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FIGURE 23. Horizontal slice through vortex pair showing contours of vertical vorticity, w,,
associated with the deformation of inner cores and outer layers for (a) Fr=o0, t*=12.0 and
(b) Fr=2, t* =5.25. Contour level increments Aw,/wyo=1£0.005.
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FIGURE 24. Cross-section of the vortex pairs. Grey shading shows the vorticity magnitude with
maximum vorticity shaded white, and vectors show direction and magnitude of extensional
strain in the (x,z)-plane. Length of vectors are equally scaled; longer vertical vectors in
(b) indicates significant enhancement of the principal extensional strain in-between and inside
the vortex cores. (a) Fr=o0, t* =15.0. (b) Fr=2,t"=6.75.
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from the trailing edge, i.e. the top of the descending vortex pair oval (see figure 25¢).
This leads to the formation of downstream vertical structures in the Fr=2 flow. By
t*=17.5 (figure 4d), w, is the dominant component of vorticity in the flow. In the
case of weak stratification (Fr =75, figure 3), the transverse and vertical structures are
comparable in strength and both are observed in the flow.

The development of these vertical structures was discussed by Holzdpfel et al. (2001).
Their results indicate that the opposite signed baroclinically generated w, surrounding
the vortex pair is influenced by the short-wave instability resulting in rib-like structures
near the trailing edge. It was suggested that these structures induce a transverse velo-
city field, u, with high gradients in the axial direction, du/dy, thereby establishing
w,. The w, is then amplified through vortex stretching caused by the accelerating
downward motion between the primary vortices. Their analysis, however, did not
consider the distinct geometry of the cooperative elliptic instability which controls the
development of the transverse secondary structures in the unstratified flow. Our results
indicate that the w, associated with the vertical structures originates as azimuthal
vorticity in the outer layers which is intrinsic to the primary instability and not
particular to stratification as suggested in Holzépfel et al. (2001). The effects of the
baroclinic vorticity which do promote w, are indirect: the reduced vortex separation
causes merging of the outer layers in between the vortices and the induced flow at
the trailing-edge region establishes an enhanced vertical strain.

The spectrum corresponding to the Fr=2 flow (figure 15¢, t* =6.75) exhibits the
development of the first harmonic. Beyond this time, the primary mode saturates
and the spectrum broadens at the high wavenumbers. The peaks associated with the
primary mode and first harmonic tend to persist owing to the generated baroclinic
torque which persists downstream of the vortex pair. Although the spatial structure
at this late stage differs significantly between the unstratified and weak to moderately
stratified flows, the behaviour of the energy spectrum is otherwise generally similar.

The implication of the different secondary structures in the unstratified and moder-
ately stratified flows on the breakdown process is now considered. Figure 25 shows
contours of axial vorticity, w,, in a vertical slice ((x, z)-plane) at several times for
the unstratified and stratified (Fr=2) flows. In the unstratified flow, the extraction
of fluid from one vortex to the other (figure 25b) brings vorticity of opposite sign
in close proximity (figure 25¢). This mechanism of fluid exchange in the transverse
direction promotes mixing and decay of the vortices (LW98). In the stratified flows,
this mechanism also occurs to varying degree, depending on the level of stratification.
In the Fr=2 flow, as indicated in figure 25(d, ¢), positive axial vorticity originating
from the left-hand vortex is seen to occur on the right-hand side near the leading edge.
However, the presence of counter-rotating vertical structures enables an additional
mechanism of fluid exchange in the transverse direction. This is observed in figure
25f which shows positive axial vorticity originating from the left-hand vortex on
the right-hand side near the trailing edge. In addition, there is detrainment of the
primary vortices at the trailing edge by the secondary baroclinic vortex structures.
These additional mechanisms of vortex breakdown result in a more rapid decay of
the vortex pair in the stratified flows (figure 10).

In the case of strongly stratified flow (Fr = 1), the primary vortices decay significantly
during the linear phase. As discussed earlier, the time scale of buoyancy is comparable
to that of the instability and significant interaction is observed. Figure 26 shows time
sequences of (x, z)-plane contours of temperature, T, and axial vorticity, w,; the times
correspond to those of the three-dimensional visualizations in figure 5. As indicated
in the plots, the effects of baroclinic torque are so significant that they eventually
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FIGURE 25. Contours of axial vorticity, wy, in (x, z)-plane for (a)—-(c) Fr=o00 at t* =13.5, 15.0,
16.5 and (d)—(f) Fr=2at ¢ =6.0,6.75, 7.5 (solid line: w, > 0, dashed line: w, <0).

dominate the flow. At early times (¢* <4.5, linear phase), as a result of these effects,
the primary vortices are brought together and interdiffuse. In addition, there is
detrainment of the primary vortices at the trailing edge. These mechanisms result in
rapid decay of the primary vortex pair (figure 10) before significant development of
the three-dimensional instability and associated secondary structures (figure 5a, b).
At subsequent times, there is some indication of the secondary vertical structures
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FIGURE 26. Cross-section showing contours of (a) temperature, T, and (b) axial vorticity, wy,

for Fr=1 at t*=3.75,4.5,5.25,6.0,6.75 (from left to right). Contoﬁur leveE at AYN"/ATZ
0.5, 1.0, 1.5, etc. and Aw,/wymax(t” =0)= £ 0.05, 0.1, etc. (where AT =bodT /dz). Contours
with negative value are indicated by dashed lines.

associated with the original vortex pair (figure 5S¢, t*=5.25). At the same time, as
the baroclinically generated vorticity moves upwards, it advects heavier fluid into
regions of light fluid (figure 26a). This leads to secondary baroclinic torque which
is of opposite sign to the preceding baroclinic vorticity. This process of successive
generation of opposite signed baroclinic torque occurs at the buoyancy period Nt =2,
which corresponds to the observed oscillation in I" of figure 7(b). In fact, these results
indicate that moderately stratified flows (2<Fr<5) eventually become buoyancy
dominated once the primary vortex pair decays. At very late times, internal waves
dominate the Fr=1 flow and, as discussed in §§2 and 3.2, the influence of the image
vortices resulting from the periodic boundary conditions are no longer negligible. The
internal waves generated by the periodic array of vortices establish a standing wave
pattern near the buoyancy frequency (figure 7b).

The baroclinic vorticity structures are themselves influenced by the elliptic instability
(see middle region of figure 5d, t* = 6.0 and compare, e.g. with figure 4b). The corres-
ponding spectra (figure 15d) shows some indication of the first harmonic. As in the
other cases, the primary mode saturates and the spectrum broadens at the high
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wavenumbers. The primary mode peak persists throughout the times shown in figure 5.
We also observe evidence of the two-dimensional instabilities reported by Garten et al.
(1998). One instability, which Garten et al. refer to as the ‘vortex head instability’,
is associated with the primary vortex pair which exhibits sinusoidal motion as it
propagates. This is a result of preferential detrainment of the primary vortices by
the baroclinic torque which alternates from one vortex to the other. There is some
indication of this in our Fr=2 flow (figure 25d—f). The other instability is a jet
instability of the baroclinically generated vorticity (which corresponds to a jet flow).
In the strongly stratified flow Fr=1, there is some indication of a sinuous mode in
the vertical vortex structures at the later times (figure 26b, t* =6.75). Both of these
instabilities result in asymmetry in the two-dimensional flow (Garten et al. 1998).

4. Conclusions

The effects of stable stratification on the development of the short-wavelength
instability and subsequent decay of a counter-rotating vortex pair have been investi-
gated using direct numerical simulations. A range of Froude numbers, 1 < Fr< oo, is
considered. A more quantitative assessment of the flow is carried out than in previous
studies. Depending on the level of stratification, as characterized by Fr which indicates
the ratio of the time scale of buoyancy to that of the instability, and the stage of
evolution, stratification effects may significantly alter the behaviour of the flow. The
evolution of the flow is described in terms of the adjustment phase, in which the
vortices adjust to the presence of each other and develop a mutually induced strain
field, the linear phase, in which perturbation amplitudes grow and the instability
develops, and the nonlinear phase, in which perturbation amplitudes are significant
and secondary vortex structures dominate the flow. This study considers the linear
and nonlinear phases where three-dimensional effects are significant.

In the linear phase of evolution, the vortex pair in unstratified fluid (Fr=o0)
exhibits the elliptic short-wavelength instability with characteristics and behaviour in
agreement with the experiments of LW98.

In weak to moderately stratified flows (co > Fr > 2), in which the time scale of
buoyancy is greater than that of the flow instability, the observed instability is funda-
mentally similar to that in unstratified flow. Although stratification effects are present,
they do not affect the qualitative characteristics of the instability. The principal effect is
to reduce the separation distance which enhances the induced strain, thereby increasing
the growth rate of the instability. Consequently, the instability exhibits an earlier onset
and higher growth rate with increasing stratification. The behaviour is essentially de-
scribed by linear stability theory for unstratified flow if the varying separation distance
is taken into account. Our analysis suggests the growth rate scaling as I"/2rb*> = W, /b
where b =b(t) is given by two-dimensional theory (Saffman 1972; Crow 1974).

In the case of strong stratification (Fr=1), the time scale of buoyancy effects is
comparable to that of the instability. The effects of stratification interact significantly
with the development of the instability and alter its characteristics and behaviour.
As a result of strong baroclinic torque, the primary vortices are brought together
and interdiffuse. In addition, there is detrainment by the baroclinically generated
vorticity. The associated reduction in radii of the vortices results in a higher axial
wave mode and a more complex radial structure of the instability. Since the shape
of the vortices is significantly altered, it may be that the observed instability can no
longer be considered an elliptic instability.
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Our results of an earlier onset and more rapid growth of the instability in the
stratified flows is in agreement with previous studies (Delisi & Robins 2000; Holzipfel
et al. 2001). However, the longer wavelengths which increase in time, reported by
Delisi & Robins (2000), are not consistent with our results. This may be due to the
presence of the Crow instability in their flows. Additionally, the range of Fr considered
in their study, 0.73 — 1.10, may correspond to the transition between two distinct flow
regimes. As indicated by our results, Fr =1 shows significantly different characteristics
from those in the unstratified and moderately stratified flows. Detailed features such as
the presence of the second radial mode would be difficult to determine experimentally.
Further experiments over a greater range of Fr would be valuable.

Overall, our analysis of the linear phase provides more quantitative information
than in previous studies of the short-wave instability in the presence of stratification.
Although the behaviour of weak to moderately stratified flows can be explained using
stability analysis results for unstratified flow, this is not the case for the strongly
stratified flow. In general, a linear stability analysis is required to obtain accurate
estimates of the growth rates and axial wavelengths of the fastest growing short-wave
instabilities in stratified conditions. This requires an analysis of the type developed by
Billant et al. (1999) and Sipp & Jacquin (2003), but generalized to include the effects
of stratification. Such an analysis would have to account for the time-varying effects of
both viscous diffusion, which acts to increase the size of the vortex radii and damp the
perturbation growth rates, and stratification, which decreases the separation distance
thereby amplifying growth rates and may also decrease the vortex radii. In this case,
the reduction in vortex radii represents a combined effect of viscosity and stratification.

In the nonlinear phase of evolution, the early stages of development in unstratified
and weak to moderately stratified flows are controlled by the distinct geometry of
the short-wave instability. The phase relationship of the initial deformation results
in periodic extraction of outer-layer fluid from one vortex into the other at the
leading edge of the vortex pair. This initiates the vortex breakdown process in the
unstratified flow. The azimuthal vorticity in the outer layers of the primary vortices
are amplified owing to the extensional strain at the leading stagnation point and
transverse secondary vortex structures are formed.

In weak to moderately stratified flows (co> Fr>=2), although buoyancy effects
do not significantly alter the nature of the linear phase, they can dominate in the
nonlinear and late stages of evolution. In these flows, vortex decay is enhanced owing
to additional mechanisms not present in unstratified flow. The effects of baroclinic
torque result in the amplification of azimuthal vorticity in between the primary vortices
leading to the formation of vertical vortex structures. These structures provide an
additional mechanism of fluid exchange in the transverse direction. Detrainment of the
primary vortices by the generated baroclinic torque also contributes to the breakdown
of the vortices. These additional mechanisms lead to a more rapid breakdown and
decay of vortex pair.

In the case of strong stratification (Fr = 1), the significant reduction in vortex separa-
tion along with detrainment, results in an accelerated decay of the primary vortices.
Late-time evolution is dominated by the successive generation of alternate signed
baroclinic torque which results in an oscillation of the total flow circulation at the
buoyancy frequency.

The authors would like to acknowledge Julie Vanderhoff and Laura Brandt for their
assistance with the numerical simulations. We also thank Professor Stefan Llewellyn
Smith, Don Delisi and Bob Robins for helpful comments.
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