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ABSTRACT

This article presents an approach for modeling hysteresis in piezoelectric materials that leverages recent advancements in machine learning,
particularly in sparse-regression techniques. While sparse regression has previously been used to model various scientific and engineering
phenomena, its application to nonlinear hysteresis modeling in piezoelectric materials has yet to be explored. The study employs the least
squares algorithm with a sequential threshold to model the dynamic system responsible for hysteresis, resulting in a concise model that accu-
rately predicts hysteresis for both simulated and experimental piezoelectric material data. Several numerical experiments are performed,
including learning butterfly shaped hysteresis and modeling real-world hysteresis data for a piezoelectric actuator. The presented approach is
compared to traditional regression-based and neural network methods, demonstrating its efficiency and robustness.
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Constitutive relationships are unique to specific materials and
cannot be universally applied across different materials.1,2 Despite this,
these materials’ properties and characteristics, such as hysteresis, can
be similar. For example, hysteresis in piezoelectric materials (piezo-
electric actuators) used in micro- and nano-positioning devices can
reduce their positioning precision.3,4 Accurate calculations of the elec-
tric field-strain relationship between voltage and displacement require
a constitutive relationship specific to the material.

In practice, constitutive relationships exhibit nonlinear hysteresis
behavior, and accurate hysteresis models are crucial for tasks, such as
high-resolution positioning. Conventional methods for modeling hyster-
esis in piezoelectric materials include experimental or phenomenological
models based on established theories. Examples of phenomenological
models include the Duhem model, Bouc–Wen model, Jiles–Atherton
model, and Preisach model.5 While these models have proven effective,

they also have limitations. For example, the Preisach model requires a
weight function often estimated through empirical methods or polyno-
mial and spline fitting, adding complexity to the modeling process.6,7

Additionally, the Preisach model does not provide physical insight into
the underlying mechanisms of hysteresis, making it difficult to interpret
the results and make predictions for new situations.2

With the availability of increased measurement data, several
data-driven approaches for modeling and predicting hysteresis have
emerged. Deep neural networks (DNNs), known for their exceptional
performance in data-science applications, have been utilized to model
hysteresis.8,9 Although DNNs excel at prediction, they lack interpret-
ability due to the absence of explicit governing equations.10 This
drawback can be overcome by evolutionary algorithms, which may
uncover the structure of nonlinear dynamic systems from data and
are, thus, a viable alternative for modeling hysteresis.11 Despite this,
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their implementation is computationally intensive and difficult to scale
to larger situations. To address this, machine learning algorithms that
promote sparsity offer a computationally efficient option, blending the
capabilities of symbolic regression with computational feasibility.
Consequently, such techniques may result in parsimonious and inter-
pretable models.10

We build on the work by Chandra et al.12 and present a white-
box technique to model hysteresis in piezoelectric materials using the
sparse identification of nonlinear dynamics (SINDy) framework. This
framework introduced in Ref. 13 has demonstrated its potential in
learning nonlinear dynamical systems.14 The proposed technique does
not require assumptions, such as rate dependency, monotonicity, and
congruency during the modeling phase. However, the resulting model
exhibits these properties for a piezoelectric material due to the accurate
input–output mapping. As a result, the white-box model makes effi-
cient system analysis possible for piezoelectric materials.

The major contributions of the manuscript are as follows.

• A sparse regression-based methodology for modeling hysteresis
in piezoelectric materials is introduced.

• It is shown that the presented methodology could be used to
model constitutive hysteresis relationships in a white-box
dynamical form.

• Several numerical experiments are presented for piezoelectric
datasets and compared with traditional regression and neural
network algorithms.

The structure of this Letter is as follows: First, we present our
methodology for modeling hysteresis as a sparse dynamical equation,
leveraging the inherent sparsity and dynamics of hysteresis. To vali-
date the effectiveness of our methodology, we conduct two numerical
experiments employing the Duhem and Bouc–Wen models. These
experiments serve as a proof of concept, demonstrating the capability
of our approach to capture and replicate hysteresis behavior accu-
rately. Moreover, we conduct a comprehensive comparative analysis,
contrasting our methodology with conventional regression-based and
deep neural network approaches. The evaluation considers training
data size, noisy data, and library selection.

Additionally, we apply our proposed methodology to model a
real-world piezoelectric dataset, assessing the resulting model’s accu-
racy and training time compared to previously published models.
Finally, we address the modeling of butterfly shaped hysteresis data
and present a straightforward extension of the Duhem model to
encompass butterfly type hysteresis. Through these investigations, we
emphasize our approach’s superior performance and versatility in
accurately modeling hysteresis phenomena for piezoelectric materials.
This Letter concludes with a summary of findings and implications.

In the following, we detail the methodology employed to model
sparse hysteresis relationships. To obtain a simple hysteresis model,
the approach involves obtaining time-series data of input and output
(u 2 Rn and w 2 Rn), with time derivatives either measured directly
or computed numerically. The data are then split into training and
testing sets and organized into matrices X and _X of size Rn!2, with
1 " i " n,

X ¼
j j

wðtiÞ uðtiÞ
j j

0

@

1

A; _X ¼
j j

_wðtiÞ _uðtiÞ
j j
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1
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where (:) refers to the time derivative of the quantity. In order to
obtain a simple model, a set of candidate functions (H 2 Rn!m) is
selected, with the assumption that a sparse combination of these func-
tions dictates the hysteresis dynamics. The columns of H represent the
potential space of basis functions, which include nonlinear functions,
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The objective is to obtain a set of sparse coefficient vectors
N 2 Rm!2 that represent the coefficients for the linear combination of
basis functions in the libraryH. The problem of approximating hyster-
esis dynamics can be expressed succinctly as

_X ¼ HðX; _XÞN: (1)

The study solves the hysteresis modeling problem using the
Sequential Threshold Least-Squares (STLSQ) algorithm.15 The STLSQ
algorithm is applied to the approximation problem, which is defined
using the time-series input and output data and a candidate library of
basis functions. The algorithm returns a sparse coefficient vector N.
Most of the coefficients become zero, and the basis functions corre-
sponding to the non-zero elements of N represent the sparse dynamic
relationship that dictates the hysteresis behavior. The accuracy of the
obtained models is evaluated using the metric relative percent error.
The library is prepared using terms from the Bouc–Wen hysteresis
model, Duhem hysteresis model, and higher-order polynomials and
their combinations. The threshold (k) for the STLSQ algorithm is cho-
sen based on the dataset to ensure that the obtained model is accurate
and sparse.

Next, we present numerical experiments to validate the method-
ology. Two numerical experiments have been carried out on
computer-simulated data to validate the method with threshold
k ¼ 0:1. Source code is available at https://github.com/chandratue/
SmartHysteresis. Comprehensive instructions for accessing and exe-
cuting the code are provided therein. For the first experiment, the data
are produced utilizing the Duhem hysteresis model, which is appropri-
ate for explaining hysteresis in piezoelectric materials.3 PySINDy,16 the
SINDy library implemented in Python, was used to perform time dif-
ferentiation of input–output data. The Duhem model characterizes the
relationship between the input and output as _wðtÞ ¼ aj _uðtÞjuðtÞ
&bj _uðtÞjwðtÞ þ c _uðtÞ, where a, b, and c are parameters controlling
the hysteresis loop’s shape. a ¼ 0:4; b ¼ 0; 5, and c ¼ 0:25 are taken
with input as presented in Fig. 1. Once the STLSQ algorithm is
applied, the resulting hysteresis model is expressed as

_wðtÞ ¼ 0:4j _uðtÞjuðtÞ & 0:5j _uðtÞjwðtÞ þ 0:251 _uðtÞ (2)

accounting for 5:8! 10&6% error. The relative percentage error R is
chosen for the error metric,

R ¼ jjw
( & wjj2
jjwjj2

! 100 ; (3)

where w( is the simulated solution of the approximated model.
For the second experiment, the data are generated from the

Bouc–Wen model1 given by _wðtÞ ¼ a _uðtÞ & bj _uðtÞjjwðtÞjn&1wðtÞ
&c _uðtÞjwðtÞjn, with a¼ 5, b ¼ 0:25; c ¼ 0:5, and n¼ 1. The learned
model hasR ¼ 4:6! 10&6% error, and the learned model is
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_wðtÞ ¼ 4:99 _uðtÞ & 0:25j _uðtÞjjwðtÞjn&1wðtÞ & 0:49 _uðtÞjwðtÞjn: (4)

The presented experiments on the simulated dataset for the
Bouc–Wen and Duhem models show that the method is applicable to
a hysteresis dataset. However, given the input–output dataset, numer-
ous traditional regression-based and neural network-based methods
could be used to establish the underlying relationship. We compare
our method with three traditional methods: linear regression, ridge
regression, and feedforward deep neural network. However, the meth-
ods mentioned above need a relatively smaller feature library. For the
next two experiments, we simulate the Bouc–Wen model and use its
features for these methods for a fair comparison.

First, we test the performance of sparse discovery when the num-
ber of data points is limited and generated from the Bouc–Wen model
with parameters a¼ 1, b ¼ 0:5, c¼ 2, and n¼ 1. We perform experi-
ments with 1000, 5000, and 10 000 training points and observe that as
the number of training points increases, the method performs better
and even achieves a near-perfect model for the simulated smooth data-
set, which other methods could not achieve, as presented in Table I.
Furthermore, for as less as 1000 training points, SINDy outperforms
the traditional methods and learns the relationship with the least
error.

Next, we test our method for a noisy dataset. The simulated
dataset generated from the Bouc–Wen model with parameters
a ¼ 0:4; b ¼ 0:5; c ¼ 0:25 is corrupted with one percent and five
percent Gaussian noise, respectively. The results for SINDy and tradi-
tional methods are presented in Table II and Fig. 2. One percent
Gaussian noise is common for raw experimental data under controlled
conditions. Our method learns the model with R ¼ 0:01 percent
accuracy by learning the exact form of the dynamical system with
errors in the coefficients. Additionally, in the case of five percent
Gaussian noise, which could happen under less controlled experi-
ments,14 the method still achieves less than 0.3 percent accuracy and
outperforms the traditional methods.

However, measurement data may be corrupted in ways other
than Gaussian noise. An alternative form of data corruption is the
presence of outliers within the dataset, which are individual data
points that exhibit substantial deviations from the standard pattern of
the data. Outliers can emerge due to various factors, such as measure-
ment errors, data corruption, or other forms of noise. When outliers
are present in the dataset, they can distort the identification of the gov-
erning equations of the system, leading to inaccurate or unreliable
results. SINDy works by minimizing a loss function that penalizes the
complexity of the identified model, encouraging the selection of only
the most important terms that capture the underlying dynamics.
However, outliers can significantly increase the loss function and bias
the selection of terms toward capturing the outliers, leading to overfit-
ting and poor generalization. Therefore, it is important to preprocess
the data and remove outliers before applying SINDy. Several outlier
detection techniques can be used to identify and remove outliers from
the data. Additionally, robust variants of SINDy18,19 that are designed
to handle outliers can be used to improve the accuracy and reliability
of the identified models.

The presented two comparisons on limited and noisy datasets
assumed that we know the feature library for linear regression, ridge

FIG. 1. Learning hysteresis model from the data generated by simulating Duhem
model. (a) Input voltage and output displacement varying with respect to time. (b)
Learned voltage vs displacement relationship compared against the simulated data
acting as ground truth.

TABLE I. Examining the performance of the proposed methodology to model hyster-
esis given a number of training points and comparing it with traditional regression
methods and deep neural network using relative percent error as a metric.

Method n Training size 1000 5000 10 000

SINDy 2:8! 10&4% 1! 10&5% )0%
Linear regression 3:3! 10&4% 2:3! 10&5% 1! 10&3%
Ridge regression 9! 10&2% 4:1! 10&3% 9! 10&3%
Neural network 1:8! 10&3% 4:4! 10&4% 3:9! 10&4%

TABLE II. Examining the performance of the proposed methodology to model hyster-
esis for noisy training data in the form of Gaussian noise and comparing it with tradi-
tional regression methods and deep neural network using relative percent error as a
metric.

Method Error for 1% noise Error for 5% noise

SINDy 0.0101% 0.25%
Linear regression 0.0104% 0.26%
Ridge regression 1.46% 1.24%
Neural network 1.54% 33.28%
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regression, and feedforward neural network in advance. However, in
practice, this is not feasible. One could only assume the features to
employ these methods in a real-world situation. For the next compari-
son, we take the output generated from the Duhem model but the fea-
tures from the Bouc–Wen model, as the Bouc–Wen model is used
more frequently to model hysteresis.1 However, the library for SINDy
remains the same. In such a scenario, SINDy outperforms the tradi-
tional methods exceptionally by achieving similar accuracy as the last
case; however, the traditional methods approximate the dataset with
more than a five percent error. Hence, SINDy proves suitable when no
prior information about the model is known.

Next, we model a real-world piezoelectric actuator hysteresis
dataset. An open-source voltage–displacement dataset17 was used to
model a real-world dataset. The dataset is generated for a cantilever
beam-shaped piezoelectric actuator used for positioning. The actuator
was subjected to harmonic excitations, and 45 000 data points were
available. The current study used only 15 000 data points as in Ref. 17
without preprocessing with threshold k ¼ 0:01. However, several
black-box treatments20,21 have been carried out for the dataset. This
work presents the white-box dynamical system for the piezoelectric
actuator given by

_wðtÞ ¼ &0:17& 2:38uþ 0:58 _u þ 0:12j _uj& 0:07wjwj; (5)

and the learned loop is presented in Fig. 3 along with the experimental
data. Figure 3 also presents the voltage–displacement data varying
with time used for modeling. Also, the absolute error obtained in the
learned model jw& w(j is presented against time in Fig. 3. The mod-
eled equation represents the relationship between the displacement

FIG. 3. Learning hysteresis model for real-world piezoelectric actuator.17 (a) Input
voltage and output displacement varying with respect to time. (b) Learned voltage
vs displacement relationship compared against the experimental data acting as
ground truth. (c) Absolute error in the learned hysteresis model varying with respect
to time.

FIG. 2. Learning hysteresis model from the noisy data generated by corrupting the
Bouc–Wen output with 5% Gaussian noise. (a) Input voltage and noisy output dis-
placement varying with respect to time. (b) Learned voltage vs displacement rela-
tionship compared against the noisy simulated data acting as ground truth.
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w of a physical system and the voltage u applied to it. Here, _w repre-
sents the derivative of displacement with respect to time t, and _u rep-
resents the derivative of voltage with respect to time. The physical
interpretation of this equation can be broken down as follows:

• The first term, &0.17, represents a constant bias or offset that
affects the rate of change in displacement, regardless of the volt-
age applied.

• The second term, &2:38u, represents the effect of the voltage u
on the rate of change in displacement. This term suggests that
increasing the voltage will decrease the rate of change in displace-
ment while decreasing the voltage will increase the rate of change
in displacement.

• The third term, 0:58 _u, represents the effect of the rate of change
in voltage on the rate of change in displacement. This term sug-
gests that increasing the rate of change in voltage will increase
the rate of change in displacement.

• The fourth term, 0:12j _uj, represents the effect of the absolute
value of the rate of change in voltage on the rate of change in dis-
placement. This term suggests that an increase in the absolute
value of the rate of change in voltage will increase the rate of
change in displacement.

• The fifth term, &0:07wjwj, represents the effect of the displace-
ment on the rate of change in displacement. This term suggests
that an increase in the absolute value of displacement will
decrease the rate of change in displacement, while a decrease in
the absolute value of displacement will increase the rate of change
in displacement.

Overall, this equation describes how the displacement of the pie-
zoelectric actuator responds to changes in the voltage applied to it and
the voltage change rate. The specific coefficients in the equation deter-
mine the strength and direction of these relationships.

In addition, we compare our approximation results with the
methods that have modeled this dataset in the literature. An evolution-
ary algorithm20 and a deep neural network-based method21 are used
to model the dataset with an R2 score of 0.99. Our obtained R2 score is
0.99 as well. However, it is well known that an evolutionary algorithm
and DNN-based methods could take minutes and even hours to train,
whereas our method takes seconds for training and testing. In another
work,22 the authors modeled the dataset using four deep learning-
based methods, namely, long short-term memory (LSTM), gated
recurrent unit (GRU), temporal convolutional network (TCN), and
fully convolutional neural network (FCN). Table III presents the

accuracy and computational time results. Normalized root mean
square error (NRMSE) was chosen as the error metric as it was used in
the previous study22 defined as

NRMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn

i¼1
ðwi & w(i Þ

2

s

wmax & wmin
;

where w( is the simulated solution of the approximated model. wmax

and wmin are the maximum and minimum values for the experimental
data w. SINDy attained comparable accuracy to deep learning but
could not beat TCN. This behavior is because of TCN’s superior per-
formance in modeling and predicting time series data that are memory
dependent. The hysteresis data are itself memory dependent and,
hence, is a suitable dataset for TCN. However, SINDy learned the
model four orders of magnitude faster in terms of computational time.
Computational time in modeling is important when the interest is in
modeling and simulation simultaneously, where the overall computa-
tion time could be decreased using SINDy.

The presented experiments so far dealt with single-loop hysteresis.
However, hysteresis loops fall into two categories: single and multiple.
Single-loop hysteresis is common in the literature for piezoelectric mate-
rials, while multiple-loop hysteresis exhibits complex and nonlinear
behavior, with two branches resembling butterfly wings. The butterfly
hysteresis loop comprises two single hysteresis loops with both clockwise
and counterclockwise directions. However, constructing a suitable model
to explain the butterfly hysteresis effect is challenging due to the lack of
available hysteresis models for this type of behavior. Unlike single-loop
hysteresis, which only exhibits one direction, the butterfly hysteresis
effect has both directions, making it challenging to create mathematical
models that can accurately describe it. Following, we aim to model but-
terfly shaped hysteresis through the proposed methodology.

The dataset exhibits a butterfly shaped pattern, learned using a
threshold of k ¼ 0:1. Figure 4 displays the input voltage and output
displacement variation over time and compares the learned voltage–-
displacement relationship and the data employed for modeling. The
learned butterfly hysteresis model is given by

_wðtÞ ¼ 6:4j _uðtÞjuðtÞyðtÞ & 3:4j _uðtÞjwðtÞyðtÞ þ 0:8 _uðtÞyðtÞ; (6)

where w(t) is the output displacement and u(t) is the input voltage.
y(t) is the output obtained from the Bouc–Wen model

_yðtÞ ¼ 3:2j _uðtÞjuðtÞ & 1:7j _uðtÞjyðtÞ þ 0:4 _uðtÞ: (7)

The hysteresis is well-learned with the proposed methodology, as
indicated by R ¼ 3:1! 10&4 for the butterfly shaped hysteresis. One
could infer that _w ¼ 2y _y by examining the model obtained for the
butterfly shaped loop. Hence, a butterfly shaped loop is a generaliza-
tion of the Duhem model itself and could be found through an inter-
mediate step of the first modeling single hysteresis loop. Also, this
suggests that a general butterfly shaped hysteresis loop could be
expressed as w ¼ y2 þ c, where c is a constant. In the literature, com-
plicated analytical relationships have been derived to model this rela-
tionship.23 However, this physical insight could potentially help to
tackle more complicated butterfly responses in the future. Also, as the
considered Duhem model is known to model symmetrical loops, simi-
lar generalizations of asymmetric Duhem type models could help to
model asymmetric butterfly shaped hysteresis loops.

TABLE III. Performance of the proposed methodology to model hysteresis for the
dataset of piezoelectric actuator presented by Ayala et al.17 and comparison with the
results obtained by deep learning-based methods presented by Nguyen and
Chauhan22 using normalized root mean square error (NRMSE) as the metric.

Method NRMSE Training time Testing time

SINDy 0.23 1:8! 10&2 s 4:5! 10&4 s
LSTM22 0.25 104.83 s 7:1! 10&3 s
GRU22 0.3 101.31 s 5:4! 10&3 s
TCN22 0.19 61.57 s 3:0! 10&3 s
FCN22 0.6 74.92 s 3:4! 10&3 s
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Finally, we present the conclusions and insights obtained from
the study. The following conclusions could be drawn from this study.
This paper introduced an approach for modeling hysteresis in piezo-
electric materials using a sparsity-promoting machine learning tech-
nique. The STLSQ algorithm was applied to assist in sparsity during
the learning process. The algorithm only requires input–output data
and accurately discovers the white-box hysteresis model with minimal
error. The relationship was expressed as a dynamic system, and the
resulting ordinary differential equation (ODE) could be simulated
using any standard ODE solver to predict hysteresis. Additionally, the
method did not require prior assumptions or knowledge about the
underlying model governing hysteresis during the modeling phase.

The presented algorithm was tested on a small training set with
just 1000 data points with an error of less than 1! 10&3 percent.
Furthermore, the method was validated on raw experimental and
noisy simulated data with up to five percent Gaussian noise. The
algorithm proved accurate for an open-source piezoelectric actuator
dataset. It achieved the fastest computational time compared to state-
of-the-art methods for the same dataset in the literature. The presented
methodology also modeled the butterfly shaped hysteresis efficiently.
Overall, the presented numerical experiments indicate the sparse

discovery of hysteresis models for piezoelectric materials to be accu-
rate, robust, and computationally inexpensive.
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