation by deriv-
ing deterministic equations for PDFs or CDFs. It relies on stochastic averaging techniques similar to those
routinely used to derive (deterministic) moment differential equations for the first two statistical moments
of system states (Likanapaisal et al., 2012; Neuman et al., 1996, and the references therein). The performance
of these methods deteriorates with the degree of subsurface heterogeneity, as quantified by the correlation
lengths and variances (or, more precisely, coefficients of variation) of the input parameters. Short correlation
lengths give rise to the so-called curse of dimensionality, which makes polynomial chaos-based techniques
slower than MCS. Large variances undermine the veracity of perturbation-based moment differential equa-
tions and PDF/CDF equations.

Probabilistic computations become even more challenging when PDFs of the input parameters exhibit mul-
timodality and/or lack of statistical homogeneity (stationarity). These are manifestations of the presence of
multiple geologic materials with distinct (heterogeneous and uncertain) hydraulic and transport properties.
Random domain decomposition (RDD) (Winter & Tartakovsky, 2000, 2002) ameliorates these complications
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by representing a heterogeneous subsurface environment as a union of distinct geological units or hydrofa-
cies. By construction, hydraulic and transport properties of each unit are treated as unimodal, statistically
homogeneous random fields with relatively small variances; boundaries between the units, reconstructed
from hard and/or soft data, can be uncertain as well. RDD has been used to dramatically enhance the per-
formance of moment differential equations (Winter et al., 2003), generalized polynomial chaos expansions
(Xiu & Tartakovsky, 2004), and stochastic collocation methods (Lin et al., 2010). Here, we use RDD to derive
a deterministic equation for the CDF of hydraulic head for flow in highly heterogeneous aquifers with uncer-
tain geology, hydraulic properties, and external forcings.

This approach, which we refer to as CDF-RDD, is presented in section 2. It combines the CDF method for
flow in statistically homogeneous porous media (Yang et al., 2019) with RDD that accounts for geologic
uncertainty (Guadagnini et al., 2003). In section 3, we demonstrate the accuracy and computational effi-
ciency of CDF-RDD via a series of numerical experiments dealing with two-dimensional steady-state flow
in a porous medium composed of two materials whose spatial arrangement and hydraulic conductivity
are uncertain. Main findings and conclusions drawn from our study are summarized in section 4.

2. Problem Formulation and its Probabilistic Solution

Consider a subsurface environment Q composed of Ny, non-overlapping geological units Q;. A spatial
arrangement of these units can be provided by expert opinion in the form of a geological map. When suffi-
cient data (measurements of hydraulic conductivity or other discriminating attributes of hydrofacies) are
available, one might be able to reconstruct such a map by using geostatistics—for example, indicator
Kriging (Guadagnini et al., 2004), object-based geostatistics (Deutsch & Tran, 2002), and multipoint geosta-
tistcs (Strebelle, 2002)—or machine learning tools such as support vector machines (Wohlberg et al., 2005)
or nearest-neighbor estimators (Tartakovsky et al., 2007). Regardless of the method used, the resulting geo-
logical maps are invariably uncertain.

Steady-state d-dimensional groundwater flow in such an environment is described by a differential equation

V- [K(x)Vh(x)] =g(x), x=(x1,...%3)" €Q, 1)

where K(x) is hydraulic conductivity of the porous medium Q, h(x) is hydraulic head, and g(x) represents
point and/or distributed sources and sinks. The groundwater flow- (1) is subject to boundary conditions

h(x)=¢(x), x€TIp;—K(x)Vh(x) -n(x)=19(x), xely. )

Here ¢(x) and 1(x) are the hydraulic head and the normal component of the Darcy flux q(x) = —K(x)Vh(x)
prescribed, respectively, on the Dirichlet (I'p) and Neumann (I'y) segments of the boundary 6Q = I'pUl 'y of
the flow domain Q; and n(x) is the outward unit normal vector to T'y.

An unknown/unknowable spatial distribution of the hydraulic conductivity K(x) has to be estimated from
measurements K(x,,) collected at Nyeas (Well) locations x, € Q (n = 1,...,Npeas)- The presence of multiple
hydrofacies Q; manifests itself in a histogram of the measurement set {K (x,,)}ﬁ’ T (an estimate of the
PDF of K) that exhibits multimodal behavior and large standard deviation og-. This typical setting would
increase the computational cost of MCS and invalidate the perturbation-based moment differential equa-
tions (Likanapaisal et al., 2012) and PDF/CDF equations (Yang et al., 2019), both of which require the per-

turbation parameter o3 (the variance of log-conductivity Y = InK) to be relatively small.

We tackle this challenge by using RDD described in section 2.1. It is deployed in section 2.2 to account for
geologic and parametric uncertainties in the context of the method of distributions. An efficient numerical
implementation of the resulting CDF-RDD approach for computing the CDF F,(H;x) of hydraulic head h(x)
is described in section 2.3.

2.1. Random Domain Decomposition

RDD treats the porous medium Q and its hydraulic conductivity K(x) as a two-scale stochastic process. The
large scale represents geologic uncertainty, such that a random variable « with the PDF f,(a) encapsulates
alternative representations of a site’s geology, that is, uncertain spatial extent of the facies Q; (i = 1,...,Ngy).
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The random « can represent a parameter (or a set of parameters) in a functional representation of the inter-
faces between geological facies or, as in the present study, a label of alternative geological models prepared
by experts. The small scale accounts for random variability of the hydraulic conductivity K(x) within each
facies Q;, which is quantified by the PDF fi(k;x € Q;). Combining the two scales of uncertainty, hydraulic
conductivity K(x) is characterized by the joint PDF fx o(k,a;x) = fxi(k;xlox = a)f.(a), where fx is the PDF
of K conditioned on a given geologic map with label a.

By construction, the random hydraulic conductivity K(x) of each subdomain ; is statistically homogeneous,
with unimodal conditional PDFs fxq - o(k;x€ Qilda =a) and relatively small variances a%,i of
log-conductivity Y; = Y(x) for all x € Q;. We model the hydraulic conductivity of each facies, K; = K(x) for
all x € Q;, as a second-order stationary multivariate log-normal field with constant mean K; and variance
0% - It has a correlation function oy, (r/¢x,), Where ¢k, is the correlation length and r = Ix—yl is the distance
between any two points X,y € Q;. To simplify the presentation, we assume K;(x) and Kj(x) with i#j to be
mutually uncorrelated; RDD can readily account for cross-correlations between hydraulic properties of dif-
ferent facies at the cost of slightly increased mathematical complexity (Winter et al., 2006).

With these preliminaries, we replace (1) with
V- [Ki(x)Vhi(x)] = g(x), x € Q, i=1, .., Ng, 3)
which is subject to boundary conditions (2) and the continuity conditions
hi(x) = hj(x), Ki(x)Vhi(x) - n;(x) = K;(x) Vhj(x) - nj(x), x €Ty, @)

defined on the contact interfaces I'; = Q;nQ; between the adjacent facies Q; and Q; (i#)). In (3) and (4), the
subscript of h indicates the hydraulic head inside the corresponding facies. This problem formulation is
beneficial because it enables one to use small variances O’%,l_ within each facies Q; as perturbation para-
meters. This has been done before to derive moment differential equations (Winter et al., 2003); here,
we use it to derive a deterministic equation for the full CDF of hydraulic head.

2.2. Combined CDF-RDD Approach

For a given geological map, defined by the label (realization) o = a, we show in Appendix A that the condi-
tional CDF Fy,(H;xla = a) of hydraulic head h(x) in (3) satisfies a deterministic (d+1)-dimensional differen-
tial equation

a(UFh\a)

V. (f (x) VFh|a)+aT

= VF g, X =(x1,...,x, H)' € Q. (5)
The (ensemble) averaged hydraulic conductivity K (x) takes the constant value of K ; for x € Q;, where i = 1,...,
Ng. The PDF equation (5) is defined on the domain "Q = Q X (Huin, Hmax), Where Hy,i, and Hp,y are,

respectively, the minimum and maximum values the hydraulic head h(x) can take in the simulation domain
Q; and

_ o o 1

U=v(H—-h)+V-(KVh)+2g, v=KVh-Vh-Voi, V= —Eszafl. (6)
The coefficients in (6) contain the conditional mean, h, and variance, o2, of hydraulic head h(x) at x € Q.
These statistical moments can be computed with various techniques, including MCS. In our implementa-
tion, we compute them by solving the deterministic statistical moment equations (SMEs), derived in
Appendix B, which proved to be computationally more efficient than MCS.

The CDF equation (5) is derived by deploying the self-consistent closure approximation (Yang et al., 2019)
that ensures that the differential equations for the moments h(x) and o2(x), obtained by integrating (5),

are identical to the SME derived in Appendix B. This is in contrast to the interaction-with-the-mean closures
(Haworth, 2010; Pope, 2001; Raman et al., 2005) used in turbulence and combustion. The latter fails to
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preserve a system state's variance and, under certain conditions, even its mean (Boso & Tartakovsky, 2016;
Yang et al., 2019).

Boundary and interface continuity conditions for the CDF equation (5) are derived in Appendix A. If the
boundary functions ¢(x) and ¥(x) are uncertain and treated as random fields with one-point CDFs Fy(x)
and Fy(¥:x), then (5) is subject to boundary conditions

_ oF
Fyo=Fg, x€Tp; —VFpe -n=[y(x)(H — h)+n(x)] x €Ty, @)

where .,
Ko, -n . _
=—r n(x)=KVh-n-1, ®)
207 —4h

1 (x)is the mean of the boundary flux 1(x), and T', and 'y are portions of the Dirichlet and Neumann bound-

aries, respectively, that intersect Q. At the contact interface I';, (5) is subject to the continuity conditions
Fhja(X) = Fpja(X), KiVFpq -1 =K;VFy.-n;, x€Ty. 9)
Finally, the general property of a CDF provides the remaining boundary conditions in H space,
Fp(H = Hmin; X) =0, Fp(H = Hpax; X) =1. (10)

The straightforward formulation for the boundary conditions in the phase space is a key advantage of CDF
equations over PDF equations, for which the corresponding boundary conditions have to be supplemented
with the conservation of probability condition.

We recall that a combination of the solutions to (5)-(10) in each subdomain €; is the conditional CDF Fj,,
that is, the CDF of h conditioned on a given geological map with the label a = a. This boundary value pro-
blem has to be solved repeatedly for different geological realization a. The average of these solutions over all
possible realizations of « is the CDF F},(H;x),

F(H, x) = | Fuyo(H; ¥|a = a)f (a)da. (11)

The latter provides a probabilistic prediction of hydraulic head h(x), which accounts for uncertainty in both
the site geology and hydraulic conductivity.

2.3. Numerical Implementation

Numerical solution of the boundary value problem (5)-(10) is computed in three steps. The first step involves
finite-volume solutions of the moment equations (B4)-(B13), that is, provides numerical approximations of
the mean and variance of the hydraulic head, h(x) and o7 (x). This step relies on the research code developed
by Likanapaisal et al. (2012).

The second step consists of numerical solution of (5) and (6). Among the plethora of schemes for solving a
linear advection-diffusion-reaction equation, such as (5), we utilize a finite-volume scheme in which the
computation domain Q is divided into N, non-overlapping domains Q1. Q Ny, - A finite-volume solution
of (5) is obtained by integrating this equation over each element Q; and using the Gauss-Ostrogradsky

theorem to replace the volume integrals over Q; with the surface integrals over their surface 4Q,
{5, BVxFia - Doy + Uyaner)d% = [ vFyd>, ¥ = (01, xa. H)', 12)

where n,, and n, j are respectively the spatial and H-direction components of n,, the outward unit nor-

mal vector of the interface 6Q2;. The discrete form of (12) is

l %(k) Tu (Fﬁl’fa - Fg“;)+ U:F;’I‘;Akl + U;F%Ak, = kaEf“;Vk, k=1, .., Nx, (13)
€ adj

where adj(k) is the set of neighbors of k, Vj is the volume of (~2k, and
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Figure 1. Equiprobable geological models used in our numerical experiments.
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Here K}, Ay, and Sxy,; are harmonically averaged hydraulic conductivity, differential element cross-sectional
area, and the distance between the spatially connected computational nodes k and I, respectively.

The finite-volume implementation automatically satisfies the continuity conditions (9) when the contact
interface between the adjacent facies is defined along the computational cell boundaries. This results in con-
siderable computational speed-up over other RDD-based numerical schemes that enforce the continuity
iteratively (Guadagnini et al., 2003; Winter et al., 2003). Combining (13) into a single system of linear alge-
braic equations, we obtain Af =b where A is the Ny, X Ny, coefficient matrix, b is the N, X 1 vector deter-
mined by the boundary conditions, and f is the Ng, X 1 solution vector for the conditional CDF Fy,. We
use the biconjugate gradient stabilized method to solve this system. Since the coefficients of the CDF equa-
tion (5) involve ensemble averages (e.g., K), they are smoother than their randomly fluctuating counterparts
(e.g., K). Consequently, coarser meshes (smaller values of N,) can be used to solve (5) than to solve MC rea-
lizations, providing an additional boost to the computational efficiency of the CDF method.

The third and last step is to compute the hydraulic head CDF Fj, from its conditional counterpart Fy,,. This
step involves numerical evaluation of the integral in (11). We approximate this integration with the MC aver-
age of N, realizations of the geological map with the label a. The numerical integration of Fy,,, used to com-
pute the marginal CDF, mean, and variance of h, is carried out with the Gaussian quadrature.

3. Numerical Experiments

We illustrate the accuracy and efficiency of the CDF-RDD approach on two examples dealing with
two-dimensional mean uniform and convergent flows in a statistically inhomogeneous environment com-
posed of distinct heterogeneous facies. These examples represent two typical flow scenarios. The first is

YANG ET AL.

50f 15



Ay

N\\JI Water Resources Research 10.1029/2020WR027643
12

19004
e 1 )
- 3

= 0.8 =003

8 Y eV

= °
- 0 6 Q

3 = 0.02
& =
= 04 =
= >

g 0, — 0.01
=0 g
st

0 0

1.0

12 0,025
0
e S

= IR 7 5 0.02
= &
8 0.8 a<

= © 0.015
-~ O

% " % 0.01

= Z 0

C% 0.4 g
@ o)

= 00 { g 0.005
as!

0 0

0 02 04 06 08 1.0 0 02 04 06 0.8 1.0
1 x1
— MCS CDF method === SME-RDD ====== CDF-RDD

Figure 2. Mean (left column) and variance (right column) of hydraulic head in mean uniform flow (top row) and flow to a well (bottom row). These moments are
alternatively computed with Monte Carlo simulations (MCS-), the RDD-enhanced SME (SME-RDD), and evaluating the moments of Fj, in the CDF equation with
and without RDD (CDF and CDF-RDD, respectively).

regional flow driven by externally imposed hydraulic head gradient, and the second is radial flow towards a
pumping well.

In both flow regimes, the flow domain Q, a square of unit dimensionless length (normalized with the
domain size L), is composed of Ng, = 2 facies whose uncertain spatial arrangement is represented by four
different equiprobable geological models labeled by a (Figure 1). These models are generated using multi-
point geostatistics, specifically SNESIM algorithm (Strebelle, 2002), and assumed to represent alternative-
geological maps prepared by experts. The log-hydraulic conductivity of each subdomain, Y;(x) = InK;(x)
(i=1,2), is a second-order stationary multivariate Gaussian field with the isotropic exponential correlation
function py, (r) = exp(—|x — y|/¢y,) and the dimensionless (normalized with L) correlation length ¢y,. In the

simulations reported below, we set Y, =0, Y, =5, 03 =03 =1,and ¢y, =0.3.

The mean uniform flow is driven by a constant hydraulic head gradient J=(hou—hin)/L = 0.1, with the deter-
ministic dimensionless hydraulic heads h;, = 1.1 and hgy = 0.1 (normalized with the reference hydraulic
head hye) along x; = 0 and x; = 1, respectively. The radial flow is induced by a pumping well at the center
of the domain, (x;, x,) = (0.5, 0.5), which is controlled by a fixed dimensionless hydraulic head of Ay, = 0.1;
the boundary head hp along x; =0 and x; = 1 is now uncertain and modeled as a Gaussian field with the
mean hp = 1.0 and variance cfm = 0.04. For both flow scenarios, no-flow boundary conditions are applied
at the bottom and top boundaries (x, = 0 and x, = 1).

The computation domain Q=0x (Hmin =0, Hpmax = 1.2) is discretized using 45, 45, and 120 nodes in the
X1, X, and H directions, respectively. Thus, the total number of grid elements, Ny, is 243,000.
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Figure 3. Spatial maps of exceedance probability P[h(x) > H =0.85] =1 — Fj,(H = 0.85; x) obtained with MCS (top row), the CDF method (center row), and
CDF-RDD (bottom row) for mean uniform flow (left column) and convergent flow (right column).

We compare the performance of our CDF-RDD method with that of MCS. For each geological model, equi-
probable MC realizations of Y;(x) are generated by the sequential Gaussian simulator (Deutsch & Journel,
1998). Our convergence study of the two flow scenarios revealed that, for each geological model, it takes
Nucs = 10* realizations for MCS estimates of the exceedance probability P[h(x) > H] =1 — F;(H; x) to sta-
bilize with less than 0.01 of the coefficient of variation. Hence, the total number of MCS realizations is
Nycs = 4-10%, a prohibitively large number in most applications of practical significance.

3.1. Accuracy of the CDF Method

Both the SME- and the CDF equation are derived via perturbation expansions in the variance of
log-conductivity. If one were to treat the porous medium in Figure 1 as a single continuum, it would be char-
acterized by the variance af, ~ (71—?2)2 (Winter et al., 2003); for the parameters used in our experiments,
0% ~ 7. Such a large variance is expected to undermine the accuracy of the moment and CDF equations
derived without recourse to RDD. Figure 2 demonstrates this to be the case even for the mean, h(x), and var-
iance, o7 (x), of the hydraulic head h(x), let alone its CDF. This figure compares the results of MCS, which are
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uniform flow (top row) and the convergent flow (bottom row).

treated as exact, with three alternative methods for computing these statistics: the RDD-enhanced SME, and
evaluating the moments of F, in the CDF equation with and without RDD. Figure 2 shows that the CDF
method without RDD fails to predict the hydraulic head mean h and variance o; with reasonable
accuracy. Yet, the moments computed with SME-RDD and CDF-RDD are in close agreement with those
computed via the reference MCS in both flow scenarios. By construction, F, obtained from the CDF
method is to have the same moments h and o7 as their counterparts computed with SME; a slight (about
0.2% for h and 4.7% for o2) disagreement between the two is due to the numerical error in computing the
quadratures.

A natural interpretation of the hydraulic head CDF F,(H; x) is the probability P[h(x) > H] =1 — F,(H; x) of
hydraulic head h(x) at point x exceeding a mandated value H. Such exceedance probability maps are
required for probabilistic risk assessment and delineation of, for example, sustainable yield areas or well pro-
tection zones with a desired confidence level. The maps of P[h(x) > 0.85] obtained with CDF-RDD and MCS
are virtually indistinguishable (by the “eyeball measure”) from each other and appreciably different from the
map constructed via the CDF approach without RDD (Figure 3). Figure 4 elaborates this point further by
presenting the CDF estimates Fj,(H;x), obtained with MCS, CDF-RDD, and the CDF method, at several
points x in the computational domain.

A more quantitative comparison between the alternative CDF (or exceedance probability) estimates is pro-
vided by the first Wasserstein distance (aka Earth Mover's metric) (Boso & Tartakovsky, 2016; Yang et al.,
2019),

Himax

D(x)= [, | Fa(H; x)-F)(H; x) | dH, Dave == | o D(x)dx, (15)

where V is the volume of the simulation domain Q, FY(H; x) is the “exact” CDF computed via MCS,
and Fj,(H; x) is its approximation obtained from either the CDF-RDD method or the original CDF equa-
tion. In the two flow regimes considered, &(x) of the original CDF method is relatively large throughout
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Figure 5. Spatial maps of the Wasserstein distance &(x) between the “exact” MCS estimate of the hydraulic head CDF F, hMCS and its approximations provided by
either the CDF method (top row) or CDF-RDD (bottom row), for the mean uniform flow (left column) and the convergent flow (right column).

the simulation domain, being larger than 0.15 for the mean uniform flow and 0.09 for the convergent flow
(Figure 5). The Wasserstein distance for the proposed CDF-RDD approach is an order of magnitude
smaller, not exceeding 0.035 for mean uniform flow and 0.016 for convergent flow. These results
demonstrate that RDD extends the CDF method to statistically inhomogeneous formations with
complex and uncertain geology.

3.2. Computational Efficiency of CDF-RDD

The CDF method has been shown to be an order of magnitude faster than MCS in statistically homogeneous
media (Yang et al., 2019). Instead of multiple MC solves of the d-dimensional groundwater flow equation (1),
it solves a single (d+1)-dimensional CDF equation (5). The relative smoothness of the coefficients in the
CDF and moment equations allows for the use of coarser meshes and increases the efficiency of a linear sol-
ver. The proposed CDF-RDD method retains these features, and hence, one should expect it to be computa-
tionally more efficient than MCS in complex geologic settings as well.

These general considerations are confirmed by Table 1, which collates the computational cost and accuracy
(expressed in terms of the average Wassertein distance P,y.) of the CDF method and CDF-RDD methods. It
takes Nyics = 6,040 and Nycs = 7,320 MC realizations to obtain the discrepancy levels of CDF-RDD in the

Table 1
Computational Times and Accuracy of MCS and the CDF and CDF-RDD methods
Flow regime Method Error Dyye CPU time (min)
Mean uniform flow CDF method 3.46:10> 2.95-10°
CDF-RDD 6.56:10° 9.07-10°
MCS with Nyics = 6040 6.56:10> 1.07-10
MCS with Nyjcs = 4-10* 0 8.43-10°
Convergent flow CDF method 3.2:1072 3.08-10°
CDF-RDD 4.90-107° 1.13-10"
MCS with Nyics = 7320 490103 13510
MCS with Nycs = 4-10* 0 8.61.10%
YANG ET AL. 9of 15
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mean uniform flow and convergent flow, respectively. For the same discrepancy level, CDF-RDD is an order
of magnitude faster than MCS. The discrepancy level of the CDF method without RDD is relatively large,
D,ye ~0.03, but it provides a fourfold speed-up relative to CDF-RDD.

4. Summary and Conclusions

We proposed the integrated CDF-RDD framework to quantify geologic and parametric uncertainty in
groundwater flow models. The original CDF method for groundwater modeling (Yang et al., 2019) provides
a computationally efficient alternative to MCS, but its applicability is limited to statistically homogeneous
fields. This limitation has been overcome by deploying RDD (Winter & Tartakovsky, 2000). A key compo-
nent of CDF-RDD is the derivation of a deterministic equation satisfied by a conditional CDF Fj,, the
CDF of hydraulic head h(x) conditioned on a realization (labeled by «) of the site geology. The sample aver-
age, over alternative geological maps (multiples values of «), of the solutions of this CDF equation yields the
hydraulic head CDF F;,. We performed a series of numerical experiments to demonstrate the accuracy and
computational efficiency of the CDF-RDD method. Our study leads to the following conclusions.

« The CDF-RDD method yields accurate estimates of the hydraulic head CDF (exceedance probability) for
statistically inhomogeneous porous media in both linear and radial flow regimes.

« Unlike its original incarnation, the CDF-RDD method accounts for geologic uncertainty and is applicable
to highly heterogeneous subsurface environments.

 For the same accuracy, the CDF-RDD method is an order of magnitude faster than MCS in both radial
and linear flow regimes.

« The CDF-RDD method provides information that is necessary for probabilistic risk assessment and rare
event analysis.

Appendix A: CDF Equation for Flow in Composite Porous Media

Our goal is to compute, for each geological map a, P[h(x) > H| = Fj,(H; x), the probability of an uncertain
model prediction of the hydraulic head h(x), at any point x in the subdomain Q, exceeding a value H. To
simplify the notation, we omit the reference to « in the following formulations. Let us consider a functional
IT[H, h(x)]| = %[H — h(x)] defined in terms of the Heaviside function %(-). By definition, the single-point
CDF of h, F},, is computed as the ensemble mean of II, over all possible values of the random variable h at
any pointx € Q,

F(H; x) = (IT[H, h(x)]). (A1)

Multiplying (1) with —0TI/0H and accounting for the equality VII = —(6I1/dH)Vh, we obtain a stochastic
(d + 1)-dimensional PDE for II,

gt oI
) kI VN V= — ot
V- (KVI) Ka > Vh-Vh &

(A2)
Next, we consider a perturbation expansion for the random variables K(x) and ITI(U; x) in (A2), which are ex-
pressed as the sum of their ensemble means and zero-mean fluctuations around these means, K =K + K’
and II = Fj, + IT". Ensemble averaging of the resulting equation yields

OFy

S 011

M=V (K'VIT")— (K ——> Vh-Vh), (A3)
O0H

which requires closure approximations to render the mixed moments computable. We use the modified

interaction-by-exchange-with-the-mean closure (Boso & Tartakovsky, 2016; Yang et al., 2019) for the

unknown mixed moments in (A3),

— oF
M & o) (H = F) + {0 0 (A9
where h(x) is the mean hydraulic head, and v(x) and {(x) are the closure variables determined below.
Finally, we obtain a closed CDF equation
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V- (K(x)VFy) + [p(x)(H —h) + ¢(x)] OF, _ _ OFy

Rearranging the terms, (A5) yields (5) for each subdomain in any given geological realization. Expressions
for v(x) and {i(x) are determined by enforcing consistency between the moments obtained by integration
of Fj, obeying the CDF equation

Himax H,
h:Hmax_j.Hmth(H; x)dH7 Ui:Hrznax_sz

" HEF,(H; x)dH —h° (A6)

min

and the moment equations satisfied by h(x) and o7 (x), as in Boso and Tartakovsky (2016), Boso et al.
(2018), and Yang et al. (2019). These expressions assume the random variable h(x) and the corresponding
CDF F,(U;x) to be defined on the interval [Huin, Hmax)-

Since Fp(Hmin; X) =0 and Fj,(Hmax; X) = 1, integrating (A5) over H yields
V- (K(x)Vh)={(x) =g(x). (A7)
Multiplying both sides of (A5) by H, integrating the resulting equation over H and accounting for (A7) yields
V- (K(x)Vo7)+2K (x)Vh - Vi — 2v(x)0; = 0. (A8)

We obtain first-order approximations for h(x) and o (x), respectively h(x) and &7, by solving

KVZE +p=8 pix)=K;V- [)l(l_r})lc ViCrngxl; xeQ;, xeQ (A9)

and
K.V%G, +2V(x) =0, x € Q. (A10)

Here Cyy(x, x) is the first-order approximation (in o3, of the cross-covariance (Y’ (x)n (x)) and

V =R lm[Veh® - VaCyy(x, %)= Vy - VaCi(x, x)]+e/*g(x) Cyn(x, x), (Al1)

X=X

with y € Q, and Cy(x, x) denoting the first-order approximation of auto-covariance (h'(x)h’(x)) of the
hydraulic head h(x). The derivation via perturbation expansion of (A9) and (A10) is illustrated in
Appendix B, where we also derive the corresponding boundary and interface conditions. On the other
hand, approximations of i(x) and o2, denoted respectively by H(x) and g, satisfy the moment equations,
which are obtained via a perturbation expansion (Appendix B).

We impose equivalency (up to the first order in ¢3) between the equations for the mean, (A7) and (A9), and
between the equations for the variance, (A8) and (A10). This results in the following expressions for the clos-
ing terms v(x) and {(x):

v=(KVh-Vh-V)/oi, {(=—p. (A12)

Substituting these expressions in (A5) yields (5) and (6).

The derivation of boundary conditions for the CDF equation is consistent with the derivation of the CDF
equation. Using the definition of IT and taking the ensemble average leads to the boundary condition along
T'p for the CDF equation, without any closure approximation,

Fy =F¢(H,’ x), x eTlp, (A13)

where Fy4(H;x) is the single-point CDF for the random boundary head ¢(x). For the Neumann boundary
condition in (2), we multiply by JIT/0H to obtain
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—K(x)VII -n(x)=—¢ g%, x ely. (A14)

Ensemble averaging of (A14) yields

—K(x)VF, -n(x)=-¢ OF + <K’ 6H’> - <(p’ 6H’>7 x €ly. (A15)

¥ oH oH oH

Like with the closure developed for (3), we impose

_0Fy, — oFy,

~¢ g+ (E(H ~h(0)+n(x) 3, x €Ty (A16)

—K(x)VFy -n(x) =
and express y(x) and 5(x) as in (7) to ensure consistency with the boundary conditions of the moment
equation (Appendix B). Due to the continuity of & at the interface, the CDF F), satisfies the continuity
condition

Fp,(x) = Fp,(x), x €Ty (A17)

To derive the flux continuity condition at the interface I'y, we introduce &}, an envelope of its segment
C;cl'; with the bounding surface d&;. Integrating (5) over &j; and using the Gauss-Ostrogradsky theorem
yields

_ 9
J sy K ViFy -1 dx + B Vg3 UFn dx = [ 5,vFy dx. (A18)

As the envelope's thickness (in the direction orthogonal to Cj;) goes to zero, while keeping the length of Cj;
fixed, the volume |&;| — 0 and (A18) reduces to

.[Ci/KiVthi -y dx = yci/Kijth Y dx. (A19)

That is because the integrands of both volumetric integrals, UF), and vF}, are finite due to the continuity of
the moments of h. Since (A19) is satisfied on any Cy;, (A19) leads to (9).

Appendix B: Moment Differential Equations

The moment differential equations (MDESs) for highly heterogeneous media composed of distinct geological
facies have been widely investigated in the hydrology community. Here, we present the combination of ran-
dom domain decomposition (RDD) and statistical moment equations (SMEs) implemented by Tchelepi and
Li (2004). The formulation of SMEs and their boundary conditions for each facies is analogous to the case of
statistically homogeneous porous media, and it is summarized below. These formulations are based on per-
turbation expansion of the log-conductivity field in each facies and are formally valid for cr%,l_ /2<1, although

they remain robust for of, as large as 4.

In order to obtain an equation for the ensemble mean of the hydraulic head in a given geological map a, we
introduce log-hydraulic conductivity Y (x) = InK(x) where Y(x) = Y; when x € Q;. In each subdomain i, the
log-conductivity is - second-order stationary multivariate Gaussian, with constant mean Y; and variance o

Y= <Yl 2>. Hence, if the number of subdomains is greater than 1, the log-conductivity Y(x) has spatially

varying mean Y (x) and variance o% (x).

Here and in the following, both « and (/) indicate the ensemble mean of the random quantity &/. We employ
the Reynolds decomposition of the log-conductivity Y (x) = Y (x)+Y’(x), so that K(x) = exp(Y) = Kg(x)exp
(Y’), where K¢ (x) = exp(Y) is the geometric mean of the hydraulic conductivity K. Then, we rewrite (1) as
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V- (Kg(x)e¥'Vh) =g(x), x€Q, (B1)

where Kg(x) = Kg; for x € Q;. We expand exp(Y') into a Taylor series around Y’(x) = 0. Taking the ensem-
ble average of the resulting equation and recalling that all odd moments of a Gaussian Y'(x) are zero yields

V- (Kg(x)Vh)+V - (Kg(Y'VR'))+h.o.t. =g(x), (B2)

where h.o.t. refers to the terms of order higher than o2. We expand h and <Y'Vh/> into asymptotic series in
the powers of o2,
n=n"+n" v, vy = v)Y ¢ y've)@ o (B3)

where the superscript ™ indicates the order of the term with respect to o%.

An approximation of the ensemble mean is then computed recursively, solving differential equations
obtained by retaining the terms of equal powers of o3":

_ _ 1 _
V. (keVR ) =g, V. (KVR")4V- (Ko(Y'VR)!") 45V - (Keo2Vh"”) = 0. (B4)

The unknown term (Y’ (x)Vh(x)>(1) is computed as (Y'Vh>(l) = limyx[VxCyn(x, x)], where Cyy(x, x) =

(Y (x)h(x)) s the first-order approximation of the cross-correlation between log-conductivity and hydrau-
lic head. The latter satisfies (Yang et al., 2019)

Ve (Ko VxCyi)+ Vs - (KCyVah”) =0, 3, x€Q, (BS)
subject to the boundary conditions
Cy,=0, x€Tlp; KgVyCyp - n(x) :$Cy, x€ely. (B6)

Here Cy (x, x) = (Y'(x)Y’(x)) is an auto-covariance function of the log-condunctivity Y(x). In most applica-
tions, the conductivities of two different subdomains ©; and Q; are uncorrelated, that is, Cy(y,x) = 0 when
x€Q; and x€Q; (i#)). The relative importance of cross-correlations between conductivities of
different geological units was investigated in Winter et al. (2006). Once Cyy(x, X) is evaluated, we compute

V«Cyn(x, %) and then evaluate (Y’Vh>(1> =limy_x Vi Cyhyx)-

We approximate the mean head h to first order in 0% as “h = R —+ 7", Since in each subdomain Q; the con-
ductivity field is second-order stationary, (B4) gives rise to

270 27 (1) . oy,
KgiV'h'~ =g, KgiV'h'" +Kg,;V - [}1(1_1}1]1( VxCYh(X‘x)]+Tg— 0, x € Q. (B7)

Summing up these two equations,

KiV2h + K,V - [lim ViCypyn] = (1 — 0% /2)g, XEQ, xeq. (BS)
b !

Next, we use the fact that (1 — 03, /2) ~ exp(—0¥, /2) aslong as o3, /2<1. With this approximation, and since

K;=Kg,; exp (c%,[ /2), (B8) yields (A9). A similar procedure leads to the boundary conditions
h=¢(x), xeTp; —-KVh-n(x)=p(x). xeTy. (B9)

Subtracting the sum of the two equations in (B4) from (B1) yields an equation for the head fluctuations
W ~h-—h. Multiplying the latter with h’(x) and taking the ensemble mean yields an equation for the
first-order approximation of the head variance, Ef,(x),
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V- (KgV3?)—2K (VR Vi)Y + 2K VR - (wvy) ) = —2gCyu(x, x), x€Q. (B10)
Using the already evaluated cross-correlation Cyy(x, x), we compute (h'VY”) () as the limit (W'VY') W= lim,,
[V4Cyn(x, x)]. To obtain a workable expression for the unknown term (Vi'-Vh')Y | we solve the following
equation for the first-order approximation of the hydraulic head's auto-covariance function, Cj(x, )=
()R o)™,
(0
Vi (KoVaCi)+KoVaCrn(x, 1) - Vb = gCru(x, 1), %, x € Q, (B11)
subject to the following boundary conditions
Ch=Cen(x,x), x€Tp; KGVxCh - n=Cyn(x, x)—9PCyn(x, x), x €Tn. (B12)
Once Cj(x, x) is computed, we evaluate (Vh'-Vh')V) = limy_.x[Vx - V4Ci(x, x)]. Then, writing (B10) for
individual subdomains Q; and multiplying the resulting equations with exp(oii /2) leads to the closed equa-
tions (A10) for an approximation of the head variance, subject to boundary conditions
Efl = oi, x €Tp; K(;ngi ~n=2Cyy(x, x)=2¢Cyp(x, x), x € Ty. (B13)
The cross-covariances Cgp(X, x) and Cy,(X, ) in (B12) and (B13) are derived by multiplying the equation for
the head fluctuations h’(x) with ¢’ and ', respectively (Neuman et al., 1996).
As an alternative, 5?1 can be computed by taking the limit of the head's auto-covariance function Cj(x, x), that
is, 5;, = lim,_Cp(x, x).
Data Availability Statement
There are no data sharing issues since all of the numerical information is provided in the figures produced by
solving the equations in the paper.
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