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Abstract Probabilistic models of subsurface flow and transport are required for risk assessment and
reliable decision making under uncertainty. These applications require accurate estimates of confidence
intervals, which generally cannot be ascertained with statistical moments such as mean (unbiased estimate)
and variance (a measure of uncertainty) of a quantity of interest (QoI). The method of distributions provides
this information by computing either the probability density function or the cumulative distribution
function (CDF‐) of the QoI. The standard method can be orders of magnitude faster than Monte Carlo
simulations (MCS) but is applicable to stationary, mildly to moderately heterogeneous porous media in
which the coefficient of variation of input parameters (e.g., log‐conductivity) is below four. Our
CDF‐random domain decomposition (RDD) framework alleviates these limitations by combining the
method of distributions and RDD; it also accounts for uncertainty in the geologic makeup of a subsurface
environment. For a given realization of the geological map, we derive a deterministic equation for
the conditional CDF of hydraulic head of steady single‐phase flow. The solutions of this equation are then
averaged over realizations of the geological map‐ to compute the hydraulic head CDF. Our numerical
experiments reveal that the CDF‐RDD method remains accurate for two‐dimensional flow in a porous
medium composed of two heterogeneous hydrofacies, a setting in which the original CDF method fails. For
the same accuracy, the CDF‐RDD method is an order of magnitude faster than MCS.

1. Introduction

Reliable and accurate predictions of subsurface flow and transport are notoriously elusive due to insufficient
site characterization, whichmanifests itself in uncertainty about a site's geologicalmakeup, spatial variability
of its hydraulic properties, external forcings (e.g., initial and boundary conditions, recharge), and so forth.
This uncertainty is characterized by treating input parameters as random fields (Dagan & Neuman, 1997)
and solving a stochastic version of the governing equations, whose solutions are probability density functions
(PDFs) or cumulative distribution functions (CDFs) of model outputs such as hydraulic head or solute con-
centration. While Monte Carlo (MC) simulations (MCS) can be, and often are, used to compute those, they
require a large number of forward model runs (MC realizations) to converge. This number increases with
the degree of uncertainty in the quantities of interest (QoIs), as quantified, for example, by their variances.

Numerical sampling‐based strategies for computing PDFs or CDFs of system states, designed to beat MCS in
terms of the computational cost, include multilevel MC (Taverniers & Tartakovsky, 2020) and various forms
of quasi‐MC (Caflisch, 1998). The method of distributions obviates the need for sample generation by deriv-
ing deterministic equations for PDFs or CDFs. It relies on stochastic averaging techniques similar to those
routinely used to derive (deterministic) moment differential equations for the first two statistical moments
of system states (Likanapaisal et al., 2012; Neuman et al., 1996, and the references therein). The performance
of these methods deteriorates with the degree of subsurface heterogeneity, as quantified by the correlation
lengths and variances (or, more precisely, coefficients of variation) of the input parameters. Short correlation
lengths give rise to the so‐called curse of dimensionality, which makes polynomial chaos‐based techniques
slower than MCS. Large variances undermine the veracity of perturbation‐based moment differential equa-
tions and PDF/CDF equations.

Probabilistic computations become even more challenging when PDFs of the input parameters exhibit mul-
timodality and/or lack of statistical homogeneity (stationarity). These are manifestations of the presence of
multiple geologic materials with distinct (heterogeneous and uncertain) hydraulic and transport properties.
Random domain decomposition (RDD) (Winter & Tartakovsky, 2000, 2002) ameliorates these complications

©2020. American Geophysical Union.
All Rights Reserved.

RESEARCH ARTICLE
10.1029/2020WR027643

Key Points:
• Our method combines the random

domain decomposition and the
method of distributions

• The method accounts for geologic
and parametric uncertainties

• The method handles high
heterogeneity and is orders of
magnitude faster than Monte Carlo

Correspondence to:
D. M. Tartakovsky,
tartakovsky@stanford.edu

Citation:
Yang, H. J., Boso, F., Tchelepi, H. A., &
Tartakovsky, D. M. (2020). Method of
distributions for quantification of
geologic uncertainty in flow
simulations. Water Resources Research,
56, e2020WR027643. https://doi.org/
10.1029/2020WR027643

Received 1 APR 2020
Accepted 20 MAY 2020
Accepted article online 24 MAY 2020

YANG ET AL. 1 of 15

https://orcid.org/0000-0002-9066-0736
https://orcid.org/0000-0001-9019-8935
https://doi.org/10.1029/2020WR027643
https://doi.org/10.1029/2020WR027643
mailto:tartakovsky@stanford.edu
https://doi.org/10.1029/2020WR027643
https://doi.org/10.1029/2020WR027643
http://publications.agu.org/journals/


by representing a heterogeneous subsurface environment as a union of distinct geological units or hydrofa-
cies. By construction, hydraulic and transport properties of each unit are treated as unimodal, statistically
homogeneous random fields with relatively small variances; boundaries between the units, reconstructed
from hard and/or soft data, can be uncertain as well. RDD has been used to dramatically enhance the per-
formance of moment differential equations (Winter et al., 2003), generalized polynomial chaos expansions
(Xiu & Tartakovsky, 2004), and stochastic collocation methods (Lin et al., 2010). Here, we use RDD to derive
a deterministic equation for the CDF of hydraulic head for flow in highly heterogeneous aquifers with uncer-
tain geology, hydraulic properties, and external forcings.

This approach, which we refer to as CDF‐RDD, is presented in section 2. It combines the CDF method for
flow in statistically homogeneous porous media (Yang et al., 2019) with RDD that accounts for geologic
uncertainty (Guadagnini et al., 2003). In section 3, we demonstrate the accuracy and computational effi-
ciency of CDF‐RDD via a series of numerical experiments dealing with two‐dimensional steady‐state flow
in a porous medium composed of two materials whose spatial arrangement and hydraulic conductivity
are uncertain. Main findings and conclusions drawn from our study are summarized in section 4.

2. Problem Formulation and its Probabilistic Solution

Consider a subsurface environment Ω composed of Ngu non‐overlapping geological units Ωi. A spatial
arrangement of these units can be provided by expert opinion in the form of a geological map. When suffi-
cient data (measurements of hydraulic conductivity or other discriminating attributes of hydrofacies) are
available, one might be able to reconstruct such a map by using geostatistics—for example, indicator
Kriging (Guadagnini et al., 2004), object‐based geostatistics (Deutsch & Tran, 2002), and multipoint geosta-
tistcs (Strebelle, 2002)—or machine learning tools such as support vector machines (Wohlberg et al., 2005)
or nearest‐neighbor estimators (Tartakovsky et al., 2007). Regardless of the method used, the resulting geo-
logical maps are invariably uncertain.

Steady‐state d‐dimensional groundwater flow in such an environment is described by a differential equation

∇ · ½KðxÞ∇hðxÞ� ¼ gðxÞ; x ¼ ðx1;…; xdÞ⊤ ∈ Ω; (1)

where K(x) is hydraulic conductivity of the porous medium Ω, h(x) is hydraulic head, and g(x) represents
point and/or distributed sources and sinks. The groundwater flow‐ (1) is subject to boundary conditions

hðxÞ ¼ ϕðxÞ; x ∈ ΓD; − KðxÞ∇hðxÞ · nðxÞ ¼ ψðxÞ; x ∈ ΓN : (2)

Here ϕ(x) and ψ(x) are the hydraulic head and the normal component of the Darcy flux q(x) = −K(x)∇h(x)
prescribed, respectively, on the Dirichlet (ΓD) and Neumann (ΓN) segments of the boundary ∂Ω = ΓD∪ΓN of
the flow domain Ω; and n(x) is the outward unit normal vector to ΓN.

An unknown/unknowable spatial distribution of the hydraulic conductivity K(x) has to be estimated from
measurements K(xn) collected at Nmeas (well) locations xn∈Ω (n = 1,…,Nmeas). The presence of multiple

hydrofacies Ωi manifests itself in a histogram of the measurement set fKðxnÞgNmeas
n ¼ 1 (an estimate of the

PDF of K) that exhibits multimodal behavior and large standard deviation σK‐. This typical setting would
increase the computational cost of MCS and invalidate the perturbation‐based moment differential equa-
tions (Likanapaisal et al., 2012) and PDF/CDF equations (Yang et al., 2019), both of which require the per-
turbation parameter σ2Y (the variance of log‐conductivity Y ¼ lnK) to be relatively small.

We tackle this challenge by using RDD described in section 2.1. It is deployed in section 2.2 to account for
geologic and parametric uncertainties in the context of the method of distributions. An efficient numerical
implementation of the resulting CDF‐RDD approach for computing the CDF Fh(H;x) of hydraulic head h(x)
is described in section 2.3.

2.1. Random Domain Decomposition

RDD treats the porous medium Ω and its hydraulic conductivity K(x) as a two‐scale stochastic process. The
large scale represents geologic uncertainty, such that a random variable α with the PDF fα(a) encapsulates
alternative representations of a site's geology, that is, uncertain spatial extent of the facies Ωi (i = 1,…,Ngu).
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The random α can represent a parameter (or a set of parameters) in a functional representation of the inter-
faces between geological facies or, as in the present study, a label of alternative geological models prepared
by experts. The small scale accounts for random variability of the hydraulic conductivity K(x) within each
facies Ωi, which is quantified by the PDF fK(k;x∈Ωi). Combining the two scales of uncertainty, hydraulic
conductivity K(x) is characterized by the joint PDF fK,α(k,a;x) = fK|α(k;x|α = a)fα(a), where fK|α is the PDF
of K conditioned on a given geologic map with label a.

By construction, the random hydraulic conductivity K(x) of each subdomainΩi is statistically homogeneous,
with unimodal conditional PDFs fK|α = a(k;x∈Ωi|α = a) and relatively small variances σ2Yi

of

log‐conductivity Yi = Y(x) for all x∈Ωi. We model the hydraulic conductivity of each facies, Ki ≡ K(x) for

all x∈Ωi, as a second‐order stationary multivariate log‐normal field with constant mean Ki and variance
σ2Ki

. It has a correlation function ρKi
ðr=ℓKiÞ, where ℓKi is the correlation length and r = |x−y| is the distance

between any two points x,y∈Ωi. To simplify the presentation, we assume Ki(x) and Kj(x) with i≠j to be
mutually uncorrelated; RDD can readily account for cross‐correlations between hydraulic properties of dif-
ferent facies at the cost of slightly increased mathematical complexity (Winter et al., 2006).

With these preliminaries, we replace (1) with

∇ · ½KiðxÞ∇hiðxÞ� ¼ gðxÞ; x ∈ Ωi; i¼ 1; …; Ngu; (3)

which is subject to boundary conditions (2) and the continuity conditions

hiðxÞ ¼ hjðxÞ; KiðxÞ∇hiðxÞ · niðxÞ ¼ KjðxÞ∇hjðxÞ · njðxÞ; x ∈ Γij; (4)

defined on the contact interfaces Γij =Ωi∩Ωj between the adjacent facies Ωi and Ωj (i≠j). In (3) and (4), the
subscript of h indicates the hydraulic head inside the corresponding facies. This problem formulation is
beneficial because it enables one to use small variances σ2Yi

within each facies Ωi as perturbation para-

meters. This has been done before to derive moment differential equations (Winter et al., 2003); here,
we use it to derive a deterministic equation for the full CDF of hydraulic head.

2.2. Combined CDF‐RDD Approach

For a given geological map, defined by the label (realization) α = a, we show in Appendix A that the condi-
tional CDF Fh|α(H;x|α = a) of hydraulic head h(x) in (3) satisfies a deterministic (d+1)‐dimensional differen-
tial equation

∇ · ðK ðxÞ∇FhjαÞþ
∂ðUFhjαÞ

∂H
¼ υFhjα; ex ¼ ðx1;…; xd;HÞ⊤ ∈ eΩ: (5)

The (ensemble) averaged hydraulic conductivityK ðxÞ takes the constant value ofKi for x∈Ωi, where i = 1,…,
Ngu. The PDF equation (5) is defined on the domain ˜Ω ≡Ω × ðHmin; HmaxÞ , where Hmin and Hmax are,
respectively, the minimum and maximum values the hydraulic head h(x) can take in the simulation domain
Ω; and

U ¼ υðH − hÞþ∇ · ðK∇hÞþ2g; υ¼ K∇h · ∇h − Vσ2h; V ¼−
1
2
K∇2σ2h: (6)

The coefficients in (6) contain the conditional mean, h , and variance, σ2h , of hydraulic head h(x) at x∈Ω.
These statistical moments can be computed with various techniques, including MCS. In our implementa-
tion, we compute them by solving the deterministic statistical moment equations (SMEs), derived in
Appendix B, which proved to be computationally more efficient than MCS.

The CDF equation (5) is derived by deploying the self‐consistent closure approximation (Yang et al., 2019)

that ensures that the differential equations for the moments hðxÞ and σ2hðxÞ, obtained by integrating (5),
are identical to the SME derived in Appendix B. This is in contrast to the interaction‐with‐the‐mean closures
(Haworth, 2010; Pope, 2001; Raman et al., 2005) used in turbulence and combustion. The latter fails to
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preserve a system state's variance and, under certain conditions, even its mean (Boso & Tartakovsky, 2016;
Yang et al., 2019).

Boundary and interface continuity conditions for the CDF equation (5) are derived in Appendix A. If the
boundary functions ϕ(x) and ψ(x) are uncertain and treated as random fields with one‐point CDFs Fϕ(x)
and Fψ(Ψ;x), then (5) is subject to boundary conditions

Fhjα ¼ Fϕ; x ∈ ΓD; −∇Fhjα · n¼ ½γðxÞðH − hÞþηðxÞ�∂Fhjα
∂H

; x ∈ ΓN ; (7)

where

γðxÞ ¼ Kσ2h · n

2σ2h − 4h
2 ; ηðxÞ ¼ K∇h · n − ψ; (8)

ψðxÞ is the mean of the boundary flux ψ(x), and ΓD and ΓN are portions of the Dirichlet and Neumann bound-

aries, respectively, that intersect Ω. At the contact interface Γij, (5) is subject to the continuity conditions

Fhi jαðxÞ ¼ FhjjαðxÞ; Ki∇Fhi jα · ni ¼ Kj∇Fhj jα · nj; x ∈ Γij: (9)

Finally, the general property of a CDF provides the remaining boundary conditions in H space,

FhðH ¼Hmin; xÞ ¼ 0; FhðH ¼Hmax; xÞ ¼ 1: (10)

The straightforward formulation for the boundary conditions in the phase space is a key advantage of CDF
equations over PDF equations, for which the corresponding boundary conditions have to be supplemented
with the conservation of probability condition.

We recall that a combination of the solutions to (5)–(10) in each subdomain Ωi is the conditional CDF Fh|α,
that is, the CDF of h conditioned on a given geological map with the label α = a. This boundary value pro-
blem has to be solved repeatedly for different geological realization α. The average of these solutions over all
possible realizations of α is the CDF Fh(H;x),

FhðH; xÞ ¼ ∫FhjαðH; xjα¼ aÞf αðaÞda: (11)

The latter provides a probabilistic prediction of hydraulic head h(x), which accounts for uncertainty in both
the site geology and hydraulic conductivity.

2.3. Numerical Implementation

Numerical solution of the boundary value problem (5)–(10) is computed in three steps. The first step involves
finite‐volume solutions of the moment equations (B4)–(B13), that is, provides numerical approximations of

the mean and variance of the hydraulic head,hðxÞ andσ2hðxÞ. This step relies on the research code developed
by Likanapaisal et al. (2012).

The second step consists of numerical solution of (5) and (6). Among the plethora of schemes for solving a
linear advection‐diffusion‐reaction equation, such as (5), we utilize a finite‐volume scheme in which the

computation domain eΩ is divided into Nfv non‐overlapping domains eΩ1; …; eΩN fv . A finite‐volume solution

of (5) is obtained by integrating this equation over each element eΩk and using the Gauss‐Ostrogradsky

theorem to replace the volume integrals over eΩk with the surface integrals over their surface ∂eΩ,

∫
∂eΩk

ðK∇xFhjα · ne;x þ UFhjαne;HÞdex ¼ ∫eΩk
vFhjαd˜x ; ex ¼ ðx1;…; xd;HÞ⊤; (12)

where ne,x and ne,H are respectively the spatial and H‐direction components of ne, the outward unit nor-

mal vector of the interface ∂eΩk . The discrete form of (12) is

∑
l∈ adjðkÞ

TklðFðlÞ
hjα − FðkÞ

hjαÞþUþ
e F

ðkÞ
hjαAkl þ U−

e F
ðlÞ
hjαAkl ¼ vkF

ðkÞ
hjαVk; k¼ 1; …; N fv; (13)

where adj(k) is the set of neighbors of k, Vk is the volume of eΩk, and
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Tkl ¼ KklAkl

δxkl
; Uþ

e ¼Ue þ jUej
2

; U−
e ¼Ue − jUej

2
; Ue ¼Une;H : (14)

Here Kkl,Akl, and δxkl are harmonically averaged hydraulic conductivity, differential element cross‐sectional
area, and the distance between the spatially connected computational nodes k and l, respectively.

The finite‐volume implementation automatically satisfies the continuity conditions (9) when the contact
interface between the adjacent facies is defined along the computational cell boundaries. This results in con-
siderable computational speed‐up over other RDD‐based numerical schemes that enforce the continuity
iteratively (Guadagnini et al., 2003; Winter et al., 2003). Combining (13) into a single system of linear alge-
braic equations, we obtain Af = b where A is the Nfv ×Nfv coefficient matrix, b is the Nfv × 1 vector deter-
mined by the boundary conditions, and f is the Nfv × 1 solution vector for the conditional CDF Fh|α. We
use the biconjugate gradient stabilized method to solve this system. Since the coefficients of the CDF equa-

tion (5) involve ensemble averages (e.g.,K), they are smoother than their randomly fluctuating counterparts
(e.g., K). Consequently, coarser meshes (smaller values of Nfv) can be used to solve (5) than to solve MC rea-
lizations, providing an additional boost to the computational efficiency of the CDF method.

The third and last step is to compute the hydraulic head CDF Fh from its conditional counterpart Fh|α. This
step involves numerical evaluation of the integral in (11). We approximate this integration with theMC aver-
age of Nα realizations of the geological map with the label α. The numerical integration of Fh|α, used to com-
pute the marginal CDF, mean, and variance of h, is carried out with the Gaussian quadrature.

3. Numerical Experiments

We illustrate the accuracy and efficiency of the CDF‐RDD approach on two examples dealing with
two‐dimensional mean uniform and convergent flows in a statistically inhomogeneous environment com-
posed of distinct heterogeneous facies. These examples represent two typical flow scenarios. The first is

Figure 1. Equiprobable geological models used in our numerical experiments.
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regional flow driven by externally imposed hydraulic head gradient, and the second is radial flow towards a
pumping well.

In both flow regimes, the flow domain Ω, a square of unit dimensionless length (normalized with the
domain size L), is composed of Ngu = 2 facies whose uncertain spatial arrangement is represented by four
different equiprobable geological models labeled by α (Figure 1). These models are generated using multi-
point geostatistics, specifically SNESIM algorithm (Strebelle, 2002), and assumed to represent alternative‐
geological maps prepared by experts. The log‐hydraulic conductivity of each subdomain, YiðxÞ ¼ lnKiðxÞ
(i = 1, 2), is a second‐order stationary multivariate Gaussian field with the isotropic exponential correlation
functionρYi

ðrÞ ¼ expð−jx − yj=ℓYiÞ and the dimensionless (normalized with L) correlation lengthℓYi. In the

simulations reported below, we set Y 1 ¼ 0, Y 2 ¼ 5, σ2Y 1
¼ σ2Y 2

¼ 1, and ℓY 1 ¼ 0:3.

Themean uniform flow is driven by a constant hydraulic head gradient J≡(hout−hin)/L = 0.1, with the deter-
ministic dimensionless hydraulic heads hin = 1.1 and hout = 0.1 (normalized with the reference hydraulic
head href) along x1 = 0 and x1 = 1, respectively. The radial flow is induced by a pumping well at the center
of the domain, (x1, x2) = (0.5, 0.5), which is controlled by a fixed dimensionless hydraulic head of hwell = 0.1;
the boundary head hD along x1 = 0 and x1 = 1 is now uncertain and modeled as a Gaussian field with the

mean hD ¼ 1:0 and variance σ2hD ¼ 0:04. For both flow scenarios, no‐flow boundary conditions are applied

at the bottom and top boundaries (x2 = 0 and x2 = 1).

The computation domain eΩ ≡ Ω × ðHmin ¼ 0; Hmax ¼ 1:2Þ is discretized using 45, 45, and 120 nodes in the
x1, x2, and H directions, respectively. Thus, the total number of grid elements, Nfv, is 243,000.

Figure 2. Mean (left column) and variance (right column) of hydraulic head in mean uniform flow (top row) and flow to a well (bottom row). These moments are
alternatively computed with Monte Carlo simulations (MCS‐), the RDD‐enhanced SME (SME‐RDD), and evaluating the moments of Fh in the CDF equation with
and without RDD (CDF and CDF‐RDD, respectively).
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We compare the performance of our CDF‐RDD method with that of MCS. For each geological model, equi-
probable MC realizations of Yi(x) are generated by the sequential Gaussian simulator (Deutsch & Journel,
1998). Our convergence study of the two flow scenarios revealed that, for each geological model, it takes
NMCS = 104 realizations for MCS estimates of the exceedance probabilityP½hðxÞ > H� ¼ 1 − FhðH; xÞ to sta-
bilize with less than 0.01 of the coefficient of variation. Hence, the total number of MCS realizations is
NMCS = 4·104, a prohibitively large number in most applications of practical significance.

3.1. Accuracy of the CDF Method

Both the SME‐ and the CDF equation are derived via perturbation expansions in the variance of
log‐conductivity. If one were to treat the porous medium in Figure 1 as a single continuum, it would be char-

acterized by the variance σ2Y ∼ ðY 1−Y 2Þ2 (Winter et al., 2003); for the parameters used in our experiments,

σ2Y ≈ 7. Such a large variance is expected to undermine the accuracy of the moment and CDF equations

derived without recourse to RDD. Figure 2 demonstrates this to be the case even for the mean,hðxÞ, and var-
iance,σ2hðxÞ, of the hydraulic head h(x), let alone its CDF. This figure compares the results of MCS, which are

Figure 3. Spatial maps of exceedance probability P½hðxÞ > H ¼ 0:85� ¼ 1 − FhðH ¼ 0:85; xÞ obtained with MCS (top row), the CDF method (center row), and
CDF‐RDD (bottom row) for mean uniform flow (left column) and convergent flow (right column).
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treated as exact, with three alternative methods for computing these statistics: the RDD‐enhanced SME, and
evaluating the moments of Fh in the CDF equation with and without RDD. Figure 2 shows that the CDF

method without RDD fails to predict the hydraulic head mean h and variance σ2h with reasonable
accuracy. Yet, the moments computed with SME‐RDD and CDF‐RDD are in close agreement with those
computed via the reference MCS in both flow scenarios. By construction, Fh obtained from the CDF

method is to have the same moments h and σ2h as their counterparts computed with SME; a slight (about

0.2% for h and 4.7% for σ2h) disagreement between the two is due to the numerical error in computing the
quadratures.

A natural interpretation of the hydraulic head CDF Fh(H; x) is the probabilityP½hðxÞ > H� ¼ 1 − FhðH; xÞof
hydraulic head h(x) at point x exceeding a mandated value H. Such exceedance probability maps are
required for probabilistic risk assessment and delineation of, for example, sustainable yield areas or well pro-
tection zones with a desired confidence level. The maps ofP½hðxÞ > 0:85�obtained with CDF‐RDD andMCS
are virtually indistinguishable (by the “eyeball measure”) from each other and appreciably different from the
map constructed via the CDF approach without RDD (Figure 3). Figure 4 elaborates this point further by
presenting the CDF estimates Fh(H; x), obtained with MCS, CDF‐RDD, and the CDF method, at several
points x in the computational domain.

A more quantitative comparison between the alternative CDF (or exceedance probability) estimates is pro-
vided by the first Wasserstein distance (aka Earth Mover's metric) (Boso & Tartakovsky, 2016; Yang et al.,
2019),

DðxÞ≡ ∫
Hmax

Hmin
j FhðH; xÞ−FMCS

h ðH; xÞ j dH; Dave ¼ 1
V
∫Ω DðxÞdx; (15)

where V is the volume of the simulation domain Ω, FMCS
h ðH; xÞ is the “exact” CDF computed via MCS,

and Fh(H; x) is its approximation obtained from either the CDF‐RDD method or the original CDF equa-
tion. In the two flow regimes considered, DðxÞ of the original CDF method is relatively large throughout

Figure 4. Hydraulic head CDFs Fh computed with MCS, CDF method, and CDF‐RDD at selected locations x = (x1, x2)
⊤ in the simulation domain for the mean

uniform flow (top row) and the convergent flow (bottom row).
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the simulation domain, being larger than 0.15 for the mean uniform flow and 0.09 for the convergent flow
(Figure 5). The Wasserstein distance for the proposed CDF‐RDD approach is an order of magnitude
smaller, not exceeding 0.035 for mean uniform flow and 0.016 for convergent flow. These results
demonstrate that RDD extends the CDF method to statistically inhomogeneous formations with
complex and uncertain geology.

3.2. Computational Efficiency of CDF‐RDD

The CDFmethod has been shown to be an order of magnitude faster than MCS in statistically homogeneous
media (Yang et al., 2019). Instead of multipleMC solves of the d‐dimensional groundwater flow equation (1),
it solves a single (d+1)‐dimensional CDF equation (5). The relative smoothness of the coefficients in the
CDF and moment equations allows for the use of coarser meshes and increases the efficiency of a linear sol-
ver. The proposed CDF‐RDD method retains these features, and hence, one should expect it to be computa-
tionally more efficient than MCS in complex geologic settings as well.

These general considerations are confirmed by Table 1, which collates the computational cost and accuracy
(expressed in terms of the average Wassertein distanceDave) of the CDF method and CDF‐RDDmethods. It
takes NMCS = 6,040 and NMCS = 7,320 MC realizations to obtain the discrepancy levels of CDF‐RDD in the

Figure 5. Spatial maps of the Wasserstein distanceDðxÞ between the “exact” MCS estimate of the hydraulic head CDF FMCS
h and its approximations provided by

either the CDF method (top row) or CDF‐RDD (bottom row), for the mean uniform flow (left column) and the convergent flow (right column).

Table 1
Computational Times and Accuracy of MCS and the CDF and CDF‐RDD methods

Flow regime Method Error Dave CPU time (min)

Mean uniform flow CDF method 3.46·10−2 2.95·100

CDF‐RDD 6.56·10−3 9.07·100

MCS with NMCS = 6040 6.56·10−3 1.07·102

MCS with NMCS = 4·104 0 8.43·102

Convergent flow CDF method 3.2·10−2 3.08·100

CDF‐RDD 4.90·10−3 1.13·101

MCS with NMCS = 7320 4.90·10−3 1.35·102

MCS with NMCS = 4·104 0 8.61·102
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mean uniform flow and convergent flow, respectively. For the same discrepancy level, CDF‐RDD is an order
of magnitude faster than MCS. The discrepancy level of the CDF method without RDD is relatively large,
Dave≈ 0.03, but it provides a fourfold speed‐up relative to CDF‐RDD.

4. Summary and Conclusions

We proposed the integrated CDF‐RDD framework to quantify geologic and parametric uncertainty in
groundwater flow models. The original CDF method for groundwater modeling (Yang et al., 2019) provides
a computationally efficient alternative to MCS, but its applicability is limited to statistically homogeneous
fields. This limitation has been overcome by deploying RDD (Winter & Tartakovsky, 2000). A key compo-
nent of CDF‐RDD is the derivation of a deterministic equation satisfied by a conditional CDF Fh|α, the
CDF of hydraulic head h(x) conditioned on a realization (labeled by α) of the site geology. The sample aver-
age, over alternative geological maps (multiples values of α), of the solutions of this CDF equation yields the
hydraulic head CDF Fh. We performed a series of numerical experiments to demonstrate the accuracy and
computational efficiency of the CDF‐RDD method. Our study leads to the following conclusions.

• The CDF‐RDD method yields accurate estimates of the hydraulic head CDF (exceedance probability) for
statistically inhomogeneous porous media in both linear and radial flow regimes.

• Unlike its original incarnation, the CDF‐RDDmethod accounts for geologic uncertainty and is applicable
to highly heterogeneous subsurface environments.

• For the same accuracy, the CDF‐RDD method is an order of magnitude faster than MCS in both radial
and linear flow regimes.

• The CDF‐RDD method provides information that is necessary for probabilistic risk assessment and rare
event analysis.

Appendix A: CDF Equation for Flow in Composite Porous Media
Our goal is to compute, for each geological map α,P½hðxÞ ≥ H�≡ FhjαðH; xÞ, the probability of an uncertain

model prediction of the hydraulic head h(x), at any point x in the subdomain Ω, exceeding a value H. To
simplify the notation, we omit the reference to α in the following formulations. Let us consider a functional
Π½H; hðxÞ�≡H½H − hðxÞ� defined in terms of the Heaviside function Hð· Þ. By definition, the single‐point
CDF of h, Fh, is computed as the ensemble mean of Π, over all possible values of the random variable h at
any point x∈Ω,

FhðH; xÞ ¼ Π½H; hðxÞ�h i: (A1)

Multiplying (1) with −∂Π/∂H and accounting for the equality ∇Π = −(∂Π/∂H)∇h, we obtain a stochastic
(d + 1)‐dimensional PDE for Π,

∇ · ðK∇ΠÞ − K
∂2Π
∂H2 ∇h · ∇h¼− g

∂Π
∂H

: (A2)

Next, we consider a perturbation expansion for the random variables K(x) andΠ(U; x) in (A2), which are ex-

pressed as the sum of their ensemble means and zero‐mean fluctuations around these means, K ¼ K þ K′
and Π = Fh+Π′. Ensemble averaging of the resulting equation yields

∇ · ðK ðxÞ∇FhÞ þ M ¼−g
∂Fh

∂H
; M ≡∇ · K′∇Π′h i − K

∂2Π
∂H2 ∇h · ∇h

� �
; (A3)

which requires closure approximations to render the mixed moments computable. We use the modified
interaction‐by‐exchange‐with‐the‐mean closure (Boso & Tartakovsky, 2016; Yang et al., 2019) for the
unknown mixed moments in (A3),

M ≈ ½υðxÞðH − hÞ þ ζ ðxÞ�∂Fh

∂H
; (A4)

where hðxÞ is the mean hydraulic head, and υ(x) and ζ(x) are the closure variables determined below.
Finally, we obtain a closed CDF equation
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∇ · ðK ðxÞ∇FhÞ þ ½υðxÞðH − hÞ þ ζðxÞ� ∂Fh

∂H
¼−g

∂Fh

∂H
; x ∈ Ω: (A5)

Rearranging the terms, (A5) yields (5) for each subdomain in any given geological realization. Expressions
for υi(x) and ζi(x) are determined by enforcing consistency between the moments obtained by integration
of Fhi obeying the CDF equation

h ¼Hmax − ∫
Hmax

Hmin
FhðH; xÞdH; σ2h ¼H2

max − 2∫
Hmax

Hmin
HFhðH; xÞdH − h

2
(A6)

and the moment equations satisfied by hðxÞ and σ2hðxÞ, as in Boso and Tartakovsky (2016), Boso et al.
(2018), and Yang et al. (2019). These expressions assume the random variable h(x) and the corresponding
CDF Fh(U; x) to be defined on the interval ½Hmin; Hmax�.
Since FhðHmin; xÞ ¼ 0 and FhðHmax; xÞ ¼ 1, integrating (A5) over H yields

∇ · ðK ðxÞ∇hÞ− ζðxÞ ¼ gðxÞ: (A7)

Multiplying both sides of (A5) byH, integrating the resulting equation overH and accounting for (A7) yields

∇ · ðK ðxÞ∇σ2hÞþ2K ðxÞ∇h · ∇h − 2υðxÞσ2h ¼ 0: (A8)

We obtain first‐order approximations for hðxÞ and σ2hðxÞ, respectively ehðxÞ and eσ2
h, by solving

Ki∇2eh þ ρi ¼ g; ρiðxÞ ¼ Ki∇ · ½lim
χ→x

∇xCYhðχ ;xÞ�; x ∈ Ωi; χ ∈ Ω (A9)

and

K i∇2eσ2
h þ 2VðxÞ ¼ 0; x ∈ Ωi: (A10)

Here CYh(x, χ) is the first‐order approximation (in σ2Y ) of the cross‐covariance Y ′ðxÞh′ðχÞ� �
and

V ≡ K ilim
χ→x

½∇xh
ð0Þ · ∇xCYhðx; χÞ−∇χ · ∇xChðx; χÞ�þeσ

2
Yi
=2gðxÞCYhðx; xÞ; (A11)

with χ∈Ω, and Ch(x, χ) denoting the first‐order approximation of auto‐covariance h′ðxÞh′ðχÞh i of the
hydraulic head h(x). The derivation via perturbation expansion of (A9) and (A10) is illustrated in
Appendix B, where we also derive the corresponding boundary and interface conditions. On the other

hand, approximations of hðxÞ and σ2h, denoted respectively by ehðxÞ and eσ2
h, satisfy the moment equations,

which are obtained via a perturbation expansion (Appendix B).

We impose equivalency (up to the first order in σ2Y ) between the equations for the mean, (A7) and (A9), and
between the equations for the variance, (A8) and (A10). This results in the following expressions for the clos-
ing terms υ(x) and ζ(x):

υ≡ ðK∇h · ∇h − VÞ=σ2h; ζ ≡−ρ: (A12)

Substituting these expressions in (A5) yields (5) and (6).

The derivation of boundary conditions for the CDF equation is consistent with the derivation of the CDF
equation. Using the definition of Π and taking the ensemble average leads to the boundary condition along
ΓD for the CDF equation, without any closure approximation,

Fh ¼ FϕðH; xÞ; x ∈ ΓD; (A13)

where Fϕ(H;x) is the single‐point CDF for the random boundary head ϕ(x). For the Neumann boundary
condition in (2), we multiply by ∂Π/∂H to obtain
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−KðxÞ∇Π · nðxÞ ¼−φ
∂Π
∂H

; x ∈ ΓN : (A14)

Ensemble averaging of (A14) yields

−K ðxÞ∇Fh · nðxÞ ¼−φ
∂Fh

∂H
þ K′

∂Π′

∂H

� �
− φ′

∂Π′

∂H

� �
; x ∈ ΓN : (A15)

Like with the closure developed for (3), we impose

−K ðxÞ∇Fh · nðxÞ ¼−φ
∂Fh

∂H
þ γðxÞðH − hðxÞÞþηðxÞ� � ∂Fh

∂H
; x ∈ ΓN (A16)

and express γ(x) and η(x) as in (7) to ensure consistency with the boundary conditions of the moment
equation (Appendix B). Due to the continuity of h at the interface, the CDF Fh satisfies the continuity
condition

FhiðxÞ ¼ FhjðxÞ; x ∈ Γij: (A17)

To derive the flux continuity condition at the interface Γij, we introduce Eij , an envelope of its segment

Cij⊂Γij with the bounding surface ∂Eij. Integrating (5) over Eij and using the Gauss‐Ostrogradsky theorem
yields

∫∂EijK∇xFh · n dx þ ∂
∂H

∫EijUFh dx ¼ ∫EijvFh dx: (A18)

As the envelope's thickness (in the direction orthogonal to Cij) goes to zero, while keeping the length of Cij

fixed, the volume jEijj → 0 and (A18) reduces to

∫Cij
K i∇xFhi · ni dx ¼ ∫Cij

K j∇xFhj · nj dx: (A19)

That is because the integrands of both volumetric integrals, UFh and vFh, are finite due to the continuity of
the moments of h. Since (A19) is satisfied on any Cij, (A19) leads to (9).

Appendix B: Moment Differential Equations
The moment differential equations (MDEs) for highly heterogeneous media composed of distinct geological
facies have been widely investigated in the hydrology community. Here, we present the combination of ran-
dom domain decomposition (RDD) and statistical moment equations (SMEs) implemented by Tchelepi and
Li (2004). The formulation of SMEs and their boundary conditions for each facies is analogous to the case of
statistically homogeneous porous media, and it is summarized below. These formulations are based on per-
turbation expansion of the log‐conductivity field in each facies and are formally valid for σ2Yi

=2<1, although

they remain robust for σ2Yi
as large as 4.

In order to obtain an equation for the ensemble mean of the hydraulic head in a given geological map α, we
introduce log‐hydraulic conductivity YðxÞ ¼ lnKðxÞ where Y(x) = Yi when x∈Ωi. In each subdomain i, the

log‐conductivity is ‐ second‐order stationary multivariate Gaussian, with constant mean Y i and variance σ

Yi
2 ¼ Y ′

i
2

� �
. Hence, if the number of subdomains is greater than 1, the log‐conductivity Y(x) has spatially

varying mean Y ðxÞ and variance σ2Y ðxÞ.
Here and in the following, bothA and Ah i indicate the ensemblemean of the randomquantityA. We employ

the Reynolds decomposition of the log‐conductivityYðxÞ ¼ Y ðxÞþY ′ðxÞ, so thatKðxÞ ¼ expðYÞ ¼ KGðxÞexp
ðY ′Þ, where KGðxÞ ¼ expðY Þ is the geometric mean of the hydraulic conductivity K. Then, we rewrite (1) as
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∇ · ðKGðxÞeY ′∇hÞ ¼ gðxÞ; x ∈ Ω; (B1)

where KG(x) = KG,i for x∈Ωi. We expand expðY ′Þ into a Taylor series around Y′(x) = 0. Taking the ensem-
ble average of the resulting equation and recalling that all odd moments of a Gaussian Y′(x) are zero yields

∇ · ðKGðxÞ∇hÞþ∇ · ðKG Y ′∇h′h iÞþh:o:t:¼ gðxÞ; (B2)

where h.o.t. refers to the terms of order higher than σ2Y. We expand h and Y ′∇h′
� �

into asymptotic series in

the powers of σ2Y ,

h ¼ h
ð0Þ þ h

ð1Þ þ … ; Y ′∇h′h i ¼ Y ′∇h′h ið1Þ þ Y ′∇h′h ið2Þ þ … ; (B3)

where the superscript (n) indicates the order of the term with respect to σ2Y .

An approximation of the ensemble mean is then computed recursively, solving differential equations
obtained by retaining the terms of equal powers of σ2nY :

∇ · ðKG∇h
ð0ÞÞ ¼ g; ∇ · ðKG∇h

ð1ÞÞþ∇ · ðKG Y ′∇hh ið1ÞÞþ1
2
∇ · ðKGσ2Y∇h

ð0ÞÞ ¼ 0: (B4)

The unknown term Y ′ðxÞ∇hðxÞ� �ð1Þ
is computed as Y ′∇h

� �ð1Þ ¼ limχ→x ½∇xCYhðχ; xÞ�, where CYhðχ ; xÞ ¼
Y ′ðχÞhðxÞ� �ð1Þ

is the first‐order approximation of the cross‐correlation between log‐conductivity and hydrau-

lic head. The latter satisfies (Yang et al., 2019)

∇x · ðKG∇xCYhÞþ∇x · ðKGCY∇xh
ð0ÞÞ ¼ 0; χ ; x ∈ Ω; (B5)

subject to the boundary conditions

CYh ¼ 0; x ∈ ΓD; KG∇xCYh · nðxÞ ¼ ψCY ; x ∈ ΓN : (B6)

HereCY ðχ ; xÞ ¼ Y ′ðχÞY ′ðxÞh i is an auto‐covariance function of the log‐condunctivity Y(x). In most applica-
tions, the conductivities of two different subdomains Ωi and Ωj are uncorrelated, that is, CY(χ, x) = 0 when
χ∈Ωi and x∈Ωj (i≠ j). The relative importance of cross‐correlations between conductivities of
different geological units was investigated in Winter et al. (2006). Once CYh(χ, x) is evaluated, we compute

∇xCYh(χ, x) and then evaluate Y ′∇hh ið1Þ ¼ limχ→x∇xCYhðχ ;xÞ.

We approximate the mean headh to first order inσ2Y as ˜h ¼ h
ð0Þ þ h

ð1Þ
. Since in each subdomainΩi the con-

ductivity field is second‐order stationary, (B4) gives rise to

KG;i∇2h
ð0Þ ¼ g; KG;i∇2h

ð1Þ þ KG;i∇ · ½lim
χ→x

∇xCYhðχ ;xÞ�þ
σ2Yi

2
g¼ 0; x ∈ Ωi: (B7)

Summing up these two equations,

KG;i∇2eh þ KG;i∇ · ½lim
χ→x

∇xCYhðχ ;xÞ� ¼ ð1 − σ2Yi
=2Þg; x ∈ Ωi; χ ∈ Ω: (B8)

Next, we use the fact that ð1 − σ2Yi
=2Þ ≈ expð−σ2Yi

=2Þas long asσ2Yi
=2≪1. With this approximation, and since

Ki ¼ KG;i exp ðσ2Yi
=2Þ, (B8) yields (A9). A similar procedure leads to the boundary conditions

eh ¼ ϕðxÞ; x ∈ ΓD; −K∇eh · nðxÞ ¼ ψðxÞ: x ∈ ΓN : (B9)

Subtracting the sum of the two equations in (B4) from (B1) yields an equation for the head fluctuations

h′ ≈ h − eh. Multiplying the latter with h′(x) and taking the ensemble mean yields an equation for the

first‐order approximation of the head variance, eσ2
hðxÞ,
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∇ · ðKG∇eσ2
hÞ−2KG ∇h′·∇h′h ið1Þ þ 2KG∇h

ð0Þ
· h′∇Y ′h ið1Þ ¼−2gCYhðx; xÞ; x ∈ Ω: (B10)

Using the already evaluated cross‐correlationCYh(χ,x), we compute h′∇Y ′h ið1Þ as the limit h′∇Y ′h ið1Þ ¼ limχ→x

½∇χCYhðχ ; xÞ�. To obtain a workable expression for the unknown term ∇h′·∇h′h ið1Þ , we solve the following
equation for the first‐order approximation of the hydraulic head's auto‐covariance function, Chðx; χÞ ¼
h′ðxÞh′ðχÞh ið1Þ,

∇x · ðKG∇xChÞþKG∇xCYhðx; χÞ · ∇xh
ð0Þ ¼−gCYhðx; χÞ; x; χ ∈ Ω; (B11)

subject to the following boundary conditions

Ch ¼ Cϕhðx; χÞ; x ∈ ΓD; KG∇xCh · n¼ Cψhðx; χÞ−ψCYhðx; χÞ; x ∈ ΓN : (B12)

Once eChðx; χÞ is computed, we evaluate ∇h′·∇h′h ið1Þ ¼ limχ→x ½∇x ·∇χChðχ ; xÞ�. Then, writing (B10) for

individual subdomainsΩi and multiplying the resulting equations with expðσ2Yi
=2Þ leads to the closed equa-

tions (A10) for an approximation of the head variance, subject to boundary conditions

eσ2
h ¼ σ2ϕ; x ∈ ΓD; KG∇xeσ2

h · n¼ 2Cψhðx; xÞ−2ψCYhðx; xÞ; x ∈ ΓN : (B13)

The cross‐covariances Cϕh(x, χ) and Cψh(x, χ) in (B12) and (B13) are derived by multiplying the equation for
the head fluctuations h′(x) with ϕ′ and ψ′, respectively (Neuman et al., 1996).

As an alternative,eσ2
h can be computed by taking the limit of the head's auto‐covariance function Ch(x, χ), that

is, eσ2
h ¼ limχ→xChðx; χÞ.

Data Availability Statement

There are no data sharing issues since all of the numerical information is provided in the figures produced by
solving the equations in the paper.
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